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SOLUTIONS WITH SHOCKS IN SEVERAL VARIABLES

MAREK BURNAT

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

0. Introduction

We consider autonomous systems of the form

l n
(1) 3 ais()dsu; =0, s

j=1i=1

I
—

>

It is known ([1], [8]) that if » = [ and (1) is hyperbolic, then the solutions
u:R" > D — R u e CY(D), are characterized by the following condition for

their Jacobi matrix:
q . .
(2) Du(z) =Y ai(@)N (u(z)) @+ (u(x)),  ¢<oo, x €D,
i=1

where
l n
Zzaijs(u))\ﬁj =0, s=1,...,r,
j=1i=1
for AX{(u) = (M,.. ., An), ¥(u) = (71,...,M), and a; : D — R are appropriate
functions.

In the present paper we deal with systems (1), » > [, which are hyperbolic
in the sense that the solutions are described by the property (2). An example
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98 M. BURNAT

of an overdetermined system (1) having this property is given by the system
describing the magnetohydrodynamic flow of the ideal conducting inviscid fluid:

Oro + div(pv) = 0,
> 1
g(@tv + 2%6‘“@) + gradp + EH xrot H =0,

(3) O H =rot(v x H),
divH =0,

3
p _ P _
at<£m> +Zvﬁxi <QK> 0.

=1

It is a system of r = 9 equations and [ = 8 unknown functions u = (¢, p, v, H)
where v = (v1,v2,v3) is the fluid velocity, H = (H1, H2, H3) the magnetic field,
E = —v x H the electric field, K = const, and (¢, z) = (¢, x1, 29, x3) the n = 4
independent variables.

As a consequence of the property (2) one can derive a qualitative theory in
which just from the assumption that the required solution u : R® > D — R!
exists one gets a construction of the image u(D) C R!. From the image u(D)
one obtains important qualitative information (see [2]).

Moreover, the property (2) provides essential information about the parame-
trization of u(D) by the independent variables 1, . .., z, leading to the solution
u:R' DD — w(D)CRL

In the present paper we confine ourselves to the simplest conical parametriza-
tion (see [3], [5]). For the constructed image u(D) we find a family of linear
subspaces

Y(u) CR?, dim¥(u) = const foru € u(D),

such that the mapping
u(x) = u, x € X¥(u)ND, ueulD),

where for some y € R™, X¥(u) C R"™ denotes the plane through y tangent to
3 (u), represents the required solution.

The main goal of the present paper is to show how, basing on the property (2),
one can construct k-dimensional manifolds My C Rl k < [,k < n, with some
singularities, so that after conical parametrization of M} by the independent
variables x1, ..., x, we obtain a solution with a prescribed system of interacting
shocks satisfying the corresponding Hugoniot conditions. For simplicity we shall
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outline this possibility in detail only for the system
Orc + 0104, ¢ + v20z,¢ + ke(Oz,v1 + Opyv2) =0,
c
(4) Opv1 + ’Ulaxl’Ul + ’Ugagw’Ul + Eaxlc =0,

C
Opvo + ’Ulaxl’UQ =+ U28x2’£12 =+ Eamc =0,

where k& = const, describing the two-dimensional time-dependent isentropic and
polytropic gas flow. Moreover, the jump conditions on the shock fronts will
satisfy the Hugoniot conditions following from the gradient form of the system
(4) only, and the corresponding conservation laws (see (36), (39)). This means
that we do not take into account the energy conservation law and so our shocks
are not quite physical ones'. Nevertheless, this illustrates quite well and clearly
enough the possibilities of the suggested method. Moreover, in this case we give
a fairly simple and exact mathematical construction of solutions describing the
interaction of two regular waves producing a prescribed shock, or a prescribed
system of interacting shocks.

The same possibilities are available, keeping all physical requirements, in the
general case of non-isentropic gas flows, or for the system (3).

Finally, let us mention that almost all considerations and results of [6] are
in fact consequences of the property (2) in the case n = | = r = 2. Hence we
are going to give a natural extension of the methods used in [6] to the case of
several variables.

In what follows, if no other requirements are formulated, we shall assume
that the coeflicients a;;s, solutions and all functions considered are of class C L

1. Regular solutions

In our considerations we adopt a geometrical point of view for autonomous
systems of the form

n

(5) > Aiw)s,u = f(u)

i=1
which represents the natural generalization of the well known qualitative theory
for autonomous systems of ordinary differential equations
() = f(w).
The basic features of the qualitative theory of (6) may be formulated in the
following two facts:

1’. The system (6) gives explicit information about the derivative Du of

the mapping v : R O D — R! representing the solution.

LOnly in the case of regular solutions of (4) is the energy conservation law automatically
satisfied.
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2. We have at our disposal a simple geometrical interpretation of that

information.

In the general case of the system (5) we start with the explicit information
about the derivative Du = (95,u;) (Jacobi matrix) of the solution v : R > D —
R!, given by (5). For this purpose, let R*" denote ni-dimensional Euclidean space
of n x [ matrices N = (N;;),i=1,...,n,5 =1,...,1. For u € R consider the
plane F(u) C R™ given by the system (5):

Flu) = {N : iiaisj(u)mj = fi(u), s = 1,...,7"},

j=11i=1
where A;(u) = (aij5), i =1,...,n,j=1,...,, s=1,...,r > [, and f(u) =
(f1,.--, fr). Obviously the mapping u : R® D> D — R! is a solution of (5) if and
only if

(7) Du(z) € F(u(z)),  z€D,

and this is our explicit information about the derivatives Du of the mappings
u:R" D D — R! which are solutions of (5).

Using the differential inclusion (7) one can construct various classes of solu-
tions as well obtain qualitative information about solutions of (7). The infor-
mation can be of the following form: for a given boundary value problem we
construct a k-dimensional manifold M;, C R!, k < [, such that for the solution
u:R" D D — R! of the problem the image u(D) satisfies the condition

’LL(D) C M.

In some cases the image u(D) can be exactly constructed independently of the
construction of the solution (see [2]).

For a successful application of (7) we shall use some additional algebraic
properties of F'(u), together with the geometrical meaning of (7).

