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1. In  '1915, (see [2] for an edition with added commentary),  Lusin asked whether, 

for every measurable function ] on [0, 2~],  finite or infinite, there is a trigonometric 

series, with coefficients converging to zero, which converges almost everywhere to /. 

The problem was solved in the affirmative by  Menchoff, [3], [4] (also, see [1]), 

for the case where / is finite almost everywhere. Rari, ([2], p. 527), also solved the 

problem for the finite case, with Haar  functions instead of trigonometric functions; 

an interesting but  easier bit of mathematics.  

By  substituting convergence in measure for almost everywhere convergence, 

Menchoff, [5], then answered Lusin 's  question. He showed tha t  for every measurable 

/ on [0, 2~],  finite or infinite, there is a trigonometric series, with coefficients con- 

verging to zero, which converges in measure to /. This work of Menchoff is difficult 

to understand. Fortunately,  Talalyan has given a brilliant and lucid t rea tment  of 

this problem, summarized in [7], where he proves Menchoff's theorem for every nor- 

mal Schauder basis in Lp [a, b], p > 1. 

The original Lusin problem remains unanswered, not only for the trigonometric 

functions but  for any  Schauder basis in any  Lp, p > 1. I t  is not even known whether 

any such series converges almost everywhere to + co; in particular, this is not known 

for the I t aa r  functions. 

Schauder, [6], originally introduced the idea of basis for the space C [0, 1] as 

well as for the L~ spaces. I t  is natural  to ask whether Lusin's problem has an 

affirmative answer using this system of functions. I t  is our purpose here to show 

tha t  it does. The problem for this ease is, of course, of a much lower order of 

difficulty than  for the original trigonometric functions, or even for the Haar  functions. 

Nevertheless, it turns out to be of technical interest in its own right. 

(1) Supported by National Science Foundation grant number G-18920. 
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2. I n  a separable  Banaeh  space X, a Schauder basis is a (countable) set  {x,} in 

a X such tha t ,  for every  x E X,  there  is a unique series ~n~l n x,  which converges to  

x in the  norm of X. 

For  X = C [0, 1], for convenience,  we define a Schauder  basis in a slightly different  

form f rom t h a t  given originally by  Sehauder .  Le t  

x ~  ( t )= t ,  r e [0 ,  1], ~ 0~<t~<�89 
x~ (t) = 1 - t, t e [0, 1], x0 ") (t) = [ 2 t, 2 - 2 t ,  �89 

4t, o<t<�88 (4 t -2 ,  �89 
x~)(t) = 2 - 4 t ,  �88189 x~) ( t )=  4 - 4 t ,  ~<~t~<l,  

o, � 8 9  o, 0<<t<�89  
. . . . . . . . . . .  , . . . . . . . . . . . . . . . . . . .  

k - 1  2 k - 1  
2 m+l t - 2 ( k -  1), - ~ -  ~ t < -2m+----i-, 

2 k - 1  k 
x~ ) ( t ) = / 2 k _ 2  ~+lt ,  2~+~ ~< t<  ~-~, 

! 
[ 0, elsewhere, 

k = l  . . . . .  2.~; m = 2 , 3 , 4  . . . . .  

I t  is an  easy  m a t t e r  to  show t h a t  this countable  set  of funct ions ordered b y  

x %  x~)~, x~l), ~11), ~(1 ~) . . . . .  ~ ) ,  . . . ,  x ~ ) ,  . . .  

is a Schauder  basis for  C[0, 1]. 

We  shall need the  fact ,  also easy to show, t h a t  if f is a continuous funct ion 

.. . .  - 1)/2 , t hen  if its expans ion  is which is zero a t  all the  points  0, 1, �89 �88 ~, (2 m+l m+l 

a(1) __(1) 2 -  a~)l x~)l + 
- I  " ~ -1  ~ �9 �9 �9 

it follows t h a t  a(__l) 1 = a~)l = . . .  = a~ ) = . . .  = a~  ~) = 0. 

