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1. Introduction

In this paper we continue the study of properties of the operator of best ap-
proximation by analytic functions, which plays an important role in many ques-
tions arising in Hankel and Toeplitz operators {1}, [2], [20], interpolation problems
[11, [2], [14}, prediction theory [20], electrical engineering and control theory [11],
[81, (7}, 4]

This operator can be defined as follows. If ¢ is a bounded function on the unit
circle T, then the distance dist;~ (¢, H=) is attained, i.e. there exists a func-
tion in fin H* such that

¢ ~fll=y = disty=)(@, H=).

Such a function f (which is not unique in general) is called a best approximation of
@ by analytic functions.

It turns out that it is natural to consider the notion of best approximation for
functions ¢ not necessarily bounded on T. Namely, let ¢€BMO (the space BMO
of functions of bounded mean oscillation can be defined in several ways, for example

BMO = {¢ = Yo+ st Yy, Y€ L=(T)),

where  is the harmonic conjugate of ¥, see [9]). Then it is well known that there
exists a function f analytic in the unit disc D such that ¢—f€L=(T) (in the last
inclusion f is identified with its boundary values on T). Among such functions f
there exists a function £, that minimizes the norm [|¢—fyllz=(y,- Such a function
Jo (not unique in general) is called a best approximation of ¢ by analytic functions
in the sup-norm.
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If ¢ belongs to the space VMO of functions of vanishing mean oscillation

(VMO = {<P=¢1+l/721 Vi, ll’zEC(T)})

then the best approximation is unique (see [1], [20]). The operator o of best ap-
proximation by analytic functions is defined on the class VMO by

Ao = fo,

where f;, is the best approximation of i by analytic functions. The operator &/ is non-
linear but it is homogeneous, i.e.

A(f) = Aslf, AeC.

Note that in the study of the best approximation operator &/ an important
role is played by the so-called Hankel operators. Given a function ¢ on T of class
BMO, the Hankel operator H, is defined on the Hardy class H? by

H(psz—(pf’ feHz’

where P_ is the orthogonal projection from L? onto H2 2£120 H2 It is well known
(Nehari’s theorem, see [14], [20]) that for € VMO

1H,ll = o~ oll=),

the right-hand side being equivalent to ||P_ ¢|lgmo-

Besides the operator &/ we shall also consider the operators &, of best ap-
proximation by meromorphic functions of degree at most m which can be defined
in the following way. Let #,, be the set of functions ¥ in BMO suchthat P_y is a
rational function of degree at most m. Given @€ VMO, the best approximation of
@ by meromorphic functions of degree at most m is, by definition, a function ﬂ,,,(peéim
such that

10— @l =y = inf {|@ =YL=y YER}-

It follows from a theorem of Adamyan, Arov, and Krein [3] that such a best ap-
proximation exists and is unique. Clearly, &/ =4/,. A deep result of Adamyan,
Arov, and Krein claims that

”(p - dm (P”L“(T) = m(Htp)s

where {s,(H,)}n=0 is the sequence of singular values of H,.
In [20] a systematic study of hereditary properties of the operator & was under-
taken. Namely, the problem considered there was to find for which spaces X of func-
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tions on T it is true that
M) pcX => ApeX.

Earlier in [23] and [5] the above implication was proved for some function spaces,
in particular, in (5] (1) was proved for the Hélder classes, see {20] for detailed ref-
erences. With the help of techniques of Hankel operators three big classes of Banach
spaces were found in [20] for which the implication (1) holds, see § 2 for more detail.
Note that after [20] there appeared two more papers [24], [25], dedicated to the
hereditary problems for the best approximation operator &, in which other classes
of functions spaces satisfying (1) were found.

The continuity problem for the operator & posed in [12] is very important in
applications. This problem was solved in [18] for the second class of spaces de-
scribed in [20] (see § 2 for more detail). Namely, it was proved in [18] that given
a function space X from the second class described in [20], a function ¢ is a con-
tinuity point for & if and only if the singular value s,(H,) of the Hankel operator
H, has multiplicity one.

