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A transformation from Hausdorff
to Stieltjes moment sequences

Christian Berg and Antonio J. Durdn

Abstract. We introduce a non-linear injective transformation 7 from the set of non-vanish-
ing normalized Hausdorff moment sequences to the set of normalized Stieltjes moment sequences
by the formula T[(an)S2iln=1/a1i ...an. Special cases of this transformation have appeared in
various papers on exponential functionals of Lévy processes, partly motivated by mathematical
finance. We give several examples of moment sequences arising from the transformation and
provide the corresponding measures, some of which are related to g-series.

1. Introduction and main results

In his fundamental memoir [23] Stieltjes characterized sequences of the form

[ee]
(1) sn:/ 2" du(z), n=0,1,2,...,
0

where y is a non-negative measure on [0, oo[, by certain quadratic forms being non-
negative. These sequences are now called Stieltjes moment sequences. They are
called normalized if sp=1. A Stieltjes moment sequence is called determinate, if
there is only one measure g on [0,00[ such that (1) holds; otherwise it is called
mdeterminate. It is to be noticed that in the indeterminate case there are also solu-
tions  to (1), which are not supported by [0, o[, i.e. solutions to the corresponding
Hamburger moment problem. However unless explicitly stated we only consider
measures supported by [0, col.

Later Hausdorft, cf. [19], characterized the Stieltjes moment sequences for which
the measure is concentrated on the unit interval [0,1] by complete monotonicity.
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de Espafia, SAB2000-0142. The work of the second author has been supported by DGES ref.
BFM-2000-206-C04-02 and FQM 262 (Junta de Andalucia).
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Both results can be found in [25] or in [5]. A Hausdorft moment sequence

1
{(2) an:/ " du(z), n=0,1,2,...,
0

is either non-vanishing (i.e. a, #0 for all n) or of the form a,, =cdp, with ¢>0, where
(bon )22 is the sequence (1,0,0,...). The latter corresponds to the Dirac measure
do with mass 1 concentrated at 0.

Our main result is the following construction of Stieltjes moment sequences
from Hausdorff moment sequences.

Theorem 1.1. Let (a,);2, be a non-vanishing Hausdorff moment sequence.
Then (sn)e2, defined by so=1 and s,=1/a; ...a, for n>1 is a normalized Stieltjes
moment sequence.

The proof of Theorem 1.1, which will be given in Section 2, is rather construc-
tive: We find explicitly a Stieltjes measure for those sequences ()%, which are
defined from the Hausdorff moment sequence of a finite linear combination of Dirac
deltas. Finally we use that the set of finite linear combinations of Dirac deltas
is dense in the set of positive measures supported in [0,1]. To find the Stieltjes
measure associated to a finite linear combination of Dirac deltas we use a technique
whose philosophy goes back to Euler: Development of ¢-infinite products of several
complex variables in power series—see for instance Chapter X VI or even Chapter X
of his masterpiece [17].

One can say that the proof could in principle have been found by Hausdorff
or Stieltjes, if they had been motivated to search for such a non-linear result. We
shall explain below that our motivation comes from recent work by Bertoin, Car-
mona, Petit and Yor on exponential functionals of Lévy processes, partly inspired
by questions from mathematical finance.

Remark 1.2. If we replace the Hausdorfl moment sequence (a,)5, by
((1/c)an)ee y with ¢>0, then Theorem 1.1 gives the apparently more general result
that sg=1, sp,=c"/a; ...a, for n>1 is a Stieltjes moment sequence. Since however
(™), is a Stieltjes moment sequence for any ¢>0, and the product of two Stielt-
jes moment sequences is again a Stieltjes moment sequence (see below), we do not
stress this more general version. In Section 3 we shall discuss the above transfor-
mation from non-vanishing normalized Hausdorff moment sequences to normalized
Stieltjes moment sequences.

