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UPPER SEMICONTINUITY OF GLOBAL ATTRACTORS
FOR THE PERTURBED VISCOUS
CAHN-HILLIARD EQUATIONS

MARIA B. KANIA

ABSTRACT. It is known that the semigroup generated by the initial-boun-
dary value problem for the perturbed viscous Cahn—Hilliard equation with
e > 0 as a parameter admits a global attractor A. in the phase space
X1/2 = (H2(Q) NHF(Q)) x L2(Q), © C R™, n < 3 (see [14]). In this paper
we show that the family {Aa}se[o,l] is upper semicontinuous at 0, which
means that the Hausdorff semidistance

d Ae, Ag) = sup  inf - )
X1/2( e O) wé}zs bEdo ||¢' ¢||X1/2

tends to 0 as e — 0.

1. Introduction

Let © C R™ be a nonempty bounded open set with the boundary 9€ of class
C*. In this paper we consider two equations: the perturbed viscous Cahn—Hilliard

equation

(1.1) eug +u; + A(Au® + f(u)—du;) =0, z€Q, t>0,
(1.2) u®(0,z) =wup(z), ui(0,x) =vo(z) forzeQ,
(1.3) u®(t,z) =0, Auf(t,z) =0 for z € 041,
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and the viscous Cahn—Hilliard equation

(1.4) us + A(Au+ f(u) —dug) =0, 2€Q, t>0,
(1.5) u(0,2) = up(x) for x € Q,
(1.6) u(t,x) =0, Au(t,z) =0 for z € 092,

where €, € (0,1] and n < 3. Without loss of generality we can assume that
£(0) = 0; otherwise we replace f(s) by f(s) := f(s) — £(0), and then the equa-
tions (1.1) and (1.4) will not change. To emphasize the dependence of solutions,
semigroups and attractors of the considered problems on the perturbation pa-
rameter € we use the subscript or superscript €, €5 or k.

The initial-boundary value problem for the perturbed viscous Cahn—Hilliard
equation was studied in [18] in one space dimension and in [14] for n < 3. In the
aforementioned second paper it was assumed that f:R — R is a real function

satisfying the following assumptions:

(1.7) f e C*(R,R),
(1.8) 1f'(s)| < C(1+1s]%), seR,

where g > 0 can be arbitrarily large if n =1,2 and 0 < ¢ < 2 if n = 3,

(1.9) 6§R+ s‘gR F(s) :z/0 f(z)dz < C,
(1.10) 3 3 v o osf(s) — %F(s) < —0s>+C,,

o>(24+X1)/(8A\1ve) CoeRtT s€R

where A1 is the first eigenvalue of the Dirichlet Laplacian in €2. Denote by
{S.(t)} the C%-semigroup of global solutions to ((1.1)—(1.3)). defined on X/2 :=
(H%(Q) N H(2)) x L*(Q) via the relation

Se(t)(uo, vo) = (u°(t), ui (1)), t=>0.

We showed (see [14, Theorem 4.1]) that for any 0 < & < 1 the semigroup {S.(¢)}
has a global attractor A. in the phase space X/2. Analysing the calculations in
[14], it is easy to see that the same result holds, when the condition (1.10) will
be replaced by a more general condition

(111 3 3 EN
>0 0<pu<min{2/3;(20A1v€)/(A14+2)} Co>0 s€R

sf(s) = 2uF(s) < —os? + C,.
The limit problem (1.4)—(1.6), with equation (1.4) written in the form

(1—v)us = —A(Au+ f(u) —vu), t>0, z€Q, velol]
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was studied recently in [3] under the following assumptions on the nonlinear term
f € C*(R,R)

3 3V sf(s) <\ —k)s®+d,
k>0 d>0 seR
and

() _

|s]—o0 |5|q_1

It was shown in [3] that there exists a global attractor for the semigroup of global
e-regular solutions of this problem in Hg(£2) (see also [9]).

