Two new multivariable generating relations

Harold Exton

Abstract. A multidimensional extension of Bailey’s transform is utilised to deduce two new
generating relations of quite a general character. These expressions are then specialised to give
more practical formulae in terms of Karlsson’s generalised Kampé de Fériet functions which embody
very many generating relations. A number of interesting special cases are given in an appendix
which includes results involving Lauricella polynomials, generalised hypergeometric polynomials
and the polynomials of Meixner, Charlier and Laguerre.

1. Introduction and notation

The basis of the results given in this study is a multidimensional generalisation
of Bailey’s transform as given by Exton [5], p. 139, which extends the discussion
mentioned by Bailey [2] and Slater [9], p. 58. This very general formulation of certain
multiple series transforms may be stated as follows:

If
oMy, m, .
(1'1) ﬁml, My pr s D=0 apl, ...,p,.uml— Py ..‘,m,.—p,‘l’myf'p;, ceer M+ Pp
and
oo
(1.2) Ymy,oom, = Zl’x="’p cers P =11, 61’1. o PaUpr=myy e, pa—mn Vpr 4 my, o Pt g s

then we have, formally,

(13) Zaml,...,mn‘ym,...,m, = Zﬁml,...,m,, 6m.,...,m,.'

It is understood that «, 8, ¥ and v are functions of p,, ..., p, only, and any ques-
tions of convergence must be dealt with in each individual case as appropriate.
The symbol 3 without further qualification denotes a multiple summation with
the indices of summation m,, ..., m, running over all non-negative integer values.



246 Harold Exton

The following notation will now be employed:
(1.4) (a,n) = a(a+1)...(@+n) = T(@+n)(@), @0) =1,
(15) ((a)’ n) = (al’ n)(a2s n) (aA’ n)

and (a) denotes the sequence of parameters a;, a,, ..., a4.
The generalised Kampé de Fériet function which figures largely in the sub-
sequent analysis is given by

[@:(g1); -5 (8n)s
(1.6) B |y (s oo (s ™ o)

_ Zv ((a)’ ml+ +'nn) ((gl)a ml) ((gn)5 'nn)'x;."l x:l""
T LBy, m+ A m) (), my) (), myymy! om,t

see Karlsson [7]. Any exceptional values of the parameters for which any of the
expressions do not make sense are tacitly excluded.
Three of the four Lauricella functions are also used and are defined as

(1.7) FM(a, by, ..., bu; Cpy vy Cp} X1y oevs Xp)

_ > (a, my+ ... +m)(by, my) ... (b,, m)yxTr ... x;
- (ci, my) ... (Cpy my)ymy! ... m,)

n

(1.8) FE™(ay, ..., G, by, ... by €3 Xy, ooy X)
- (ay, my) ... (a,, m,) (by, my) ... (by, M) X7 ... X5
- (c,my+ ... +m)my! ...m,!

and

(1.9) F™(a, by, ..., b, ¢; X1y ooy Xp)

- (a,m+ ... +m) (b, my) ... (b, m)x{r ... xg'n
o (c,my+ ... +m)ym...m,} )

See Lauricella [8].
A confluent form of either F{™ or F§” also occurs. This is

a,my)...(a,, m)xyr ... xp»
(c,mi+...+m)m!...m,)

(1.10) Doy, s 05 €5 Xy s X)) = D, (
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2. The main results

Theorem 1. If C(m,, ...,m,) is any arbitrary function of my,...,m,, then,
Sormally,

2.1)

(-1 C(my, ....mYd, my+ ... +m)(ky, my) ... (k,, m,)

v+ ... +ky, my+ ... +m1,)

[f/(l . ’)]m1+~-~+m"

my+ ... +m)(ky, my) ... (k,, m) Mt
ky+...+ky,m+ .o +m)my! L om!

_ 5 @

X2 pm0 C By coos P (= 1P ¥ a (=, 1) ... (= iy, D).

Proof. In the multidimensional generalisation of Bailey’s transform (1.3), put

(22) Ay, ...omy, = C(mla ey M),
2.3 Uy, ...om, = 1! ... m,)),
(24) |
and

(d, ml+~"+mn)(k1,ml)"'(kn’mn) codm
2.5 6 = tml+ + n,
(2:5) My vees Min i+ ...+k,,m+..+m,)

From (1.1) and (1.2), we have

my, ...,m C(pl, --"pn)
26) Bmyosm, = 207700
@) B = 23,0 (my—py)! ... (m,—py)!

