The oblique derivative problem II

Bengt Winzell*

0. Introduction

Let Q be a bounded domain in R”, n=3, of class C2™* and consider a unit
vector field / on the boundary Q2. We will consider the following boundary value
problem for the second order elliptic operator % in Q: Find a solution of Lu=g
in Q such that du/dl=f on Q. When [ is a conormal to dQ with respect to %,
this is the Neumann problem and it is well known that if the oblique vector field
I never becomes tangential, then the problem is still elliptic.

In this article we continue our investigation of the .degenerating problem, i.e.
when / can be tangential to 9Q. Writing /=waA+X where 7 is the outer conormal
and X is tangential, we see that degeneracy occurs precisely when the scalar func-
tion « is zero. In [5] we investigated the case when a=0 on 9Q and now we intend
to include a case when « changes its sign. Then, however, the problem, as stated
above is not well posed. In fact, it is known that one has to allow singularities of
the solutions or prescribe their values on certain subsets of €. For a historical
review, and for references to results by other authors, we refer to {5].

The results given here are improvements of those in the author’s thesis [4].
What makes them specific is that we work in function classes of Holder type and
that we do not make the usual assumption of lower dimensionality of the set
where « vanishes.

1. Basic assumptions and notations

In order to describe the situation we introduce some further notation. We
assume that /€ C**4(9Q) and hence there are unique integral curves to X through
every p€dQ. These will be called X-curves and we denote the maximal X-curve
through p by y,. It will also be convenient to use the symbol y’; for the component

* Supported by the Swedish Natural Science Research Council.



108 Bengt Winzell

of y,n A which contains p. Here 4 is any subset of Q. We associate with y, the
standard parametrization

s > %,(s) where X,(0)=p and %fcl,(s) = XoX,(5).

Similarly, if L denotes a C'-extension of / to @, then the concept of L-curves, the
notation I, for the maximal L-curve through p€Q and I'{ for the component of
I'yn A which contains p, and a standard parametrization s—x,(s) for I', are
introduced in an analogous way.

The set of tangency for I is
H = {pcoQ: a(p) = 0}.

Let k, be the supréemum of all lengths of connected X-curves within H. We require
that k, be finite.

Let 0Q be the union of two closed sets o/, and s/_ such that «=0 in &/,
and o=0 in &_ and such that .#=«/, ne/_C H is an orientable manifold of
dimension n—2, where # is- the dimension of the space. We assume that X satisfies
a transversality condition of the following kind:

There is a neighbourhood U of H in ¢Q such that for any p€ .# either

Q) y;’ intersects 4 in one point, the angle between X(p) and 4 is bounded
away from zero by 0,>0 and o changes its sign from mirus to plus along y;’,
or
(ii) y;’ intersects . only once and dH twice, and o changes its sign from plus
to minus along ..

The conditions (i) and (ii) separate .# into two disjoint manifolds .#, and .#_
respectively. Note that Maz’ja in [3] was able to investigate a case where our trans-
versality conditions were replaced by conditions on the behaviour of X in a neigh-
bourhood of the subset of H where X is tangential to H. In [3], however, H is of
the dimension n—2 and k,=0.

The operator ¥ has the form

aijDiDj+biDi+c

where D; represents differentiation with respect to x; and the summation conven-
tion is used. We assume that % is uniformly elliptic, that the coefficients are in
C*(Q) but that the a;;: s have C'** - regularity in a neighbourhood of H in 2
and are C*>** in a neighbourhood of .#_\int H. We also require that ¢=0 in
a neighbourhood of .#_.

To conclude our list of requirements we assume that /is in C*** in a neighbour-
hood of H, that the manifold .#, is of class C®**#, that .#_ is C®** in a neigh-
bourhood of #_\int H, and that 9Q is C*** near H. Finally, we impose a mono-



The oblique derivative problem 11 109

tonicity condition on the X-curves through #_. In fact, if pe.#_\int H, then we
require that dist (%,(s), ) is monotonic for s=0 and s=0 such that %,(s)
belongs to a fixed neighbourhood of .#_.