To this end we shall introduce two kinds of characteristic cones for the system
(1), A(u) C R™ and I'(u) C R'. First,

Au) = {)\ = (A,..., \n) : rank [iaijs(u)&] < z}.

If the system is not overdetermined, i.e. r =1, then

Au) = {)\ = (Ay.ey M) s det [iaijs(u)&] = 0}

and A(u) is the usual cone of characterisitic vectors of the system (1). Next,

) = {7 = (.o s v [zijlaijswm] <n}.
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For two characteristic vectors A € A(u) C R", A\ # 0, and v € T'(u) C RY,y # 0,
we shall say that the relation A = ~ holds at u € R! if and only if

n l
Zzaijs(u))\ﬁj =0, s=1,...,m

i=1 j=1
Obviously if A = v then A € A(u),y € I'(u). Moreover,
Aw)={r:3y A= at u}, D(u)={vy:3rv=Xat u}.
If A = v at u, then the matrix
A® 7y = (\y;) € R™
obviously satisfies A ® v € F(u). Moreover, the plane F®(u) C R™ defined by
(8) F®(u) := {N:i&@%, Ai = i, ¢ < oo}
i=1

satisfies F®(u) C F(u). For a homogeneous hyperbolic system (1) with r =,
9) F®(u) = F(u)

(see [1], [8]). This condition will be used as the most general definition of a
general overdetermined hyperbolic system (1).
We shall consider now the following two questions.

1. For which k-dimensional manifolds M) C R!, do there exist solutions
w:R™ D D — M, such that for some neighbourhood @ C R!,

uD)NQ =M, NQ?
2. How to construct these solutions by means of conical parametrization

of My by the independent variables x1,..., 2, 7

From (2) it follows that each vector of the tangent space T, (My), v € MpNQ,
is a linear combination of some vectors v € I'(u). Hence from the point of view
of our questions, it is reasonable to consider manifolds having the following
property:

To(My) =lin[y,..., 5, Ael(), i=1,...,k

Suppose now that for some manifold M;, € R!, we have 2k functions +* :

My, — RN M, - R™, i=1,...,k, such that

(u) 3 9% (u) = N (u) € Alu) for u € My,

and v as well as \* are linearly independent. We can now consider the parame-
trization of the manifold My C R, My : uw = ®(uy, ..., ux), such that

0u,® =~ (®(p), i=1,....,k, ®:RF>M —R.
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Let us additionally introduce for u € Mj the spaces
(10) Y(u) = lin[o! (u), ..., 0" F(u)] := Qin[A (u), ..., \e(u)])*

and for y € R™ denote by X¥(u) C R™ the plane through y tangent to 3(u). We
ask for which manifolds M} the mapping

(11) Ucon(Z) 1= u, x € XY(u), u€e My,

is, in some region D C R"™, a conical solution oy : R™ O D — M}, of the system

(1).
To address this question let us consider the mapping 9 : R® — R" s — x,

given by
n—k
€T = .’,U(S) =y+ Z 5k+UUU((I)(517 s 75k))'
v=1

We shall say that the family of planes X (u),u C My, is conical iff for some
d > ¢ > 0 the mapping 91 is one-to-one in the set

S=Mx|[(e,d) x...x(g,d)] CRFxR"*

Note that the family X(u),u € M, is conical if and only if it represents a
foliation of the region 9(S) C R™, or if and only if the mapping wucon is well
defined in all regions D C 2(.9).

For a = (a1,...,aq) € R? and f : R? — RP, f = f(z1,...,24), write
Oof =27 1 aiOu, [

THEOREM. If for all u € My,
(12) Oy (N (v) € lin[A (u), ..., N¥(u)], i#g, i,5=1,...,k,
and the family ¥¥(u),u € My, is conical, then the mapping (11)
Ucon : M(S) DD — My,
is a solution of (1).

For the proof we introduce subspaces E(u) C F®(u) for u € My,
k . .
E(u) := {N N = Zai’yl(u) ®@ N (u), oy € R}.
i=1

It is sufficient to prove that Ducon() € E(tcon(z)) for x € M(S). In order
to determine the matrix Ducon(z) we shall use the identity

(I)(S) = ucon(x(s))7 ERS S7
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which is a system of [ identities. Differentiating the jth identity with respect to
s we obtain

0., ®; = ’y;- = 0s,Uconj (z(8)) = <Vuconj, 25k+uasi(7”(¢(5))>v
(13) i=1,... .k
05, @) = 0= s, con; (¢(5) = (Vttconj, 0" *(@(5))),  i=k+1,....m,
where (-, -) denotes the scalar product in R™. Keeping j = const and defining

a=(ay,...,a,) = (’yjl-,... ,7;?,0,... ,0),
) S 105,07 (B(s)), i=1,... kK,
:{Uik(cp(s)), i—k+1,....m,
2 = VUconj,
we can write (13) in the form
(14) a; = (z,w"), i=1,...

, M.

Since the determinant of the system (14) is the nonvanishing Jacobian of the

mapping M the system (14) has exactly one solution of the form z = >"'_, a, 7,

. . k
where (7, w’) = §;;. Hence in our case z = Vcon; = >, _; vj T or

k k
(15) 8xiuconj - Z’Y;T;’ = <ZTV (24 ")/U> 5
v=1 v=1 ij
where
n—k
70N spa 00" ) = 044, i=1,...,k j=1,...k,
ao (Dt = a
(rh, 097 %) =0, i=1,...,k j=k+1,... ,n.
We now use the following simple lemma.

LEMMA. The condition (12) is equivalent to
(17) Oy (uyo? (u) € lin[d'(u), o' (u), ..., o™ F(u)], i=1,...
foralli=1,... k and u € My, where

(d'(w), N (u)) = dij, d,5=1,...,k lin[d",... d*]=1lin[\',... NF].

From (17) it follows that for some oy, B14, ..., G-k ER, i =1,... kK,

n—k n—k

v 7 v
E Sk 0yi0" = aud' + E Buio”.
v=1 v=1
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Since (16) can be written as

— 1
<7'l,dj>:—($1‘j, iil,...,k,jil,...,k’,
17

K3

(th,od™®y =0, i=1,...,k j=k+1,...,n,

this shows that 7¢ is parallel to A\’ for i = 1,... k. By (15), Ducon € E(tcon),
which completes the proof of the theorem.

