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Decomposition theorems for (), spaces

Zhijian Wu and Chunping Xie

Abstract. We study the Mobius invariant spaces Qp and Qp.0 of analytic functions. These
scales of spaces include BMOA=Q;, VMOA=Q; ¢ and the Dirichlet space=Qg. Using the
Bergman metric, we establish decomposition theorems for these spaces. We obtain also a fractional
derivative characterization for both Q, and Qp 0.

1. Introduction

Let D be the unit disc in the complex plane, dA(z) be the area measure and
9(z,w)=log (|]1—wz|/|z—w]|) be the Green’s function of D with pole at we D. For
pE(—1,00), the spaces Q, and Q, ¢ are Mobius invariant function spaces consisting
of all analytic functions f defined on D satisfying,

1/2
1fllg, = sup ( / If’(Z)I'“’g(z,w)”dA(z)) <oo
weD D

and

Jwl—>1_-

lim /D 1/(2) Pg(z w)? dA(z) =0,

respectively

The spaces @, and Q¢ have been much studied in recent years. We refer the
reader to [A], [AL], [AXZ], [L], [NX], [X] and the references therein. It is proved
in [AL] that Q, is the Bloch space and @, is the little Bloch space if pe(1,00).
It is also proved in [NX] that for —1<p<0, the Q, space contains only constant
functions, Qg is the Dirichlet space, @, =BMOA and @Q;¢=VMOA. Therefore
0<p<1 is the interesting range of p for the scales of spaces @, and Q0.

Decompositions can be found in many sources in the literature. It is a useful
tool in studying functions and function spaces. The related results for functions in
holomorphic spaces are used in studying operators, such as Hankel and Toeplitz, and
approximation by rational functions (see for example [P] and [Z]). Decomposition
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theories for Bloch space, little Bloch space, Dirichlet space, BMOA and VMOA are
established in [R] and [RS]. We also refer the reader to [P], [Z], [RW] and the refer-
ences therein. The main purpose of this paper is to establish similar decomposition
theorems for @, and Qp o when 0<p<]1.

Let s be a nonnegative measure on D. For any arc I on D, denote the Carleson
square based on I by S(I)={z€D:1—|I|<|z|<1 and z/|z|€I}. Here and later |I|
denotes the length—the normalized arc length—of I. We say that p is a bounded
p-Carleson measure if u(S(I))<C|I|? for any arc I on 8D, and p is a compact p-
Carleson measure if u(S(I))=0(|I|P). The square root of the best constant C in the
above inequality is denoted by ||u||p. Clearly, 1-Carleson measures are the classical
Carleson measures.

Denote the unit point mass supported on z by §,. Delaying the definition of
the lattice to the next section, we state the main results of this paper.

Theorem 1. Suppose that 0<p<1. There exists an 19>0, such that for any
n-lattice {z;}2, in D with 0<n<1o, the following are true:
(a) If feQp, then

o0 /2
|z 3)"" 1+p
1 —_— . b>—
M z:: (1-z;z)* g
and
(2) Z "\j|262j S C“f”QP
=0 p

(b) If {A;}$2, is such that the measure ZJ 0 |Aj|%8,, is a bounded p-Carleson
measure, then f, defined by (1), is in Q, and

PRV

Jj=0

Iflie, <C

p

Theorem 2. Suppose that 0<p<1. There exists an 19>0, such that for any
n-lattice {2;}32¢ in D with 0<n<no, the following are true:
(a) If feQpyo, then

/2
(-] le)b i 1+p
3 —
(3) E Aj (1 57) , b> 3

and the measure oo =0 |\;126., is a compact p-Carleson measure.
(b) If {X;}52¢ is such that the measure Y 72 |\;|?6;, s a compact p-Carleson
measure, then f, defined by (3), is in Qpo.
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We end this section with the following remarks. For p=1, Theorems 1 and 2
have been proved in [RS] and [RW)|. For the real version of @, space, a decomposition
theorem with wavelet base has been established recently in [EJPX]. Similar results
for generalized @, and Qo spaces are gathered at the end of this paper.

2. Preliminaries

The following characterizations of @, and @, 0 in terms of bounded p-Carleson
measures and compact p-Carleson measures can be found in [ASX]. For the case
p=1, these results are well known (see, for example, [G, Chapter VI]).

Theorem A. Suppose that 0<p<1 and that f is analytic on D.

(i) The function f is in Q, if and only if the measure |f'(2)|*(1—|2|?)’dA(z)
is a bounded p-Carleson measure.