Our main goal here is to study upper semicontinuity of the family of attrac-
tors {Ac}eepo,1] as the perturbation parameter ¢ goes to 0. Some well-known
papers concerning the upper semicontinuity of the family of attractors are [2],
[11] and [12]. Following [6] we say that the family of attractors Ay C E (E —
complete metric space) is upper semicontinuous at the point \g if

(1.12) dr(Ax, Ay, ) = sup{dist(¢), Ay, ): ¥ € Ax} — 0,

as A — Ag. We remind that the distance between an element 1 and a set A, is
defined by the equality

dist(v, Ax,) = inf{p (¢, 9): ¢ € Ax. },

where p denotes the distance in E. The distance from the set A4y to the set
A, defined in (1.12) is known as the Hausdorff semidistance. Note that this is
different from the Hausdorff metric, which is defined as

sup{dp(Ax, Ax,); de(Axy, Ar)}-

1.1. Plan of the paper. Our paper is organized as follows. In Section 2
we prove that the family of global attractors {A.}.e(o,1) for ((1.1)-(1.3))c is
bounded in X! := H3(Q) x H}(2) uniformly with respect to the perturbation
parameter ¢, where H5(Q) := {¢ € H3(Q) : $ = Ap = 0 on 9Q}. In Section 3
we study existence of the global attractor Ay for (1.4)—(1.6) in the phase space
H?(Q) N HE(Q). Finally, in Section 4, using the results of previous sections, we
show that the family {.A.}.cjo,1) is upper semicontinuous at 0, i.e.

dX1/2(A57A0) = Ssup inf H1/J — ¢||X1/2 — 0,
peA, PEA0

as € — 01, where the set

Ao = {(6,0) : & € Ao, ¥ = —A(I — M) (f(9) + Ag)},

is a “natural” embedding of Ay into X'/2. This embedding is introduced to
make possible a comparison of the attractor of the perturbed viscous Cahn—
Hilliard equation, which lies in (H2(2) N Hg(2)) x L?(Q) with the attractor for
the viscous Cahn-Hilliard equation lying in H?(Q) N Hg (£2).



330 M. B. KANIA

1.2. Notations. In this article all the Sobolev spaces H”(Q) are considered
for functions defined on fixed domain © C R", so we use the simplified notation
H* = H*(Q) throughout. The norm in L? is denoted by || - || and the scalar
product on this space by (-, - ). We reserve the letter K with suitable subscripts
to denote the constants appearing in the embedding estimates.

We denote by (—A) the minus Laplace operator with domain D(—A) =
H}, extended to the space H~!. Simultaneously we consider the L?-realization,
(=Apz), of (—A) with Dirichlet condition (see [1]) that is the linear operator in
L? defined by

D(—Ap:) :={u€ L*ND(-A): (-A)u e L?*}, (—=Ap2)u:=(-A)u.

We preserve the notation (—A) for such L%-realization. Since (—A) is an un-
bounded, closed, positive self-adjoint linear operator with compact resolvent in
L?, we can define for s € R its fractional powers (—A)®. The domain D((—A)?®)
of (—A)?® endowed with the scalar product and the norm
{ (u, 0) p((=a)) = (=A)%u, (=A)*v),

lull p(-ay) = () p(—a)9)"?,
is a Hilbert space for any s > 0. Let D((—A)~*) denote the dual spaces of
D((—A)®) (s > 0). These Hilbert spaces can be endowed with the product and
the norm like above, with s replaced by —s (see [15, Section 2.1]). Moreover, we
infer from [13, Section 1.4] that for a > 0, H* D D((—A)®/?), since the space
on the right-hand side contains some boundary conditions. The inner product
on H~! will be introduced as

(&0 1 = ((=8)72¢,(-A)"20), g9 H.