PROOF OF THE LEMMA. Differentiating the equality (o(u), M (u)) = 0,
where u € My, i=1,... ., n—k,j=1,...,k, we obtain

(Oyma’, XY + (0", 0,m M) =0, i=1,...,n—k jom=1,....k,
and hence we can write (12) in the following equivalent way:
(Oyma' Ny =0, m#j, jm=1,....k i=1,...,n—k,
or
Oymot € (lin[\Y, ... X7 ham R i=1,...,n—k,m=1,... k.
But obviously
(Iin[AL, ..o am b D) = 1in[d™, ot .. 0™,

which completes the proof of the Lemma.

The condition (12) gives the possibility of constructing conical solutions for
autonomous hyperbolic systems (1).

Suppose we have a function A : Rt x R — R™, A\ = \(u, 7), satisfying for (1)
the following condition:

(18) L(u) 37 = Au,~) € A(u).

Then the construction of manifolds M C R, My : u = ®(u1,...,ux), such
that the conical parametrization (11) gives a solution of (1), is, according to
the Theorem, equivalent to the construction of a function ® : R* 5> M — R!

satisfying
T

D \(®, 0y, ®) € Tin[A(®, 0,0, @), ..., N®,0,,8)], 1% isj=1....k
In this formulation the functions ~*(u), \*(u),u € My,i=1,...,k, appearing in

the Theorem are

V' (u) = 0 R (W), A(u) = A(u, 7' (u)).
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This is a PDE system for ®;(u), ..., ®;(x) which may be used as the parametric
representation of the required manifolds Mj. The parametrization (11) of these
manifolds now takes the form

(20) Ueon(@) = D), @€ TH(D(n)), pe M C R,
where
(@ (n)) = (n[A(®, 8, @), ... . A(®, 3, ®)])"

Note that for k = 1, the condition (12) is automatically satisfied and therefore
for any curve M; C R! with

My: u=®), — eI(P),

the parametrization (20) of M;, where
2(®(w) = (in[A(@, d®/du)]) ",

leads to a solution. These are the simple wave solutions.

2. Example

We now give in more detail an example of an application of (19) to the con-
struction of two-dimensional manifolds My C RY, Ma : u = o(u1, p2), satisfying

the assumptions of the Theorem.
o

Consider a pair of subcones /o\(u) C A(w), T'(u) € T'(u) with
(21) F(’U,) : \ij(uvr)/) :07 w = 17 y Dy

o
such that there exists a function A : R! x Rl — R”, satisfying

]

lg(u) Sy = S\(u,’y) € Au)

o
for v € T'(u).
o o
Moreover, assume that the vectors A(u, ') and A(u,?) are linearly indepen-
dent if v, 42 are linearly independent. In this case the parametric representation
u = @(u1, pe) of My has to satisfy the following differential conditions:

\Ifw(cp,auicp):(), w:]‘7"'7p7 7::1727
(22) : : : o
8#1‘ [)‘(9078,%90)] S lin[)‘(cpv8#190)7)‘(9078,&&90)]7 1 7é ]a Z;] = 172

If

o

lin(A(u, v), A, ¥2))]% = lin[g! (u, 71,72, -, g" 2,4, 72)]
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then the conditions (22) can be written in the form of the following PDE system
of 2p 4 2(n — 2) equations with [ unknown functions @1 (u), ..., @i(p):

\Ifw(cp,amcp):(), w:]‘7"'7p7 7::1727

23) (0[N B, @), 07 (0, 00, D)) = 0,

o=1,...,n—2,i,j=1,2,i#j.

Solutions of (23) give manifolds My : u = ¢(pu1, pi2) for which the construction
of solutions u : R™ D D — My by means of conical parametrization (20) is
possible.

If 2p + 2(n — 2) < I, then performing the differentiations with respect to
wi,i=1,2,in (23), and additionally differentiating the first 2p equations of (23)
in the following way:

8#1'\1102(9078;14]’()0):07 i)j:1727 7’#]7 w:]‘7"'7p7

one can eliminate the derivatives 8,,9,,¢ and assuming ¢ € C? reduce the
system (23) to a hyperbolic system

(24) 8#1 8#2 Y = F(va 8#1 2 8#2 90)'

Basing on the well known local and global existence theorems for this system (see
[7]) one obtains the existence as well as the numerical construction of a broad
class of My C R! satisfying the assumptions of our Theorem.

As an example illustrating this possibility we take the system (3) of magne-
tohydrodynamics (see [9], [10]).

The characteristic vectors of the system (3) will be denoted by

L(u) 37 = (Yo 1ps 7. ) €RY, 1 =38,
A(w) 3 A = (Mo, ) €R™, n=4

where 7 = (")/1,")/2,")/3) € R3, h = (hl,hg,hg) € R3, A= ()\1,)\2,)\3) € R3. For
the system (3) there exists the following three basic pairs (21) of characteristic

subcones A(u), I'(u):
e The entropic pair A®(u),'¢(u), where
A(u): Ao+ (v,\) =0,
VS (u, 27y
T (u) : { s (u,v) = 9_
W5 (u,v) = (H,7
and
)\e(u,,)/) - (7<U77 X E>77 X E)
Since the corresponding system (23) has 2p + 2(n — 2) = 8 equations with
[ = 8 unknown functions, it can be reduced to a hyperbolic system (24).
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e The Alfen pairs A*4(u), T4 (u), e = 1, where

—~
N

H,\
) _ 0,
4mo
A 2 2 = 72 —
A () Wl(m7%7%4:&+kv®wv+hl—a
Wy (u,y) = (H, h) =0,

AME(u) Ao+ (v, A) —¢

T

and

nep oy (SHAEY
4 (u, ) (—m <,z<h>>,z<h>),

where [(h) denotes an arbitrary function I : R3 — R3 satisfying the condition
I(h)Lh.