We recall that a function ¢:]0, co[— [0, 00 is called completely monotonic, if it
is C* and (—1)*p(¥)(5)>0 for s>0, k=0,1,.... By the theorem of Bernstein we
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have
3) o(s)= / £ do(z),

where « is a non-negative measure on [0,00[. Clearly ¢(0+)=c([0,00]). If o is a
non-zero finite measure, then (a,)r2,={(p(n))>2, is a Hausdorff moment sequence
such that a,#0 for all n, and the representing measure is the image measure of
a under z+sexp(—z). Conversely, any Hausdorfl moment sequence (an)22 , with
an 70 for all n is of the form

1
Oy = 050n+/ " dp(z)
0

with ¢>0 and p({0})=0, p#0, hence a,=¢(n), n>1, and ap=c+¢(0+), where ¢
is given by (3), and « is the image measure of i under z+— — log z.
Therefore Theorem 1.1 is essentially equivalent to the following result.

Theorem 1.3. Let ¢ be a non-zero completely monotonic function. Then
(sn)o defined by so=1 and s,=1/p(1)...o(n) for n>1 is a normalized Stieltjes
moment sequence.

Remark 1.4. If ¢(0+)< oo, Theorems 1.1 and 1.3 are equivalent, but it should
be noticed that ¢(0+)=00 is not excluded. The proof of Theorem 1.3 is given in
Section 2.

The evaluation of ¢ at the integers can be replaced by the evaluation at the
sequence p+ngq, n=1,2, ..., where p>0 and ¢>0 are real numbers. The conclusion
is that so=1, sp,=1/0(p+q)...o(p+nqg), n>1, is a normalized Stieltjes moment
sequence.

A Hausdorff moment sequence (2) is decreasing with g :=limy, 00 an=p({1}),
and a completely monotonic function (3) is decreasing with ¢(oo):=lm,_,. ¢(s)=
a({0}). We shall now see how these quantities are related to the support of the
representing measure(s) of the Stieltjes moment sequences of Theorems 1.1 and 1.3.
The proof will be postponed to Section 2.

Theorem 1.5. Let (a,,)22, (resp. @) and (8,)22, be as in Theorem 1.1 (resp.
Theorem 1.3).

If ase=0 (resp. @(c0)=0), then any representing measure for (sp)or, has un-
bounded support.

If e =c>0 (resp. p(o0)=c>0), then (s,)5°, is determinate and the support
S of the uniquely determined representing measure satisfies 1/c€SCI0,1/c].

The sequence (s,)0ry is a Hausdorff moment sequence if and only if aoe>1
(resp. p(00)>1).
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Let (1:)¢>0 be a convolution semigroup of subprobabilities on [0, co[ with Lapla-
ce exponent or Bernstein function f given by

/ e dny(z)=e ) 5>0,
0

cf. [6] and [9]. We recall that f has the integral representation

(4) f(s)=atbs+t / T ) ),

where a,b>0 and the Lévy measure v on |0, co| satisfies the integrability condition
Jo (x/(1+2)) dv(z)<oo. Note that n,([0, co)=exp(—at), so that (n;)e>0 consists
of probabilities if and only if a=0.

In the following we shall exclude the Bernstein function identically equal to
zero, which corresponds to the convolution semigroup 7 =46y, t>0.

It is well known and easy to see that f(s)/s and 1/f(s) are completely mono-
tonic functions, when f is a non-zero Bernstein function, viz. the Laplace transforms
of the following measures

(5) A=bdg+(a+v(z,o0])) dY (z), %:/OOO M di,

where Y denotes Lebesgue measure on [0, oo|.
These two completely monotonic functions lead to the following known results
as special cases of Theorem 1.3.

Corollary 1.6. ([13], [14], [24]) Let [ be a non-zero Bernstein function. Then
so=1, sp,=nl/f(1)... f(n) for n>1 is a Stieltjes moment sequence.

Corollary 1.7. ([11]) Let f be a non-zero Bernstein function. Then so=1,
sn=F(1)... f(n) for n>1 is a Stieltjes moment sequence.

Theorems 1.1 and 1.3 were in fact found by searching for a result containing
both corollaries. In [11], [13] and [14] the authors only consider Bernstein functions
f with a=f(0)=0.