In various estimates we will use seminorms [ ], and [ 1., and norms {| ||;+;
and | |,. These are defined as in Agmon—Douglis——Nirenberg [1] (where, how-
ever, || | is written | [). For every neighbourhood W of H in @ and every extension
L of | to W we denote by S(W, L) the Banach space of functions (f, g, h) in
CH* Q)X CHR)X C*t* (M) such that fEC*H*(OQAW) and dg/oLeCH(W).
The norm in S(W, L) is given by

IFs & B = IF12S A+ 1715507 + gl 5+ 28|", 17l
IL I,

2. Results

We are now able to formulate the main results:

Theorem 1. There is a positive constant m, depending on Q,a;;, || 192, 4,
and 0, such that the following holds:

Let W be a neighbourhood of H in Q. Then if ky<m there is an extension L
of 1 to W and a closed subspace S of finite co-dimension in S(W, L) such that for
every (f, g hES we may find a bounded solution ucC2t* (Q\M_) of

loc

Lu=g in L
® —3—1;= f on QOQN\._

u=h on M,
Moreover, codim S=dim 4" where N is the kernel
(€ CL @\ M)A CHQ) A L™ (Q): Lu =0 in Q,
o
ol

If the coefficient ¢ in & is non-positive and if ¢ takes on negative values or M, is
non-empty, then (P) has a unique solution for all f¢ C*+*(0Q), g€ C*(Q), he C* (M)
such that f is in C*** in some neighbourhood of H on 02 and 0g/0L is in C* in
some neighbourhood of H in Q.

0 on JQ\M_ and u=0 on M,}.

Our method of proof also gives a second result which should be compared
with works by Janusjauskas (see [2]) for “L-convex” domains and operators &
which “commute with d/0L as for lower order terms”. Note that our regularity
requirements are much weaker.
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Theorem 2. Assume that 4. is empty and that there is an extension L of | to
all of Q such that

Jd 0 0

where P, and P, are first order operators. Furthermore, assume that .# . is the boundary
of a manifold A which is such that Q is a union of connected L-curves, all intersecting

A once and under uniformly positive angle. Then Theorem 1 is true for any value
of ko and the solutions are of class C*+*(Q).

For the proof of this result, see Remark 3.2.

3. Two lemmas

Let L be a unit vector field of class C?*%, and assume that A is an (n—1)-
dimensional surface in R* of class C*** with C*** boundary dA. Suppose that
L is defined in a neighbourhood of A such that at any point p€ A the angle between
L(p) and A4 is 8(p)=6,=0.

Consider a family {W°}_;_ s, of domains with the properties:

(i) W?° is the union of connected L-curves, originating in A and with length
at most §.
(i) W’oA
(iii) For any p€6~1-9W? the intersection (61 -dW?) n B(p) with a ball around
p with radius equal to one can be mapped onto a hemisphere of radius
one via a C*** transformation & such that @ and 2~ both have C***-
norms bounded by a constant d, which does not depend on J.

Then we can prove

Lemma 3.1. Assume that the coefficients of & and their derivatives with respect

to L are in C*({J,_;, W°) and that c<O. Then there is a positive number 3;=4,
such that for all 0<d6<3, the problem

Pu=g in W
o _
oL

u=h on 04

Py f on oWw?

has a unique solution u€ C***(W?°) if g and 0g|dL belong to C*(W?), if fe C*+*(0W?)
and if h€ C*Y*(9A).
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The solution satisfies an inequality

G s = gt + 22| g+ i)

where C depends on 6, %, L, A, 8, and d,.

Proof. We will use functions of the type

(3.2 u(p) = v(xp(—s))—l—f: wox,(t—s)dt

where —s=—s(p) is the unique parameter value on I', such that x,(—s)€A.

If we chose v and w with boundary values % and f respectively, then u, defined
by (3.2), satisfies the two boundary conditions of (P;). Moreover, the choice can
be made in such a way that the C*-norms of Zu and d.#u/dL are bounded by a
constant times the expression on the right hand side of (3.1). We may thus confine
ourselves to the case when f and g are identically zero.

The action of & on functions which are constant along L-curves defines an
elliptic operator ¥ in A for which the Dirichlet problem is uniquely solvable.
Hence, in (3.2) we can take v as the solution of #v=g in A4 for which v=0 on dA.
For w we choose the solution of #w=0dg/0L in W? which is zero on the boundary.
The lemma will be proved if we can show that the map &: g—~%u from X, to X,
has range % («/)=X,. Here X, is the Banach space {gc€C*(W?):dg/0Le C*(W?)}
with norm

lall = 5+ [ 9] +5|[ 9% +5* (g1, + 1.