Using Poicaré’s inequality, for ¢ € H}, we have
1 1 1 1
< (=AY (A2 = —— 6] < — (=AY 2G| = — 6]l 1.
Iolla-s < —l(-5)"2(-220] = ol < 2-1(-8)"%6]) = -l

2. Uniform boundedness of the global attractors
We will study properties of global solutions of the Cauchy problem for the
perturbed viscous Cahn—Hilliard equation
euf, +ui + A(Au® + f(uf) —ou) =0, z€Q, t>0,
(2.1) u®(0,2) = up(x), uf(0,z)=wvo(x), x €,
uf(t,x) =0, Auf(t,z) =0, x eI, t>0,
where £,6 € (0,1], n < 3, f(0) = 0 and the nonlinear term f satisfies the
assumptions (1.7)—(1.9) and (1.11).
Since all the estimates of solutions to (2.1) obtained in this section are inde-
pendent of €, we use the simplified notation u® = wu.
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LEMMA 2.1. Let 0 < e < 1. If b is a non-negative real number satisfying

. < =
(22) b Hlll’l{8,12,24 s

then for each (¢,v) € X := H} x H™' we have the following inequalities:
(a) (1 = 2eb)[¢ll5— + 2blI6l1% + 26((=2)71 20, (=A)72¢) + 8[[¢* +
260(p, ) = (5/3)b(|¥l1F-1 + I19ll5) + (6/2) 1[I,
(b) [2be((=A)726, (=A) ") < (1/8)10l1F1 + (/) [ll5 -
PRrROOF. For the proof it suffices to use the Cauchy inequality. O

THEOREM 2.2. Let 0 < ¢ < 1 and (ug,vp) € X112 Then there exists
a positive constant My and, for any ro, a positive constant t(rq) such that, for
any solution u of (2.1) with ||vol|%-. + ||u0|\12qé < 13, the following estimate
holds:
ellue()l7—1 + lu(t) |7 < M3 fort > t(ro).

The constant My is independent of €.

PROOF. Fix a constant b as in (2.2). We will consider the equation obtained
formally by applying (—A)~! to (1.1), that is the equation

(2.3) (=A)teuy = —(=A) tup — (=A)u+ f(u) — Suy.
For any fixed e € (0, 1] we introduce the following energy functional
2.4) V. = el + S

(24) Ve(u,u) = iHutHH—l + §||UHH(}

_/F(u) do + 2eb((— D)2y, (—A)"12y,),

which will now be estimated from below and from above. Using Lemma 2.1(b)
and the assumption (1.9), we obtain

3 _
(25) 2 (ellualiys + luliy) - Cle
< Vi) < Glelulfy + ully) — [ Fu)da.

/dt. Thanks to (2.3), we have

~ ool ot

Our next concern is to estimate dV; (u, ut

d
(2.6)  —Ve(u,up) = —(1 — 2¢b) [Jue | F-1 — 2b]lul

dt
— 2b((—A) "2, (—A) T 2u) + 2b(u, f(u)) — 6]|uel|> — 266 (u, ug).

Thus, from Lemma 2.1(a) it follows that

d 5
@7) S Velww) < =S (s + lully) + 26, £(w),
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where p is such that condition (1.11) holds. Since the values of V. can be
negative, we introduce another functional V* defined as

8 —
(2.8) Ve (uue) = £ (Ve(u, ur) + C1Q).
Note that V*(u,ut) > 0. Furthermore, combining (1.11), (2.5), (2.7) and (2.8),

we get

(2.9) SV (ult), ue(8) <~V (u(t),ue(t) + ke for ¢ >0,

Let us analyse the above inequality. Observe that if V*(ug,v9) > ka/k; then
there exists a constant t(rg) such that VX (u(t),u(t)) < ko/ky for ¢ > t(ro);
otherwise VZ*(u(t), us(t)) < ko/ky for ¢t > 0. In particular,

(2.10) V2 (u(t), us(t)) < max {Vg*(uo,vo); :2} for t > 0. O
1

REMARK 2.3. Under the assumptions (1.7)-(1.8), for any s € R, we have
(2.11) [f()] < CL+s|7H),

where ¢ > 0 can be arbitrarily large if n = 1,2 and 0 < ¢ < 2 if n = 3.
Sometimes, we use the weaker condition (2.11) instead of the condition (1.8).