(ii) The function f is in Qo if and only if the measure | f'(2))?(1~|2)?)"dA(2)
is a compact p-Carleson measure.

Corollary B. Suppose 0<p;<p2<1. Then

QP] C sz .

In fact, Corollary B is a consequence of Theorem A and the inequality
/ 1 ()P (1= 213" dA(Z)S(QIII)”z_’"/ L (2)1P(1-]2*)™" dA(2)
5(1) s(I)

for ICAD, which is obtained by using the estimate 1—|z|2<2|1|, if z&€S([).
For z,we D, the Bergman distance between z and w is defined by

w—2z

1+1 Wz

d{z,w) =log py—-
1—

ll—zﬁz

For zg€ D, we call the disc B(z9,7)={z:d(z,20)<r} an r-Bergman disc with cen-
ter zg. It is known that the Bergman disc B(zg,r) is a Euclidean disc with radius

e’ —1 I—IZOIZ
eT+1 r_1 2 :
1-( 2 |20(?
e"+1

Therefore the area of the disc B(zp,r) is comparable to r2(1— lzo|2)2 for small r.
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An n-lattice is a family of points {z; }3?:1_0 in D such that d(z, z;)> %n, if k%7,
and the collection of discs Bj={z:d(z, z;)<n} covers D.

Let {2,;}324 be an n-lattice, and B; and Bj; be the 157-Bergman disc and the
n-Bergman disc centered at z;, respectively. It is standard that (see, for exam-
ple, [CR]) there is a partition {D;}32, of D such that 2;€D; and

B;CD;CB;.

In this paper, we shall always denote the %»Bergman disc centered at z; by Ej for
any given n-lattice {2; }?‘;0.
For fixed >0, let

1-— 2yb—1
mm:%%%ﬁ.

The following lemmas can be found in [CR] or [R].

Lemma C. There exists C>0 such that, if n=d(z, 20)<1, then

kw(2) —kw(20)| < Crlkw(20)l, we€D.

Lemma D. Let 0<n<3 and {2;}32, be an n-lattice. There exists C>0 such
that for any anelytic f on D and for all j,

/ |£(2)— F(z;)| dA(2) < O f £(2)| dA2).
Dj

E

Lemma E. Let 0<n<1 and {z;}32, be an n-lattice. There exists a positive
integer r=0(n"2) such that each point of D lies in at most T of the discs in {B;}32,.
Furthermore, if b>0 and f is analytic on D, then

) 271 _ 1201 2 r 21— zb~1d .
jg)fgj*“z)‘ (-l da@) <5 [ £GP0 dAC)

Schur’s lemma. Suppose that 1<q<o, and that ¢'=q/(q—1) (the conjugate
number of q). Suppose further that Q(z,w) is a positive function on Dx D. If there
is a positive function g on D, such that

f Q(zw)g" (i) dA(w) < Cg? (2) and / Q(w, 2)¢°(w) dA(w) < Cg(2)
D D



Decomposition theorems for Qp spaces 387

hold for all ze D, then the linear map given by
f—= [ QG wf(w)daw)
D

is a bounded map on LY(D).

Throughout this paper I denotes an arc on 8D. The letter C denotes a positive
constant which may vary at each occurrence but is independent of the essential
variables and quantities. We also use the notation A< B to mean that A and B are
comparable, i.e. 1/C<A/B<C.

3. Proofs of the main results

For independent interests, we establish a key theorem first. For fixed b>1,
define the linear operator T, by

(1-2%)"?
p )1 —2w[”+"

Top(w) = ¥(2)dA(z), o>0.

Theorem 3. Suppose 0<p<1, o>31(1—p) and ¢ is a measurable function
on D.

(a) If the measure |¢(2)|2(1—|2|?)" dA(z) is a bounded p-Carleson measure,
then |T,9(2)|2(1~|2[2)* ">** dA(2) is also a bounded p-Carleson measure.

(b) If the measure |1(2)*(1—|z|?)" dA(2) is a compact p-Carleson measure,
then |Tazjz(z)|2(1~|z]2)2°—2+p dA(z) is also a compact p-Carleson measure.

Remark. For p=1, the result is proved in [RW]. For =1, the result is proved
in [X].