Moreover,  if /E  C [0, 1] and  e > O, there  is a 9 E C [0, 1] such t h a t  

Iig11-<11111, ~[~:l(~)*g(z)]<~ 

and g vanishes a t  0, 1, �89 �88 ~ . . . . .  (2m+s-1) /2m+l ,  where  II/l[=max {ll(x)l:xe[0, 1]}. 

A point  k/2",  m = 0 ,  1, 2, . . . ;  k = 0 ,  1, 2, .. .  will be called a dyadic point. An 

interval  will be called dyadic if its end points  are dyadic  points.  The  rank of a 

dyadic  in terva l  of length 1 /2  ~ is the  n u m b e r  m. The  rank of a dyadic  point  k/2 m 

(k odd) is the  n u m b e r  m. 
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3. Let E c [0 ,  1] be measurable and let [ be the function which is + co on E 

and 0 on the complement, [~ E, of E. Let {e,} be a sequence of positive numbers 

such that  

lim en=0  and ~ e . =  + c o .  
n--~ oo n = l  

Let {~.} be a sequence of positive numbers such that  ~- -1  ~1~< + co. 

For each k, let Jk be a finite set of dyadic intervals such that  

m [(E - g~) U ( J ~ -  E)] < �89 n~. 

Let m 1 be the highest rank of end points of the intervals complementary to J1. 

Let gl be a non-negative continuous function which vanishes on the complement of 

J1 and at all dyadic points of rank not exceeding m 1 + 1 and which is equal to el 

on a subset 11 c J 1 with m(I1)>re(J1)-�89 The Sehauder expansion of gl has a 

partial sum 
a(1) ~,.(1) 4- -4- a~ % x~ % 

ml ~rnl  - -  " ' *  1 l 

with positive coefficients not exceeding e I and 

nx 2~ _(i)  ~(t) -~ 1 

t=  I J~ l  

= 0  on C Jl" 

Let m s be the highest rank of end points of the intervals complementary to J2- 

Let gs be a non-negative continuous function which vanishes on the complement of 

Js and at all dyadic points of rank not greater than max (n 1, m2)+ 1 and which is 

equal to % on a subset 12 c J 2 with m(I2)> m(Js)- ~12. The Schauder expansion of 

g~ has a partial sum 
a(1) ,  �9 x (1)  fl_ q_ a ~ ' h )  (2",) 

nl . . r ,  n1+1 " ' "  Xn I 

with positive coefficients not exceeding % and 

n~ 2 i 

a(t) x(i) 5 , , > �89 % on I s 
f = n l + l  1=1 

= 0  on CJs. 

By continuing in this way, we obtain a sequence n 1 < n 2 < ... < nk < ... such that, 

for every k, there is a series 

(1) . X(nl!.k 1 _}_ . . .  _]_ a(U-k+l) x(2nk+l) 
ank+l  k nk+l  nk+l 

with positive coefficients not exceeding e~+l and 

5 - -  642945 Acta mathematica. I I I .  I m p r i m 6  le 12 m a r s  1964. 
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nk+  l 2 i 

i ~ n k + l  j = l  

= 0  on CJk+1. 

We then obtain a series expansion in the Sehauder functions 

a ( 1 )  ~(1)  ~_ _(1)  x ~ )  . ~ _ . . . . . ~  ~ ( 2  n) (2")  -4- 
- I  - ~ - I  T . , .  "~- ~ n  ~ n  X n  . . . .  

Let  R =  5 ~ Is and T~ 5 N O Js �9 
n = l  s ~ n  n = l  s = n  

Our series converges to + oo on R and to a finite function on T. 

Now, ~for each n, 5 l ,  c E U Zn, 
8 = n  

where m(Z,) = 0 and r e ( E -  ~ I,) < ~ ~7,. 
8 ~ n  $ = n  

I t  follows tha t  m[(R - E) U (E - R)] = O. 