COROLLARY 2.4. Let 0 < ¢ < 1 and (ug,vo) € X'/2. For arbitrary ro > 0
there exists a positive constant C§(ro) (independent of €) such that, for any
solution u of (2.1) with

(2.12) ellvollz— + lluollzy <73,
we have the estimate
(2.13) ellue@Fr-+ + lu®)F < C(ro) fort>0.

PROOF. By (2.10) we know that

ko

Ve (u(t), ua()) < V' (uo, vo) + 7,

and then, thanks to (2.5) and (2.8), we obtain

3 8 —
5(€||Ut(t)||?q—1 +lu(®)lI3,) < 5 (Ve(uo, vo) + C1Q) + =

From the assumption (2.12) and estimate (2.5) it follows that

8
ellun(®) 17—+ + lu@®)lFy < —g/QF(Uo)derC(?“o)

Thus, as a consequence of (1.11), (2.11) and the embedding Hi C L5 n < 3, we
get (2.13). O
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PROPOSITION 2.5. Let 0 < e <1 and (ug,vg) € X2 For any ro > 0 there
exists a positive constant C5(rg) (independent of €) such that, for any solution
u(t) of (2.1) with e|vo|3;—1 + [luoll3,, < r§, we have the estimate

0

(2.14) /Ooo lua(s) 2 ds < C: (ro).

Proor. For any fixed € € (0,1] we will consider again the functional given
by (2.4), but with b = 0. From (2.6) and (2.8) it follows that

d
= S Velwue) = =ludll - = Sw .

Integrating this equality over [0, t], we obtain

V2 () () = V2 0, 10) = =5 [ ()]s + Sl (s) ) s

Note that V*(u(t),u:(t)) is non-increasing in time. In particular,
0 < VX (u(t),u(t)) < VX (uo,v0), t>0.

Consequently, we have

t t
5
6Auw@w%wsAom&w§4+wmwm%@sgnummx
hence
oo 5 .
| )P ds < 2502 o).
0
Estimating V*(ug, vo), as in the proof of Corollary 2.4, we obtain (2.14). O

REMARK 2.6. The above calculations show that also the integral

is estimated by the same constant.

Our next goal will be to investigate the behavior of the Lyapunov type func-
tional ®.: X2 — R connected with (1.1)

1 1)
(2.15) e(¢, ) = £(6, %) + ell* + 852y + 51117 + 5l 01, -
Since 0 < § < 1, we have
1 3 1
3 ClII® + 1013r2nmy) < @e(, ) < Sell$l” + 161 + 51617y + 1617203
but

(2.16) 10l < Ksllollpznmy  and ]l < Kalloll grznmg
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hence

(2.17) %(EWHQ 101 2nm) < Pe(,¥) < alellYl® + 101 F2nm),
where o := max{3/2; K} + K3/2 + 1}.

THEOREM 2.7. Let 0 < ¢ < 1 and (ug,vg) € X2 Then, for any ro > 0
and r1 > 0 there exists a positive constant C5(rg,r1) (independent of €) such
that, for any solution u of (2.1) with

218)  elloolds + luolZy <3 and ellvoll® + llwolZen < 2.
we have the estimate
(2.19) ellu ()]|? + ||u(t)||?{2ﬂH5 < C5(ro,m1) fort>0.

REMARK 2.8. Note that the second condition in (2.18) is stronger than the
first one, so that it suffices to assume only the second one. We keep here both

conditions, since in some estimates the weaker one is sufficient.

PROOF. Multiplying equation (1.1) in L? first by 2u; then by u, we obtain
d
< Ell® + g + 2wl + 2(AF (w), ue) + 20]|ue |7y = 0
and

d 1 )
27w} + Sl + Sllully) = elludl® + llullfznmy + (AF(w),u) = 0.

Summing up these identities, recalling (2.15) and (2.17), we get

d 1
a‘bs(uﬂ Ut) + %@E(ua Ut)

1
< =20]uellfyy — gllulanpg + (-AF (W) u) + 2{=Af (u), ue).