As in the entropic pair, the corresponding system (23) reduces to a hyperbolic
system (24).

e The magneto-acoustic pair A™*(u), I'™2(u), with

- 1/ ~ H —  HPN?
A2 . 2_ - + _ —
(u) (Ao + (v, \)) 1 (‘c)\ + WL ‘c)\ Trc 0,

2 = kp/p is the sound speed,

Wi (u, )
2

712
— - (Bermp - Ry ) - S22 (1R - 20 ) <o
I (u) : 4o \ o 0 v

(R~ (/o))
VAmolhI? — (vo/ ) (H. )

where ¢

2
:O,

W?wm)(wgwy+b

and
|_H><E|2|E| <U,EX(H><E)),E><(H><E)>-
VAme(P? = (/o) (H. 1))

Hence as in both previous cases the corresponding system (23) reduces to a

wm2(u,) = (

hyperbolic system (24).

3. Regular isentropic flow

Now, using our Theorem, we describe in more detail the construction of
regular solutions of the system (4).

We start with the construction of solutions describing the phenomena of
regular interaction (without shocks) of two regular waves.

For the system (4), we use the following notations:

T = (tvf) = (waxlva) S an A= ()\07)\) = ()\07)\17)\2) € Rn?
U = (U’O?ﬂ) = (u07u17u2) = (07U17U2) S Rl? Y= (7077) = (70771772) € Rl?
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where n = [ = 3, and the following pair of subcones A°(u) C A(u), T%(u) C T'(u):
o) A Qo+ (o) - 2P =0,
IO%u): W(y) =15 — K F1*=0.
Then the function \° : R3 x R? — R3, A% = \O(u, ), satisfying the condition
M) 37 = X(u,v) € A°u)
can be defined by
) = (§0+ 0.7 7).
Hence in our case the system (23) takes the form
(Op:0)? — k2 (Op,v1)* — k2 (0,,v2)* = 0, i=1,2,
(0[N (@ 0, 0))0) =0, i, 0,5 =12,

where ¢ = (0, %) = (¢, v1, 02),

2 (, Oup) = <£8Mc + (v, O, v), =0, v1, 3;“”2)

(26)

and
0 = (00,7) | A°(¢, 8 0) X X°(0, Oy 0).
In our case
Oy (N (0, 0, 0)] = 0y [N (0, O ).
Hence upon assuming ¢ € C? and performing the appropriate differentiations
with respect to p1, pa, the system (26) takes the form

Oy €Oy Oy € — kzaﬂlvlaﬂl Ougv1 — kzaﬂl 0204, O, v2 =0,
Oy €Opuy Oy € — kzauzvlaul Ougv1 — kzauz 0204, O, v2 =0,
C
(27) 00700, O + (0001 = 01)9y1y Oy 01 + (00v2 — 72) 0y D2

= —0yp <%8u108u20 + (O, v, 5@1})) .

Taking into account that
0o <£8uic =+ <U7 am@) = <Ev auiv>
and setting og = k, one can evaluate det A after writing the system (27) in the

form A0, 0y, = d. As a result we find that det A # 0 if and only if

1| 90 n Oy v

28 c#
(28) 2| 0pe] " Ol

Cos a(a,ul v, aﬂz U) ’

where a(0,, v, d,,v) denotes half the angle between 9, v and 9,,v. Obviously
this condition is satisfied in particular if ¢ > 1.
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In this way assuming (28) we reduce the system (26) to a hyperbolic system
of the second order:

(29) 8#1 8#290 = F(va 8#1 12 8#2 90)'
Solutions of (29) satisfy the condition
V(0 ¢) = ¢; = const, 1=1,2,

where ¥(y) = 3 — k?[7]* (cf. (25)), and only those solutions satisfy (26) for
which both constants are zero.

To prove the existence of the manifolds M satisfying the assumptions of the
Theorem for the system (4) we use the local existence theorems for the Cauchy
problem

(30) p(rl=7)=U(1),  Oup(r,1—7)=1n(7)
for the system (29) (see [7]) posed on the noncharacteristic line

l: p=71, p=1—771€(0,1),
where v = (1,1). On the line [ we have

Oy == (2 4 o= (-
N190*2 d’T 77 ’ u290*2 d’T 77 .

Hence the initial conditions (30) should be chosen in such a way that

au
1 U +£— =
(31) (£ +0) =0
and the condition (28) is satisfied for
du  _ du  _
Cc = Uo, aul’U:E‘FT], 3%11:—% +77,

where U = (Uy, U), n = (1o, 7).

Suppose now that in some neighbourhood Q C R? of the initial line [ we
have a solution ¢(u1, u2) of (29) satisfying the initial conditions (30) such that
My = u = p(u1, u2) is a two-dimensional surface My C R3, and the initial data
satisfy (31), (28). Then the next step is to establish for which part M$o™ C Ma,

M5 w=p(p,p2), peMCQ,
the family
S(u) = UM (w), P (w)])* CR3,  uwe M5,
is conical, where A\*(u) = A%(u, 7' (u)) and v (u) = 9, (9~ (w)), i = 1,2.
To this end we have to determine a region M, [ C M C @, such that the
mapping
(32) M : M x (e,d) — R, 0<e<d,
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given by x = x(u1, p2, u3) = y + pso(u1, pe) is one-to-one, where the function
o(u1, pe) = o = (k,7) is given by

(33) <07 )‘0(907 8%90» = 9008 %P0 + k<¢7 8}%@) - <Ev 8}%@) = 07 1= 17 2.

Since op = k = const > 0, the mapping (32) is one-to-one if and only if so is
the mapping

(34) 7:R*D> M — R
Differentiating (33) with respect to 1, 1o one obtains

(35) (0,7, 0,0) = (),  i,j=1,2,

where a' = (a},a}), i = 1,2, are simple polynomials of o, p,dy, ¢, 0,
9% 0,0%,0,0,,0,,. The Jacobians of the mappings (34) and (32) do not vanish
at p € M if and only if the vectors a'(u), a?(u) are linearly indpendent.

Setting the Cauchy problem (30) we have to ensure that for the solution
@(p1, p2) of this problem, the region M and the corresponding manifold M§o™
are not empty. To this end one has to compute the derivatives 0, ¢, 0., ¢, 82 s
82290, Ouy Oy on the initial line I : py =7, 40 =1 — 7,7 € (0, 1), as functions of
7 and keep the corresponding vectors a' (), a?(u) linearly independent. In that
case we shall call the Cauchy problem (30) conical.