The proof will proceed in two steps:

Step 1: We prove that &/ =I+7 + A where I is the identity, /" is compact
and J has norm less than one if § is small enough.

Step 2: By the Riesz—Schauder theory «/ has full range iff the kernel is trivial.
We prove that Pu=0 implies that g=0.

The commutator & /L —dL/IL can be decomposed into L+ P, +P,0[0L
where & is of the second order and 2, and 2, are first order operators, all with
C*-coefficients. Integrating 0.#u/dL along I', we get

Lu(p) = 24+ [P~ Pu-Pru— Pow)ox, (e

where p'=x,(—s) and ZLu(p)=L"v(p’)+2w(p’) with a first order operator
2. Hence

(Ag—2) (1) = 2w(p)— [ (Pru+Pyw+ Pu)ox, (1) de
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and we define Jg and Ag as the functions

T(p) = ~f; ,??uoxp, (t)dz
and
K(p) = QW(p')—f:(gﬂ +P,w)ox, (1) dr.

We first prove that # is compact. In fact let A’<A, note that
1K1 = C-{Iwlea+lolisa} = C-{Iwlde+lolgs o} = C-lgli

and use the fact that X, is compactly embedded in X, .

Now, |T|,=6.|Lul, and [T],=C-6:-[Lu],+C-6'""*-| Lul, because of
the assumption that [sj=6 in W?°. Here the constant C possibly depends on &,
but not on J. Hence

ITI% = C-{0***[Lul,+6 - | Zullo}-
Using (3.2) we get

(33 ITV5 = C-8-{8* vl 2+ N0l + 8+ W, + S [wlf * + I wll )

To estimate the right hand side of this we consider the function w’ in §-1W?
defined by the relation w’(x)=w(dx). First we note that w’ satisfies

a;; (0x)wi;(x)+0b;(6x) wi (x)+2c(6x)w’ (x) = 52;—5(5@

and hence by the assumption (iii) for {#?} and Theorem 7.3 in Agmon—Douglis—
Nirenberg [1] it follows that

Wl = C-0-{[ 2 59| + w1}

with all norms taken over 6 1 W? and C independent of . For w in the domain
W? this means

og

oL

5244 [l 00l o vl = C-{o0 2. [ 8] 4 50| ) )
aL A 0
with C not depending ¢on 6.
Now the maximum principle applied to w—c,-(82—(dist (-, A))?)-||0g/dLl,
proves that |[w(p)|=c,-62-]0dg/OL|, and hence the terms on the right hand side
of (3.3) which contain w can be estimated by C-d-|g|;. Another use of the a
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priori estimates, Theorem 7.3 in [1], proves that there is a bound for the terms
containing v which is of the same type. Hence the norm of 4 is C-3 which clearly
can be made less than one.

It remains to prove that &/g=0 implies g=0. In fact, the function u corre-
sponding to g and definied by (3.2) is then a solution of (P;) with zero data. By
Lemma 2.2 of [5] such a solution has its extreme values on dA. But there u is zero
and hence u vanishes identically in #?°. From this it follows that w=0u/0L is zero
in W? and that v vanishes in all of A. But then g=%"v=0 in 4 and dg/d0L=
Pw=0 in W2 Consequently, g=0 in W? The estimate (3.1) follows from the
fact that <7 is invertible. QED

Remark 3.2. Theorem 2 is a corollary to the proof above since in case & vanishes,
the operator  is zero and hence no bound on J, is necessary.

We conclude this section by citing a result from [5] which will be of great
importance in Section 5.

Lemma 3.3. (Theorem 3.2 of [5]) Assume that o=0 on 02, that ¢=0 and
that ¢#0. Then there is a constant my>0 depending only on Q, ||1|%? and & such
that the following is true as soon as ky<my:

Let X be a fixed neighbourhood of Hin Q and assume that f¢ C***(0Q) n C*T*(£ 1 0Q),
g€CHQ) and dg/OLEC*(Z) where L is a Cl-extension of | to Q which is C**% in
a neighbourhood of H. Then there is a solution u€ C***(Q) of Lu=g in Q with
ouldl=f on 0Q satisfying the inequality

(.4 s = (i + | 2|+ 11012207

Remark 3.4. If H consists of several disjoint closed sets H; with associated
maximal lengths k; of X-curves, then the Lemma 3.3 is true if the k;: s are less than
a constant depending on the local behaviour of Q, ||ll, and & in a neighbourhood
of the H;:s. This follows by means of a suitable partition of unity.