(2.20)

Our next task is to estimate the components (—Af(u),u) and 2(—Af(u), us)
from above. Note first that thanks to Sobolev embeddings for every s > 1/(2q),
r>1ifn=1,2 and for every s € [1/(2¢),3/q], r € [1,3) if n =3,

(2.21) lullzzes < Kllully and Jullwszr < Culullaq g llull ",

for certain n € [0,1).
From (2.11) and (2.21) it follows that

1 2q+2
[(=Af (), u)l < Llullfnm + Cillullyy™ + Ca.
Thus Corollary 2.4 implies

(222) (= F(w), )] < Fllullany +ex(ro).
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Observe that for arbitrary ¢ > 0 condition (1.8) yields

2= fw.u)l < 20wl + & ([ [VaP st [ uPva? dz).
Q Q

Using Holder’s inequality with s > max{1/(2¢),1} if n = 1,2 and s = 3/q if
n = 3, we obtain

2
2(=Af (u), ue)| < 26wl + Colllullzyy + lull b lulfar).

From (2.13), (2.21) and the last inequality we deduce that
2
12(=Af(w), ue)| < 26]ully + Cs(ro) + Calro)llull ez
then using Young’s inequality, we get
1
(2.23) [2(=Af(u), ue)| < 20l|uellFyy + Flullfrznmg + c2(ro).

Consequently, from (2.20), (2.22) and (2.23) we infer that

d 1
%q)a(u(t)a ut(t)) + %

O (u(t), u(t)) < cs(rg) fort>0.
Integrating this estimate over [0, ], we get

D (u(t), us(t)) < D (up,vo) + carg) for t > 0.
Thus, thanks to (2.17) and (2.18), we obtain (2.19). O

We show now that A, are bounded in “more regular” space X' independently
of e. Differentiating equation (1.1) with respect to ¢, we have

EUttt —+ Ut —+ (A)2Ut + A(f’(u)ut) — 5Autt = O

Setting v(t) = u:(t) we will consider next the following problem:

evy + v + (A)?v — §Av, = —A(f(u)v) x e, t>0,
U(O,J?) = UO(J:)) MRS Q7
(2.25) 1
v (0, 1) = —g(vo + (A ug + Af(ug) — 6Avg) x € Q,
v(t,z) =0, Av(t,z)=0 e, t>0.

THEOREM 2.9. Let 0 < & < 1. There exists a positive constant C* and, for
any r; > 0,i=0,1,2, two positive constants C3(ro,r2) and Cj(rg,r1) such that,
for any solution u of (2.1) with

ellvolly + lluollZy < 7
(2.26) elleol® + lwol3pzrmy <7
ellvolly + lluoll3, <73,
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we have, for t > 0, the estimate

C5(ro,m2) _c~ .
el () By + ey + )y < BT om0 4 G ),
The constants C*, C5(rg,r2) and C}(ro,m1) are independent of €.

ProOOF. Fix b satisfying (2.1). For any € € (0, 1] we introduce the following
energy functional

1 1 1
We(6,9) = S0l + 5l10l%; +22b(-8) "o, (—) Hu).

Let us analyse its basic properties, which prove among other things that W,
defines an equivalent norm of the product space Hi x H~!. Note that estimating
W, exactly as V. before, we obtain

(227 (el + 10ly) S Welo,8) < S(elul - + 1)
Our main goal here is to estimate dW. (v, v;)/dt. Since
e(=A) vy = —(=A) oy + Av + f(u)v — duy,
we can write
S W0, 00) = —(1 — 25b) oy — 200l + 2b{o, £ (o) + oes £ ()0}
— 8|vel|? = 200 (v, vy) — 2b((=A) "V 20, (=A) TV 2p,).

