Sharp estimates of uniform harmonic majorants
in the plane

Matts Essén

1. Introduction

If £ is an analytic function in the unit disk U, the Dirichlet integral D(f) is
defined by

D)= ([ 1/ @Pdxdyin)", z=x+ip.

The following result is due to A. Chang and D. Marshall (cf. [4], [7]). It is inspired
by work of A. Beurling and J. Moser (cf. [3], {8])-

Theorem A, There is a constant C-<oo such that if f is analytic in U, f(0)=0
and D(f)=1, then

[ exp (i) a0 = C.

If fis univalent, =D (f)? is the area | f(U)] of the range f(U) of f. What can be
said about functions f which are not necessarily univalent if the assumption on f
is replaced by [f(U)|==? Can this condition on the area of f(U) be generalized?

Let D be an open, connected subset in the plane and let 9(r)=|{9: re“’ED}I.
Let F be the class of locally bounded functions ¥: (0, e)—~(0, «) which have the
following properties:

i) near the origin, we have ¥(r)=cr?, ¢ constant,
ii) for each a=0, we have inf,_, ¥ (r)=0,
iii) there exists R=0 such that ¥ is increasing on (R, «0); intheinterval (0, R),
¥ is continuous except possibly at finitely many points.

Let p(r)=[¢(P(0))*djt and let ®(r)=exp(p(r)?). The function &(|z|) is
subharmonic in {|z]>R}: this is clear since r&’(r) is increasing for r>R and
AD=r"Y(d|dr)(r®'(r)). Natural examples of functions satisfying these conditions
are given in Corollaries 2 and 3.
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We shall assume that the domain D is such that

(1.1) f: ¥ ()0 drjr= [ fD T(|z)) |z| 2dx dy = .

Theorem 1. Let 0¢D and let WeF. If (1.1) holds, ®(|z]) has a harmonic
majorant h in D, and h(0) has an upper bound c(P) only depending on ¥ and not on the
special form of D.

Corollary 1. Let D and ¥ be as in Theorem 1, and let f: U—~D be analytic in U
with f(0)=0. Then &(| f(¢®)))€L(3U) and

(1.2) L7 00 d0 = c(D).
Proof of Corollary 1.

1) 02 o(|/(re))do = [ j" h(f(re'%)) do = 27h(f(0)) = 27k (0) = c(¥P).

Letting rtl, we obtain Corollary 1.

Remark. Absolute constants are denoted by C, Cy, Cy, ... and constants de-
termined by ¥ by c(P), ¢,(¥), ... They are not necessarily the same at each occurren-
ce.

Corollary 2, Let >0 be given. If D is a domain such that 0¢D and
1 2 % 21 _
fo r0(r) dr+ A f1 £#A-19(1) dt = m,

then exp (|w|?*) has a harmonic majorant h in D and there is a constant c(1) such that
Sor all such domains, we have h(0)=c(2).

Proof. In Theorem 1, we choose ¥(r)=A4%r*, r>1, and ¥(r)=r?, O<r<l.

Corollary 3. If D is a domain such that 0¢D and

f: ré(r) dr-l—fj@(r)/rdr =,

then exp (1 +log*|w|)?) has a harmonic majorant h in D and there is a constant C
such that h(0)=C for all such domains D.

Proof. In Theorem 1, we choose ¥ (r)=min (1, r?), r=0.

It is easy to write down the corresponding results for boundary values of analytic
functions f: U~D with f(0)=0 (cf. (1.2)).

The case A=1 in Corollary 2 generalizes Theorem A of Chang and Marshall:
also in cases when D(f)=1, conclusions of type (1.2) hold provided that | f(U)|=m=.

As a weak consequence of Theorem 1, we have a result of Phragmén—Lindelof

type.
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Corollary 4. Let D and ¥ be as in Theorem 1 and assume that (1.1) holds. If u
is subharmonic in D with non-positive boundary values at all finite boundary points and if

1.3) lim inf M(r)/ & (r) < oo,
where M (r)=sup u(re'), re'cD, then we have u=0 in D.