Proof. For part (a), it is sufficient to show that the estimate
| ma@Pa-lel " daw <l
s(I)

holds for any arc ICaD.
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For any positive integer n<log,(1/|I|), let 2"I be the arc on 3D with the same
center as I and the length 2"|7|. We have the following estimate

/ 1Ty (w) (1~ |w]?)* 7P dA(w)
s
1412 b—1 9 ~
> /su) </§ %—Z%W(Z)l dA(Z)) (1—1w»)* "**? dA(w)

/S(” <</S(21> /D\s(21)> (Ii I;lljll: l'ﬂ(z)l03A(Z)>2(1—lwl2)2"‘2“’@54(1,3)

(1—|2)" " @ =fwl?)° P2 ’
<2 [ ., ( / " L lw(Z)ldA(z)) dA(w)

Il_zw]b-HT

(1- le)b_l(l—lwz o—1+p/2 9
+2/S(1) </D\S(21) | |1—zw|b+la) [ (2)| dA(2) ) dA(w)
=E+E,.

Consider the linear operator B: L2(D)— L?(D) defined by
hMw) — / K(w, z)h(z) dA(z),
D

where the kernel is given by

b—1—p/2 —-1+p/2
K (w, )= L1720l T
Il zw|b+a
It is easy to verify that for 7—-—, in fact v can be any number in the interval

(= min(o +p, b)+ 3p, min(o+p, b) — ip-1), and _q(z)=(1—|z|2)7/2 the estimates

/K(w,z)gz(w)dA(w)Sng(z) and /K(z,w)gz(w)dA(w)Sng(z)
D D

hold for all ze D. By Schur’s lemma, we know that B is a bounded operator.
Letting

2
h(z) =) (1~ |21 *xs@n(2),  z€D,
we have clearly that he L2(D) and

HhH%F/ [¥(2)]?(1~2*)" dA(z) < C|I[P.
s(2I)
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Therefore we can estimate E; by
2
Ei<2 / ‘ / K(w, 2)h(2) dA(z)| dA(w)=2]|B(R)|= < Cl|hI= < CIIP.
plJp
To estimate E5, we note first that (see, for example, |G, p. 239]) for n>0 the

inequality
|1—zw| > C2™|1|

holds if we S(I) and z€S(27*+1I)\S(2"I). Direct computation yields also that for
any fixed a>1, we have

/ (1-|w[>)* " dA(w) <C2™I))*, n>0.
S(2n1)

Hence, rewriting the set D\ S(2I) as the disjoint union |Jo, S(2"+' 1)\ S(2"1), we
can estimate E5 by

3 (l_lzlz)b_l )2 2,20 —-2+p
Br=2 Z TS e dA 1— dA(w)
i /S(I) <n=1/57(2"“1)\5(2"1) [1—Zzw[b+e [¥(2)dA(z) ) (1= wl") (
§°° 1 b—-1 Y 20—24p
=4 (on[INo+o 1—|2|? dA ) 1—|w|? dA
- sm(nzl (@) /s@m,) W1~ 12")" dA(2)) (1—|w]?) (w)

20+p = 1 -1 ’
<crpe (;*@nl,l)m / oy PO 4A®).

By Holder inequality, we have

1/2
—1z2y 7t 2011212\ dA(z
/S(WI) [Y()|(1=[2")" " dA(2) < (/S(WII) [(2)[2(1—2]*)” dA( ))

2b 2 1/2
x( [ s dA(z))
S(2n+11)

1/2
2011212V dA(z
< ([ ooy HOROIEEY d22)
% (2n+1|I|)b—p/2.

Thus, we can continue the estimate of Fy by

o

1/2:2
B <liP(Y (o () P(1— |22 dA(z) ) ).
2no \ (2nHHI|)P Jgan+rry

n=1
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Since the measure [¢(z)|?(1—|z|?)” dA(z) is a bounded p-Carleson measure, we have
therefore

E,<C\IP (i 5%)2 <C|IP.

n=1

This proves part (a).
For part (b) we note first that, by assumption, for any £>0 there exists §>0
such that the estimate

[ w@Pa-1er) da) <elrr
S()
holds when |I|<§. We have therefore
E1<C/ P[22 <CelIP, i |T] < 16,

Assume that [I|<18. Let N be the largest integer satisfying N <log,(6/2|1]).
We have 2711|7)<§ if n<N. Hence we have

/ (=) 2(1~|2[2)? dA(z) < (@™ I])? for all n< N.
S(2n+11)
Since a compact p-Carleson measure is also a bounded p-Carleson measure, we have
/ [p(2)2(1—|2|2) dA(z) <C(2**I|)P  for all n.
S(2n+11)

Thus, we can refine the previous estimate for E; by

[o o)

1/2:2
Ey <C|IPP Z% —nqi— [W(2)[(1-|2*)° dA(z)
2n9 \ (2rHHI))P Jganerry

n=1

scmf’(z e+ Z W)

n=1 n=N+1

1 2
<C|I|”(el/2+ T )

§c<51/2+ (4”') ) \I|P.