4. Proof of the uniqueness assertion

The main result of this section is

Lemma 4.1. Assume that the coefficient ¢ of & is non-positive and that ¢ does
not vanish identically or M. is non-empty. Let u be a bounded solution of Lu=0
of class C2(Q)n CHQ\ AM_) which satisfies the boundary conditions Ou/dl=0 in
OONA_. and u=0 on M. Then u vanishes identically in Q.
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For the proof we need a special barrier type function, given by

Proposition 4.2. There is a neighbourhood of #_\int H in which a function
w is defined and has the properties
(A) w is of class C* outside M _

B) £w=0

© %20 in I N\ AM_ and
ow .
W:O in o _\AM_.

(D) There are positive constants ¢, and ¢, such that
cw(p) = —logdist (p, #_) = c,w(p).

Proof. Let s, t, p” be coordinates in a neighbourhood of .#_\int H such that
p’ can be identified with coordinates in .#.. and 9€ is given by ¢=0. Since we
have imposed a monotonicity condition on the X-curves (see Section 1) we can
choose s in such a way that 0s/0X=0 on 9Q near #_.
In the expression for % in the new coordinates we single out the part which
contains all second order derivatives with respect to s and ¢:
0? 0? 0*

R AR

Now we define the function ¢ as the non-negative solution of

a a
o =2 —2—L st =2
Ay Qs

and let

w = —log @ -exp (—¢).
It is readily verified that

aga,—as logo
gw — ss et st R +0 1
a ” (/)

as ¢—0, and hence that w satisfies (B).
Furthermore, since 7 is the outer conormal to 9 with respect to % it follows
that

op _ Os
—l——SgnS —37

near 4 _\int H on 90O\ .#_. Hence

gl& = _1/S+Sgns'logls])'eXp("[SD'a—a;-
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which means that (C) is true. By the very construction of w it follows that (A) holds,
and (D) follows from the ellipticity of %. QED

Proof of Lemma 4.1. Since u is bounded it follows that

supu = sup u.
Q AN _

Assume that this supremum, m, is positive. The value m cannot be attained at any
point in JQ\ #_ since this would imply that u takes on the value m in 7, .
(See Lemma 2.2 of [5].) Hence, there is a point p€.#_ such that

m= limsup u(p’).
IONM_>p'~p

We claim that p cannot belong to the interior of H. In fact, u is constant along
y’;\“” - and if it has a maximum, then du/dn is positive along that arc and just as in
[5], Lemma 2.2, we get a contradiction via u/0X = —adu/on.

Fix a neighbourhood W of .#_\int H in {Q so small that Proposition 4.2
can be applied in W. Put m’=sup , u. Then m'<m and thus for all sufficiently
small ¢=>0, the function v=wu—ew is less than (m"+m)/2 on W N Q. Since w(p)
tends to + <> as p approaches .#_, it follows that v<(m’+m)/2 on dW,n Q too,
where W,={pcW:dist (p, #_)<g} and ¢=0 is sufficiently small.

On the other hand, on (W \W,)ndQ2 we have 9v/dl=—edw/d] which is
non-positive in &/, and non-negative in &/_. Hence v<(m'+m)/2 in all of W\ W,
for all ¢=0. First let ¢ tend to zero and then &. Hence u=(m’'+m)/2 in W con-
tradicting supy u=m. Since the same discussion can be applied to — u too, it
follows that m has to be zero. QED

From the proof of Proposition 4.2 it follows that w does not depend on a.
Moreover, for small distances to .#_. we may give a more precise estimate for
Pw than that in (B). In fact

Proposition 4.3. The barrier function w of Proposition 4.2 depends only on X,
M, Q, and the principle part of L. Moreover, for sufficiently small ¢

ow = C,. 089
P

where C, is a positive constant and ¢ is equivalent to the distance to M _ .
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5. Proof of Theorem 1 in a special case

In this section we assume that H is a neighbourhood of .#_ in 4Q. We also
require that the coefficient ¢ in & is non-positive and not identically zero.