Thus, from Lemma 2.1(a) and (2.27) it follows that

d )

2 We(v,0) < —ksWe (v, 0¢) — §||vt||2 +2b(v, f'(u)v) + (v, f'(u)v).
Observe that Theorem 2.7 and the estimate

(2.28) lull 2o < Kllull g2npy.  w € H* N Hg, n <3,

yield
If (ol < sup [f'()]l|v]] < Ci(ro,m1)]lvll;

|u|<C2(ro,m1)
so that

%We(v(t)7vt(t)) < —ksWe(v(t), ve(t)) + ca(ro, m) ]|

Multiplying the above inequality by e*s* and integrating over [0,t], we obtain

t
We(u(t), vi(t))e" — We(v(0), v,(0)) S/ c1(ro, 1) |v(s)]|*e*** ds.
0
Then Proposition 2.5 implies that

We(v(t), ve(t)) < We(v(0),v4(0))e 3t + cy(rg, 1),
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but from (2.25)—(2.27)

Ca(ro,72)

We(v(0),v:(0)) < 2

hence, recalling the estimate of W, from below, we get

C3(To, T k.
(2:29) el + Il < e e, r).

Note that the proof will be completed if we estimate the component [|u(t)]| 3 -
Rewriting (1.1) in the form of an “elliptic” equation

A%y = —suy — up — Af(u) + dAu
and because ¢,4 € (0, 1], we obtain
1A% ulfF -2 < OlellurellF-2 + luelF-s + IAF )2 + | Auel|F-1)-

Since

IAF (-1 < Ca(ro, 1)
from (2.26) and (2.29) we get

c3(ro,m2) _
Hu(t)||§{)33 <y (3(802’2)6 kst +C4(1"0,r1)>.

This completes the proof. O

As a direct consequence of the above theorem it follows that the attractors
A. are bounded in X! uniformly with respect to .

COROLLARY 2.10. If 0 < € < 1, then there exists a positive constant Ms
such that, for 0 <e <1,

(2.30) ol 191 % + N5 < M.

Moreover, there exists a positive constant My, such that, for 0 < e <1 and for
any orbit U (t) = (u®(t),ui(t)) of (2.1) with U:(R) C A,

(2.31) Vel ()l < M.

3. Viscous Cahn—Hilliard equation

Now we will study viscous Cahn—Hilliard equation
ug + A(Au+ f(u) —duy) =0, z€Q, t>0,
(3.1) u(0,x) = uo(x), x €,
u(t,z) =0, Au(t,z)=0, x €, t>0,
where 6 € (0,1], n < 3, f(0) =0 and f € C?*(R,R).
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3.1. Setting of the problem and local solvability of (3.2). Let As and
Bs denote realizations in H} of the operators (—A)2(I — JA)~! and (—A)(I —
§A)~!, with domains D(As) = H3 and D(B) = H{}, respectively. We now
discuss properties of As. We start with writing it in an equivalent form

1 1 1 1 -t

We know that the operator (—A) has several nice properties; it is closed, pos-
itive definite and self-adjoint operator on Hg, so that —1/§ € o(—A). Thus,
[7, Lemma 1.1.10] implies that (—(1/0)I + A)~! € L(H}). Finally, using [5,
Proposition 1.3.2], we obtain that As is sectorial. It is also easy to show that As
has compact resolvent.

With the use of operators As and Bs the problem (3.1) will be rewritten
abstractly on H} as

(3.2)

uy = —Asu+ Bsf(u), t>0,
u(0) = up.

Note that the function Bsf: H* N H} — H} is well defined. Indeed, taking
¢ € H?> N H}, we have

183 £ )y < 5OLF@)ay + 107 = 52)7 £(6) )
< Oy + 15@)1-1) < CUS ()T,

Thus, from the assumption that f € C?(R,R) and the estimate (2.28), we deduce
that the right-hand side of the last inequality is finite.

THEOREM 3.1. Letug € H>NH}. Then there exists a unique local solution u
of the problem (3.2) in H}, defined on its mazimal interval of existence (0, Tmax)
and satisfying

u € C([0, Tmax), H2 N H) N CH((0, Tomax), Hy) N C((0, Tmax ), D(As)).