Remark. For {€0D, we define u({)=lim sup u(z), z—{, zeD.

The proof will be given in Section 4.

The heart of our proof of Theorem 1 is an estimate of harmonic measure in
certain multiply-connected domains which follows from Lemmas 1 and 2 in Section
2. A second essential tool is an integral inequality due to J. Moser [8]:

Theorem B. There is a constant C< > such that if N is absolutely continuous on
[0, <), N(O=0 and [ N(f)2dt=1, then
oo 2 =
fo exp (N()2—1)dt = C.

An alternative proof of Moser’s theorem has been given by D. Marshall in con-
nection with his proof of Theorem A (cf. [7]).
We note that if (1.1) is replaced by

(1.1a) /. 0°° Y0 drjr =n/d, A>0 given,

our proof shows that we get a harmonic majorant with a uniform upper bound for
h(0) for the function exp (Ap(|z])?).

2. Proof of Theorem 1

If other domains than D appear, we use the notation 0j(r)=l{9: re'’eD j}|,
7=1,2,.... We write

I(a, b) = I{a, b, 0(-)) = f” o)~ dit,
Ii(a,b) =I(a,b,0,(-)), j=1,2,....

Let R be a positive number and let wg(-)=wg(-, D) be the harmonic measure
of {lz]l=R}nD in that component Dy of Dn{z|]<R} which contains the origin.
It is easy to see that if

2.1) J(®, D) = f:@(t)d(~a),(0, D) =1+ [ 0, D) &' (1) dt <o,

then @(|z[) has a harmonic majorant 4 in D and h(0)=J(®, D). Thus it will be
sufficient to study the integral in (2.1).
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Remark. Conversely, if &(|z]) has a harmonic majorant in D, then we have
J(®, D)< provided that & satisfies certain regularity conditions. A detailed
discussion of these questions can be found in Essén—Haliste—Lewis—Shea [6].

We introduce

0, if {lzl=r}nCD =0
9*(r):{() {2l =7}

e, if {zl=r}cD.
The circular symmetrization D} of Dy is defined by
Dy ={re": 10| < 0*(r)/2, r <R},

with the convention that 6*(r)=-< means that {jz]=r}cD}. Let w} be the har-
monic measure of {|z}]=R}ndD}% in D} . It is known that wz(0)=w}(0) (cf. Theo-
rem 7 in Baernstein [2]; also cf. Theorem 9.4 in Essén [5]). Thus, if the analogue of
(2.1) holds for the symmetrized region D*, (2.1) will hold for the original region D.
Hence it suffices to study the symmetrized case. From now on, we assume that

D = {re": |0] < 6*()/2}.

If 6*(r)=ec-, this means that {|z|=r}cD. To give a rough description of the

proof, we introduce
Dy = {re”: |0] < 0(r)/2},

which is a simply connected domain, and
DOR - DOO{IZI -~ .R}.

A schematic sketch of the situation is given by Fig. 1. Dy is the connected set contain-
ing the origin, i.e., the centre of the figure, and Dy is Dy cut along the negative real
axis. Let h®=h} be the harmonic measure of Doz {|z|=R} with respect to Dopg.

Figure 1
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According to the Ahlfors distortion theorem (cf. [1], Corollary p. 78), we have
2.2) Ro(r) = 32exp (—nI(r, R)), r <R,
provided that I(r, R)=1/2. The point of the following principal lemmas is to prove

a similar estimate for wg. The difficulty is that D is not necessarily simply connected.
For simplicity, we assume that ¥ (r)=r2, O0<r=<1.

Lemma 1. Assume that (1.1) holds and that 0c¢D. Then there is a constant c(¥)
such that if g=e™2, we have
(2.3) wgr(g. D) = c(P) exp (—nl(g, R), g =R.