We will construct local solutions u, outside a neighbourhood of #, u, in a
neighbourhood of .#, and u, near .#_. A special kind of a partition of unity in
Q will then enable us to combine the local terms to a global, approximate solution
of (P). From now on we assume that f, g and % are fixed functions such that
FECTT* DN C*HHEN0Q), geCH Q)N CH4(Z) and heC***(#,) where X is a
fixed neighbourhood of H in 0.

Construction of u,: Choose an open neighbourhood #{ of .#, in 32 and an

open neighbourhood ¥; of .#. in 0Q such that A\¥; has a positive distance
to #; and ¥,;Cint H. Obviously, there is a unit vector field !/ which is plus or
minus / outside ¥;U¥; such that o’=/"-n=0 on 9Q, the tangential component
of I’ is parallel to X and /¢ C'*+% is of class C*** in £ n9Q. In order to be able
to apply Lemma 3.3 with [ as the directional field on the boundary, we must know
that the lengths of X-curves in H'={p€aQ: o’(p)=0} are sufficiently small. How-
ever, since the X-curves are supposed to have zero length in dH n U according to
(ii) in the definition of .#_ in Section 1 and since o'=0 in ¥7 this is always possible
to achieve. In fact, by Remark 3.4 we can apply Lemma 3.3 locally and thus the
existence of u, is guaranteed by the smallness of &, independently of the choice of
I’ in the problem which we now are going to formulate.
Put f=f in o/, and =—f in o/_. We choose a smooth function # in dQ which
is zero in a neighbourhood of .# but equals one in a neighbourhood of QN
(¥Y7U¥3). Denote the function n.f by f’ and let 4, be the unique solution of
FLu=g in Q with ou/ol’=f" on 0Q.

Construction of u,: To obtain u; we will use Lemma 3.1. Hence we have to
define A and {W°}. Let n be a smooth extension of the normal vector field 7 to
a neighbourhood of .#, . Fix a sufficiently small §,>0 and let A be the union
of integral curves to p in Q, originating in .#, and with length §,. We also intro-
duce the function ¢(p) in A as arclength on the integral curve to n through p, nor-
malized in such a way that t=0 on .#,. Let ¥ be a C*** unit vector field in a
neighbourhood of A such that ¥ is normal to A and tangential to 3. Introduce
the coordinate function s(p) as arclength (with sign) on integral curves to %, nor-
malized in such a way that s=0 on A. This is well defined for all p on ¥-curves
originating in A. Thus to every such p there is the coordinate s(p), the coordinate
t(p)=t(p’) where p’ is the intersection of the ¥-curve through p with A, and the
point p”(p)€.#, which is the intersection of the n-curve through p’ with ., .

The construction of {W?} is thus reduced to the definition of a corresponding
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family of two-dimensional domains. Let €, be a C3-curve in the (s, t)-plane which
consists of the line {t=0,0=s=1}, a convex arc from (1, 0) to (2, 1) and then the
line {s=2,1=¢=2}.

Let %, be a C3-curve in the (s, £)-plane which consists of the two straight lines
{s=2 or —2,2=1=3} and a convex arc, symmetric with respect to the r-axis,
which has strictly positive curvature at s=7=0. Hence we get W?° as a combina-
tion of two curves congruent to §-%,, one curve congruent to &:%, and two

straight lines.

A we

Furthermore, if k, and ¥; are small enough, then dW?>>¥; for some
6>k, for which the problem (P;) in Lemma 3.1 is solvable when L is an extension
of I to W% such that L is tangential to W% at 94 and has uniformly positive
angle with A.

Construction of uy: Define u, on 9Q\ 4. as u, outside ¥; and for p€¥; as
(5.1) uy(p) = ug(P)+ [ fo, (v) de

where p’€ H\¥;, p=%,(s) and the X-curve from p’ to p is completely contained
in H\#_. This in general produces a singularity on ._. Extend u, to all of Q
by solving Lu=g in Q with boundary values as above.

Construction of a partition of unity: Let |1, be equal to one on a neighbourhood
of H nv{ but equal to zero in #Q\#;. Since / is not tangential to 92 in ¥\ H
we may extend ¥, to @ such that ¥, €C***(Q), supp ¥, W?.dy,/dLc C*HH(W?),
0=y, =1, and 0y,/0/=0 on 9Q.
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Let , have support in a neighbourhood of .#_ such that supp ¥, "9dQC H
and ¥,=1 in a neighbourhood of ¥;. We may take y, in C2**($) such that
ONro/OL € C*H4(Q) for a fixed extension L’ of /” and such that 0=y,=1.