In [10] the continuity problem for the operators «/, was considered in the
norm of the space of functions &/ with absolutely convergent Fourier series. It
was proved there that &/, is continuous at ¢ in the norm of #/* if and only if the
singular value s,(H,) of the Hankel operator H, has multiplicity one. In [19] the
same problem was considered for the second class of spaces described in [20] (sec § 2).

It was also shown in [18], [19] that if we consider the continuity problem in
the L*-norm, the situation is quite different, namely a function ¢ can be a dis-
continuity point for & even if the singular value s,(H,) has multiplicity one. It was
conjectured there that any function ¢ in C(T) is a discontinuity point for & in the
L=-norm unless @€ H*”. This conjecture has been proved recently by Merino [13]
and Papadimitrakis [15) by quite different methods. Note that the method of Merino
allows one to prove the same result for the operators &, méZ_,. Namely for any
pcC (T)\Q?m the operator &, is discontinuous at .

For the first class of spaces X considered in [20] (this class contains VMO
and the Besov spaces B},"’, 0<p=<-oo, see §2 for more detail) it was shown that o/
has a property even stronger than (1), namely in this case 0 is a continuity point
for &/ in the norm of X, or in other words A is bounded on X, i.e.

2) iy = const- iy, @cX.

Note that the boundedness property of & is also important in applications.
However for other spaces X satisfying (1) (e.g. for the second and the third
class of spaces considered in [20]) it was unclear whether (2) holds. In [18], [19]
a problem was posed which spaces X with property (1) satisfy (2). In particular
it was asked there whether (2) is true for the Holder—Zygmund classes A, or for
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the Besov classes B}, O<p<oe, s>1/p. The main result of this paper claims that
the answer is negative. The proof will be given in § 3. The construction is close in
spirit to that of [13]. The same result is valid for the operators &,.

In §2 we give needed information on properties of the best approximation
operator &/ and the Besov classes.

In § 4 we formulate open questions.

2. Preliminaries

1. Best approximation operators. As mentioned in the introduction in [20] three
big classes of functions X were found which are invariant under the best approxima-
tion operator «¢. The first class contains the so-called Z-spaces, i.e. the function
spaces which can be described in terms of best rational approximation in BMO
(see [20] for detail). The spaces VMO and the Besov spaces BY” are examples of
Z-spaces. This follows from the compactness criterion for the Hankel operators
(H, ts compact if and only if P_@cVMO (Hartman’s theorem, see [14])) and
from the description of the Hankel operators of Schatten—von Neumann class
&, (H, belongs to S, if and only if P_@cB'/? (see [16] for p=1 and [17], [22]
for 0<p=<1)).

The second class of functions considered in [20] can be described as function
spaces X satisfying the following properties:

(A) If f€X then fcX and P_fecX;

(Ay) X is a Banach algebra with respect to the pointwise multiplication;

(A;) The set of trigonometric polynomials is dense in X;

(A,) Each multiplicative linear functional on X coincides with point evaluation at
some point { in T: fi~f({).

This class of spaces contains the Besov spaces B,, 1=p<oo, s>1/p, B! (see
the definition below), the space £ I! of functions with absolutely convergent Fourier
series, the separable Holder—Zygmund classes 4,,-and many others (see [20]).