Without loss of generality, we can assume that () is continuous.

Lemma 2. Let D be as in Lemma 1. Assume that
249 min@()=1/8, e 3N =r=e.

Then there exists qcle~2, 11 and a domain D, with

(2.5 |D:n{lzl < ¢} =|Dnfizl<g)| and Dyn{izl > ¢} = Dnfjz] > g}
and a constant c(¥) such that

(2.6) wg(0,D) = c(P) exp (—nly(ds, R)), R=q=>d,,

where d, is the radius of the largest disk centered at the origin contained in D,.

If Dn{[z]<gq)} is simply connected, we can take D,=D. If this is not the case,
we shall choose D, almost as the union of the Steiner symmetrization of Dn{|z|<gq}
with respect to the real axis and Dn{|z|=q}. The point ¢ must be chosen in a care-
ful way (cf. Lemma 3.3 in Section 3).

The proofs of Lemmas 1 and 2 are given in Section 3.

Using (2.3) and (2.6), we shall find a uniform upper bound for the integrals
in (2.1). First, we re-write Theorem B as

Lemma 3. Let k:[0, <)~[0, <) be such that [ k(®dt=1. Let K(r)=
[ (k(®]A@)2 dt where ) is positive and L(r)= [}, ()~ *dt is unbounded as t— .
Then there is a constant C such that

Q7 1+f :2K'(r) K()exp (K(?—L())dr = [ :A(r)—lexp (K2 —L(n)dr = C.

Proof of Lemma 3. We put L(r)=s and K(L %(s))=N(s). Then N'(s)=
K'(r)(dr/ds) and we have

f:N'(s)zds = f:k(r)(l(r))"l(dr/ds)z ds =f:k(r) dr =1,
f:).(r)‘lexp (K(r»=Lm)dr = [ :exp (N(s)*—s)ds = C,

where the last inequality follows from Theorem B.
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The basic idea in the estimate of J(P, D) defined in (2.1) is to apply Lemma 3
on an interval (a, =) with
A(r) = ro(r)/x,

k(r) = r ¥ (@) 0/ (nJ),
K@) =(p()—p@)J;73

where nJ,=[7 6(r) ¥ (r)dr/r. From Lemma 3, we see that there is an absolute
constant C such that

(2.8) f: @) () exp (—nl(, ) dt = C,

where &, (r)=exp ((p(r)—p())*/J,).

If (2.4) does not hold, there is a constant C;=C,(¥) such that | S PO dtft=
nC,=>0. Let us choose a=1 in (2.8). It is easy to see that if p(r)=p(r))=
max (2p(1)/C;, p(2)), we have

() = p(P(D)—p (D) P1(1.
Combining this inequality with (2.3), we see that it follows from (2.8) that

J(®, D) = &(r)+c(P) f:" ®; (1) exp (—=I(1, H)dt = c(¥).

Thus J(®, D) has an upper bound depending only on ¥ and the proof is complete
in this case.

In the remaining case when (2.4) holds, we use (2.6) and see that it is sufficient
to estimate

f: @' (r) exp (— 1y (ds, 1)) dr,
where we know that (cf. (2.5))
(2.9) nd3+ [ ;" Y (r) 0,(r) dr/r = 7.

In the rest of the argument, we drop the subscript 2. We shall use (2.8) with
a=d=e~1. In particular, we have p(r)=r, r=2d. We shall prove that

(2.10) @' (r) = 2exp {(p(d)/d)?} D4(r), r=2d.

If (2.10) holds, the same argument as in the previous case shows that we have a
good bound for J(®, D) and the proof of Theorem 1 is complete.
To prove (2.10), we first note that

() = pQd)(pQD)—p(d))(p()—p@), r=2d.
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From (2.9), we know that J;=1-d2 To handle the exponents, it suffices to
prove that

p()? = (p(N—p @)1 -d)*+(p(d)/d).