Moreover, for each n, ~ I~ J~ = C E U Y~, 
$ = n  

where m(Yn) = 0 and m(~ E - ~ C gs) < ~ ~,. 
8 ~ n  * = n  

I t  follows tha t  m[(T - ~ E) U (~ E - T)] = 0. 

We have thus proved the 

LEMMA 1. I] E ~ [ 0 ,  1] is measurable, there is a sequence 

a ~ ,  a ~ ,  a~o 1~ . . . . .  a~), . . . ,a  ~2~ . . . .  

o[ non.negative numbers, converging to zero, such that the series 

a~  X~l + . . .  + a~ ~ ~ +... + a~ ~ ~ +... 

converges to + cr almost everywhere on E and to a finite [unction almost everywhere on C E.  

4. We turn now to a consideration of the finite case which rests on the following 

two remarks. 

Remark 1. Let 11 . . . . .  I r ;  J1 . . . . .  J ,  be a parti t ion of [0,1] into dyadic intervals 

such tha t  the ranks of the J~ are all the same number  m, and the ranks of the I j  
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are all smaller  t h a n  m. Le t  / be a cont inuous funct ion which vanishes on each Ij ,  

and  a t  the  end points  of each J~, and  is ei ther  non-negat ive  or non-posi t ive  on each J~. 

~ 1 7 6  I t  follows readi ly  f rom the definit ion of the  functions x~)l, x~)l, x(01), tha t ,  in the  

series expans ion  of /, a~ j) = 0  whenever  i < m, so t h a t  / has an  expansion 

i , ( 1 )  ~ ( 1 )  ~_  . ,  �9 2[_ . . . .  / = ~m *m - + a~ ~) x~ ~) 

Moreover,  every  par t ia l  sum of this series has norm not  exceeding the norm of /, 

vanishes on each Ij,  is non-negat ive  on those J~ for  which / is non-negat ive ,  and  is 

non-pos i t ive  on those J~ for which / is non-posi t ive  

Remark 2. I f  / is a cont inuous funct ion on [0, 1], e > 0 ,  and  n is given,  there  

is an  m > n ,  a par t i t ion  11 . . . . .  I t ;  J1 . . . . .  J8 of [0,1], and  a cont inuous funct ion g 

such t h a t  

a) mix :/(x) # g(x)] < ~, 

b) the  intervals  J~ are of r ank  m and  the  in tervals  I j  are of r a n k  smaller  t h a n  m, 

c) g vanishes on each Ir a t  the  end points  of each J~, and  is non-negat ive  or  

non-posi t ive  on each J~, 

d)  Ilg II lllll. 

I n  order  to p rove  this, let F = [x :/(x) # 0]. 

Then  F is the  union of pairwise disjoint  open intervals  K1, K~ . . . . .  Le t  K 1 . . . . .  Kt  be 

such t h a t  m ( U ~ _ l K ~ ) > m ( F ) - � 8 9  Shrink and  par t i t ion  each Ks, 4 = 1  . . . . .  t, so t h a t  

i t  is composed of dyadic  in t e rva l s .  Then  par t i t ion  the  complemen ta ry  intervals  so 

t h a t  they  are dyadic  and  comprise 11 . . . . .  /~. Then  fur ther  par t i t ion  the  subintervals  

of the  Ks so t h a t  t h e y  have  the  desired r a n k  and  comprise '/1 . . . . .  ,/8. The  above  

shrinking should be of an a m o u n t  less t h a n  ~t e. Now al ter  / on a set  of measure  

less t h a n  e so t h a t  the  result ing funct ion g has  propert ies  e) and  d). 

We  are now r eady  to  p rove  the  

L~MMA 2. I[ [ is continuous, I I / [ [=k ,  and E=[x: / (x )=O] ,  then /or every e > O  

and m there is a series 
a ~  ) x~  ) + . . .  + a (2n) x(2 n) n n , n > m ,  

such that none o/ the coe//icients are greater than k in absolute value, 

II ~m"(1) ~ m  a'(l, + . . . .  + j) j) ll < k, = m ,  . . ,  n ,  = 1 ,  . . . ,  2', 
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(D ~ _(Y) X(Y) the functions a~ > x,~ + . . .  ~ 

all vanish on a set F with m ( E - F )  < e, and 

+ . . .  + a( I '   v))l < 

on a set of meazure greaser than 1 -  e. 