It is stressed that our theorems are more general than the results of the two
corollaries. As we shall see below in Example 2.4, the Hausdorfl moment sequence
(¢™) for 0<q<1 leads to an indeterminate Stieltjes moment sequence, while the
Stieltjes moment sequences of the corollaries are always determinate as shown by
the following remark.

Remark 1.8. The Stieltjes moment sequences of Corollary 1.6 and Corollary 1.7
are determinate as pointed out in [14] and {11].
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First of all s,,=n! is a determinate Stieltjes moment sequence of the exponential
distribution exp(—x)dY (x). The determinacy follows from Carleman’s criterion
which states that the divergence of the series

xO

1
>

n=0

implies that the moment sequence is determinate (in the sense of Stieltjes), cf. [22].
By Stirling’s formula the series in question is divergent. As s,=n!/f(1)... f(n)<
n!/f(1)™, also this moment sequence is determinate. Since f(s)/s—b, as s— o0,
where b is the drift ferm in the representation (4), we see by Theorem 1.5 that the
support of the representing measure for (s,)5° is contained in [0,1/b]. We also get
that (s,)5%, is a Hausdorff moment sequence if and only if b>1.

Since a Bernstein function f satisfies f(s)<f(1)s for s>1, we have s,:=
F(@) .. f(M)<f(1)™n!, and the determinacy of (s, )5, follows again by the criterion
of Carleman. By Theorem 1.5 the support of the representing measure is contained
in [0, f(o0)], and (s,)3% is a Hausdorfl moment sequence if and only if f(oo0)<1.

The proofs of the results in [13], [14] and [11] use techniques from stochastic
processes. To be more specific one considers a Lévy process £ =(&;,t>0) determined
by the convolution semigroup (1;)¢~o corresponding to the non-zero Bernstein func-
tion f (with f(0)=0), and one defines the exponential functional

I:/O exp(—£&;) dt.

This random variable plays an important role in mathematical finance as well as
in the study of the self-similar Markov processes obtained from £ by a classical
transformation of Lamperti, see [21]. In [13], [14] and [24] it is proved that the
stochastic variable I has the moments

n!
f) .. f(n)’
which is the Stieltjes moment sequence corresponding to the completely monotonic
function f(s)/s.

To prove the result of [11] the authors introduce the strong Markov process

(6) E(I") =

Xt:eXpér(t)a t=>0,

where the time-change 7(t) is defined by the identity

7(t)
t:/ exp(&s) ds.
0
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They prove that the expectation of the variable 1/X; is a completely monotonic
function of t and thus the Laplace transform of a probability ¢. The moments of o
are proved to be given by

(7) / e dola) = £(1) .. f(n),

which is the Stieltjes moment sequence corresponding to the completely monotonic
function 1/f(s).
One should note that a non-zero Bernstein function f leads to the factorizations

N

S S

f(s)} and Y =Xk,
of respectively completely monotonic functions and measures, where we use the
notation from (5). The paper [11] contains further information about the measures
o given by (7). For further results about moments and exponential functionals
see [12] and the references therein.

In [20] Jacobsen and Yor consider an n-dimensional subordinator (& )¢>o with
non-vanishing Laplace exponent

(9) @(s):(b,s)-lr/Rn\{o}(l—eXp(—(:c,s)))du(x), s={s1,...,5n) ERT,

where beR”? and v is the Lévy measure. They prove that for any s,{€RY, where
t#0,
n k n
Sp = H T(st D) and s, = H D(s+kt) (so=1)
k=1 k=1

are Stieltjes moment sequences. These results are special cases of Theorem 1.3,
because A—®P(s+Mt) is a non-vanishing Bernstein function.

In [11] Bertoin and Yor remarked that the determinacy in Remark 1.8 leads to

a factorization of moments and distributions which is analogous to (8),

n!

o= T

Here [ is the distribution of the stochastic variable I in (6), g is given by (7) and ¢
denotes product convolution of measures on [0, c0[. The product convolution pov
of two measures g and v on [0, 00[ is defined as the image measure of p@v under
the product mapping (s,t)~st. The second equation follows from the first since
the nth moment of the product convolution is the product of the nth moments

(10) [l il exp(-a)av )= Top.
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of the factors. Therefore the product convolution has the same moments as the
exponential distribution, which is determinate.

