Differentiability properties of Bessel potentials
and Besov functions

Britt-Marie Stocke

1. Introduction

A classical result in the theory of differentiability of functions is the theorem
of Rademacher. It states that it the function f: R*\R™ is Lipschitzian, then f is
differentiable at almost all points of R* with respect to Lebesgue measure. We will
study similar theorems for functions belonging to the Bessel potential spaces LZ(R")
and the Besov spaces AP1(R").

In this paper we always consider differentiability in the ordinary sense. The
main result is that if the function f€LP(R") (or AP4(R") and if f satisfies a con-
dition of Lipschitz type, then f is differentiable except on a set of appropriate capa-
city zero, v. Section 3, Theorem 2 and Corollary 1. If kp=n there exist e.g.
Bessel potentials f€ LP(R”) which are essentially unbounded in the neighbourhood
of every point. An additional condition is therefore necessary to assure ordinary
differentiability. Examples showing that our conditions and exceptional sets are
best possible in a certain sense are given in Section 6. If (k—1)p=>n it is well known
that if feLZ(R") or fEAZYR"), then f has continuous derivatives. Therefore
the investigation is restricted to the case (k—1)p=n. Ordinary differentiability
of Bessel potentials except on sets that are small in capacity have been studied also
by Calder6n, Fabes and Rivi¢re [8] and by Sjédin [15]. Aronszajn, Mulla and
Szeptycki [5] have studied a special pointwise derivative of a function redefined
on an exceptional set. Bagby, Deignan, Meyers, Neugebauer and Ziemer have treated
derivatives in the sense of Calderdn and Zygmund, v. [6], [9], [12] and [13].

In this paper notation and basic definitions can be found in Section 2, together
with a survey of various forms of differentiability. The main results on differentiabi-
lity are stated in Section 3 and proved in Section 5. Section 4 contains a study of
the Besov capacities. In Section 6 we give examples showing that the exceptional
sets are essentially as small as possible with respect to the capacity. In Section 7
we discuss generalized Morrey spaces.



270 Britt-Marie Stocke

2. Notation and preliminaries

2.1. Notation and basic definitions

Let R n=1, denote the n-dimensional Euclidean space. Let LP(R"), | =p=co,
denote the usual Lebesgue space of measurable functions on R" and let |-,
denote the norm. The space of Bessel potentials LZ(R") is defined by

L (R") = {Gy* g[ge L* (R")}.

Here G denotes the Bessel kernel of order k>0, v. [15]. The norm in LZ(R")
is given by [Gsglly,,=lgll,. For O<k<eo, 1<p<eo, we define, for a compact
set ECR" the Bessel capacity

Bk,p(E) = inf ”f”llcj,p

where the infimum is taken over all functions f€Cy (R") such that f=1 on E.
Cy denotes the infinitely differentiable functions on R" with compact support.
The Bessel capacity has several equivalent definitions, v. [3] and [11]. A relation
which holds except on a set E, By ,(E)=0, is said to hold B, ,-almost everywhere
(B, pa.e.).

For 0<k<1 the Besov or Lipschitz space A’“(R") consists ot all functions
f for which the norm is finite, i.e.

" - q 1/q
1l g = nfu,,+{ I8 ”/(xJ|rz\?+"{(X)”p dt} _

For 1=k<2 the first difference is replaced by the second difference. For
k=1 the space AP''(R™) consists of those f for which

of

J

“f“k,p,q = ”f”p'f"zjr;l

- 0o,
k—-1,p,q

Here the derivatives are taken in the sense of distribution, v. [16], Chapter 5.
For O0<k<oo, l<p=<eoo, l<qg=-s, we define for a compact set KcR" the
Besov capacity
Ak,p,q(K) = inf ”f”)’lc’, pyq
where the infimum is taken over all f€Cy°(R") such that f=1 on K. The extension

to all sets is made by
Ay, p,o(E) = sup 4y, (K).
KCE

If the function W¢APY(R"), O<y<k, then f=G,_,+¥ is well defined, ie.
[ Gy =) dy <o
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ae.in R* and 4, , ,ae when p>1, v. Section 4. Corresponding results apply
to Bessel potentials. We restrict this investigation to the case p=1, as other methods
are required for p=1 and weaker results expected, cf. [5], Theorem 13.5.