Proof. L e t  g be  t h e  f u n c t i o n  of  R e m a r k  2 c o r r e s p o n d i n g  t o  f, m, a n d  e. B y  

R e m a r k  1, t h e  S c h a u d e r  series fo r  g has  a f in i t e  subser ies  w i t h  t h e  des i r ed  p rope r t i e s .  

LEMMA 3. I f  / is continuous and E = [ x : f ( x ) = O ] ,  then for every 7 > 0  and m 

there is a series 
a(1) ~(1) ~_ . . .  

m ~m -- + a~  ") x~  ") 

such that all the coefficients are no greater than ~ in absolute value, 

If(x)- (a~) x~ ) + . . .  + a~ ") x~">) I < 

on a set of measure greater than 1 - -7 ,  and all /unctions 

• -(Y> -(Y> i = m . . . .  n,  j = l ,  2 ~, a~  ) x~ ) + . . . . .  , ~, . . . . . .  

vanish on a set F,  where m ( E - F )  < 7. 

Proof. T h e r e  a r e  c o n t i n u o u s  f u n c t i o n s  /1 . . . . .  f, ,  al l  v a n i s h i n g  on  E ,  s u c h  t h a t  

IIf, i = 1  . . . . .  r, a n d  f = f l + . . . + f ~ .  

A p p l y  L e m m a  2 t o  / 1 '  w i t h  e = ~l/r a n d  m = m 1. O b t a i n  a f in i t e  s u m  

.,(1) ~(1) _~ . . .  _~_ a 2"1 x ~  12 nl . 
t~m i 7/I I 

A p p l y  L e m m a  2 t o  f~, w i t h  e = ~ / r  a n d  m = n 1 + 1. C o n t i n u e  in  th i s  w a y .  T h e  ser ies  

a(1) (1) + ~_ a(l> x~) + . . .  + a 2", 2", 
ml  X m l  " ' "  -- m r nr X n  r 

h a s  t h e  des i r ed  p rope r t i e s .  

L E M M A  4. I f  f iS measurable and finite almost everywhere, e > 0 ,  and m is a 

positive integer, then if  E =  [x :f(x)~< el and  ~ / > 0 ,  there is an expansion 

a(l> ~.(1> ~_... a~"> x~"> 

.~uch that all coefficients do not exceed e + ~ in absolute value, 
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a o) x a ) ]a(m 1) xm.(1)(t)§ t j (t)]~<e, i = m  . . . .  ,n ,  i = 1 , . - . , 2  ~, 

/or every t E D, where D = E  and r e ( D ) > r e ( E ) - 7 ,  and 

I I(t)- (a~) x~ ) (t) + . . .  § a(~ ") x(n ~', (t)] < r/, 

/or every t E H, where m(H)  > 1 - r 1. 

Proo]. Le t  /1 = Z s : /  and  /3 = / - / 1 ,  where  g~ is the  character is t ic  funct ion of E .  

There  are cont inuous funct ions  gl and  g~ such t h a t  

m[t :/1 (t) ~: gs (t)] < �88 ~7, m[t :/~ (t) :# g~ (t)] < ~ 7, and  []gl 1] ~< ~. 

B y  L e m m a  2, there  is a series 

whose coefficients are less t h a n  e in magni tude ,  such t h a t  

[ b(m 1) x~  ) (t) + . . .  + bl j) s  (t)] < e, i = m . . . . .  n, j = 1 . . . . .  2', 

for all t E D = E,  where re(D) > m(E)  - 7, and  

[gl (t) - (b~) x~ ) (t) + . . .  + b~"  (t)) I ~< �89 

for every  t e K,  where re(K) > 1 - �89 7. 