It is easy to check that this inequality holds for all positive r. This finishes the proof
of (2.10).

3. Proofs of Lemma 1 and Lemma 2

The arguments are different in the two intervals (0, ¢) and (g, =), where g¢
[e~2,1] will be defined below after Lemma 3.3. In (g, =), we would like to prove
that if wg and A° are as in Section 2, we have w,=Ch°. However, it will not be possib-
le to delete all intervals (—b, —a) with the property that {a<[z|<b}cD from
D: we have to leave finitely many ‘big’ intervals in D.

Without loss of generality, we can assume that 8 (-) is continuous. For simpli-
city, we assume in the proof that Y€ F is increasing on (e~2, =) and that ¥ (r)=r?,
O0<r<1. We start with the case (g, =).

We recall that the region D is of the form {re®:|0]<6*(r)/2}. This means
that the ““annuli” in Fig. 1 are not necessarily bounded by circular arcs centered at
the origin. To pick out those annuli which make D multiply connected, we introduce
the set {r=0:0(r)>n}=[JI;, where the open intervals {I} are disjoint. Let {/;}
be those intervals in {I;} which are such that In{r: 0*(r)=}=0. If I;=(a;, b)),
we have 0(a;)=0(b))=n for all indices j. Using the mapping w=log z, we map
D, onto

9 = {w=u+iv: [v]<0(e*)/2}.

Let a;=loga; and B;=logb;. We recall that D, is the region D cut along the
negative real axis. In Fig. 2, we have sketched the graphs of »=160(¢*)/2 in such
an interval («, f)=(log a,log b) which is the image of the interval (q, b) in Fig. 1
(there is of course much more fine structure in Fig. 2): (a, b) is one of the intervals
in {I;}. The next step is to find an estimate of the harmonic measure F of 09n
{w=u+iv: a<u<p, [v|=r} in 2. In Fig. 2 the boundary values of F in (a, ) are
given. Let f(z)=F(log z) be the associated harmonic measure in the z-plane. To
prove the estimate in Lemma 3.2, we need a preliminary result.

Lemma 3.1. Let I(a,b)=[>0()~'dt/t and let (a,b) be one of the intervals in
{1;} with a=e™2. Then

G.1) I(a, b) = (n¥(e~)) .
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P

Figure 2

Proof. Since 0(f)==n in [a, b}, it follows from (1.1) that
7 (a) log (bja) = j: P (1) 0() dift =,

I(a, b) = n~tlog (b/a) = (=¥ (a)) 2.
The lemma is proved.

Lemma 3.2. Let 5= [>W(2) 0 (dt/t. If s=n*¥(a), there is an absolute cons-
tant C, such that
3.2 max F(uxin/2) = Cyexp(—n3¥ (a)(26) 7).

Remark. This is an estimate of F on the dotted lines in Fig. 2.
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Proof. Since 9 is symmetric with respect to the real axis, it is sufficient to consider
the case v==nr/2. If y(v)=|{u: u+ive D, a<u<ﬁ}|, we have

n?f4 = f:/zy(v) dvfj:lzy(v)‘ldv =(Q¥%@@) 5/:/2))(7))“1 dv,
f;zy(v)‘ldv = 2% (a)(26)~L

According to the Ahlfors distortion theorem, (3.2) is true provided that 72 (a) =6
(cf. p. 78 in [1]; also cf. §2.20 in [9]).

Returning to the z-plane, we have proved that if f;* is the harmonic measure of
ODyn{z=—r: a;<r<b;} in D,, we have

(3.3) max {f}k(reit): aj =r= b_]’ |t| = 7'5/2} = C]_ eXp(--‘I’J/aJ),

where 5j=fij’(t)9(t) dift, ¥;=7n*¥(a;)/2 and §,=7m2¥(a,).

