Iteration of spreading models
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If E is a Banach space and (x,), .y is a bounded sequence in E, Brunel—Suches-
ton [2] showed that there exists a subsequence (x)),.n Of (%,),cn such that the
limit of ||a1x:,l+...+akx,’,k|l exists, when my<m,<...<n, go to infinity, for all
finite sequences of scalars a, ..., a.

A sequence (x,),.n satisfying this property will be called a good sequence.

If (e,),cn denotes the canonical basis of the space S of finite sequences of
scalars, we denote by |a;e,+ ... +a,¢e.| the previous limit. It is a norm on this space
provided that the sequence (x,),.x has no norm-convergent subsequence. Let F
be the completion of S under this norm: F will be called a spreading model of E,
built on the sequence (x,),.n. The sequence (e,), . Will be called the fundamental
sequence of F. This notion was first introduced and studied by A. Brunel and L.
Sucheston (see for example [2] and [3]); it has been applied to the study of the
Banach—Saks properties by the first named author in [1], in which the reader
may find the proofs of all the statements we give here.

Our aim in this paper will be to investigate the following question, raised by
H. P. Rosenthal: given a space E, a spreading model F;, built on some bounded
sequence (x,),.n of E, a spreading model F,, built on some bounded sequence
(Vnen Of Fy, is F, isomorphic to some spreading model F of E, built on some
bounded sequence (z,),.n of E?

The isometric version of this question was answered negatively by the authors
in [1]. We shall show here that the question in its full generality has also a negative
answer: we shall present a Banach space E, a spreading model F; of E, a spreading
model F; of F,, such that F, is not isomorphic to any spreading model of E.

The tools we use for this purpose will be the connections between the Banach—
Saks properties and the isomorphism of a spreading model to /;, established by
the first named author in [1]. More precisely, let us recall the following definition
and theorem, given in [1]:

Definition. A Banach space E has property (%)) if, for some §=0, one can
find a bounded sequence (x,), .y in E such that, for all k€N, all n;<...<n, all
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&...5==21,

1
(1) H?Z‘i‘ gixn;
Theorem ({1]).

= 9.
E

a) E has property (#y) if and only if it has a spreading model, the fundamental
sequence of which is equivalent to the I,-basis.

b) If (#y) holds, one can, for all n=0, find a norm-one sequence (x,),cx in
E which gives the estimates (1) with 6 replaced by 1—n.

Concerning this theorem, let us observe that, as was noticed by J. T. Lapresté
in [4], the model is isomorphic to /; if and only if its fundamental sequence is
equivalent to the / -basis.

Let us now turn to the construction of our example. We shall build a space
E which does not possess property (£;) (that is, which has Alternate—Signs
Banach—Saks property, according to [1]), but has a spreading model F; which
contains /;. This is obviously enough to answer negatively H. P. Rosenthal’s
question.

Let us consider the Orlicz function:

t .
gD(Z)—W if 0<t=1

=2t—1 if 1=¢<eo.

Let us denote by J, the Orlicz space associated with this function and by
(x(®))enll, the norm of a sequence (x(k)),.n in /, (as usually, x(k) is the k-th

term of the sequence x); this norm is, by definition, inf {C ; Z’kéN @ [lx(?kll_] = 1}.

With such a choice of the function ¢, the space /, has the following properties:

a) hcl,cl, for all p=>1, with continuous injections,

b) the space /, contains /;: one can find a sequence of consecutive blocks on

the canonical basis which is equivalent to the /; -basis,

¢) there is a number J,, 0<d,<1, such that if (a(k))cn> (B(K))ien, are finite

sequences, disjointly supported, with |a(k)|=1, [b(k)| =1V k, if ||(a(k)); en||o=
5 and ||(b(K))enllo=80, then [[(a(k)+b(K))en|l,>1 (one checks im-
mediately that §,<8/10).

The space for our counterexample will be constructed along the same lines
as the one given in [1], using admissible sets, but with the norm /, instead of the
norm /,. Let us recall that a finite subset A of the integers, A= {ny, ..., m}, with
m<m<...<wm, is ¢alled admissible if k=#n,. We call A" the set of admissible
subsets of N.
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We consider the sequences of scalars (x(k)),.n such that
sup (el <=
Aek

and we call S, the closure of the finite sequences under the norm
H(x(k))kENHSq, = sup H(x(k))keAllw
AcKH

This is a “Schreier type” space, which, for many properties, is analogous to
the space introduced by J. Schreier in [6], and to the space studied by the first
named author in [1].

We shall now turn to the study of this space. Let us first observe that the
canonical basis (e,),cn of /; is also an unconditional basis for S,, which we also
call the canonical basis of S,,.

Proposition 1. The spreading model built on the canonical basis of S, is iso-
metric to 1,.

Proof. For a given finite sequence of scalars, ay, ..., a, let us compute
laye, +... +ape, s, -

When 7, is large enough (namely n,=k), we haveclearly [a,e, +... +a; e,,kll 5,=
l(@)ll,, since the set {ny, ..., n.} is admissible. This proves the Proposition.

Proposition 2. S, has no spreading model isomorphic to ;.

Proof. Assume on the contrary that some spreading model F of S, is isomorphic
to /. Then, by the Theorem, S, must have property (#;). Choose =0 with
<-1—;;—é°—. Let (x,), ¢ be the norm-one sequence which gives (#,) with the estimates
1—y in (1). For all icN, the i-th coordinates (x,(i)),cn are bounded; therefore,
one can, by a diagonal procedure, find a subsequence (x}),.n such that the limits
lim, ., x, (i) exists for all i€N. If we put y,=3 (x;,_;—X3,), then, for all i, y,()~0
as n—-o. Of course, | yn|]s¢§1Vn, and (y,),cn also gives (&) with the same
estimates.
Since the coordinate functionals are continuous in S, and since the finite se-
quences are dense in this space, we can find a subsequence (,),cn of (¥,),en and

a sequence of consecutive blocks

Zy = Z:n:ln_1+1°‘iei7
with [z, Sqoél and |z,—yl s, =1 The sequence (z,), .y also gives (#;) with 1—2y
in (1) and is unconditional:
Vk, Viu<...<mn, Ve .. .g==1

@ 1 1
Ezll‘siz,,i S EZ”;Z,” =1-21.