Note that the second equation in (10) implies that neither I nor p has mass at
Z€ero.

The following result is an extension of Corollary 1.7.

Corollary 1.9. Let f be a non-zero Bernstein function and let ¢>0 be ar-
bitrary. Then so=1, s,=(f(1)... f(n))° for n>1 is a Stieltjes moment sequence,
which is determinate for c<2.

Proof. Tt suffices to show that 1/f¢ is completely monotonic, which follows
since more generally o(f(s)) is completely monotonic when ¢ is so, cf. [6]. Here we
use the completely monotonic function ¢(s)=s7¢. (One can also see that 1/f¢ is
the Laplace transform of the measure

1 oo i
— t° dt
T(c) / et

which is the cth convolution power of the potential kernel 3¢ of the semigroup (7;):>0
defined in (5).)
The criterion of Carleman used above shows the determinacy for ¢<2. 0O
Remark 1.10. There exist Bernstein functions f for which s,=(f(1)... f(n))°

is indeterminate for ¢>2. This is discussed in [4], and it proves that the assertion
in Corollary 1.9 about determinacy is best possible.

2. Proofs

The set S of Stieltjes moment sequences (s,,)2° , will be considered as a subset
of [0,00/No with the product topology. We need the following well-known fact
about S.

Lemma 2.1. The set S is a closed set stable under pointwise sums, products
and multiplication by non-negative scalars.

Proof. We first recall that a sequence of real numbers (s,)52, is called positive
definite if all the symmetric matrices (s;4;)o<i,j<n 8re non-negative, i.e.

n n
DO sipjeic; >0 forall (co,cy, ...y cn) ERMT
=0 j=0

cf. [5]. The theorem of Stieltjes tells that (s,)5° (€S if and only if (s,)02, and
(8n+1)02, are positive definite. This shows that S is a closed set. It is clearly
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stable under pointwise sums and multiplication by non-negative scalars, but it is also
stable under pointwise products by the theorem of Schur, cf. [5, p. 69]. The latter
property is also a consequence of the following remark, which will be needed later:
let (sp)n2o and (t,)52, be two Stieltjes moment sequences of the measures p and
v respectively. Then (s,£,)2 , is the moment sequence of the product convolution
measure yov. [

Lemma 2.2. Let y and v be two measures on [0, 00 with moments of all
orders and assume that [ is indeterminate, v({0})=0 and v#£0. Then pov is
indeterminate.

Proof. For a positive measure 4 on the real line with moments of any order and
corresponding sequence of orthonormal polynomials (p, )52, we recall the following
formula, where 2o €C is arbitrary,

(11) lnf{/ p(2)[* du(z) | p € Clz] and p(z0) } (Z pn(20) )‘1’

cf. [1, p. 60].

A necessary and sufficient condition for u to be indeterminate for the Ham-
burger moment problem is that the quantity (11) is strictly positive at zop=i, and
if this is the case, then the function

o(z)= <Z |pn (2 >1

is strictly positive and continuous for ze C.

Let now p be the measure of the lemma which by assumption is indeterminate
for the Stieltjes moment problem and a fortiori for the Hamburger moment pro-
blem. Let ' be an arbitrary measure on [0, oo with the same moments as y. Since

the measures pov and p'or have the same moments (but we do not know if they
are different), it is enough to prove that u/ov is indeterminate for a conveniently
chosen p’. We shall choose p' such that p/({0})=0, which is always possible for an
indeterminate Stieltjes problem, cf. e.g. {8, Remark 2.2.2]. Without loss of generality
we will therefore assume that u({0})=

By assumption about v there exists zy>0 belonging to the support of v. For
0<e<axg we then have v(]zq—e,zq+[}>0.

For pe Clz] satisfying p(i)=1 and y€|z¢—¢, xo+¢[ we consider the polynomial
qy(x):=p(xy) which satisfies ¢, (i/y)=1. By formula (11) we have

[ @ duw = o 1),
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hence

| b aueso > | o ([ ptenr? (o)) avly)> | " gl dvty).