Let ¢,(W)=max (2C,, 2C; exp {(n¥(e~?)'}), where C, is the absolute cons-
tant in (3.7) below produced by the Ahlfors distortion theorem and the absolute
constant C; in (3.2).

This means that we have got an estimate of the harmonic measure f;* near the
real axis in the interval (a;, b;). Once more applying the Ahlfors distorsion theorem
in the simply connected domain Dy, we can deduce an estimate of f;* on the whole
real axis (cf. (3.7) below). ;

To describe the main idea in remaining part of the proof, we let w, be as in
Section 2 and let i} be the harmonic measure of Dy {|z|=R} with respect to Dg.
Since D is circularly symmetric, max, wg(re’) is assumed on the positive real axis
and is increasing as a function of r (cf. Theorem 7 in Baernstein [2]). It follows that

or(z) = hi(z)—l_Zj wr(bj) fi(2), z€Dg.

If we could prove that 3, f*(r)=1/2, say, when r<R, then we would also be able
to control wg(r) on the real axis. Unfortunately, this argument is too simple: we can
only prove that 3 f;*(r)=1/2 if we restrict ourselves to summing over “small” inter-
vals (g;, b;) in a sense to be made precise below. Also, we have to replace fi and
h% by new harmonic measures f; and h. The modified argument is as follows. ,

We shall divide the intervals in {Z;} with a;=e™? into two classes: big and small
intervals. Since 3" 8;=n (cf. (1.1)), it is easy to see that there exists a constant
co=co(¥) such that

3.9 2'exp(—¥(eHn2(25)7Y) = oy (P) 7L,

where >’ means that we sum over all indices j with §;=c,(¥).
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Let us say that those intervals in {7;} are big for which we have either

(3.5) 0; > n2¥(ay),
or
(3.6) ;= co(¥).

Intervals such that neither one of these alternatives hold are small. It follows from
(1.1) that there are at most (7% (e~%))~'+nc,™* big intervals in [e~2, ).

Let us for a moment consider a block of small intervals {/;};¢; which are situated
between two intervals (¢, b’) and (a, b) in {I;}, b’<a. Let o be the harmonic measure
of Dn{lzl=a} with respect to Du{|z|<b’} and let h be the harmonic measure
of Dyn{jz|=a} with respect to Dyu{|z|]<b}. Let f; be the harmonic measure of
[—b;, —a;] with respect to Dyu{lz]<b’}. It is clear that (3.3) holds with f*
replaced by f;. Once more using the distortion theorem, we find that there is an
absolute constant C, such that

3.7 fi() =g;() = Coexp(—¥,/5;,—nlI(r,a)l), V' =r=a, jeJ.

For r>a;, we have used the estimate in Lemma 3.1.

Again referring to Theorem 7 in Baernstein [2] (cf. the preliminary discussion
above), we know that max, w(re%) is assumed on the positive real axis and is increas-
ing as a function of r. It follows that

(3.9 o(2) = h(@)+3;c,00)fi(2), zéDU{z| < b’}

We define
Q) =h(M+23,hb) g (), b'=r=a,
and claim that

(3.9 QM zo(), V=r=a.
To prove (3.9), we first use (3.4) and (3.7) to deduce that
(3.10) Siergi (D= Cy S exp(—¥,/8,) = 1/2.
Assume that we can prove that
(3.11) QN —-2;es2b)g;(N=h(), b=r<a.
If (3.11) holds, it follows from (3.8) that
(@) -2M)* = Z;es(wb)—20))* g,(), b=r<a,

which will imply (3.9) since we have (3.10).
A computation shows that (3.11) will be true if for all indices k€J, we shall
have

g =22 ,ab)g@), b=r<a,
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which is equivalent to
(3.12) 1=2C, 3 esexp(n| [ ()~ difi] - w15,

-z|f ,, 0y djf| x| [ :'f 0~ di).