B y  L e m m a  3, there  is a series 

2n 2n c~ ) x~ ) + ...  + e~ z ,  

whose coefficients are less t h a n  ~ in magni tude ,  where the  same n can be t aken  for  

bo th  cases b y  allowing enough coefficients to  vanish,  such t h a t  

[ e ( t  ) - -  [~,(1) ,),(1) C~" ) Z(n2 n) 

for every  t e G, where m(G) > 1 - �89 7. 

The series (b~) + c~ )) x~ ) + . . .  + (b~ ") + c~ ")) x(~ ~') 

has  the  desired p r o p e r t i e s  wi th  H - - K  N G. 

W e  m a y  now prove  the  

THEOREM 1. I /  / is a measurable /unction, /inite almost everywhere, there is a 

series 
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=(~) _(1) + =~)~ X~)l + a~ ~ x(ol) + -1  ~ - 1  �9 ~ �9 

whose coe//icients converge to zero, which converges to / almost everywhere. 

Proo/. L e t  {e,} be  a s equence  of p o s i t i v e  n u m b e r s  such  t h a t  ~ = 1  en < + c~. 

T h e r e  is a ser ies  
_(,) _(1> + . . .  + a~ ' , )  ~(~-,) a(-1)1 ~)~ + a(-~)l xff)~ + . . .  +"m~ ~ ,  ~ml 

s u c h  t h a t  [/(t) - ~-1'-(1) ~-l-(1) (t) + �9 �9 �9 + ~m,"(2m') ~m,~'(2~') ,~,1~*~1 < el  

fo r  t E E l ,  w h e r e  re(D1)< ~1 w i t h  D 1 = ~ E  1. 

L e t  /1  = / - -  (tt-1/~(1) a'-1--(1) § �9 . .  --'4- --m,"(2tax) X(m2:')) �9 

B y  L e m m a  4, t h e r e  is a ser ies  

a(1) (1) ~ § 4- n (2m~) a -(2ra~) 
ral+l Xml+x �9 �9 �9 t ~m~ ~mz 

s u c h  t h a t  la~J) l ~< el  + e~ 

a n d  ] - o )  (1) . ~ -(J) -(J) (t) [ ~< e 1, i = m 1 + l ,  m~, ~ = 1, 2 ~, (~mi~l Xrn,+l ($) § . . . . .  i ;hi . . . .  . . . ,  

fo r  e v e r y  t fi H I, w h e r e  re(H1) > 1 - 2 e 1. Moreove r ,  

[ f l  (1) (1).  r ma) .e(2 m') ( t )  - -  (amx+l  ~ m , ~ l  ( t )  § . - .  § ~m2 ~m,  ( t ) [  < E2 

for  a l l  t E E 2, w h e r e  m(D~)< e 2 w i t h  D 2 =  ~ E  2. 

L e t  ]~ = / 1  - -  (a(ml~+l Xm a(1) + l" §  -~- am,(2"*) Xm ,(2m)). 

B y  L e m m a  4, t h e r e  is a ser ies  

(1). (1) . § . . .  4- ~. (2ma) ~e (2ms) 
am~-i Xm,+x - -  ~ma ~ma 

s u c h  t h a t  [a~J)[ ~< e 2 + e a 

a n d  o ) .  (1) . . . .  +a~Ox~J) i = m s + l  , ma, ] = 1 ,  2 t, am,+~ Xm,~l  ( t )  § ( t ) [  ~< E2, �9 . . . . . . .  

for  e v e r y  t EH 2, w h e r e  m(Hz)> l - 2 e ~ .  Moreove r ,  

(1) ~(1) (2 ms) X(m,2 ms) [ fz  (t) - -  ( a~ ,+ t  .Om~+l (t) + . . .  + area (t) I <~ ea 

for  a l l  t qEa, w h e r e  m ( D a ) <  e3 w i t h  D a = ~ E  a. 