The third class of spaces contains some non-separable spaces (in particular,
the Holder—Zygmund classes 4,) and some non-normed spaces (such as Carleman
classes). ‘

Let ¢ be a function in VMO such that P_ 0, then the function ¢— ¢
has constant modulus with negative winding number with respect to O (as shown in
[20], ¢—o/¢ belongs to QCLELL=~VMO, and it is easy to extend the notion of
winding number for such functions). Conversely if g is a function in VMO analytic
in the unit disc such that {¢—g]=const a.e. and the winding number wind (¢ —g)
is negative, then &/@=g (for continuous g this is Poreda’s theorem [213).
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There is a similar fact for the operators &/, mcZ,. Let ¢€ VMON\,, such
that the singular value s,,(H,) has multiplicity x and

Sk(H(p)=Sk+1(Hq))="':Sk+u—l(H¢)’ k§m§k+ll—1-

then ¢— 4,9 has constant modulus and winding number — (2k+pu). Conversely,
if g is a function in .%5,,, such that ¢—g has constant modulus and —wind (¢p—g)>
2m, then o, p=g (see [3], [10]).

It was proved in [19] that if X is a function space satisfying (A;>—(A,) and
the multiplicity p of the singular value s,,(H,) is equal to one, then ¢ is a continuity
point for &7, is the norm of X. If u is greater than one and m#k+(u—1)/2, then
o, is discontinuous at ¢ (see [19]). In the case p>1 and m=k+(u—1)/2 the situa-
tion is less clear. In [10] it is proved that ¢ is a discontinuity point for X=%1* and
in [19] the same is proved for X=4,, >0, a¢Z. The same is also true for the
Besov space B! (the last fact was not mentioned in [19] but the methods of [19]
also work for B}).

2. Besov classes. The Besov class B;, O<p<o, 5=0, s>1/p—1, can be
defined by

{feLp f_lf I(A‘:lfligg)l ldC|dt<w},

where n is an integer, n=>s, (4,/)()=f(€")—f(), A'=4,4""*. There are many
other equivalent definitions of Besov classes. We shall need the following one.
Let / be a function on T analytic in D (i.e. P_f=0). Then f¢B; if and only if

Jf A=z p e dxdy <=,
where n>s.

The Besov class BS, is simply the Hélder—Zygmund class A4, which can be
defined by

Ay = {f: [(4* )] = const- |15}, n = s.
A function f analytic in D belongs to A, if and only if

O = const - (1—|z])*™", n> s

3. Boundedness properties in Besov norms

In this section we shall prove that the best approximation operator &/ is un-
bounded on the Holder classes A;, s=0, and Besov classes B}, O<p<eo, s=>1/p.
Recall that the operator o/ is bounded on BY” (see [20]). The same is true for the
operators &,,. Note that for s<1/p the Besov class B;, is not contained in BMO.
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Theorem 1. Let X=A,, 5=>0, or X =B, O=p=<eco, s>1/p. Then there exists
a sequence of functions {¢,} such that

@alix = const
but

Jim [| e, || x = c.

The construction given below is close in spirit to (but is different from) that
in [13].

Consider the conformal mapping ®,, O<a<1, from the unit disc D onto
the disc {{: |1-{]<1} defined by
z—o

w () &L 1+1—az .

Define the functions g, and #, on T by
(w0q(2)—7°)
lw,(2) — 2%
Na(2) = 2+ 04(2).

Note that for « close to one w,(z)—Zz2 is separated away from 0 since w,(z)
is close to 0 when z lies outside a small neighbourhood of 1.

0.(2) = (lwa(z)—2%-1);

Lemma 1, For a close to 1 the following equality holds:
o, = 0,.

Proof. Let us show that n,—w, has constant modulus and negative winding
number, which will imply the desired conclusion (see § 2). We have

_ 32 (wa(z)-—iz) 32 _1)—
Na(2) —0,(2) = 2 +w(lwa(z) % 1) @, (2)

_ (wa(z)— 22)
- lwa(z)—le '
So n,—w, is unimodular. Let us show that its winding number is equal to —1.
Clearly,
wind (17, — w,) = wind (0,(z) — %) = wind (2 (2*0,(2)— 1))
= —2+wind (22 w,(2) — 1) = — 2 + wind, (2 w,(2)),

where wind; means the winding number with respect to 1.