= 2;:’......,,;:.":0 C(p1s s P (= D)4 P (=g, p1) ... (— My )

and

- d, py+ ... + ) (K1, ) - (ks ) P17+ P
2.7 ™ = @.n
( ) Vs ooy 2p1=ml""’1’n=mn (k1+ +k,,, Dt +Pn)(171_m1)! (p"_m")!
= 2“’ (d’ ny +p1+ +mn +pn)(kl) n +P1) (kns mn+pn) tml+p1+--.+m"+p"

Pys-eraPp=0 (ky+ ... +kpy my+pi+ .. +m,+p) 01! ... D!

— (d, m1+ +mn)(k1’ ml) (krn mn) tml+"'+m"
ky+ ... +tk,,m+ ... +m,)

XZ@ (d+ml+ +mn’ I71+ +pn)(k1+ml’pl) (kn+mn’pn) tpl+..;+p"-
Py Pn=0 (ky+my+ ... +k,+my, pr+ ... +p) Pit . Pa
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The multiple series of the previous expression may be written as a Lauricella func-
tion of the fourth kind

(2.8) F§™(d+my+...+my, ky+my, ... ky+my; ky--m+ ok ms t ., t)
in which all its arguments are equal.

It has been shown by Appell and Kampé de Fériet [1], p. 116 that this case is
reducible to a Gauss function

2.9) F\(a, by, ....b,; ¢; x, ..., X) = oFf(a, b+ ... +b,; ¢; x).

Hence, if c¢=b,+...+b,, this may, in turn, be written as the elementary function
(2.10) (1—x)~e

It then follows that

(2 ll) Y _ (l __’)_4 (d; m; + ... +m,,)(k1, ’"l) (kn’ m
‘ Mys ooyl

tky+ ... +ky,m+ ... +m,)
and if (2.6) and (2.11) are substituted into (1.3), Theorem 1 is established.

2 (1j(1 — -+

Theorem 2. For the arbitrary function C(my, ..., m,), we have, formally,

C@my, ...,m)(ky, my) ... (ks 1) ot
2 v o e,
(2.12) ¢ 2 ky+ ..+ ky,my+ .+ my) !

_ s Gy o Gy ) I
- ki + ...+ kyymy+ .. +mym! .. omy)

X 2:‘....p,,=0 C(P1s - P) (= P4 Pu(—my, py) ... (—m,, Py).

Proof. This is along exactly parallel lines to that of the proof of Theorem 1.
In this case, we take

(ky, my) ... (k,, M) e
2.13 = fryteetm,
( ) Oons .o, ky+ ...+ ky,my+ ... +mp)

Theorem 2 is a confluent form of Theorem 1.

3. The expression of the main results in ferms of generalised
Kampé de Fériet functions

The form of Theorems 1 and 2 is rather too general for many practical purposes
in deducing generating relations of various classes of hypergeometric polynomials.
More convenient forms may be obtained by putting
3G.n
(@, my+ ... +m)((f2), m) ... ((fo)- mp) (= Lyt +™axs L xptn

(B, my+ ...+ m)((81), M) ... ((8x), M)} ... m,! ’

Cimy,....,m) =
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By means of (1.6}, it is clear that Theorem 1 may be written as

(3.2)
(a), d SO ks s (o) K

1— -—dFA+1.:I~'+1

=0T gy sy b () 5o (@)

d, my+ ... +m)(ky, my) ... (k,, m) ™+ t"

ki+ ... + kg, my+ ... +m)ym ) omy)
(a): (fl))_’nl; ---;(fn)’ _’nn; x x]
h: (&) .. (g) VTN

Xy t(t=1), ..., Xnt)(t— 1)]

-3

A:F+1
X Fié

The confluent form

63 eruig[@ FOON AN A

NGy, by + ol (81) 5o (@) 5

— Z (kla ml) (kna n’n) [m1+"'+"'n
ky+ .. +kysmy+ ... +m,)

(@: (f)s —my5 o5 (fa)y — 1 . x]
m: (&) ;.5 @ V"
follows similarly from Theorem 2.