2.2. Definitions of and relations between different kinds of differentiability

The following concepts of differentiability are to be used presently. A function
f is differentiable (or has an ordinary derivative) at a point x,€R”", if f is defined
in a neighbourhood of x, and there exists a linear function A=4, from R" to
R, such that

2.1) sup |f(xo+8) =1 (xg) — A(D)]
0<lt|=r |7]
tends to zero with r.
The following definitions are generalizations of the definition of differentiability
at a point:
A function f has a derivative at x, in the LP-sense, 1=p=oo, if there is
a polynomial P, of degree one such that

(r””f,ylér fGro+3)— Py )P dy)"” = o()

as r—0. This is equivalent to f belonging to the Calderén—Zygmund class 1}(x,),
which is the o1iginal concept from [7].

Let B(a,r)={x| [x—a|<r} denote the open ball and m(E) denote the n-
dimensional Lebesgue measure of a set E. A function f is approximately dif-
ferentiable at x, if we can write f(x,+y)=P (»)+ R, (y) where P, (y) is a poly-
nomial of degree one and if, for each £=0, the set E,={y]| leo(y)lzel y|} has
zero as a point of dispersion, i.e.

m(E,nB(0, r))/r" =0(1) as r—0.

It is obvious that ordinary differentiability at a point implies L?-differentiability
at that point.

2.3. Definitions of conditions of Lipschitz type
The conditions of Lipschitz type will be defined in this section. We begin
with the property used in Theorem 1.

Definition 1. Let x,¢R” and let f be defined in a neighbourhood of x,.
The function f has property (/) at x, it for every >0 there are a =0 and
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an 5, 0<n=eg, such that O<|x—x,]<d and |y—x|<njx—2x, imply

22 IfO) ()] = e|x—xq.

If a function f has property (/,) except on a set of capacity zero, then property
(1) is weaker than f having a uniform Lipschitz condition everywhere. On the
other hand, there exist functions satisfying a nonuniform Lipschitz condition, but
not being differentiable on a set of positive capacity, v. Section 6.

For the study of L2(R") and AP4(R") we define conditions corresponding
to () for f=Gy*g and f=G,_,* ¥, in terms of the functions g and V.

Definition 2, Let gcLP(R") and let f=G,*g be well defined everywhere in
a neighbourhood of x,¢R". The function f has property (I,) at x, if for every
£>0 there are a >0, and an 5, O<n=¢, such that

@3) | i GO (8 Gt 3) =g o' =) dy| = el

whenever O<|f|<d and |t—1'|<nlt.

Definition 3. Let P A»?(R") and let f=G,_,* ¥ be well defined everywhere
in a neighbourhood of x,€ R”. The function f has property (I;) at x, if for every
&¢=>0 there are a =0 and an 5, O<zn=¢, such that

@4 1S 1 Gy OV(F ot =) = F G- =) | = e

whenever 0<|t|<d and [t—1|<nlt.
If condition (2.3) in Definition 2 is replaced by the stronger one

@3) Sz Ge D g Got 1=1)—g G+t =) dy = &l

then f=G,xg has property (L) at x,. Property (I;) together with approximate
differentiability at x, ensures that f is well defined in a neighbourhood of x,.
This can be done in the same way for f=G,_,x¥.

3. Main results

The differentiability iesults are of the Rademacher—Stepanoff type. Theorem 1
provides a simple criterion of differentiability. It also serves as an explanation of
the role played by the conditions of Lipschitz type, defined in Section 2.3, and as
an illustiation of the method of proof of the following theorems. The technique was
used by Federer in [10], Lemma 3.1.5.
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Theorem 1. Let the function f be defined everywhere in a neighbourhood of
x€R" If

(1) f is approximately differentiable at x,,

(i) f has property (L) at x,
then f is differentiable at x,.

Theorem 1 is applied to Bessel potentials and Begov functions in the following.

Theorem 2. Let feLI(RY), k=1, (k—1)p=n, l <p=<oo. Let f=G,*g, gc L’(R".
For By_,,-ae x€ER" let f be well defined in a neighbourhood of x. Then, for
By_1,,-a.e. x€R", the following properties are equivalent.
(i) f has property () at x,
(ii) f has property (I,) at x,
(i) f is differentiable at x.

Theorem 3. Let fcAPIR"), k=1, (k—1)p=n, l<p<o and l<g=oco. Let
=G % ¥, PeEAPIR"), O=y<min (1, k—1). For Ay_;,,-ae xER" let
S be well defined in a neighbourhood of x. Then, for Ay_, ,.-a.e. xER", the
following properties are equivalent.

(i) f has property (I) at x,

(ii) f has property (I}) at x,

(iii) f is differentiable at x.

For kp=n, the Bessel potential is a continuous function and Theorem 2 has
the following corollary.