Now we define the approximate global solution:

(5.2) u= =Y —¥)ug+yu+ou,.

We will prove that du/dl=f on 0Q\.#_, that u=h on .#, and that Lu=g+H
where " corresponds to a compact linear perturbation in some space.

It is obvious that u=h on .#, since on that manifold ;=1 but ,=0,
and u; equals / there by definition.

Since duy/dl’=f" it follows that Ou,/dl=f except in a subset of ¥;, the
closure of which is also contained in ¥;, or in ;. Hence, if the subset of ¥;
in which ;=1 covers the first of these exceptional sets it follows that Ju/dl=f
except possibly in supp Y, ndQ. However, in this set ;=0 and /=X. Outside
Y3, Ug=u, and hence Qu/ol=f there. In ¥;, Y,=1 and hence u=wu,. Thus by
(5.1), duyf0X =f and Ju/dl=f.

Now Lu=g-+Pouy+ Puy+P,u, where the ;.5 are first order operators
with supports in supp (grad ;) U supp (grad ¥,), supp (grad ;) and supp (grad ;)
respectively. For the construction of u, we only had to require that dg/dL € C*Z")
where X’ is a neighbourhood of H\ ¥{ in Q. Similarly, the construction of u, was
possible, provided only that dg/dL¢ C*(W?). Note that Lu has the same regularity
since the #;: s are of the first order. This means that we can assume that /=0 and
h=0 in the sequel since the construction above enables us to reduce the problem
(P) to that situation by subtracting a function # according to (5.2).

Now introduce the Banach space

s={sccr@: Eecrm, Eeors )}
with norm
o "

sl = vgig + | 2|7+ | £ |

and define the linear map of in S by of : g—~%u where u is obtained from (5.2) via
the constructions of u,, u; and u,. Then of =I+ %" where as before Hg=Pyuy+
Py +Pyu,. We claim that X is compact in S.

In fact, the map g—u;, i=0, 1,2, is continuous from S into C2*+* and therefore
the map g—AZ is continuous from S into C*** We will prove that the maps
g—~0Ag/OL’|;, and g—~dAg/OL|,s are continuous from S into C'** From this
the compactness of " will follow. However, in X’, 8/0L’ Ag=P; Ouo/OL’ +P; uy+
P, Ouy)dL+ P, u, where the operators are of the first order. We thus have to consider
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Oug/OL” and Ou,/OL’ in supp (grad ;). Since u, and u, satisfy the weak identity

ou; og

oL = gr A

where 2 is of the second order, it follows from Theorem 9.3 in Agmon—Douglis—
Nirenberg [1] that du;/0L’€ C*** in any open domain in X’ which meets Q2 in a

set where I’=4/ and that there is an a priori estimate

Z

=l b} = ot

A similar argument applies to d#g/@L in W°.

By the Riesz—Schauder theory, it follows that the range Z() of oA =1+
is all of S if and only if the kernel A"(s#) is trivial. Thus, assume that &/g=0, i.e.
ZLu=0. Since Ju/dl=0 in O\ A_ and u=0 on 4, it follows from Lemma 4.1
that u=0 in Q. We will prove that this implies that g=0. In fact, this will
follow if we can prove that u,=u, in W° and u,=u, in Q when u=0, since then
uy=u=0 and g=Lu,=0.

First, consider v=uy—u, in Q. Since Fv=0 in Q and since by construction,
uy=u, in 9Q\¥;, we only have to show that dv/0l’=0 in ¥; to conclude that
v=0 in @ by the maximum principle. But this follows from the fact that u,=0
in {{,=1} which is a neighbourhood of ¥; by construction. Hence, du,/dl’ =
and since by definition Quy/d!’=0 it follows that dv/dl’=

Next, consider w=uy—u; in W?°. This difference satisfies £w=0 and by
construction w=0 on dA4 and dw/OL=0 in IW\9Q. On OW?’nIQ we note
that du,/dl’=0 but that du,/0]=0. However, if I’= 1] this means that dw/dI=0
and if I"#+] then y,=1. By (1—y)-uy+¥;-u;=0 it thus follows that u,=0
in a neighbourhood of {I’s« +!} in @ from which du,/0!’=0, too. But these con-
ditions on the boundary imply that w=0.