0—¢ 0—¢

Since the last term is strictly positive and independent of the polynomial p, it follows
that pov is indeterminate for the corresponding Hamburger moment problem. Then
it is also indeterminate as a Stieltjes problem, unless it is the N-extremal solution
with mass at zero, cf. [15]. However pov({0})=p([0, co)r({0})+u({0})v (10, cc])=
0, so this possibility is excluded. [

Remark 2.3. It can be proved that Lemma 2.2 holds under the weaker as-
sumption that v#cdp, ¢>0. In fact, if v({0})>0 then v=v({0})dg+v' with v/
satisfying the assumptions of the lemma. Therefore por’ is indeterminate. Since
povr=u([0,cc[)r({0})dg+por/, it follows that also pov is indeterminate.

We now give some examples of Theorem 1.1, and we shall use these as building
blocks in the proof.

Ezample 2.4. For 0<¢<1 let a,,=¢"™ be the Hausdorff moment sequence cor-
responding to the Dirac measure §, concentrated at g. The claim of Theorem 1.1
for this sequence is that sn:q_(ngl) is a Stieltjes moment sequence. This is clear
for g=1 but in fact true also for ¢<1, since it is the moments of the density

gy AL (0 (oga)® )
(@)= V27 log(1/q) vx ¢ p( 210g(1/q)>7 =0

which is closely related to a log-normal density. There are many probabilities on
[0, co[ with the same moments as v, cf. [16] for a recent paper on this indeterminate
Stieltjes moment problem.

The next example involves basic hypergeometric functions, for which we refer
the reader to the monograph by Gasper and Rahman [18]. We recall the ¢-shifted
factorials

n—1
(z0)n=[[(1-2¢"), 2€C, 0<qg<1, n=1,2,..,0,

k=0

and (z;q)o=1. Note that (z;¢)eo is an entire function of 2.
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FEzxample 2.5. For ¢>0 and 0<g<1 the (non-normalized) Hausdorff moment
sequence a,=1+cq" 1, n>0, of the measure &; +(c/q)d, leads by Theorem 1.1 to
the sequence s,=1/(—¢;q)n. This is a Stieltjes moment sequence of the following
discrete probability

1

M= - - & 5qk.
(=& Qoo =4 (T 0)k

In fact, by the g-binomial theorem, cf. [18], we have

- e o
2" dp(x)= — 1 Z q (an)k: (—¢g™; @)oo _ 1
0 (=€ @)oo (@ D)k

— (5:q (6@ (—GQn
Since the measure ;1 has compact support, the Stieltjes moment sequence is
determinate.

The next example is an extension of Example 2.5 but more involved, and it
is therefore presented as a lemma. It is the main ingredient in the proof of Theo-
rem 1.1.

Lemma 2.6. Let p>1, ¢;>0 and 0<g;<1, j=1,...,p, be given. Then so=1,

n—1 1

Sp = 5 7121’
n kl;Iol—i—clq’qu...-I—cqu’;

is a Stieltjes moment sequence.

Proof. Consider the entire function of p complex variables
o0
flz1y,2p) = H(l—i—zlq{“—i—...—l—zpqg).
k=0

The power series expansion of f can be written

f(z)=f(z1, ., 2p) :Zl)azo‘7

where we use the multi-index notation

z=(21,-,2p), a=(a1,..,0p) and 2%=27"..27,

and the sum is over all integers a4 >0, ..., a, >0. The coeficients b, =b,(gq) of the
power series are positive as sums of products of powers of ¢, ..., gp.
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Let

3 Cp)

Then y is a probability measure with compact support.
The nth moment of u is

1
- bacaé @,
H f(cla' Ea: !

n—1 1

1 f<CIQ?7"'acpqn) .
Sn=——= Y boc*(¢)"="— TP = .
7(©) ; (¢*) fler, o, ep) ]};[0 1+clq{“—|—...+cpq]’§