Interesting special cases are given in the following Appendix, including results
involving the polynomials of Meixner, Charlier and Laguerre.

XFI}{:(I;+1[

Appendix
The results of the previous section may be applied to give various generating
relations involving known functions.
(i) F=G=0; A=H=1.
From (3.2), it follows that

d tkis s ks
D () ...,x,z/(z—l)]

a, :
_ N—dpe2:1
A (A-0""FKi [h,k1+...+kn3"§-~-;

(d’ ml+ Lre +mn)(kl9 ml) bl (k;u mn) tml+".+m"
kit ... +k,,m+ ... +m)m!...m)

-3

XFP (@, —my, ..., —my; b %y, .., X,).
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Put a=k;+...+k,. Then
(A'Z) (1 _z)—dFl'(ﬁn) (d) kl’ teey kn7 h; xlz/(t— 1)’ reey xnt/(t_ 1))

— 2! (d, ml+ +mn) (kla ml) (kn’ mn) tml+'"+mn
kit ... +ky, mp+ ... +m)ym! .. .m,!

XES(ky+ oo Ak, =1y, ooy —mys By X, oy X))
Put d=k,+...+k,. Then
(A3) (1= 8k E® (a, by, oy ks B3 X, 1l(E=1), ooy Xa2/(1 = 1))

= (kl’m13 f:"”m") e tmL E (a0 —my e, — My B Xy, e, X))

In (A.2) put d=h. Then

(A4) (1—5) [1—(2’1))%... (1_“_?15]_""

=2 (h’m1+"'+mn)(kl9ml)'--(kmmn) tm1+"'+m'-
kit ... +ky,m+ ... +m)ym! .. .m,!

XEE (kg + oo kg =11y, oy =5 B3 X, oy Xy).
From (3.3), it follows that
k]’ k2’
[h k1+ Ak . S ——x,,t]

= Z (ky,my) ... (ky, mp)t™Mt -t
ki + ...tk my+ o +m)ym! om,)

Put a=k,+...4+k,. Then
(A.6) EDM(ky, ..., k3 by —xyt, .oy —X,1)

— 2 (kla ml) (k,,, m,,) frteetm,

T Ut .k it Em)my) L omy)
FP(ky+ ... +kyy —my,y ooy —mg5 By Xy oy X)-

() A=G=0; H=F=1.

(A.5) e Fry

Ff™(a, —my, ...,—my; By X1, ..., X,).

From (3.2), it follows that

d Ffis ki s S Ky

ot D)
Bkt et =D, e Xl 1)

A7 (1-D~"F¢

— Z (d, ml+ +mn)(k11 ml) kn’ mn) t’"l+"'+mn
kit ... +ky,m+ ... +m)ym! ... .m,)

XS (f1s e fus — M1y woes — Mgl By X1, o0y Xp)-
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Put d=h. Then
(A8) (1—=0)""F™(f1y ceesSur Kay ey ks by + oo+l X218 1), ..., x,,t/(t—-l))

— Z (hs m1+ +mn)(k1’ ml) (kn’ mn) t"'l+"'+"'l‘
kit ... vk m+ . +my)ymt . om,!

XES(fis oo fur =My ooy —mys B3 X1y ooy Xp)-
Put d=k,+...+k,. Then
(A9) (l_t)—k‘_m_k"FB(") (.fl» ---’f;n kl’ sery k,,; h; xlt/(t_1)9 ..,,x,t/(t—l))

= 2 (kl’:zl) 2 Cony ) tml+m+m"FB(")(fl’ R A PP h; x;, ..., Xy).

W omy!
From (3.3), it follows that

:,fl, kl; ser ;f;n kn;

0:2 -
(AIO) elezo [h, k1+ +kn: — e >

—xlt, ey _x.’]