From the above considerations it easily follows that there exists a broad class
of initial data (30) satisfying (28) and (31) which are conical and such that the

vectors
1/dU 1/ dU
s =3 (G +10)). Bup=3( T +ur)).

are linearly independent. In what follows we call such initial problems admissible.

Summing up we can formulate the following

Fact. If the Cauchy problem (30) is admissible then for some region M C
R% 1 C M, the solution p(u1,p2), p € M, of (29), (30) defines a two-dimensio-
nal manifold My C R3, My : u = @(u1, pue), u € M, which satifies the assump-
tions of the Theorem with

Vl(u) = 8ui<p(<pil(u))v )‘l(u) = )‘O(uvvi(u))v we M, i=1,2.

Denoting by C™M) (g = const), C® (u; = const) the two kinds of charac-
terisitic lines of the system (29) we see that the curves Ml(i) = p(CY) C My
are tangent to v*(u), i = 1,2. Therefore the curves Ml(i) are one-dimensional
manifolds satisfying the conditions of the Theorem, with

@ (w) = lin[A(w)])t,  i=1,2.
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Now, take an arbitrary closed rectangle M’ C M with sides parallel to the
w1 and pe axes. We denote by 1,2, 3,4 the vertices of M’ and by {4, j} the sides
of the rectangle M’ joining the vertices 1, j.

Moreover, we consider the closed manifold M} C Ms, M} = p(M’) cut out
of My by the curves

Ml(i7j) = @({ivj})v {Zvj} = {17 2}7 {27 3}7 {37 4}7 {47 1}
In the closed region

D= ] ¥uw),

u€M)
where ¥ (u) = (lin[A}(u), A2(u)])*, we now have a conical solution of the system
(4) defined by ueon(t, z) = u, (t,x) € X¥(u), u € Mj. Figure 1 ilustrates this
construction with y = 0, u® = ¢(i), i = 1,2, 3, 4.

=0 (u®)

0/, 2
2V (u?) 20 ()

=0 (ul)

1

FIGURE 1

This solution satisfies the differential inclusion

Du € linfy" (u) ® X (1), % () © A ().
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A simple consequence of this inclusion is that for the curves M fi) CM,i=1,2,
the conical surfaces

e =uh (M) c D, =12

con

are characteristic surfaces for the solution ucon, and at x € C;i) the surface C;i)
is perpendicular to M (ucon(2)), i # J, i,j = 1,2.
The boundary of the conical region D’ consists of the conical characteristic

surfaces (see Figure 1)

CQ(ivj) - u;c>1rl(M1(Z7]))7 (Zvj) = (17 2)7 (27 3)7 (374)7 (47 1)

T2

FIGURE 2

We now extend the solution ucon defined in D’ through the characteristic
surfaces Ca(i, j) by the simple wave solutions (see Figure 2)

ulbd) > D) — 1,7 1,]) =
(@:9) Rg D( 7) Ml( 7])7 ( 7]) (172)7(273)7(374)7(471)7

For example, u?) (z) = u, x € X%(u), u € M;(1,2), where ©(u) = (lin[A' (u)])*,
so that the curve Mi(1,2) is of the type M. The planes $°(u’), £0(u”), w #
u” € My, may have common lines I(u/,u") ¢ D@, If M’ and M} = o(M') are
chosen small enough, then the lines [(u/, v”) are sufficiently far from D'\ {z :
|| < R}, R > 0.

In a neighbourhood of D’ the solution is still undefined in the four corners
bounded by the two corresponding planes ¥.0 (see Figure 2). Defining the solution



SOLUTIONS WITH SHOCKS IN SEVERAL VARIABLES 113

to be constant in these corners, u(z) = (i), i = 1,2,3,4, we obtain, in some
neighbourhood D of D"\ {z : |x| < R}, a regular solution admitting maybe some
weak discontinuities.

Looking now at the solution at
O<to<t1 < to,

under the conditions that M’ and M} =p(M’) are small enough and 9,,,v(p1, p2),
i =1,2, 4 € M’, are linearly independent, we get, in an appropriate disc, the film
of Figure 3. It represents the regular interaction of two regular waves. Figure
3(a), t = to, shows the two waves before interaction, moving towards each other.
Figure 3(b), t = to, shows the full interaction. Finally, Figure 3(c) shows the
situation after the interaction: the two simple waves formed in the interaction
are moving away of each other.

Moreover, in our case of a continuous solution the analysis of the region of
uniqueness shows that the flow ¢ = ¢9 uniquely determines the flow inside the
circles for t > tg.

T2 t=to T2 t=t1 x2 t=to

(a) (b) (c)

FIGURE 3

4. Interaction of two regular waves with a shock

We now come to the natural idea of constructing discontinuous manifolds Ms,
satisfying the conditions of the Theorem at regular points, so that the above
described conical parametrization gives a solution with shocks. We construct
solutions of (4) describing the interaction of two regular waves with a prescribed
linear shock. We shall not address the problem of uniqueness for solutions with
shocks of our class?.

2Nevertheless, we mention that using our method one can construct examples of non-
unique solutions with shocks.
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Let the two-dimensional surface F' C R3 be the shock front of some solution
of the system (4), and

Ft)={x:(t,2) € F} CR?

the corresponding time-dependent moving shock front in R?. Our solutions are
conical and therefore we only consider the conical fronts

F:(t,z) = s9(7), s>0, 7€(0,1),

where ¥ = (1,9(7)) and 9(7) = (91,92) (arbitrary). We have F(t) : & = tJ(7),
7 € (0,1). Hence the normal and tangent vectors to F'(t) can be taken in the

form

n() = [0 (<02, 00),  d(r) = (0] (D1, D).
The velocity of the shock front F'(¢) in the direction n(7) is

D(7) = [0]7 (92091 — 9102).
Let us denote the values of the solutions on the two sides of the shock front by
u'(t,x) = (¢ 0h),  i=1,2
and put, for z € F(t),
Vit x) = v (1) = vin + vld, 1=1,2,

where

v (1) = (W (7),n(r)),  wvglr) = (v'(7),d(7)).