This completes the proof of Theorem 1 in the special case. In the next section
we apply an approximation procedure to get the general result.

6. Proof of Theorem 1 in the general case

It is enough to prove the theorem under the hypothesis that f=0 and A=0.
Let 6,\0 and take smooth functions 5, on dQ such that O=n,=1, n(p)=1 if
dist (p, #_)=6, and 7, =0 in a neighbourhood of .#_. Replacing « by #, -o we
get new fields /.

Using the monotonicity of the X-curves in a neighbourhood of .#_\int H
we can choose {n} such that the X-curves within OH,\H, where H,=
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{p€oQ: (m.@)(p)=0}, have zero length. Hence, there is a unique solution of
(¥ —a)u,=g in Q such that 9u/0l,=0 on I\ A_ and u,=0 on #,. Here
a is a smooth function, chosen such that ¢—a=0 in Q, c—a<0 at some point
in 2, and a=0 in a neighbourhood of .#Z_.

Since we want to select a converging subsequence of {1} we first prove the
following resuit:

Lemma 6.1. Let X be a neighbourhood of M_ in Q. Then there is a constant
C which does not depend on g or k such that for sufficiently large k

o)

Proof. Application of Agmon—Douglis—Nirenberg [1] outside H and use
of the technique in the previous article [5], Section 3.1 and in Section 3 of this
article shows, that we only have to consider the estimates in a neighbourhood of
the components H_ of H which contain .#_.

From a weak identity & (0u/0L,)=0g/0L,+%Pu with a second order operator
2, and from Lemma A.2 in [3] it follows that

)
oL I,
where X’C cX” are neighbourhoods of H_\Z.
However, from local estimates for the Dirichlet problem and the fact that

0u,/0X=0 in H, a bound for the C***-norm of u, up to dQ in the interior of H_
is easy to get. Hence,

g7 = C-{halig+

61 I3+l -y = g2+

where W is a fixed neighbourhood of H in Q.

e = C-fo- Il o+ 112 +

Jg |7
I;?I; I/1 + ”uk”L""(ﬂ)}'
Next we claim that in a neighbourhood U of Z,
6.2) [u,] = C.max [g]+sup Ju,l.
[\

In fact, let w be the barrier function according to Proposition 4.2. Let U, be the
set {p€Q: dist (p, #_)<g} and choose ¢, =4}, v=1, 2, .... The function v=u—ew
satisfies (see Propositions 4.2 and 4.3)

Lo = g—eFw = g—eC, log ¢ in U,,,
ov ow
(()—lk-——a—ég on BQﬁUm and

v=u on dU,,.
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If we choose ¢ to be —Cy*max [g|-¢,/log e, we find that £v=0 in U, and
hence that u—ew = Suan u in U, (cf. the proof of Lemma 4.1). “Thus
u = supyy, u+(Co- )t Qv max | g| in U, \U,, from which it follows that
u=supyu, u+C 0y -max |g| in U, . o A sumlar argument applies in U\, and
this proves (6.2).

Hence we get

oa\zx

a w
27 + il = C {1815+ | 2 |+ o}
k

from which the lemma follows by a compactness argument. QED

Choosing a sequence of domains X,\,.#_ and applying a diagonal procedure
we get a subsequence {1, } which converges in C***(2\2) for every Xo.#_ and
which is bounded. Hence the limit function u satisfies Lu=g in @, u/dl=0 on
ONA_ and u=0 on .#,. Furthermore, u is bounded.

Tending to the limit in (6.1) we get

(6.3) lul§3F + Nl Loy = aﬁﬂ%+HH}

if the extensions L, of /, are chosen such that they converge to a fixed extension
L of L. In the same way as Theorem 3.2 of [5] was proved from Theorem 1 in [5],
it follows from (6.3) that there is a unique solution of (¥ —a) u=g with boundary
conditions as before, if only g€ C*(Q) and dg/dL€C*(W). Finally from (6.3) and
the fact that a is zero in a neighbourhood of .#_ it follows that the map «/: g—
Fu=g+a-u is the sum of the identitymapin S’(W, L)y={gcC*(Q): dg/dLe C*W)}
and a compact operator. Hence Theorem 1 follows from the Riesz—Schauder
theory. In particular, the result on the codimension of S follows from the observa-
tion that if u€.4" then v=u is the unique solution of Fv—av=—au with zero
boundary data.
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