Proof of Theorem 1.1. Any non-negative measure p on [0, 1] is a weak limit of a
sequence of discrete measures of the form a16,, +...+a,0,,, where a; >0, j=1,...,p,
and 0<x <wa<...<zp<1. By the closedness of S stated in Lemma 2.1, it is enough
to prove Theorem 1.1 for discrete measures of this type, i.e. to prove that

- 1
(12) Sp = _—
1:!;[1 alx’f—i—...—i—apq;’;

(with sg=1) belongs to S.
We have

Ly ") - 1
Sn=|— ) (xp)7\ 2
<ap> F J;[l 1+a_1 1 § Gp-t (Tp—1

k7
fot ( )
(o) o (2

which is the pointwise product of three Stieltjes moment sequences, namely (1/a,)",
and moment sequences of the type discussed in Example 2.4 and Lemma 2.6. A

representing measure is the product convolution of three corresponding representing
measures. [

Remark 2.7. The moment sequence (12) is indeterminate since the factor
n+1
(xp)i( )
is an indeterminate moment sequence, cf. Lemma, 2.2,
Remark 2.8. For a Stieltjes moment sequence (s,)% , all the Hankel determi-
nants
Hy, =det(sitj)o<ij<n,  Hp=det(siyj+1)0<i,j<n,
are non-negative. Conversely, if for a real sequence (s,)2, we have H,>0 and
H] >0 for all n>0, then (s,)32, is a Stieltjes moment sequence. Using the special

form s,=1/a; ...a, we obtain two sequences of inequalities for a non-vanishing
Hausdorff moment sequence (a,)5° .
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We have not found a proof of Theorem 1.1 by verification of the positivity of
the Hankel determinants.

Proof of Theorem 1.3. We only have to prove the result for completely mono-
tonic functions ¢ with p(0+)=oco, since the result follows from Theorem 1.1 if
@(0+)<oo. For £>0 the function ¢.(s)=¢(s+¢) is completely monotonic with

e (0+)=p(g) <0, 0
1

T o(lte) .. plnte)
is a Stieltjes moment sequence. The result now follows from the closedness of &
letting ¢ tend to zero. [

ENG

For the proof of Theorem 1.5 we need the following elementary result.

Lemma 2.9. Let

sn:/ 2™ du(x)
0

be a Stieltjes moment sequence. If a>0 belongs to the support of u, then for 0<e<a
there exists A>0 such that

$n > Ala—e)*, n>0.

The support of 1 is contained in (0, c| for some ¢>0 if and only if there exists K>0
such that

(13) sp<Kc*, n>0.

Proof. 1f a belongs to the support of p and 0<e<a, then A:=pu(la—e, a+e[)>0
and
a+te
Sn, 2/ 2" dp(z) > Ala—e)™.
a—g
If the support of u is contained in [0,¢], then clearly s, <Kc¢™ with K=
([0, 00])-
Conversely, if (13) holds there cannot be a point « in the support of p with
a>c by the first part of the lemma. [

Proof of Theorem 1.5. We shall only prove the results about Hausdorff moment
sequernces since the other results follow in the same way.
Suppose first that a,=0. For any £>0 there exists NeN such that a,, <& for

n>N and hence for such n,
eV I
s> —— ).
aj...ay \ €
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Since £>0 was arbitrary, it follows by Lemma 2.9 that the support of u is un-
bounded.

Suppose next that aee=c>0. Then clearly s, <(1/¢)", which shows that the
support S of y is contained in [0,1/¢], and then p is determinate.

On the other hand, since a,,~¢ there exists to any £>0 an N &N such that

s
ai...ay \ ¢c+e
This shows by Lemma 2.9 that 1/c€S.

If finally ao, > 1, then S is a subset of the unit interval, so (s,,)22, is a Hausdorff
moment sequence. Conversely, if (s,)72, is a Hausdorff moment sequence and in

particular decreasing, we get from s,, <s,, _; that a, >1 and hence a,,>1. O
As an application of Theorem 1.5 and Theorem 1.1 we get the following result.