The divergence form of the system (4) is

A ct* + div(c/Fv) = 0,
36 1 )
(36) 5}(01/]“111-) + div <cl/kviv + %—HCQJrl/kel) =0, 1=1,2.
where e! = (1,0), €2 = (0, 1).
The Hugoniot jump conditions for this system take the form

o' (v, — D) = &*(v; — D) =0,

n

37
(37) o'v;i (v — D) + p'n; — 0*vi(v2 — D) — p*n; = 0, i=1,2.

where n = (n1,n2). The pressures p’, i = 1,2, and the densities o', i = 1,2,

should be expressed by the sound speeds ¢, i = 1,2, in the following way:

1 1/(2k) _ _
] (HYE pi= A(0)**!, A = const.

(38) g[@k+nA
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If (v — D)? + (v2 — D)? # 0, that is, our shock does not represent a contact

n

discontinuity, then the conditions (37) can be written in the form

(39)

where the pressures p’, i = 1,2, and the densities o*, 4 = 1,2, must be expressed
by the sound speeds ¢, i = 1,2, according to (38).

Now we prescribe an arbitrary conical shock front F : (t,2) = sd(7). Our
first goal is to construct, in some neighbourhood N(F) of F', solutions of the
system (4) admitting on F' a shock discontinuity which satisfies the Hugoniot
jump conditions (39).

To this end consider two admissible Cauchy problems (30) for the system
(29),

(40) ' (r,1—7)=U'(1), Op'(r,1—7)=n'(r), 0<7<1,i=1,2

In some neighbourhood @ C R? of the initial line [ there exist two solutions
O (pa, pa), p € Q, i = 1,2, of (29) satisfying the initial conditions (40). Let

Q=Q'UluE* Q'NnE*=0.
We now consider two manifolds Mi C R3, i =1, 2,
M; : u:(pi(,ul,lu,z), MgQi7

satisfying the conditions of the Theorem.
Performing the conical parametrization of M} and M2 we obtain in some

conical regions

D' = |J =% (), i=1,2,
peEQ!
two conical solutions

u'(t, ) = u, i=1,2, (t,2) € B%u), u € M,.

Our problem is to find initial conditions (40) such that:

1’. The regions DY stick together exactly along the prescribed shock front
F.

2’. The solutions u'(t,x), i = 1,2, satisfy on F the Hugoniot jump condi-
tions (39).

The condition 1’ is obviously satisfied if the initial data (40), apart from

(41) W(EU (1) + (7)) = (£Ug +1m0)? — K| £ T + 72 =0,
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satisfy
A7) | \(U,U +n) x \(U, U +n).
Simple computations show that for ¥ = (1,7) the condition (19, \°(U, +U
+ 1)) = 0 is equivalent to

(42) Ul + (U, T — (9,T) =0,

1 _ _
If we put 7 = a(, then (41) is equivalent to

(44) (Uo)? = K2[TP + a*(¢Z — K2[¢%) = 0,

(45) Uoo — KT, Q) = 0.

Hence for the construction of the functions U*(7), n'(t) = oi(7)¢' (1), i =
1,2, such that the data (40) satisfy the condition 1’, we have to act in the
following way. First we construct functions U!, U? satisfying (42), and then we
construct functions n! = a!¢t, n? = a?(? satisfying (43), (45) and finally (44).

Now we discuss the requirement 2’. First observe that Hugoniot conditions
(39) only concern the functions

(46) U'(r) = (c'(7),v'(1)), 1=1,2.

That is, in order to meet the requirement 2/, we have to find two different
solutions (46) of (42) such that the functions ¢*(7), vi (1) = (v',n), vi(1) =
(v',d), i = 1,2, satisfy the jump conditions (39).

To this end put v} = v3 = v4(7), where vy(7) is an arbitrary real-valued func-
tion. In this way the last condition of (39) is satisfied. The first two conditions

of (39) can be written as
(47) vl = E'(r, e e?), i=1,2,
where E' : R® — R, E! # E2 are appropriate functions. On putting now in
(46),
V(1) = v (1, ¢t c?) i= n(T)EY(r, ¢t ) + d(T)va(T), i1=1,2,
the condition (42) takes the form

1idCi i1 o2y 4o g o 3 di127
(48) kc d7+<v (1,¢ ,c),dTv (1,¢",¢%) ﬂ(T),dTv (r,¢,c¢%) ) =0.

This is a system of two ordinary differential equations of first order with two

1

unknown functions ¢!, ¢2.
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Finally, the construction of the initial data (4) satisfying the requirements
1/, 2" should be performed in the following way.

First, we take an arbitrary function vg(7), which determines the functions
vi(r, e, c?), i = 1,2, and the system (48).

Second, we take an arbitrary solution ¢! (7), ¢*(7) of (48) and put
U'(7) = (¢ (7),0' (7, ¢! (7), (), i=1,2

Third, we determine n'(7) = o*(7)(%(7), i = 1,2, satisfying (43), (45) and
(44) with U(1) = U'(7), i =1,2.

Suppose now we have two admissible Cauchy problems (40) satisfying 1’ and
2’. Then for some domain Q@ C R?, Q = Q' Ul U Q?, we have two solutions of
the system (29), ¢ : R? D Q" — R3, i = 1,2, satisfying the respective initial
conditions (40). Now take the closed square M C @ with sides parallel to the
w1 and po axes with vertices 1,2, 3, 4.

We put M = M*U1U M2 where M* = M0 QY M2 = M NQ2, I =
MnNl,2€@? 4c@Q! and 3,1 €l'. Moreover, consider the manifolds Mz(l) =
QL (ATY), MS? = ©2(BI?). Performing now our conical parametrization of the
closed manifolds Mz(l) and M2(2) we obtain, in two closed conical regions D', D?',
regular (except at the point (£ 2) = (0,0)) solutions u' = DV — M, i =1,2.
Moreover, by 1/, D' = DV U F U D? is a closed, connected conical region (sce
Figure 4). By 2/, the solution

w(t,z) = { u:(t,x), (t,z) € D;,
u?(t,z), (t,z)€ D?,

admits on F' a shock discontinuity satisfying the Hugoniot conditions (39).