The last inequality above is obtained by the fact that N +1>log,(6/2|1]).
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In summary, we have proved that the estimate

o I2o
[ @RI dae) < B Ba <y (4 )
S(I)

holds for all arcs I with |{|< %6. This is enough to conclude that the measure

ITo(2)|2(1—|2%)* 1P dA(z)

is a compact p-Carleson measure. [

For fixed b>>1, consider the ¢-derivative with ¢>0:

={t—17 g1 _
1) =g [ T L - daw)

Here T is the gamma function and [¢] denotes the smallest integer which is larger
than or equal to t.
Direct computation yields

0 if n<[t—1]+1,

@ (W= I:(b+n+t—1—[t—1])F(n+1)
L(b+n)I'(n—[t-1])

21 > - 1741,

It is therefore easy to conclude that the t-derivative is just the usual tth order
derivative if ¢ is a positive integer.

Remark. The quantity in the right-hand side of the above formula is depending
on b if ¢ is not an integer.

Corollary 4. Suppose that 0<p<1, t>%(l—p) and f is analytic on D.

(a) The function f is in Q, if and only if |f®(2)2(1=|2[2)** **P dA(2) is a
bounded p-Carleson measure.

(b) The function f is in Qpo if and only if |f(t)(z)|2(1—|z|2)2t—2+p dA(z) is
a compact p-Carleson measure.

Remark. For t=2,3, ..., Corollary 4 is proved in [ANZ]. For p=1, the result is
proved in [RW].

Proof. We show the “if” part of (a) first. Let

_TErnl o g™t
= SrreTy J, g dAQ).
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By Theorem 3(a), we know that the measure |h(z)|?(1—|2|?)" dA(z) is a bounded
p-Carleson measure.
Let f(2)=3"720a;27, fP(2)=372, agt)zj and m=[t—1]. By formula (4), we
have . '
a® — a0 T(j+b+t) L (j+m+2) i>
3 TSR GI DI+ m+1+b) T

Direct computation yields

L(j+b+1) oD (G+b+1)I(Gj+m+2) itm
h Ltm — R Al
(2)= Z < T(j+b+t) % ZF]+m+b+1)F(j+1)aJ+ +1%

If m=0, it is easy to conclude from the above formula that h(z)=f'(z). There-
fore f is in Q.
Assume that m>0 and denote the beta function by 3. Recall that 8(z,y)=
T'(z)T(y)/T(z+y). We can rewrite h(z) as
B(+b+1, m) -
1a;i+m Jj+m
.Z BGLmy O tmtlesmn

Let P (2)=37"gja;2°~" and

= B(j+b+1,m) it
e(z) = jzz:o (1- W)a_j+m+123+ i

We have therefore
['(2) = h(2)+ P (2)+€ (2).

Since P,, is bounded on D, it is clear that the measure |Pp,(z)]?(1-|2[?)" dA(z)
is a compact p-Carleson measure. To show that f is in @,, by Corollary B, it is
sufficient to verify that e is in Qo (the Dirichlet space).

A standard estimate on beta functions yields

B(i+b+1,m) < (b+1)m

0<1- , 3=0.
B(+1,m) ~ j+m+l
Therefore
(N2 _ = ) 2 __(____ |aJ+m+1|
/Dle () dA(z)—wj—Zo(]+m+1)!a]+m+1| BG+1,m) Z j+m+1
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On the other hand, since the measure |f)(2)|2(1—|2|?)%~2+P dA(z) is a bounded
p-Carleson measure, we have

) (t) |2

2 2\2t—2+
Z J+1 2: i+p /D|f(t)(z)| (1—12]%) PdA(z) < oo

j=

This is equivalent to (since [agt) [=<(G+1)"taj+m+1])

oo

Z(j+m+ 1) " Plajpm41|? < oo.
j=0

Hence
/ Ie/(z)|2 dA(z) Z Iag+m+1| Z( '+m+1)l_p|aj+m+l|2 < 00,

j+m+1 — =

This proves that ecQy.
'To show the “only if” part of (a), we note that

T(b+t) [ A=)’
#(b) Jp |1—wz|b+t

119 (2) < |’ (w)| dA(w).