Corollary 1. Let fcLP(R", k=1, n<kp=n+p,l1<p<eo. Then [ is dif-
ferentiable at By_, ,-a.e. X.

The problem of showing differentiability 4,_, , ,-a.e. without an additional
condition on f remains open for kp=>n and pgq. In [1], Theorem 5.3, Adams
shows that Besov functions, f€ AP4(R"), l<kp<1+p, are differentiable a.e. with
respect to a related capacity. We summarize the results obtained for Besov capacity
and Hausdorff measuie.

Corollary 2. Let fc AP'R"), k=1, n<kp<n+p, l<p<oo, l<g=-co,

(@) If q=p then f is differentiable at A4,_, , ,-a.e. x.

(b) For every =0 there exists a set E such that f is differentiable for all
x€R" except on E, H,__1y,+.(E)=0.

The Bessel case kp=n has been studied by Sjodin in [15], Section 4, with con-
ditions similar to (/;) but of LP-type. The Bessel case kp=>n was treated by
Calderén, Fabes and Riviere in [8] with Hausdorfl measure as in Corollary 2(b).
We have generalized their result in Corollary 1.
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Remark 1. Let kp=n. If property (l;) in Theorem 2 is changed to (l;) then
f is well defined and this assumption on f unnecessary, v. [17], p. 10. It also applies
to the Besov case, v. [18], p. 16.

Remark 2. All results in Theorem 2 and 3 can be given pointwise instead of
a.e. with respect to capacity, cf. [17] and [18].

4. Properties of Besov capacities

4.1. For O<k<oo, l<p<o, and l<g=o we define the Besov capacity

for a compact set K as
Ak,p,q(K) = inf ”f”lf,p,q
where the infimum is taken over all f€Cy (R") suchthat f=1 on K. The extension

to all sets is made by

4.1 Ak,p,q(E) = sup 4y, ,,,(K)
KcCE

where K is compact. An outer extension of 4, , , is defined as

A p.q(E) = inf 4y ,.,(G)
where G is an open set. We now give a different definition of Besov capacity,

A':,p,q(K) = inf”f”l?,p,q

where the infimum is taken over all f¢AP? such that f=1, 4y, -ae. on K
These capacities are equivalent. This follows from Proposition 5.3 in [1], which
we state here.

Proposition A. For all compact sets KCR”
Ay, p,a(K) ~ Az, 5o (K).

For O<y<k we define for a set E a third form of capacity
Af, p,o(E) = inf [ ¥]7 5,

where the infimum is taken over all nonnegative ¥ such that G,_,* %=1 on E.
We are going to use 4] , . in much the same way as is done in [13].

It is easy to verify that A, ,,, 4; ,, and A] ,  aie capacities, as defined
by Meyers in [11], p. 257, with the exception that they are only quasisubadditive.
If the sets E; and E, belong to a g-additive class of sets which contain the compact

sets then
4.2) ALy, o (EyUEy) = const« (A}, ((E)+ AL 5, o (Eo).
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This is easy to show, using the method in [11]. Now let 4; ,  be extended to all
sets as in (4.1). Then these two capacities have the following relation with regard
to null sets, cf. [13], Lemma 3 and 5.

Lemma 1. Let E be a set in R". If there exists a constant y, O<y<k, such
that Al  (E)=0 then A, , (E)=0.

k,p.q k.p.q
Lemma 2. Let fcAPY(R") and let f=G,_,x¥ where PcAPR"),0<y=<
min (1, k). Then G,_,*¥ is well defined, i.e.

S Geey E=NP () dy <o

Jor all x except on a set E with A, (E)=0.

k p,q
Proof of Lemma 1. Let e>0. If 4]  (E)=0 then there exists a function
g=0,g64>%, where G,_,xg=1 on E and |gl, , <& Now Gy, *gl p,<
const -&. Hence 4, , (K)~<const-¢ for every compact set KCE and 4; , (E)=0.

k.p.q
Proof of Lemma 2. Let E={x|(G{_,*|¥P|)(x)=c}. Now
“4.3) Al p,o(B) = AL, {x(Gi—y ¥ | ¥ (x) = a}

7| 1 _1
= A G ) 0 = 1} = 11910 = 2191,
which tends to zero when a€R! goes to infinity. The result follows from Lemma 1.