Now we extend this solution to a neighbourhood of D’ by simple wave so-
lutions (see Figure 4) exactly as in the case of regular interaction of two waves.
After this operation we have to define the solution in the four corners bounded
by the two planes X0 indicated with thick lines in Figure 4. Two of those corners
touch the shock front F' C D (see Figure 4). In those two corners we continue
the conical shock F by two planes F() and F®) tangent to F (see Figure 4).
On one side of F*) we put, in those corners,

u(t, ) := ' (i) = const, i=1,3,
and on the other side
u(t, ) := p?(i) = const, i=1,3.

In this way the solution u(t, ) has shock front F(1) U FUF®) with discontinuity
satisfying the Hugoniot jump conditions.
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©*3)//] #'(3)
DY
2/ F
D @' (4)
@' (1)
(1)
x1
O
FIGURE 4

In the other two corners we put respectively (see Figure 4)

u(t, ) := p?(2) = const,

u(t, ) := ' (4) = const.

In this way, in some neighbourhood D of D'\ {z : |z| < e}, € > 0, we get a
solution of the system (4), which, off the shock front F(") U F U F®), is regular
with maybe some weak discontinuities. Obviously u(D) = MQ(I) U MQ(Q).

t=to

t=t1 x2 t=to

(@)

(b) ()

FIGURE 5
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If the manifolds Mz(l), M2(2) are taken small enough, and the conical surface
F is chosen as in Figure 4 (F was arbitrary), then just as in the case of regular
interaction, for 0 < tg < ¢; < t9 in an appropriate disc we obtain the film of
Figure 5. The shadowed parts denote the interacting simple waves, the double
lines and double curves denote the moving shock fronts.

Figure 5(a), t = to, shows two regular waves before the interaction moving
toward each other and to the prescribed linear shock. Figure 5(b), ¢ = ¢1, shows
the full interaction. Figure 5(c), t = t2, shows the situation after the interaction.
The two simple waves and the linear shock front formed in the interaction are
moving away of each other.

5. Interaction of two regular waves producing the prescribed shock

We now consider the following problem: how the prescribed shock can be
produced as a result of interaction of two regular waves?

As before we first ask for the image of the required solution of the system
(4). To this end we construct, for the system (29), two Cauchy problems (40)
such that

A. The data for ¢ = 1,2 are admissible and for the shock front F : (t,z) =
s¥(7), 0 < 8,0 <7 < 1/2, the requirements 1’ and 2’ are satisfied.

B. Ul(r) A U?(7),0< 7 < 1/2,
Ul(r) =U?%*7),1/2<7< 1.

From the above considerations it easily follows that the construction of initial
data (40) satisfying A and B is possible. Indeed, this follows from the observation
that in the system (48) for the initial conditions 7o = 1/2, ¢} = ¢! (1) = g =
c2(19) we have dct(ro)/dT # dc?(m0)/d.

Now, consider the square M(g) C R? with sides parallel to the i, uo axes

with vertices
1= (+ad-d) 2=(b-ad-9). 3=(-ai+a) 1= (F+edro)

and put M (g) = M*(e)Ul' UM?(g), MY (e)NM?(e) = 0,1’ =INM(e). Fore >0
small enough there exist solutions ¢*(u1, u2), p € M*(e), i = 1,2, satisfying the
initial conditions (40) for 1/2 —e < 7 < 1/2+e. If the initial data satisfy A and
B, then the image we seek for is the manifold

(49) My = o' (M (e)) U ¢® (M2 (e))

shown in Figure 6.

Now we may parametrize My as before. The result is a solution with shock
front F U F®) where F®) is an appropriate plane tangent to F. For an appro-
priate disc one obtains, for 0 < tg < t; < t2 and sufficiently small € > 0, the
film of Figure 7. Figure 7(a), t = to, shows the situation before the interaction.
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©'(3)

©*(3)
©'(4)

2
A #2(1)=p" (1)

v1

v2

FIGURE 6

T2 t=to T2 t=t1 x2 t=to

(a) (b) (c)

FIGURE 7

Figure 7(b), t = t1, shows the full interaction. Finally, Figure 7(c), t = t2, shows
the situation after the interaction.

6. Systems of interacting shocks

Our qualitative method allows the construction of a broad class of interacting
shock systems. We confine ourselves to one example in which the interaction of
two regular waves produces two interacting shock waves. We hope that knowing
that example one can quite easily construct many other much more sophisticated
interacting shock systems.

Let us return to the manifold (49), and consider the submanifold M} =
O (MY (¢)) U?(M? (¢)) C My, where M* (¢) are disjoint triangles such that

| x [3,4+e] =MY(e)ul UM (e),

N[=

where I’ = M’ N 1. In Figure 8 the vertices of the triangle M’ (¢) are denoted by
1, 3,4 and the vertices of M 2/(5) are denoted by 1,2, 3. Parametrizing conically
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the manifolds

My = (MV(E), My = (MZ(e)
we obtain, in some conical regions D! and D?’, solutions
(50) u' DY = M),  i=1,2,
so that the solution

u(t,x) = { ul(t,z), (t,z)€ DY,

admits a shock on the shock front

F: (tz)=s9(t), 0<s, 3—e<7<

)

N[=

which is a part of the front F' constructed in Section 5, Figures 6, 7.
Now we construct another shock front F'* interacting with F'. To this end
consider the curve L ¢ MY (¢),
L: p=m(r), 0<7, m(0)=(3,

);

shown in Figure 8, and the function ¥*(7) := o(m(7)), where

N [=

(1) | X(0" (1), Oy 0 (1)) X A2(@" (1), D0 (1)), € MY ().

Note that these vectors are parallel to the lines appearing in our conical para-
metrization of the manifold M}  leading to the solution u!(t, ) of (50).
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We look for a curve L such that for the conical surface F* : (¢, z) = s0*(7),

0 <s, 0 <7, there exists a shock transition of the form

cl(7) = pp(m(r)) = ' (s0" (7)),

(51)
v (1) =7 (m(7)) = v! (s97(7)), *(7), v*(7),

satisfying (39) and the system (48) with the initial conditions ¢!(0) = ¢2(0).
Note that for ¢!, v}, v3 we took the values of the solution (50), i = 1, on F*.
Suppose that the required curve L does exist. Then we cut the region DY
by F'* into two disjoint parts,

DY = DY (1,3,5)UF*U D" (1,4,5),

where D' (1,3, 5) corresponds to the curvilinear triangle {1, 3,5} and D' (1,4, 5)
corresponds to the curvilinear triangle {1,4,5} € MY () (see Figure 8).