— 2 (kla ml) oo (km mn) tml+"'+m"
eyt ...+ kg, iy + ... +mp)

XFB(")(.fl’ -~-af;n —Mmy, ..., —M,; h; X1y ooy x")'
(i) 4=G=1, H=F=0.
From (3.2), it follows that

1 kyy s Ry

[a, d (-1 X, t/(t—l)]
ky+ .4kt 815 s 8as x.1l( )s ooes Xn

(Adl)  (1-0~Fi
- d, m+...+m)(ky, mp)... (k,, m,) bt
kit ootk m+ . +mym) . om,)
XEM(a, =My, oo, — 1,3 81, oeey B X1y oevs Xn)e
Put d=ky+...+k,. Then
A1) (A= MEM(a,ky, o ks 81y -oes 83 X tl(E—1), ...y Xp1/(t— 1))

— (kl’ nl) (kn, mn) m, oo m
=2 m!...m,) !

Put a=k;+...4k,. Then
(A'I3) (1 "t)_dFA(") (dl k19 cves kn; 815 -2 &ns xlt/(t— 1)9 bhid 4 xnt/(t— 1))

___Z’ (d9m1+"'+mn)(k19ml)"'(kn9mn) I"'l"'""“”n
kit ..ty my+ ... +my)ym! ... m,)

XFA(”)(k1+ ves +k", —ml, resy _mu; 81’ ceey gn; xl’ AARE ] x')'

WFEM (@, =My, ooy — M5 81y ooes Bnd X1y ooes Xn)-
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From (3.3), it follows that
i THENSY

a
1:1
(A.14) ¢hii [k1+ otk gy g

— Xy, e, -x,,l]

(kl: m) ... (k,, my) e,
+ ook, m)m)omy!

G
XFEM(@a, —my, ..., ~m,5 81y ooy 8ns Xpa ooy Xp)
Put a=k,+...+%,. Then
(A.15) e F(ky; gy —xit) 1R (Kys 8as — X, 1)

(kls ml) (kn, mn) fm1+"'+"',,
C (ki kL Em) ! omy)

XEM (ki ook =01, oy =M 81y s 8ns N1y oees Xo)e
(iv) A=F=G=0, H=1.
From (3.2), it follows that

d ke kg
(A.16) (1=~ 9k [h Kotk 1. CLoxt/(=1), ...,x,,t/(t—])]
s Iy see TR T ey T

d m+ ... +m)(ky, my) ... (ky, m,)

Im1+"'+"'n
kit ...+ ky,my+ o +my)mlomy!

-3

XPM (—my, ..., —my; B Xy, .., X,)

d, my+ ... +m,)(ky, my) ... (k,, m) Mt L1

.1 =
(A.17) 2 i+ ...+ ky,my+ .. +m)h,m + .. +m) e

(xl’ LRRE xn),
where Lf,’,':‘lu’,m" is a Laguerre polynomial of several variables introduced by Er-
délyi [3]. It is given by

(A.18)

(a+1,m+...+m,)

L@ vy X,) =
ml,...,m,,('xls 2 Yn) m1! ’nn!

DM (=, oy =My a+ 15 Xy, ., X))

Put d=h. Then
(A19)  (A=0)7"BM (ky, ooy ks kit o ks X0 2/(E= 1), L, Xut/(2— 1))

(ky, m) ... (ky, m,) +m -
= _ . » Mt m, L(? 1) Xps ooy X).
kit ook, my+ ..o+ my) e o (X1 )
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Put d=k+...+k,. Then
(A.20) (=0 (ky, ..., kyy By X 8= 1), .., X, t/(E— 1))

= G B L )
1 n

If »=2, an equivalent result has been given by Feldheim [6], eq. (66).
From (3.3), it follows that

A :kl,...;k,,; t‘]
(A.21) [h Kyt ok ;_;——txl,...,—x,,

— (ky, my) .. (Ko, my) ™t ot (h-1) X,

- 2(k1+ vtk my+ A m)(hy m+ L my) Lo e (15 es ).
(v) F=G=H=0, A=1.