To construct a function f€ A»? which is essentially unbounded in the neigh-
bourhood of every point, v. Section 6.5, we need a function ¢=0, @€ AR? such
that (Gy_,* ¥)(0)=<. Take a sequence of test functions {¢;} for 4}  (E),
where 4] __(E)=0, such that

ki pig
”q)i”.y,p,q = 2—i

v. (4.3). Now set o=37 ¢;. If A}  (E)=0 then there exists ¢€A>% ¢=0,
such that (G,_,*@)(x)=< on E.
In [13], the following variant of Besov capacity is defined for a compact set
EcR" as '
ByA(E) = infligl,, p,q

where the infimum is taken over all nonnegative g such that G,_,xg=1 on E.
As the difference between the 4] , -and the BP“-capacity is only a power of p,

4.9 BPA(E) =0 is equivalent to 4} , (E)=0.

4.2. In this section we are going to work out the relations we need between
Hausdorff’ measure and Besov capacity. This has been done for Bessel capacity
in [11], Section 8.
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Lemma 3. If 1<p<oo, l<q=-oo, and kp=<:n, then there exists a finite positive
constant ¢, independent of v, such that

@5 - Ay, p,a(B(O, #)) = cr"*»
for O0<r=1.

Proof of Lemma 3. Let f be a test function for A, ,,(B(0,1)). Then we
have f(x)=1 on B(0,1). This means that f(x/r)=1 on B(0,r). Put h(x)=
f(x/r) and observe that for 0<k-=2

e AL 7 1/g
uhu,k,p,qznhnﬁ( I 1|h(x+z)+ilzt(|ic+kqt) 20 (x)]8 d,) _

By change of variables, we have

iy = [ |7 (Z)] ax = [ oo an = misig

and

(f n 1R (e 8)+h(x—1)—2h (X)) dt)”"l

|z|"+k‘1
4 alp dt rla
dx |t|"+’“1

-l ) o))
N [fn [fR f(y'*'%]"‘f(y—';‘]—Zf(y)p - dy)“”’ Wgﬁ]wq
R (f ] VfG+D+F(r—D—2A DS dt),,,q‘

]t|n+k11

Hence h(x)=1 on B(0,r),0<r<1, and since

IRIIZ p,q = conster"~*|| fllx 5,

it follows that
Ak’p,q(B(O’ r)) = const - rn—kpAk,p,q(B(O, 1))

The desired result follows. For k=2 the noim is defined as

G, G256

14
which gives the same result.
The classical Hausdorff measure is defined as follows: Let h(r) be a positive,

increasing function in some interval O<r<r, and let lim, ,h(r)=0. If E is an
arbitrary set, then the Hausdorff measure with respect to h of E is given by

Hy(E) = lim {inf 37, h(r)}

k—1,p,q
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where the above infimum is taken over all countable coverings of E by spheres
B(x;, 1), ;=R. We note that H, is a capacity, v. [11]. We do not know if the
capacity 4, ,, is countably subadditive, but from Proposition 5.1 in [1], countable
quasisubadditivity for p=gq is easily deduced. Then using Lemma 3 we find that

Ay, . ,(E) = const H,(E)

if ECR" and h(r)=r""*, The following lemma shows the connection between
Hausdorff measure and capacity, cf. [1], Proposition 5.4.

Lemma 4. Let kp<n.

) If H,(E)=0,h(r)=r""*, then 4, ,,(E)=0 when p=q.
(i) If A, , (E)=0 then H,(E)=0, h(r)=r""""** where &>0.

Proof of Lemma 4 (i). As AP¢R"HcCL?_ .., (R") for &=0, v. [19], p. 478,
we have

(4.6) By o12p, o(K) = Ay, 4(K)

for all compact sets K. Hence Bj_.;, ,(E£)=0. From [11], Theorem 22, p. 290,
we deduce that H,(E)=0, h(r)=r"—(*—¢/2D0P+e/2—pn—kp+¢ and the lemma follows.

5. Proofs of the theorems

5.1. Proof of Theorem 1

Let x, be a point where f has property (I;) and f is approximately differen-
tiable. Let O=<g<1/2. Then from condition (/;) we have a §,>0 and an 7,
O<n=e, such that |x—xy|<d; and |y—x|<nlx—x,| imply

) =) = elx—x,.

W= IO —f(xo) = A —x0)| = ey —xql}-
There is a 8,>0 such that

Let

K Cconklt)

2
whenever O<r<d,. Let d=min (§,,d,) and take x€B(x,, d—nd) and

_ 1x—x| —s.

r 1_’1
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Observe that B [x, %]CB(XO, ry as |x—ox +%<r and that B (x, %]mW# 0.

Now we can choose y€B [x, —712—r]mW and we infer xEB[y, %]CB(y,nlx—-xol)

= hr X — |

p=xi =5 = B < el = eleoa).