Let us now show that wind, (z2w,(z))=1. Suppose that a is close to one.

Let 9 be a positive number such that cos 9=a and t=e". Then it is easy to check
that w,(r)=1—7. So when { is moving along T from 1 to 7, ®,({) is moving along
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the circle {{: {1-{|=1} from 2 to 1—7, while {2 lies in a small neighbourhood
of 1. Therefore {*w,({) is moving along a curve close to the arc [2,1—7] of the
circle {{: [I—{|=1}. Next, when { is moving on T from t to 7, w,({) is moving
within a small neighbourhood of O from 1-—7 to 1—1t while {2 has modulus 1.
Therefore (2w, ({) is moving within a small neighbourhood of 0. Finally, when
{ is moving along T from 7 to 1, w,({) is moving along the circle {{: {1-{|=1}
from 1—7 to 2 while {2 lies in a small neighbourhood of 1. Therefore (2w, ({) is
moving along a curve close to the arc [l —t, 2] of the circle {{: |[1-¢{|=1}.
The above reasoning shows that wind, (22w, (2))=1. O

Now to prove Theorem 1, it is sufficient *> show that

oy _
ol

Lemma 2. Let X=B,, 0<p=oo, s>1/p. Then
Hooll e = (1 — )P
Recall that B?, means the Hélder—Zygmund class A4,

Proof. To prove the result we shall use the following norm for functions in B
analytic in D.

3) 1f sy = 17 b=+ ([, A =122 | f O @) dxdy )P <o

for p<oo, and

e L7
flla, = 1=+ $1p e

for p=oo, where n>s. The case p=co is simpler. Let us obtain the lower estimate
for ||, in the case p<-oe:

loogll g, = const- (1— )P,
We have

lwdlly = [f (=127 -1 O ()r dx dy,
where Q={{=r®cD: 1—a<r<l1,0=9=1-a}. Then

I—a
—1Z|"+1

P
= . - (n—s)p—
I]w,n,’;‘.,: const ffn(l jz|)(n—sp 1{ i ) dx dy
S (] —p)Y—"P. — [z yn~=9)p~1
= const-(1—0a) ff,,(l [z]) dxdy
X const - (1 —a)™"(1—a) -f:ﬁar("""”‘ldr = const - (1 —a)!~*,

which yields the desired lower estimate.
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The upper estimate can be easily obtained if we split the integral on the right-hand
side in (3) as the sum of integrals over the sets {{=r¢D: 1—(k+D(1—a)<r=<
1—k(l—a), m(1—a)<3=<(m+1)(1—«)} and observe that the integral over Q yields
the main contribution. [J

Yemma 3. Let n€Z_.. Then
o™= (1 —a)~".

This can be proved by direct computations.
Theorem 1 will be proved if we prove the following fact.

Lemma 4. There exists a number y=>1/p—s such that
leallx = const - (1 —a)".
Proof. Let us first estimate | g,[,-. We claim that
@ leallL= = const- (1—a)'/2.

Indeed let T=e" be as in the proof of Lemma 1, Re t=a. Then for { in the arc
[—7, 7] of the unit circle

o, ()% — 1| = sup {|2%]: 2€[~1, t]} = const - (1—a)/%.
But if {¢[— 1, 1], then w,({) lies on the arc [1—1, 1+71] of the circle {{: |1 —-{|=1}. So
[0 (§)— L% —1] = sup {|4]: A€[1—7, 1+1]} = const- (1 —a)'/%
Let us represent g, as ¢,=f,(g,— 1), where

(wa (Z) _ §2)

lwa(z) - iz‘ ’

Ju(2) = 8.(2) = lo,(2)— 2.

Since w,(z)—2* is separated away from zero, we have | f,lly=const-|w,ix.
Such estimates are well-known for experts, they can be proved by direct computa-
tions and they can also be easily obtained with the help of the technique of d-exten-
sions developed by Dyn’kin [6).