From (3.2), it follows that
: kl; ks

(A22) (I1-0D4E% [k otk LLoxt=1), L x = 1)

(d ml+ +'nn) (kl, ml) (kn, mn) Im +ootm,

B SRS e T
—Hl; ... —Mm,; ’
E)IOI[ . . . xltl(f—l), sYnt/(t'_])]

(d,my+ ... +m,)(ky, my) ... (k,, mp)(a, my+ ... +m,) ,,, "
= — X1 )" (=X )"
2 (ky+ ...+ k,,m+ ... +mym! .. om, (=x1) ( )

XOP(—my, ...,~my V—a—my— ... —m,; —1xy, ..., —1/x,)

. d,m+...+m)(ky,m) ... (k,, m,)
- (ky+...+k,,my+...+m,)

Xty (o) LES == (— 1 xy, ., — 1),

The F,.; polynomial has been reversed and the symbol =« is used in place of the
equality because the relationship is purely formal.
Put a=k,+...+k,. Then

d: k.. ks
(A23) a-omm [0 e, xatia= )]

s veey

~ 2 (d’ n11+ +mn)(kl’ ml) (kn, mn)
- (k +. +kn’m1+--~+mn)

X LG kamma) (1 xy, L, = 1),

)™ (X 1)
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Put d=k,+...+k,. Then

a: k... k,;
(A.24) - t)_kl"“"k"Fol;:ol [_ _1 .. X tt—1), ..., x,t(t— 1)]

o 2‘ (klvml)n-(k,,, m,,)
- (k1+"'+kn,m1+--.+m")

XLGamm= =) (—1[%1, vy = 1X,).
From (3.3), it follows that
(A.25) EFMaky, ..., ky kit ... H kg —Xaty oy —Xpt)

(x )™ o (X 1)

_ (ky, my) ... (k,, m,) m, m.
=2 i+ ...tk my+ ... +my) (xat) e (nl)
X L& 0= m= =) (— 1xy, ..., — 1/%,).

ceay My

Put a=k,+...+k,. Then
(A.26) E(l+x.0)" 5. (L+x,0)" "

— (kl, ml) e (k", mn) ) m
=X Gt Tkt o ) (e ™ ... (%)

XLG R ms e ka=m) (_1[x,, ..., = 1]X,).
(vi) A=H=0, F and G unspecified.
From (3.2), it follows that

[ d . (fl), kl; ;(f;l)’ kn;
kit ..o +ky: (&) 53 (&) 5

-3 d,m+...+m)(k, m)... (k,, m,)
i+ ... +ky,m+ ... +m)ym! ... m,)

X prFel(f1), —mu; (81); %] ... parFGl(f0)s — a3 (82)5 Xu):
From (3.3), it follows that

(A27) (1-)~EEg+

tml+...+mn

:(fl)a kl; "';(f;l)a kn; x,,t]

(A.28 e'F'!=F+1[ - — Xyt ey —
(A ) 1:6G k1+...+k,.: (gl) S eeed (gn) > !

= Z' (kls ml) (k,,, mn) tmx+"'+mn
(ky+ ...+ kg, my+...+m,)

xF+1FG [(fl)v —m,; (gl); xl] F+1FG [(f;l)’ —m,; (gn); xn]'
(vii) A=H=0, F=G=1.

Xy tf(t=1), ..., x,t(t — 1)]
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From (3.2), it follows that

d f ks S K
(A.29) (1—f)~4FLy [k . 'fig 1 .fg " x, 1l(t—1), ...,X,,t/(t—])]
1 ves ”"e 1 9 ere g n bl

!ml+...+m”

— 2 (d’ ml+ +mn)(k1a ml) (kn’ mn)
ky+ ...+ km+ . +m)m) . om,!

X B (fis —mu; 815 X1) .. B (fos — 3 a3 Xa)

— 2’ (d, m+... +m,,)(k1, ml) (kna mn) e em,
(ky+ ...tk m+ ... +m) (g, my)...(g,, m))m!...m,}

X W (=113 813 (1 =30)) ... 1 (= fo5 &3 11— ),

where m,(a; b; z) is a Meixner polynomial. See Erdélyi [4], Vol. II, p. 225.
Put k;=g;. Then

(A30)  (1=07F(d, fis s foi @1t oo+ 8a3 Xatl(t=1), ooy Xl = 1))
dm+...4+m)rmt-—+m,

=2 (g+...+g, M+ ... +m)ym! ...m,)
X My (=115 815 (1 =%,)) .. My, (=123 a3 V(1 —X,))-
Put d=g,+...4+g,, and obtain effectively the known result
(A3l)  (A—-p-o(1-xtft—=1))F = 3=_ m,(—f; g U1 —x))"/m!.