Corollary 2.10. For an arbitrary Hausdorff moment sequence (an)2, the
sequence ($p)o0, defined by so=1 and s,=1/(1+a1) ...(1+ay) for n>1 is a Haus-
dorff moment sequence.

For a non-negative measure p on [0, 00[ with moment sequence (s,)%, the
moment generating function is given by

oo s Al
(14) /0 exp(tz) dpx) = 7;) -
If the radius of convergence of the power series in (14) is positive, then it is
well known that p is determinate.
For the moment sequences under consideration we get the following simple
result.

Theorem 2.11. Let (a,)s2, (resp. @) and (s,)22, be as in Theorem 1.1
(resp. Theorem 1.3).

If lim, o, na, =R (resp. lim, o np(n)=R), then RE[0, ] is the radius of
convergence of the power series in (14).

The proof is straightforward by considering the quotient of two consecutive
terms of the power series.

Applying Theorem 2.11 the determinacy discussed in Remark 1.8 can also be
obtained as a consequence of the finiteness of the moment generating function (14).
This was also pointed out in [14] and [11]. We give the following precise statement.

Theorem 2.12. Let f be a non-zero Bernstein function with the representa-
tion (4). The radius of convergence R of the power series in (14) is given by

(i) R=F(00) if su=nl/f(1) ... f(n);

(il) R=1/b if sp,=f(1)... f(n).
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3. Complements and examples

Given a non-vanishing Hausdorff moment sequence (a,, )32, with representing
measure i, then (cdop, -+an ), is again a non-vanishing Hausdorff moment sequence
for any ¢>—p({0}), and they all give rise to the same normalized Stieltjes moment
sequence by the construction of Theorem 1.1.

We denote by T the transformation from the set #H., of non-vanishing normal-
ized Hausdorff moment sequences a=(a, )52, to the set S, of normalized Stieltjes
moment sequences s=(s,)5° , given by Theorem 1.1, viz.

(15) sn=Tl(an)ln=——, n>1.
at ... 0n
Note that 7 is multiplicative, i.e.
(16) Tlanbn)nzol = T(an)nzol T[(bn)nzo]-

The image of H, under 7 is the set of normalized Stieltjes moment sequences
(80)22 4 for which a,,=8,,_1/8n, n>1, is a Hausdorfl moment sequence (with ag=1).
It is clear that 7 is a bijection of H, onto this set.

The image is different from S,. In fact s, =n! is a Stieltjes moment sequence
which does not belong to 7 (H,). If this sequence would belong to the image of T,
then a,=1/n, n>1, ap=1, should be a Hausdorff moment sequence of a measure
1, and hence

/ (1) d(w) =0,

but this is only possible if u=9; which does not have the right moments. (One
can also easily see that a,=1/n, n>1, ap>1, can never be a Hausdorfl moment
sequence.)

The example just given also shows that the transformation 7 cannot be ex-
tended to a transformation of S, into itself by the formula (15), because

T gln =11yt

is not a Stieltjes moment sequence. The reason is that the second Hankel determi-
nant is negative.

Let (an)22€H. with representing measure p, and suppose that s=7T[(a,)22 |
is determinate with representing measure v, which is then uniquely determined. The
equation @n418n+1==5n, n>0, means that the measures (z du(z))o{x dv(x)) and v
have the same moments, and since v is assumed determinate we get

(17) (zdp(x))o(x dv(z))=v.
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By Lemma 2.2 it follows that also the measure x dv(z) is determinate. The process
can now be iterated, and we find that all the measures z™ dv(z), n>0, are deter-
minate. Using a terminology from {7] one can say that the index of determinacy of
v is infinite. See [2] for a discussion of cases, where v is determinate but z dv(z) is
indeterminate.

We calculate some further values of the transformation 7.

Ezample 3.1. For a>0 we have the following normalized Hausdorff moment
sequence

1

a _

ap = =q 2T .
at+n 0

The corresponding Stieltjes moment sequence is

8y —

(a+1)...(a+n)
an

3

and therefore
sn(a):=(a+1)...(a+n), sola):=1,

is likewise a Stieltjes moment sequence, which can be written s, (a)=(a+1), using
the Pochhammer symbol.