We shall use in the proof the following formula which can easily be established
by induction.

5) b)) = Zh_, (1) (41 o) @™ D) (459 ().
To obtain the desired estimate, we consider several cases.

1. The case p=c. We shall work with the following semi-norm on X:

1f s = fggﬂr_“f%@l'
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Let us first estimate {[g_ll; ,. Let & be a positive number which will be specified later.
Suppose that |#{=(1—a)®>. We have

(47 8) (DI
|#*
Suppose now that |¢|<(1—o)%. Then
I(478) (DI
|7*
= const - (1 —a)~"(1 —a)"~% = const - (I —a)?r—3-",

= const - |g,]| .= - (1 — @)~% = const - (1 —a)t/2-%,

= const - [lg{”] .= 11}"~* = const - |o{”||=[f]*~*

Choose now & so that 1/2—d8s=6n—ds—n. So 6=1+1/2n and we have
6) Igalls.s = const - (1 —a)=s+1/2=5/2,

Note that 1/2—s/2n=0.
Let us now estimate | g,|l; ,. To this end we apply formula (5) with @=f,,
y=g,—1. Let O<k<n, then s=s,+s,, where 0<s;<n—k, O<s,<k. We have

(47 * 9) (€™ O (4F¥) )]
|2f°

= const - (1 —a)™St(1 —o) =% +1/2=%/% = const . (1 —a) =S +1/2=5/%

by (6) and Lemma 2. Next, if k=0, then

14:0) QYOI
G

by (4) and Lemma 2. Finally, if k=n, then
loe™ O )

tel

(7

= const - [@]ly—x,s, |@l, s,

®)

= const - o, 4, * llgallL~ = const - (1—a)=*+2

= const - (1 —a)—5+1/2—s/2,|

by (6), which together with (7) and (8) proves the lemma for p=co.

2. The case 2<p-<-oo, We shall work with the following semi-norm on X:

1/p
HfIIp,s..—(f /s (AMQE?' |dC1dt] :

Let us first estimate [ g,/l, ... Let & be a positive number whose choice will be
specified later. Let Q,={r¢[-1,1]: [t|=(1—a)®}, Q,={te[~1,1]: |t|<(1—a)}.
We have

QICHAIO) d—a)
fﬂx f T |d¢| dt = const f f m‘*‘*’ [dC]dz

= const - (1 —a)?/ f

- t“"’ dt = const - (1 — a)Pt/2—%9)
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by (4). Next,
fn f i(47 ga)(C)l |dC|dt = const - o |- fo(l—a)a pp—sp-1 gy

X4 ITTIET

= const - (1 —a)~"?(1 _a)ao-p—sp) = const- (1 __a),(‘,,,_bs_n).
Let us choose now § so that p(1/2—ds)=p(dn—ds—n), ie. 5=1+_21;_ Then
®) I&4llp,5,n = CODSE - (1 —a)}/2=5=5/2",

Now wecan pick n>s/(1—2/p). Then 1/2—s—s/2n>1/p—s.

We shall again use formula (5) with ¢=f,, y=g,—1. Let O<k<n. Let us
represent § as s=s;+s;, where O0<s,<(n—k)(1—2/p), O<s,<k(1—2/p). This is
possible because of the above choice of n. We have

1 [(4:* @) (e O (4i¥) ()
(10) [ e T \d¢| dr
=M (4 o)™ . Y JCH2I v
= [f—lfT [s.7 |d9|d’) (f f TR |d¢] d’]

= @ll8p,s1n—rk " 1Wi1Ep, 00,k = const - (1~ )27 P(1 —)?
by (9) and Lemma 2, where u>1/2p—s,. So the integral (10) is less than or equal
to const-(1—a)"?, where y=1/2p—s,+u=1/p—s.
Let now k=0. Then