Se
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Let us first consider the terms:
1
—2_ ” ZI-*_Zn”Sq, , 7 = 25

and let us call / the index of the last non-zero term in z;.

Lemma 1. One has, for n=1

Flatzds, = sup {3 [0+ 2,0 allos 4e45 141=1}.

Proof. If an admissible set A is such that +{(z,(k)+z,(k));c 4l =1—3n, one
cannot have z; (k)=0 for all k¢ 4. Therefore the set A4 starts before /, and has
at most / elements. This proves the Lemma.

Lemma 2. For all i=2, each block z; contains a sub-block z; with the following
properties:

a) z; (k)20 for at most 1 integers k,

b) lZ}ll,=1-5n.
(by sub-block we mean that z;(k)=z(k) for some k’s, and is O for the others).

Proof. Assume on the contrary that one could find a z;, i=2, such that for
all sub-blocks z/ of z, of length /, one had |z;|| »<1—57n. But, if 4 is an admissible
set with |[4|=], one has:

%H(zl(k)ntzi(k))mm = %(nzlnw @ ®kello) = —;;(m—sm.

But this contradicts (2) and Lemma 1.
z/ being the sub-block given by Lemma 2, let us put z/=z—z;. We shall
now show that the z/ give (#).

Lemma 3. When k— oo, sup{é—”Zfz,’,le(P; n1<...<nk}—>0.

s n1<...<nk}—>0 as k-reo.

Proof. It is enough to show that sup {3 || 35 2, ||.;
But for each i, one can write z,.==2;=1 x{, where x!(k) is not zero for at most

one k, |x/|=1, and, Yj, n% >k x,{L_H(‘,»O as k—oo; the Lemma follows.

i=1

For k=k,, one has, consequently,

1 ,
'E ”2’1‘ Zn

s, =1, forall nm<..<mn,

and therefore:

1
3) ==

sq’é 1-—31’]

Of course, since the (z;) are sub-blocks of the (z;), one also has | z/]| Swél\y’i.
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Let us now consider terms of the following form:

z_kﬂ“Zi/—*_'“+Z’/"°+Z;,1+"'+Z’,"konsw’ ko< ny<...<ny,.

From the estimates (3) follows exactly as is the proof of lemma 1, that:

1 4 7 a 4
oy llzf +...+z5,+ 2z, + .. +an0|isq,

1 7 /4 Vg 4
- sup{—ék—oH(z{’(k)-{—...+z,’m(k)+z,,1(k)+...+z,,ko(k))k€,4[ oy ACN A = 1}

where /” is the index of the last non-zero term in zy .

Lemma 4. There exists an iy such that, for all i>i,, each block z; contains
a sub-block z” with

a) z/” (k)20 for at most I’ integers k,
b) iz (k) ,=1—"Tn.

Proof. If this was not the case, then one could find a subsequence (z);cn
such that each sub-block 2, of z, , of length I, would satisfy fz,|l,<1—7y. But
then, for all Ac A" with |4|=/,

1
T (25 G+ .+ 2, () + 20, () + ..+ 21 (Rl s,

= — (I1z7lls, + -+l 25, + ||z ke allo+ .- +|| (2, e alle)
2k, 0

1
= m (k0+(1 —Tn) ko),

contradicting (3). This proves the Lemma.
Therefore, for i large enough, z; contains two sub-blocks: z; and z”, both
with [, norms greater than 1—75. But they have bounded lengths (/ for z{, I’ for z["),

and, consequently, for i large enough, one can find an admissible set 4 which covers
z; and z;” at the same time. For such an i, one has:

lzi+zlly = lzi +2lls, = lzills, = 1,
and this contradicts the property c) of the space /,, since 1—75>0,.
Remarks.

L. 1t follows obviously from Proposition 2 that S, does not contain /;.

2. It follows easily from the preceding discussion that, for every spreading
model F of S, the sequence u,=e,,—e,, ; in F (which is unconditional, as proved
in [2]) is equivalent either to the canonical basis of /, or to the canonical basis of .
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If F is constructed on a good sequence (x,),.n i S,, the first case occurs when
liminf,_ _, {x,—x,_,],>0, and the second when lim 1%, — %51l c,=0-

3. In this proof, we have chosen the function @(t)zr_—lto—y-(0<t§1),

=2¢—1 (t=1). One sees easily that the same results hold, for S,, when ¢ is an
Orlicz function satisfying the A4,-condition at 0, i.e.:

@ (20)

—_—
O<t=<1 (P (t)

In fact, it follows from this condition (see [5] part I § 4) that there exist g and

C such that
HMo(x) =C-p(6x) for all 4, x€[0, 2]

This yields that there exist a number &, (0<Jd,<1) and an integer N such that if
(@ (K))ens -+ > (ay(k))een are disjointly supported finite sequences, with j=1...N,
la;(K)[=1Vk and [a,ll, =8, then ||ZV_ ajfi,>1.

With this property, essentially the same proof works; the difference is that
one has to repeat the argument N times, in order to construct N disjoint sub-blocks,
of bounded lengths, in any block z, of a subsequence.

Finally, the authors wish to thank L. Tzafriri for pointing out a wmistake in
a preliminary version of this paper.
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