Since

[[ 0w ay] =| f:”o(t)—l dj +| f;"@(t)‘l i),
the sum of the integrals in each exponent is at most (cf. Lemma 3.1)
n{l fffe(t)—l dt/z] -| / :fa(t)—l dt/t]} =xf :fe(t)—l dift = (¥ (e~?) L.

From (3.4), it follows that
1= ¢, (P) Sjexp(— ¥,/6;) = 2C, exp {(nq’(e_z))_l} 2 jerexp{~¥,/0;}.

This inequality implies that (3.12) holds. Consequently, (3.11) and thus also (3.9)
are true.
Combining the estimate of } given by (2.2) and the definition of g;, we deduce
that
h(b;)g;(r) = 32 Cyexp {nl(a;, b)) —¥,;/6;—nl(r, a)}.
Once more using (3.4) and Lemma 3.1, we find our final estimate
(3.13) o) = Q@) =6dexp(—nl(r,a)), b'=r<a.

Let us now discuss how we can combine these estimates for blocks of small
intervals and obtain an estimate of the harmonic measure wg in D. Let {(4,, B}
be the big intervals in (e~2, <), where {4,}) is an increasing sequence. We know that
N=N(¥). If R=B,.,, it follows from (3.13) and Lemma 3.1 that

Ox(B,) = wg(Bysy) 64 xp (~7I(B,, Ayi1))
= () 0p(B,+)) exp (—7I(B,, B,41),
and consequently that there is an absolute constant C such that if g=e™2,
(3.19) wg(q) = Ce(PY¥*P exp(—nI(q, R)), R=gq.

This finishes the proof of Lemma 1.

The conclusion of Lemma 2 is trivial if Dn{]z|<e~2} is simply connected: we
take D,=:D and combine the Ahlfors distortion theorem with (3.14).

We recall that D was assumed to be of the form {re’: [0]<0*(r)}. The main
idea of the proof of Lemma 2 when Dn{|z|<e™2} is not simply connected is to
replace Dn{|z]<gq} by its Steiner symmetrization (Dn{lzl<g})f’={z=x+iy: |yl<
L(x)/2}, where L(x)=|{y: x+iyeDn{lzl<g}|. It is well-known that this opera-
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tion increases harmonic measure on the real axis. The new domain is simply connected
and we can handle it.

There is a discrepancy due to the fact that we compare harmonic measure for
circular arcs to harmonic measure for segments contained in lines orthogonal to the
real axis. The point of the next lemma is to define ¢ in such a way that the discrepancy
will be small.

Lemma 3.3. Assume that (2.4) holds. Then there exists a point ¢’ €[e™2, e~1/?]
such that
(3.15) {re®: |log(r/g) < 0(g) =1/8, 10| < 0(q")/3}c D.

We shall choose g=g¢’ exp (6(q’)). It is easy to check that g=1.

Proof of Lemma 3.3. We first find ¢, such that my=0(t,)=min 0(f), €
[e=32, e~1]. If (3.15) holds with ¢’=t,, there is nothing more to prove. If this is
not the case, there exists #, with |log (#,/t,)|=m, and 0(t;)=m,=2my/3. Then we
can either choose ¢'=#, or there exists #, with [log (t;/t)I=m; and 0(t,)=m,=
2my/3. Inductively, we construct sequences {t,} and {m,} such that

flog t,11/t) =m, and 0(t,,) = m,s =2m,f3, n=0,1,....

If there is a first index N such that (3.15) holds with ¢’=#,,, the lemma is proved.
If no such index exists, it is easy to see that lim, _ #,=T which is such that
[log (T/t,)|=3m, and O(T)=lim,_ ., 6(t,)=0 (we recall that 6(-) is continuous!).
But this is impossible since D is connected. Thus, there exists a first index N and the

lemma is proved.
If 6(q")=m, we define

Dy =(Dn{lzl < g'Y)U{re®: ¢’ =r < q, 18] < m/3}.