See Erdélyi [4], Vol. II, p. 225.
From (3.3), it follows that

ks S Kns

0:2 - -— —
(A.32) ¢ R [k1+...+k,,: g i g Xyly oeny x,,t]

= (ky, m)...(k,, m,) e tm,
ka4 otk my+ .+ m) (g, my) ... (8, my)my! ... m,}
X (=115 825 (A =23)) .. (= o3 83 1U(1 = X,).
Put k;=g;. Then
(A.33) EDo(fis s fos G1t oo +8as —Xily ooy =X, 1)

tm‘l+...-’-m,l
=2 (&t ..+ + ... +m,)

X M (115 815 H(1 = X)) ... My (— 125 &3 1/(1—x,)).
(viii) A=H=G=0, F=1.
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From (3.2), it follows that

- . d :ﬁ’kl;"';_f;l,kn;
(A34) (1—1) dﬁl"°2[k1+,..+k”: i _xlt/(t—l),...,x,,r/(t—l)]

’

y tos

d, my+ ... +m,)(ky, my) ... (k,, m,) p—
A ..+ k4 my)ymy!om,)

XZE.'I(fh — 5 =3 .\'1) 2Fo(fn’ —hl5 X,,)

=3 (d, my+ ... +m,) (ky, my) ... (k,, m,)
- i+ .. vk, my+ o m)ym! om,)

X(.'m] (_'.fl’ - l/'xl) Cm,,(_'f;l; - l/xn)a
where c¢,(z; b) is a Charlier polynomial (Erdélyi [4], Vol. 11, p. 226) given by

r(l+z)(=b)~"
Ir(1+z—n)

e,

(A.35) ¢,(z; b) = Fi(=n; z—n41; b) = Fy(—z,—n; —; —1/b)

by reversion of the series.
From (3.3), it follows that
(A.36) EFM(fis s fur ke, ks ky b kg =Xt o, — X, 1)

kv, my) ... (ko, m1,) [yt Em,
ek, m L+ m)my! L)

=2 (ky + Cy (—f15 = VXD .. O (=S5 —V/xXn)-

If n=1, we obtain the known result

(A.37) ‘ el+x)y™r =37 cu(—f5 —1/x),
compare Erdélyi [4], Vol. 11, p. 226.

(ix) A=H=F=0, G=1.

From (3.2), it follows that

d B S
A.38 I—r*"F‘il[ x 1(t—1), ...,x,,r/t—l]
(A38) (=0T R |, o aile=) )

(d, my+ ... +m)(ky, ) ... (k,, m,)

(Mt
ki + ...+ ko)t omy)

=2

XaF(—my; g X)) .l(—-my 8,5 X))

(d,my+ ... +m)(ky, my) .. (k,, m)t™r ™ 1
=3 " L&D (xy) ... L&D (x,).
Z (k1+"'+kn.~m1+"'+mn)(g15ml)“'(gll’mn) mt (XI) " ( )
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Put k;=g;,. Then
(A.39) (1=~ F(d; g1+ ... + &3 1+ o+ X)/(E— 1))

- ¥ (d,n11+__.+m")tml+n_+mn
“ (gt F gt +m,)

LY (xy) ... LD (x,).

If we now put d=g,+...+g, we obtain in effect the expression

(A.40) (I=n~texp(xti(t—1)) = Z~_ 1"LG=(x),

m=0
a well-known generating relation for the Laguerre polynomial. See Erdélyi [4], Vol. I,
p- 189.
From (3.3), it follows that

— ckys ks
(A41) eri, . : ]

U AN - A T T

— (kl, ml) ses (kn, m,,) ’m1+-“+m"'
=kt otk m - m) (g, my) . (g, M)

LED(x,) ... LE=V(x,).

Put k;=g; and obtain
(A.42) b (= g1t o gy —1(xXy+ ... + X))

[(xp 4+ o+ x )]0/ 9,02

= '(gi+ ... + 8. J01+~-~:~9n—1{2 V[(x1+ *fm}

tm‘+...+m"

G+...+gm~+...+m)

=2

LE=D(x,) ... LE=V(x,).

Put n=1, when the known result

(xr)—9/2-172

A43 = LDy = xt
(A43) oo LEV 1 (g, m) T a2V ]
is recovered. See Erdélyi [4], Vol. 11, p. 189.
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