Therefore the desired result follows from Theorem 3(a).
Part (b) of the Corollary can be proved similarly. O

Proof of Theorem 1. For the n-lattice {z;}32 520, without loss of generality, we
assume that <1 and |z;{>0 for all j.

Assume that f€Q,. We have f’€L?((1—|z|?)” dA). By the reproducing for-
mula, we have

ff(w)=2/ (—’”_(%(1—|z|2)"“dA(z), b>0.

s 1-zw)

Recall that for the 7-lattice {2;}32, there is a partition {D;}%2, of D which satisfies
the condition described in Section 2. Hence f’(w) can be represented as

) 1L j2ye-1
p, (1 fzgu)bﬂ —|Z|2) dA( Zf( ])|DJ|((1_|;%’

where |DJ-|: f D, dA is the area of D;. Therefore f(w) can be approximated by

00 —2.12 b-1
A(f)(w)=%2f’(zj)|Dj'%_—]%)_b'
3=0 e
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The approximation operator A, defined as above, is clearly a linear operator.
We now consider the @, norm of the error f—A(f). Using the expression

7w =AUy ) =2 Z [, e ade

Zw)b-{—l
" (1|22
__Zf J)lD i 1 ij)b+1 )
we have (recall that ki, (2)=(1—|2|2)"""/(1—zw)**+1)
F@-AY @IS [ 1@k 24G)
5=07D;

+—f§§ J 1@ F el kateplaac)
=21 +2

By Lemma C, we have for every z;,
|kw(2) ~kw(z;)| < Cnlkw(2)l,  2€ D;.

This implies that
S, <Cn /D k(2| 1 (2)| dA(z).

By Lemma D, we have for every z;,
/ 1F(2)— £ ()| dA(2) <0n/ ()] dA).
Applying Lemma C again, we get
/| 1)1 Gl ) 4AG) < O / 1) o) dA2)
<oy / (@)1 (2) = ku(z) )] dAG2)
<o /B IOk L+ R dAC)
<o [ k(@1 I dAC).
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Therefore, by Lemma E, we obtain that
Sa<Cr* Y [ k(@) I ()] dA(z) < O /D k()] 1 (2)| dA(2).
=0 B;

In summary, we have

|f'(w)—A(f) (w)| < Cn/ kw(2)||f'(2)|dA(2), weD.
D
Applying Theorem 3(a) to the above estimate, we get

If=ANlle, <Cnllflle,, f€Qy

It is clear that we can choose a smaller n (say n=1/3C) so that the operator A
is invertible and that A='=3""° (Id—A)" is bounded. Here Id is the identity
operator on Q.

We have constructed an approximation operator A with bounded inverse. For
any f(z)€Q,, we can write

2)6—1

f(z)=AATY(f)(2) = ZA "(£) (23)1D; 'g—@'_—lv

Picking

AT ) ()ID (=)

A=
J .
TZj

ki

we have the desired decomposition

)b p/2

iA |J|
rd - zjz)b

It remains to show that the measure 72 |);|?5,; is a bounded p-Carleson

measure. In fact for an analytic function g on éj, by the mean value theorem, we
have

9(e) (115 S 2 / 21— |2?) dA(z).
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Therefore, we obtain that

ST OnP<e Y AT ()P (1R DS

z;€S(I) z;€S(I)
IDJ'|2 -1 ] 2 2\P
<c ¥ By era-1ap? dAc)
2 Zs':(z) |B;1(1—|2/)? /Ej °
<c / 1) ()R- 2?) dAC)
<cja- (f)nq,,m"
<C|flla, 1IP.

This completes the proof of (a).
For part (b), it suffices to show that the measure |f'(z)|?(1—|2|?)" dA(z) is a
bounded p-Carleson measure. By the given formula we have

b—p/2
f bZA]-(l—IJP) o

Zj b+1
— (1-z;w)

Applying the substitution z=(2; —{)/(1—%;¢) in the following integration, we know
that there is a positive constant

e"—1Y
Ci— "\ e+l 2b
T en—1Y 4en Y
I—-{ ——= )52 ) 1| ——3
en+1) "™ (en+1)2
such that - _ -
() Bl ()
B, (1—zw)b+! C; (1-zw)b+t’

Therefore we have that

(1-]z%)' 772 (-]
JONEL IJBJI 8, e 4469

2bl oo 1—zj21‘1’/2

By Theorem 3(a), we only need to show that the measure

(2 P2
Z)\ z_‘) (1 lz|31 )l EJ. (Z)
J

is a bounded p-Carleson measure.