P v

B

= [@llp5m WHL’" = const - (1 —a)/P=5(1 —a)!/?
by (4) and Lemma 2. Finally, let k=n. We have

int n /2
(./'ilf-r I(P(e C)(Ar W)(C)Ip |dC|dt] = CODSI'(I _a)1/2—s—s/25

|’|1+SP

by (9) which completes the proof of the lemma for p=2.
3. The case p=2. First of all let us note that
(l 1) Hg:”p,s n = = const - (1 __a)llp s

for any s, p, n=0. This follows easily from Lemma 2. Let ¢ be a positive number
such that gp=4, ¢'=¢q/(g—1). We have by the Holder inequality

R A R CTAY Ll
lgaen= [ g & ;

i |22

|
(f_lf (47 ga)(C)lwlz \dt dt ]1/4 (f f I(A, 2 (O}P7 dr ﬂ]llq’=

T T ST
"gall q/2,3,n "ga"s{f/ﬁ n = = const - (1 - )”/2 (1 - )(3/;41’ 9wi2
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by (11), where y=>2/pg—s (such a y exists since pg/2>2 and the lemma has al-
ready been proved for p=>2). It follows that

12a]lp.s.n = cODS - (1 — )7+ 2P0 =512,

Clearly, (y+2/pq’—5)/2>(2/pq—s+2/pq’ —s)/2=1/p—s which completes the proof
of the lemma. (J

A similar result can be proved for the operators «7,,.

Theorem 2. Let X=A,, s>0, or X=B;,0<p<o,s>1/p, m€Z,. Then there
exists a sequence of functions {@,} such that

| @allx = const
but

1im gl = co.

The proof of Theorem 2 is similar to that of Theorem 1. The only difference
is that in the definition of ¢, and n, we have to replace z2 by z"+*. Then it can be
shown that

wind (,— w,) = —m,

and so ,n,=w,. All above estimates work in this situation too.

4. Open problems

As we have mentioned in the introduction the Z-spaces satisfy the bound-
edness property (2). It is also clear that if X is an #-space, then XN L™ satisfies
the boundedness property. The following question seems very interesting.

Question 1. Are there other Banach spaces X imbedded in VMO that satisfy the
boundedness property (2)?

In particular it is interesting to learn whether certain classical spaces satisfying
(1) have the boundedness property.

Question 2. Does the space X=FI' of functions with absolutely convergent
Fourier series satisfy the boundedness property?

1 believe the answer to Question 2 should be negative. The following result
gives an estimate for the norm of ¢ in 1! for functions in Z,,.

Proposition. Let 9069?,,,. Then

||l gn = const-m @] 5n.
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Proof. Since Bic #I' and the operator & is bounded on B}, it follows that
| #@ll 51 = const - ||| g = const - [@]p.

Next, it follows from the nuclearity criterion for the Hankel operators (see
§ 2 and [16]) that

[P_o|p = const-||H,|s, = const-rank H,-||H,| = const-m|¢].=,

2 =
since @€ 9?,,,. The same inequality is true for the function P_ @. Thus

[@llp = const - m @]~ = const-m|@lzn. O

The Besov spaces B}/? play an important role in these questions. The space B}
is both an #-space and satisfies the properties (A;)—(A,) (see § 2). So this space
satisfies the boundedness property, and the continuity points of the operators &/,
admit a characterization in terms of the multiplicities of the corresponding singular
values of Hankel operators (see § 2). So the space B! is the most convenient space
to work with the operators .»7,,. The spaces B},”’ with p>1 do not satisfy the prop-
erties (A;))—(A,) since they contain unbounded functions. The question of whether
the continuity points of the operator & (and the operators &/,) admit a similar
description remains unsolved. It follows from the results of [19] that if s,(H,) has
multiplicity greater than one, then ¢ is not a continuity point.

Question 3. Let ¢ be a function in B;'? such that the singular value so(H,) has
multiplicity one. Is it true that the operator of is continuous at ¢?
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