PROOF. Since A;s is a sectorial operator, it suffices to show (see [5, Chap-
ter 2], [13, Chapter 3]) that the function Bsf is Lipschitz continuous on each
bounded subset of H? N H}. Fix such a bounded set G' and let ¢, € G. Then,
due to (1.7) and (2.28), we obtain

1Bsf(6) = Bsf (W) lay < Crlllf ()V(6 =) + V(£ (¢) — f/())]])
< Co(G)(llo = Yl + IVl = Pllze)
< C3(G)|¢ — Yl g2ams - O
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Until the end of this section we assume that the conditions (1.9), (2.11) and
also

(3.3) 13 3 3V sf(s) —2uF(s) < —0s* 4+ C,,
0>0 0<p<min{l;20A1/(A1+1)} Co>0 s€R

hold.
Our next goal will be to investigate the behavior of the Lyapunov type func-
tional ®: H} — R connected with (3.2)

1 — 0
Ba) @0l = gl + Jully =2 [ P dat gl

It follows from the above assumptions that ® is well defined.
LEMMA 3.2. Under the assumptions (1.9), (2.11), (3.3) and as long as a local
solution u to (3.2) exists, we have

(3.5) Bo(u(t)) < (Bo(up) — %) M

where My is a positive constant and u is as in (3.3).

PROOF. Let p be such that the condition (3.3) holds. For the proof we shall
consider the equation obtained formally by applying the operator (—A)~! to
(3.1), that is the equation

(3.6) (—A)ruy + (=A)u — f(u) + duy = 0.

Multiplying (3.6) in L? first by 2u; then by u, we obtain

d —
a1 (1% =2 [ Fuyde) + 20l + 207wl =0
Q

and

d (1 5

o (3l + S0lR) + ulity ~ [ stude =
Adding these identities and recalling (3.4), we get

d
G20 < ~Jully + [ fwuds.
Q

Thus, thanks to (3.3), we infer that

(3.7) L po(u(t)) + po(u(t)) < Col0] =: My,

Integrating the last inequality over [0, ], we obtain (3.5). |
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COROLLARY 3.3. Under the assumptions (1.9), (2.11) and (3.3), as long as
a local solution u to (3.2) ewxists, we have

[l g < clluollzg),
where ¢: [0,00) — [0, 00) is some locally bounded function.

PROOF. Since for u € H} conditions (2.11) and (3.3) give

1~ _
Do(u) < Crllullz + ;(C”U”Hé + CHUH?{EQ + M),

thanks to Lemma 3.2 and (1.9), we obtain

_ M,
(3.8) lu@®)liF < Callluollzy + lluoll g + ||Uo||§f)€ - " +2C1Q. O

REMARK 3.4. In Lemma 3.2 and Corollary 3.3 it suffice to assume that
(2.11) holds with ¢ < 4 for n = 3. Moreover, as a direct consequence of (3.8),
when ug € H? N H} we obtain

[ rg < elluoll z2mm),

where €: [0, 00) — [0, 00) is some locally bounded function. Note that the above
estimate is true for arbitrarily large ¢ in (2.11) for n < 3.

3.2. Global solution. Under an additional growth restriction (1.8) on the
derivative of f the local solution will be now extended to the global one.

THEOREM 3.5. Under the assumptions (1.8), (1.9) and (3.3) local solution
to (3.2) exists globally in time.

PRrROOF. By (1.8), (3.3) we get

1/2 1/2
1B (w)] 1 §01[</Q|Vu|2da:) +</Q|u|2q|Vu|2d:z:> ]

Using Holder’s inequality with s > max{1/(2¢),1} if n = 1,2 and s = 3/q if
n=3, (r=s/(s—1)) we obtain

1Bsf @)llmy < Colllullmg + lull7ze

uHWl,zr).
Consequently, from (2.21),
1
1Bs.f(w)lry < Cmax {Jlull g, lull 7y " I+ [l Frap )
< g(llellmg) (4 Nl )

where ¢:[0,00) — [0,00) is some non-decreasing function, so that any local
solution to (3.2) exists globally in time (see [5, Theorem 3.1.1]). O
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3.3. Existence of the global attractor for (3.2). Denote by {So(¢)} the
CP-semigroup of global solutions to (3.2) defined on H? N H{ via the relation

So(t)Uo = u(t), t Z 0.