2(1 —12%)" dA(2)
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In fact, it is clear that {C;}%2, is bounded. Since {B, }320 is a set of disjoint
Bergman discs, we have

/5(1)

2)1 p/2

2
IR ——%x;].(z) (1- 1227 dA(2)
J

2—
=€ }:! Wt x5, (2)(1=2*)" dA(2)

s 555 |B; |2
—CZ / O e )
(I)nB |B;|2

<Cc Y NP

J:S(NHNB;#0

<C Y WP

z;€8(21)
<Cl1P.

The last inequality holds because the measure Z;io |A;]%8., is a bounded p-Carle-
son measure. [l

Proof of Theorem 2. It is proved implicitly in the proof of Theorem 1 that the
approximation operator A satisfies

A(f)Y (w)| <C /D lku(2)| [f(2)| dA(2), weD.

Hence by Theorem 3(b), we have that A maps @, 0 to Q0. Following the proof of
Theorem 1, we only need to show that A~! maps Q, 0 to Qp0 as well.
In fact, for any £>0, we can find a positive integer N >0 such that

x0

> (d-Ay<e

n=N+1

that is, for any f€Q, and any arc 1C8D,

e ¢] 2 oo 2
L2 w@-arne)| a-lpraae <ir| 3 ga-ars
S(I) n=N+1 n=N+1 P

<eIP|fIiZ,-
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On the other hand, the operators Id and A map Q,o to Qpo and so does the
operator Zgzo(ld —A)™. Therefore there exists a § >0, such that for any arc I with
|I]<d, we have the following estimate

/ ) (ﬁjad ~A)"(f)(z)),

n=0
Since A7'=Y"N (Id ~A)"+ 3% v, (Id —A)", we have

2
(1—|2)" dA(z) < e|IJP.

/ |A‘1(f)'(z)|2(1—|z|2)pdA(z)§(||f||2Qp52+s)|I|” for I with |I] <.
s(D

This is enough. [

4. Remarks

For ¢>0and p>—1, let Cy , be the space of analytic functions f in D satisfying

[ ir@ea-lpy aa@ <
s

for any arc ICOD. The norm of f, denoted by | f|lca,, is the gth root of the best
constant in the above inequality. Moreover we say that feVCy  if

/ IF'(2)|%(1—121%)" dA(2) = o({1]*).
s

Clearly the spaces @, and @, ¢ are special cases of Cp, and VO3, respectively. A

systematical study of these scales of spaces can be found in [Zh] and [RA&].
It is easy to check that for fixed q and «,

Cl?uq c ngyq’ p1 <Pz
The following results can be proved in a way similar to the proofs in Section 3.

Theorem 3'. Suppose that p>—1, 0>(q—p—1)/q and ¥ is a measurable func-
tion on D.

@) If [y 0(2)|7(1—|2]2)? dA(z)<CII|* for any ICOD, then
/ IT,(2)|9(1— |27 V¥ dA(z) < C|I|
S(I)

for any ICOD.
() If [gp) (1= |21?)” dA(2)=0(}1|*), then

/ IT,(2)[9(1=|21)" "V *P dA(z) = o(1]°).
S(I)
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Theorem 1'. Suppose that p>—1 and q>1. There exists an 19>0, such that
for any n-lattice {zJ} 20 n D with 0<n<y, the following are true:
(a) If feCy,, then

2\b+1-(2+p)/q
|z;1%)

(5) ey =3 4z b> 22,

J=0 (1-22)° ’ q

and

—
(=
=

1/q
sup (= > Al <Clfles,

arcl 2, €8()

(b) If {X\j}R satisfies szes(l) [A;|9<CI|* for any arc I, then f, defined
by (5), is in Cg, and

1flls. CSup(

1/
> l/\jlq) |

szS(I)

i

Theorem 2'. Suppose that p>—1 and g>1. There exists an n9>0, such that
for any n-lattice {z]}‘?"zo in D with 0<n<mnyg, the following are true:
(a) If feVCy,, then

2)b+1—(2+p)/q ps LHP 1+p

™ fz)=3 4=l
=0

(1-2;2)° ’

and

> lr=o(l1]%).

z;€5(1)

(b) If {\}52, satisfies Zz,esu) |Aj[7=0(|I|*), then f, defined by (7), is in
VG-
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