Then
/) —=f(x0) — A(x—x0)] = [ (1) = (%) — A (y — X))

+ SO+ A — )] = ely—Xo| +2lx—xol
—i—clx—y] = 2e]x— x| + (e + 0)e|x — x|

which shows that f is differentiable at x,.

5.2. Lemmas for the proofs of Theorem 2 and 3

The notion of approximate differentiability is essential as a technical aid when
we prove differentiability. The following lemmas contain a combination of results by
Bagby, Ziemer and Neugebauer.

Lemma 5. (a) Let gcLP(R"), l<p<oce and k=1. If (Ggp*|g])(xe)=<eoo,
p=k—1,k andif
1

rn_(k_l)P

f} o lg(x)Pdx -0 as r—>0

then f=G,xg has a derivative at x, in the LP-sense.

(b) If the function f has a derivative at x, in the LP-sense, p=1, then f is
approximately differentiable at x,.

The corresponding “quasi everywhere” result is stated in Lemma 6.

Lemma 6. If fCLI(R") (or APYR"), 1<p<oo,l<q=oco, k=1, then f is
approximately differentiable By_; ,-a.e. (or Ay_, , ,-a.€).

Lemma 5 (a) follows from the remark on p. 198 in[7], v. also [6], p. 133. Lemma
5 (b) is Lemma 4.4 in [6], p. 140.

Proof of Lemma 6. If fcAPYR", then fcfi(x) except on E, B4(E)=0.
This is shown in the proof of Theorem 3, p. 301 in [13] V. also [18]. By (4.4) the
corresponding capacity A} , (E)=0. Then by Lemma 1 and Proposition A,

Ay, (E)=0. If fErf(x), p=1, then f is approximately differentiable at x. This
is Lemma 4.4, p. 140 in [6] and Lemma 6 is proved.



Differentiability properties of Bessel potentials and Besov functions 279

To prove differentiability “quasi everywhere”, we use the following well-known
lemma. For k=0 it can be found in [16], Ch. 1 and for other values of &k in [6],
p. 134.

Lemma 7. Let feLP(R"), p=1 and O=kp-<n, then there exists a set ECR"
with H,(E)=B, ,(E)=0 where h(r)=r""*, having the following property:
) If k=0,
. 1 "
hm————fB(xo’r) fGPPdx =0 forall x,£R™E.

r>0 pikp

(i) If k=0,

1 \
11551 -r_"jB(xo,r) [fO)—fCxPdx =0 for all  xcR™NE.

5.3. Proof of Theorem 3

5.3.1. We choose to prove Theorem 3, as the proof of Theotem 2 is similar,
but less interesting. Let f€ API(R™, k=1, (k—1)p=n, l<p=<o and l=g=es.
Let f=G,_,%¥, P€A29(R") where O<y<min (1, k—1). Lemma 2, Section 4.1,
shows that (Gy—,_p*|¥|)(xp)<e> for p=0,1 -except on a set E where
A1, p.,(E)=0. Then from Proposition A we get 4,_; , ,(E)=0. Using Lemma 6
in Section 5.2, we can also choose E such that f is approximately differentiable
at every point in CE.

5.3.2. From Theorem 1 and Lemma 6 it follows that (i) implies (iii). In this
section we are going to prove that (i) implies (iii). Consider the set E in Section
5.3.1. We take an x,€CE, fixed but arbitrary, such that f is well defined in a
neighbourhood of x, and

(5.1) (Gomyop [¥D(x) <o for B=0,1,
(5.2) f is approximately differentiable at x,,
(5.3) f has property (I;) at x,.

The method of pioof is basically the same as in Theorem 1. Choose ¢, 0<e<1/2
arbitrarily. From (I;) we have a ;>0 and an 5, O<#=e, such that |¢|<&;
and |f—1|<nlt| imply

|f|yl<|t1/2 Gy NP o+ 1= ) — ¥ (%o + 1 —3)) dy| = et].
Let

E, = {xo+ || [+ 1) —fx)—A@) = el’] and (G, * [P (xo+1) <o}
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As in the proof of Theorem 1 we choose ¢ such that x,+1€B(x,+¢, nlt)NE,,
v. [18].
To show that f is differentiable at x, we have to show that

(54 ]| 71 f(xo+ ) —f (%o + 1)

tends to zero as |f| tends to zero. By assumption, we have absolute convergence
of the integrals in (5.4). Decomposition of the integrals gives