I n  t h i s  w a y ,  we o b t a i n  a n  i nc r ea s ing  sequence  {m,} a n d  sequences  {H,},  {E,} of 

se t s  such  t h a t ,  for  e v e r y  k, t h e r e  is a ser ies  
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(1) • (1) . ~_  ~ ( g m k + l )  ~l~(9~mk+l) 
amk~l X m k + l  "~- . . .  wink§ 1 ink+ 1 

with ]a~J'J ~<~k+ ea+l. 

I ~,~§ xm~.,(1) (t) + . . .  + al ') s  (t) l < ~ ,  i = m~ + 1, . . . . . . ,  m~+l,  i = 1, , 2', 

for all t E Hk, where m(Hk) > 1 -- 2 ek. Moreover,  

-~(1) . (I) �9 _~ ,,.,,(2~k+l) .~.(2~a+D ('f~ 

for all t EEk+I.  where m(Dk+l) < e~+l, where Dk+l = C Ek+l and  

] k  - -  "r /a (1)  x(1)  (2ink) (2mk)~ 
- -  ] k - 1  - -  K i nk_ l+1  i n k _ l + 1  -~- ' ' '  "~- amtr Xm k I "  

We now show t h a t  the series 

a ~  ~m ~-(2)  x?~ + a~ ~ xco " + 

converges almost  everywhere to ]. 

We first observe that ,  for every  k, 

] = ]k + a(-1)1 xgl + --~- a(~"*)m~ Xm a(2"~) �9 

For  every r > k +  1 and  i =  1 . . . . .  2 r, we have 

"( ' )  x<') (t))l . ( , )  ,.(0 i t ' l l  = I /k (t) - - (a~)k+, x~i+ , (t) + . . .  + ~,2, m, If(t) -- (a(_l~l (t) + . . .  + ~m, ~=, ,,,, 

8k+i -~ e k + l  q-  . - .  -~ 8 r ,  

~r H for every teEk+l fl (A~=k+l ~). 

Bu t  the measure of this set exceeds 1 - - 3  ~s~k+l es. The almost  everywhere con- 

r162 ~ 0 vergence of the  series to  / then  follows since lima_. ~ = a  e~= �9 

Tha t  the coefficients converge to  0 is obvious�9 

5. I n  conclusion, we m a y  state  

TH~.OREM 2. I ] /  is a measurable ]unction, finite or infinite, on [0, 1], there is 

a Schauder series, with coe]ficients converging to zero, which converges almost every- 

where to [. 

Proo]. First  / = / 1  + /2  +/3,  where /3 is finite, ]1 is + c o  on a set E i and  0 on 

El,  and  /2 is - o o  on a set E 2 and  0 on C E  2. B y  L e m m a  1, there  a r e S c h a u d e r  

series 
a(1) xa) _~ a~) _(~) ~_ _(1) ~(1) A _  a'-I ~ r "r ~ a n d  b(_l)~ x~)~ + ~'(~) xff)~ + b~ 1) x(o 1) + �9 ' '  r ~ 1 7 6  
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the first of which converges almost everywhere to a function gl which is + c~ on E 1 

and finite on C El, the second of which converges almost everywhere to a function 

g2 which is - 0 o  on E 2 and finite on C E~, and are such that  the coefficients con- 

verge to 0 for both series. Let 

g = / s  - gl  Zc E, - g ,  XcE,. 

Then g is finite and measurable so that,  by Theorem 1, there is a Schauder series 

C(_I) __(1) . , ( 2 )  X(2)l + C(1) Z(1)  + 
~ - 1 T  t , - 1  . . . ~  

with coefficients converging to 0, which converges almost everywhere to g. The 

Schauder series 
_(2) + /__(1) A_ ~(1) A- , (1 )  ~ __(1) + (aff)l § bff)l § cff)l) X - I  ~ t ~ - I  ~ ~ ' - 1  ~ ~ - 1 }  " ~ - 1  �9 �9 �9 

has coefficients which converge to 0 and converges almost everywhere to /. 
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