The sequence (s,(a))52 , gives the moments of the Gamma distribution with
density (1/T(a+1))a* exp(—z) for >0, so (s,(a))s2, is in fact a Stieltjes moment
sequence for any a>—1. Note that (s,(a))>2 &7 (H.) for —1<a<0.

Ezample 3.2. The Stieltjes moment sequence (s,)2°  from Lemma 2.6 is again
a normalized Hausdorff moment sequence, because the representing measure is sup-
ported by [0, 1], see also Corollary 2.10. Therefore we can apply 7 to this sequence
and get

n—1

(18) Tl(sn)ioln= [ [ (1+craf+. 4+ cogp)™ ™", n>1.
k=0

In particular, for ¢>0 and 0<g<1 we have that
n—1

(19) Sp = H(l—i—ch)"*k, n>1,

k=0

is a Stieltjes moment sequence.
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We shall give the representing measure for the Stieltjes moment sequence (18).
To do this we consider the entire function of p complex variables

o0

g(z1, 0, 2p) = H(1+zlq'f+...+zpq§)k.
k=0
The power series expansion of g can be written

g(z)=g(z1, .. Zda” ,

where we use the multi-index notation as in the proof of Lemma 2.6. The coefficients
d,=du(q) of the power series are positive as sums of products of powers of g1, ..., gp.
For v>0 and ¢y, ..., ¢, >0 we consider the probability measure

Hoy,e = E :d C%0yge,
(217.. ,Cp =

which is concentrated on the interval [0,~].
The nth moment of ,u,, e is

g(CM?a s Cpy))
d et i i
n(ye) = Z *(v¢*) o)

which can be written

n o0 —T1

Y n—+k n+k

Sn(fy,e) = = ( (I+cgi ™ +. . +cpgy )> .
szo(l—kclq’f—k...—i—cpq’g)k kEI()

With
[ee)
y= H (1 +clq{c +...+Cpq£)
k=0
we get that (s,(ity,0))22 is the moment sequence (18).
In particular for p=1 and ¢>0 we get that

1 oo
(20) M{(=c;q)00,c = @ Z do®0(—ciq)nqe
a=0

has the moments (19), where

g9(z) =[] (1+2¢") Zd z°
k=0

Notice that the moment sequence (19) converges to the sequence
n+1)
(1+c)( 2
as g—1, which is the log-normal moment sequence for the base ¢=1/(1+4c¢), cf.
Example 2.4. Weak accumulation points of the measures pi(_c.q)...c, cf- (20), for
g—1 will therefore be solutions to this log-normal moment sequence.



A transformation from Hausdorff to Stieltjes moment sequences 255

FEzample 3.3. Let 0<g<1 and let (a,)2 be the Hausdorff moment sequence

ap = L 17¢" _ L /lx"d—x n>1
"log(l/g) no o log(lfe) Sy T o’ T

(Notice that the right-hand side is 1 for n=0.) The Stieltjes moment sequence
(log(1/9)) T [(an)Soln is sn=n!/{q; @)n. This is a determinate moment sequence,
and it corresponds via Corollary 1.6 to the Bernstein function f(s)=1-—¢°. The
corresponding measure was found in [10] and has the density

(-1

(6 Doolg; D

i(2) =" exp(—aq )
k=0

See [10] for references to work on DNA-duplication and on transmission control
protocols, where this density also appears, and [3] for an analytical study.

Example 3.4. Let (a,)72y be a non-vanishing Hausdorff moment sequence of
a measure i, and let p(a:):zy;o ¢;x7 be a polynomial with positive coefficients or
more generally a polynomial which is non-negative on the interval [0, 1].

Then
1 m
= [ @) da() = 00y
0 =

is a new Hausdorff moment sequence and this leads to the following Stieltjes moment

sequelnce
n m -1
Sp = H < E Cj&k_q_j) .

k=1 “j=0
Taking e.g. p(z)=14x we get that

n

n 1 1
o=l and 5= ][
a a ar—a
=1 k k+1 b1 k k+1

are Stieltjes moment sequences.
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