We first note that there is an absolute constant C=0 such that
(3.16) w,(q’e®, D) = C, |0] = m/4.
To see this, let ¥ be harmonic in {re’: |log (r/q)|<m, |8|<m/3} with boundary
values 1 on r=q and 0 on the rest of the boundary. We have constructed ¢’ in such
a way that this (logarithmic) rectangle is contained in D,. From the maximum prin-
ciple, we see that w,(-, D)=V in the rectangle and (3.16) follows.

We claim that
G317 ®,(0, D) = 2Cw,(0, Dy).

The proof is short: if u(0, d0) is the harmonic measure of Dn{|z|<q’} on
lz|=q’, we have

0,0.0)=f, (0, d6)

=2C w,(q’€?, Dy) u(0, df) = 2Cw,(0, Dy).

8] <mfa

2wq(q’ei", Dyu(0,do) =2

{oj<m
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If r<g<R, we have wg(r, D)=w,(r, D)wg(g, D) and it follows from (3.17)
that

(3.18) 0x(0, D) = 0,(0, D) wg(g, D) = 2Cag(g, D) 0,0, Dy).

Hence, it is sufficient to estimate @,(0, D,).

We define D, as the Steiner symmetrization of D,. The symmetrization does not
change anything near ¢’: since we know that 0,(r)=2m/3 for ¢'=r<gq and
0.(r)=2m/3 for g'e~™<r<q’ and that cos(m/3)=e~™ (cf. (24) and (3.15)),
we have

Dyn{g” <zl < ¢} = Din{g’ < 2| < q}.
Steiner symmetrization preserves the measure of the set. Hence one more applica-
tion of (3.15) shows that

[Del = |Dy| = 1Dm{|zl = Q}l,

which is required in Lemma 2 (cf. (2.5)).

If ¢=gq cos (m/3), we define H to be harmonic in Dy,n{z=x+iy: x<g} with
boundary values 1 on x=¢ and 0 on the rest of the boundary. From Theorem 7 in
Baernstein [2], we see that

(3.19) w,(x,D;) = Hx), 0<x=g.

Remark. Baernstein’s theorem deals with circular symmetrization. It is easy to
see that the argument also works for Steiner symmetrization.

We know that D, is simply connected. Again applying the distortion theorem,
we obtain

(3.20) H(@) = 0,(r,Dy) = Cexp(—nly(r,0), de=r=o.

Since ¢>¢’, we have I,(¢, q)=I,(q’, 9)=3/2. Combining this fact with (3.19)
and (3.20), we find that

(x)q(O, Dl) = CeXp (—TCI2(d27 q)+3/2)3

where d, is the radius in the largest disk centered at the origin which is contained in
D,. If we define 0,(r)=0(r), r=q, our final estimate is given by (3.18) and says

that
wg(0,D) = C(¥) exp (—nI(dy, R)).

We have proved Lemma 2.
Remark. The reason for our special choice ¥(r)=r2, O<r<1, is that we have
to do a Steiner symmetrization near the origin: this operation does not change the

area of Dn{lzl<q’} which can also be written [ r@(r) dr. This means that we
can control condition (1.1).
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4. Proof of Corollary 4

It follows from (2.1) that
@.1 lim &(R)wx (0, D) = 0.

This is the basic fact needed in the proof. From our assumptions and from the
maximum principle, it is clear that

u(z) = M(R) wg(z,D), zEDn{z] < R}.

From (1.3), we see that there is a constant ¢ and a sequence {R;} tending to infinity
such that

4.2) u(z) = c®(R) wg(z, D), z€Dn{zl <R}, RE{R}.

From Harnack’s inequality, we deduce that if z€D is given, there is a number
C(z, d) such that

(4.3) wg(z, D) = C(z, D) wg (0, D).

Combining (4.2) and (4.3), letting R;—< and using (4.1), we find that u(z)=0.
The Corollary is proved.
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