(5.5) [ oot D—f(o+1)] = [t] 72 Gy % VY (Grp+ D = (Gi—y ¥ ¥) (X0 +1)]
= 17 oy ¥ 0t 2 (Gamy (=2) = Giey (= 1)
7S gy F G0t 9 (Gemy (= 3) = Gomy (=) dy| = L .
First we consider I,, cf. [2], p. 878. We get

L=l [ 1P Got ] Gemy (=)= Gamy (U =) dy

y|=>2l¢]

0 ,

s [y |Gt Sy 16—t sup

0<@;<1

1
= — —ely]
= sclf21t1<!yl<1 ¥ (xo+ »)| =D dy—l—scg‘/']yIél |¥ (xo+ y)le™ dy

observing that |¢,—#;|=|t—t|=e¢|t|] where /=1, ...,n. Each term tends to zero
when & tends to zero as the integrals are convergent.
The integral I; remains to be consideted. Change of variables gives

— -1 —_ — /
L= f oy PGt t=0Gey, 0y [, ¥ ot = )Gy () d|
=117 f, e (PGt =) =P Gio £ = 1) Gy (0) |
-1 _
+ 4 f[t“zé]y[g[tI ¥ (xo+1—y[ G-y (V) dy
+ltl_1fltl/2§l1*!§7[tllz ¥ (xo+ 2 =N Gioy () dy = In+ hia+ s

Well known properties of the Bessel kernel (v. [16], p. 132) and a change of variables
give the estimate

= -1 _ —n+k—y
he=alt™ [ [P Gt t= )l k7 dy

|t| —n+k—y
= -1 —[{LE
= ot flthélylgm ¥ (xo+7 y)l[ > ] dy

= _ —ntk—
= [y | G dy.
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As (Gyoy-1#|¥|)(xo) is convergent, I;; tends to zero with [¢|. The integral I5
is estimated in the same way. As f has property (/;), I, tends to zero when ||
tends to zero. This completes the proof of the fact that (ii) implies (iii).

5.3.3. In this section we prove that (iii) implies (ii) in Theorem 2, i.e. differen-
tiability of f=G,_,*¥ at x, implies that f has property (I;) at x,. That (iii)
implies (i) follows in the same way. Choose &¢=>0 arbitrarily.

There exist a linear function A and to the ¢>0 a 6=0 so that [x—x,|<¢
implies

1) = (%) = A (x—Xo)| = &]x—xql.

Now take ¢ such that |f|<d&(1+e)~*<d and then ¢ such that [t—¢|<nlt,
where # is chosen such that O<n=¢. We find that

7] = @+Dlt] =+ <d.
Consider
|Lyléltl/2 Gk_y(y)(T(xo+t—y)—'P(xo—t’——y))dyl
= l./Rn Gk-v(y)ly(xo‘l‘t_J’)dJ’“fRn G-, () ¥ (xe— ) dy—Axo(t)l
t= [ Gy VP ot 0 =) dy+ [ Gy () (xo— ) dy + A, (1)
S Gomr DV F ot £ ) dy+ 45, )

o Gy OV Gt =) dy— 4, (€)

= glt|+e||+celt] = eyt

The estimate

|‘[]y]>lt[[2 Gk—y(y)ql(xO—f-t—y)dy._f

[¥[=>[]/2

Gy ()P (o +7 —y)dy| = celt]

follows from Section 5.3.2 in the proof of Theorem 3. This completes the proof of
the theorem.

5.4. Proof of Corollary 1

We consider the Bessel potentials f=G,xg, gc¢ L’ (R"), kp>n and l<p<co.
Then G,L”,1/p+1/p’=1, so that G,x|g| are finite continuous functions, v. [2],
p. 879. Now we can use the method of the proof of Theorem 3, v. Section 5.3.2.
Only the integral corresponding to Ij; needs to be considered. This is the “bad”
part of

(5.4 7 f o+ D —f 0o+ 1) = [t 7H(Ge* @) (Xo+ D) — (Gy % g) (X0 + 7).
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Estimating the integrals above as in Section 5.3.2, the only remaining part is I, i.e.
1 oa ,
472 e (Gt t=2) =8 (rot 7 = ) Gu(2) |
S e BGH DG Ay [ e Gt =) Gu(v) .
The last two terms are treated in the same way. Using Holder’s inequality we get
1 _
47 f s |8 ot 1= 2 Ge(9) dy
= -1 t— D 1/p (—n+kyp’ 1/p
([ e 8GR ) ([ dy)

= c[itl—n+(k——1)pf

Is]=2le]

Iyl=ltl/2

g (xo+ )PP ds}H?,

which tends to zero when {f| tends to zero, v. Lemma 5. The case k=n can be
taken care of as in [17], p. 15.