We now want to extend the solution
ut s DY (1,3,5) — o' ({1,3,5})
through F* by means of another solution
u*: D*(1,4,5) — ¢*({1,4,5})
so that Dl/(l, 3,5)U F* U D*(1,4,5) is a connected region, and the solution

. ut(t,x), (t,z)e DY (1,3,5),
ult,@) = w(t,z), ()€ D*(1,4,5),

admits on F* a shock transition.

My

M}

A

v1

v2

FIGURE 9
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We construct D*(1,4,5) and u* in the following way. We find a solution
©* (1, pe2), € {1,4,5}, of the system (29) satisfying on L the initial conditions

" (m(r)) = U(1) = ((),v*(7)),  Quep"(m(r)) = n*(7),

where ¢?(7), v?(7) are taken from (51) and n?(7) is chosen appropriately. The
solution u* is then obtained by conical parametrization of the manifold M3y =
" ({1,4,5)).

Let us introduce additionally the manifold M3* C M}, My* = o' ({1,3,5}),
and the manifold My = My U M5* U M22/ shown in Figure 9.

Performing now the conical parametrization of 9o, and then extension by
simple waves and appropriate constants, we obtain a solution which, under our
assumptions about L, admits two interacting shocks.

If € > 0 is small enough, then in an appropriate disc we obtain for 0 < ¢y <
t1 <ty the film of Figure 10. Figure 10(a), t = to, shows the situation before the
interaction, the interaction begins with the creation of two interacting shocks.
Figure 10(b), t = 1, shows the full interaction. Finally, Figure 10(c), t = to,
shows the situation after the interaction.

x2 t=to x2

(@) (b) ()

FIGURE 10

If the operation performed above for the solution u!(t,z) and the triangle
{1,3,4} € MY (¢) is applied to the last solution with two shocks and to the
curvilinear triangle {1,4,5} € M (¢) we get a solution with three interacting
shocks, and so on.

There remains the problem of whether a curve L satisfying our requirements
does exist.

The first requirement is that the functions (51) must satisfy the Hugoniot
conditions (39):
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where p' = p(c'), o' = o(c'), i = 1,2, are given by (38), D*(7) denotes the
velocity of the time-dependent shock front F*(¢), and n(r),d(7) are the unit
normal and tangent vectors to F™*(t).

The second requirement is that the system (48) written for 9 = 9* is satisfied
for the functions (51). But the equations (48) are equivalent to the assump-
tion that the lines II(7) C F* are identical with the lines X%0(U%(7)), U’ =
(ct,v?), i = 1,2, along which our conical solutions are constant. So if we take
9*(7) || 40U (7)) = II(7), then the first equation of (48), with i = 1, is
automatically satisfied.

Finally, both requirements on L reduce in fact to

o1 (r) = D (s (), ), 2, 22 )| - €

12d02 2 1 o2y d o 1 2v\ _ /g% d 1 2
k'c d’r+<v (T,C,C),dT’U (T,C,C) = 19(7‘),d7_v (77070) ,

(52)

where ¢! (7) is given in (51) and v} (1) = (@ (m(7)), n(7)).

This means that we have to determine three real-valued functions c?(7),
m1(7), mz(7) such that (52) is satisfied, m4 (0) = m2(0) = 1/2, and the curve L :
w=m(7), 0 <7, is as in Figure 8. Performing some elementary computations
one can check that prescribing the function ms(7), 0 < 7, in an appropriate but
almost arbitrary way, (52) is equivalent to a system of two ordinary differential
equations with two unknown functions ¢?(7), my (7). This system can be solved,
so that the resulting curve L satisfies our requirements if € > 0 is small enough.

N2

v
FiGure 11
Acting quite analogously to the above construction of the manifold 9, one

can construct a manifold 91, of the form shown in Figure 11. The parametrization
of My leads to the film 0 < ¢ty < t; < t3 shown in Figure 12. The solution
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x2 t=to x2

(@) (b) ()

FIGURE 12

describes the interaction of two regular waves with a prescribed shock producing
a system of two interacting shocks. Many other possibilities are available.

7. Final remarks

The above examples show that for several variables it is possible to construct
interesting solutions with shocks by means of qualitative methods obtained as
a very special case by our Theorem. First we construct the image (hodograph)
of the required solution, which allows us to set quite arbitrarily a number of
qualitative properties (like properties of shocks) of the solution we are going to
construct. Knowing the image u(D) C R! of the required solution u : R* > D —
R!, we construct this solution by appropriate parametrization of u(D).

To perform mathematically correct constructions we assumed that: the image
u(D) is a two-dimensional manifold, u(D) is small enough and PDE system (19)
reduces to a hyperbolic system

0,0, ® = f(®,0,,,0,,).

The smallness assumption is far from necessary. The numerical implementa-
tion in each case may determine the full possibilities of the method.

For two-dimensional images u(D) = M the system (19) allowing the con-
struction of Ms can often be reduced to a hyperbolic system. We gave an example
of the M.H.D. system (3). But that is not always the case. For example, for the

system
Oro + div(pv) =0,

3
g(@tv + Zviaxiv> +Vp=0,
i=1

3
p _ L _
o(2) o (2) -
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describing the nonisentropic gas flow, the system (19) for two-dimensional man-
ifolds M> is overdetermined and must be treated in another way.

In the case of k-dimensional manifolds M), C R!, 2 < k < n, the system
(19) is almost always overdetermined, but nevertheless gives some possibilities
of construction of k-dimensional images of solutions. If k =3, n =4, and M3 C
R! is a manifold satisfying (19), then the solution obtained via an appropriate
conical parametrization of M3 describes the interaction of three regular waves.
The interaction may produce shocks or be regular.
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