5.5. Proof of Corollary 2

For the case kp>n we consider the Besov function f=G,_,x ¥, € AP4(R").
Then WeLZ, y=B (v. [19], p. 441), and hence by Sobolev’s theorem (v. [4], p. 97)

Y

wep, L_1 B _1_
r P n p n
When (k—y)r>n we have G,_,L", 1/r+1/r'=1. These two inequalities involving
n
k—y n—yp
a finite, continuous function, cf. {2], p. 879.
Part (a) is proved for n=>1 as in [1], Theorem 5.3 for n=1. Part (b) is p.oved
as Corollary 1 using Y€APR")c LF(R"). For an x, where (Gp—, g% ¥ D(xg) < oo,
B=0,1 and where f is approximately differentiable we prove differentiability as in
Section 5.3.2. For the “bad” part of the integral we estimate

itl—lflyléitllz ¥ o+ 1= )| Gy (V) dy

. Suchan r exists when kp>n. We see that G,_,x¥ is

r give

= c[]t}‘”“"—l*m’f

|s{=2fe]

P (xo+ )7 ).

This tends to zero with |[¢f] according to Lemma 7 except on a set E,
H,_4-1-yp(E)=0. Here y can be chosen as small as we wish. The assumptions
on f are valid 4,_, ,,-ae., hence H,_4_iy,s,-a.c. This completes the proof
of the corollary.
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6. Examples and counterexamples

Examples showing that our conditions and exceptional sets are essentially as
good as possible are presented in this section. The examples are stated in the Besov
case. The Bessel case is almost identical cf. [17].

6.1.1. The first example shows that if fcLZ(R") or fecAPFI(R"), kp=n, the
Rademacher—Stepanoff Theorem cannot be generalized to yield differentiability
Bi_1,ae. or Ai_;,.-ac. We construct a function fEAPI(R") satisfying
a uniform Lipschitz condition on a generalized Cantor set E of positive capacity.
The function is not differentiable at any point of E.

6.1.2. We start with the constiuction of the set E. Given k=>1,p>1 and
(k—1)p=n, we use the method in [2], p. 899, to construct the set E with B, _; ,(E)=0
and A, , ,(E)>0, where g=p, v. [l], p. 64.

Let Ey=[0,1] and for w<(k—1)p<n let lj=1,1;-2l;,,>0 and

., B
L=2""w, j=01,2,...
Given E;, E;., is formed by removing from the center of each intervall E; an
open intervall 7; of length
rj = lj_21j+1'
We arrive at a set E=(_,E} where E} is the Cantor product of n copies of Ej.
Denote each of the 2™ “cubes” I7 by R;; and the center of R;; by Xx;;.

6.1.3. To construct a function which is non-differentiable on the set E we use
an example by Sjodin. Choose functions f;; in Cg(R)CLE(R")NAP4(R") such
that O0=f;;=r; with the maximum value
6.1) fij(xij) =T;

and the properties

—ifpy Pntp)
(62) ”f::j”k,p,q = 02 J( ’ o +1]
6.3) supp f;; © B(x;;, r;/4).

To get these conditions, take {x;;} as the set K in the definition of the capacity
Ay, p 4 in Section 41. As 4, , ,({x;)=0, kp=n, the norm |[f; is at
our disposal, cf. [18].

Define f=37 3" f;. Then feAP?, as (6.2) yields

(64) ”f”k,p,q = ;f_—o iz;ljl I!ﬁj]lk,p,q = ;o 2—j = 0.

When xCE we have f(x)=0. When x¢E at most one function f;;(x)=0. Take
Xxo€E arbitratily and let ¢=0. Then for some 7,

(6.5 [fCxo+0)—f(xp)] = |fii o+ D) = r; = 41

“k,p,q
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as [t|=r;/4 when f;; differs from zero. Hence f satisfies a Lipschitz condition
on E.

6.1.4. We prove that f is not differentiable on E. Take x,€E arbitrarily
and take a subsequence of {x;}; ;, defined in Section 6.1.2, converging to X,.
For every chosen x;; we choose the next from x;,;;, ..., X;4q enc+n, such
that the distance to x, is as small as possible. Hence

LfOx:) —f(xo) _ Gl LY (1_2_7:07)_1: =0.

15:5 — |  x—xl T ]/Elj Vn

We have used (6.1) and |x;;—x|=Vnl; where (1—2"#=w)/{n>0 as w<n. This
proves that the differential of f cannot be zero. On the other hand the L? derivative
is zero for each x,€E. To show this, take r such that 2-M=r=2-M+! and
observe that in B(x,, r), x,CE, there are only functions f;;70 in cubes R;; with
side length r;=2"M+% Hence

j= n—;—w(M—2-2log A—277)) = M,

and we see that My—~< as M. We have
r_n_pr(xo,r) ]f(x)}” dx = 2;;0 Z"'r_”_ps/‘B(xo’r) If” (x)]” dx

= ZJZMo i+ M(n+p) 1f;18 = cZ’;MO 2-i

using (6.2). This tends to zero as M—os, ie. r—0. If f were differentiable on E,
then the L? and the ordinary derivative would be equal. Since they are not, f is
nowhere differentiable on E. ‘

6.2. The second example is a function f€APIR"), n=kp, g=max (p, 2),
which is nondifferentiable on a set E where 4,_; , (E)=0 and 4,_,., , (E)=0.
On the set E f satisfies a uniform Lipschitz condition. In R™\E f is differentiable
and has property (/) at points where f=G,_, % ¥ is well defined in a neighbourhood.
The construction of the set is made as in Section 6.1.2, with w=(k—1)p, v. [18],
Section 5.1. Then H,(E)<-e where h(r)=r""*=Y? (k—1)p<n, and B,_, ,(E)=0,
v. [11], p. 288, Theorem 21. From (3.4) and Lemma 4 in [13], p. 297, it follows
that A} , , ,(E)=0 at least for g=max (p, 2). Proposition A in Section 3 gives
Ai—1,5,4(E)=0. For the generalized Cantor set E it follows from Theorem 5.1
in [2], p. 899, that By 1., ,(E)=>0. Then supgcp Ai-1+4,,,K)=0 and thus
Ai—11e,9,4(E)>0. |

The function f is constructed as in Section 6.1.3 and has the same properties.
It is easy to see that f has property (/;) where f=G,_,* ¥ is well defined.
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6.3. The third example is a function feAP9(R™ which is differentiable, but
which does not, for any 8>0, satisfy a condition like

I Gro+ ) —f(x)— 4 (D] = O (1 *+%)
on a set of positive 4,_, , ,-capacity. The constiuction is the same as in 6.1,

except that the maximum values of f=3"7 | 2" f,. ate

12
fij(xij) =7T; (ln'r—j) = 0("j)
as r;—0, v. [18], p. 28.

6.4. The fourth example is a function @€ A»4(R"), (k—1)p~<n, which is non-
differentiable on a set E where Ay_y,(E)=0 and A4, ,,,, (E)>0,¢>0,
v. [18], p. 29. Note that the construction of the set £ in our first example is possible
for (k—1)p=<n, i.e. also for kp=>n. Here I; is defined by

In=G&=Dp [ln 717] =2"", s=>p.
We have to modify our earlier construction of the function ¢ as 4, , ,({x;})=0
for kp=n, v. [11], Theorem 20. Choose ¢;;=0 for |x—x;|>r;/4. Take ¢, €Cy
and @;;(x;;))=r;. The derivatives are bounded, say |D'¢p,(x)|=8 and

t
1Dy e+ )—Dlgyy () = 812

Now for ¢(x) =Zf=02§1% ;(x) we can prove non-differentiability on E and that

@€ API(R"), v. [18], p. 29.

6.5. Let l1<p,g<oo, O<kp=n. There is a function f€A4(R") which is
essentially unbounded in the neighbourhood of every point and then f is non-
differentiable everywhere. Choose @€ A9% ¢=0, such that (G,_,*@)(0)=-o,
O<y<min (1, k—1), cf. Section 4.1. Put ¥Y(y)=37,27'¢(y—a) where {a}
is a dense set in R” and put f=G,_,x ¥, cf. [16], p. 159.

7. A remark about differentiability conditions
in terms of generalized Morrey spaces

Consider g€L?(R") and f=G,xgcL?(R"), k>1. Let g€E*?(R"), a gene-
ralized Morrey space, see [14] for the definition.

Convolution of a function g€E*?, —njp=a<1,a=1-k and kp=n, with
the Bessel kernel G;, gives that the resulting function G, xg is differentiable (k—1, p)-
a.e. This is proved by showing that for g€ E*~%? G, g has property (), v. [17],
p. 28. Hence G, * g is differentiable for every x, where (G, * [g])(x))<<, f=k—1, k,
v. [17].
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