Following [5, Section 1.1] and [6, Section 1.6] we now study existence and struc-
ture of the global attractor for the semigroup {Sp(¢)}. Since the resolvent of
As is compact, we know in advance (see [5, Theorem 3.3.1]) that the semi-
group is compact. If we show that the semigroup {Sy(¢)} is point dissipative
and that there exists a “nice” Lyapunov type functional £ for {Sy(t)}, then
{So(t)} will have a global attractor Ay coinciding with the unstable manifold of
Eo:={¢p € H>NH}:S(t)p = ¢ for t > 0} in H?> N H} (see [5, Corollary 1.1.6]
and [6, Theorem 6.1]).

We first show that the semigroup {Sp(t)} is point dissipative. To this end,
it suffices to prove (see [5, Corollary 4.1.4] that for all ug € H? N H}

M —
lim sup [lu(t)| 3 < 1/71 +2C19],
t—o0

where M; is the constant in (3.7). Note that this inequality follows directly
from (3.8).

We now analyse basic properties of the functional £: H?> N H} — R defined
as

(3.9) L(u) = ||u||?{é - Q/QF(U) dz.

PROPOSITION 3.5. Under the assumptions (1.9), (2.11) and (3.3) the follow-
ing properties of the functional L hold:
(a) L is bounded from below.
(b) L is continuous.
(c) For each ug € H? N H} the function 0 < t — L(So(t)ug) is non-
Increasing.
(d) If L(So(t)uo) = L(ug) for all t > 0 and some ug € H? N H}, then
So(t)ug = ug for all t > 0.

PROOF. (a) From (1.9) and (3.9) we obtain £(u) > —2C|Q)|.
(b) Let u,uy € H?N Hé be such that |lup — u||H2ﬂH5 — 0 as k — 00, hence
we may assume that |[ug||re, [lul|L= < M. Since

£(0) = L0 < el = Ny +2 [ [Fl) = P do.

it suffices to show that [, [F(uy) — F(u)| dz — 0 as k — oco. From (1.7) we have

[Pl ~Fwla < [ ‘ / Y1) ds

dx < C sup |f(s)||lux — ul||Le-
[s|<M
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(c) Multiplying the equation (—A)™lu, — Au — f(u) + du; = 0 in L? by 2u,
and recalling (3.9), we get

d
SL(u(t)) = ~2luell3- — 26]w]* < 0.

(d) Let ug € H?> N H} be such that £(Sy(t)ug) = L(ug) for t > 0. Then we
have

d d

L) = Z L) = =2luel[F-+ — 20]w?,
but the left side is independent for ¢, hence ||u¢]lz—1 = |ju|| = 0, so that
ut(t,x) = 0 almost everywhere for ¢ > 0. O

REMARK 3.6. Note that the functional £ is “almost” as good as the one in
the definition of the gradient system in [11]. It is easy to see that the condition
(iiz) of [11, Definition 3.8.1.]; £(u) — 00 as [|u|g2ng1 — 00, is not satisfied. As
was observed in [8] this condition was used in [11] to show that orbits of bounded
sets are bounded. Notice that for the problem considered here this property is
also satisfied.

We have thus verified all the conditions required in [5], [6] for the existence
of the global attractor. We have

THEOREM 3.7. Under the assumptions (1.8), (1.9) and (3.3) the semigroup
{So(t)} has a global attractor Ay coinciding with the unstable manifold of Ey in
H?NH.

4. Upper semicontinuity of the global attractors at zero

In this section we will prove that the family of attractors {Ac}.c0,1] is upper

semicontinuous at € = 0.
THEOREM 4.1. Under the assumptions (1.7)—(1.9) and (1.11) we have

El_i,%lJr dX1/2 (A57 .AQ) =0.

PROOF. According to [12, p. 211] it suffices to show that the following prop-
erty holds:

Let {1} be a sequence of positive numbers converging to 0 when k goes
to infinity and {u*} be the corresponding sequence of solutions to (2.1).,
such that, for any ¢t € R, (u*(t),uf(t)) € A.,. There is a subsequence
{gj,} of {ex} such that (u/*(0),ul*(0)) converges to (ug,vo) in X1/2
and (ug, vg) belongs to Ap.
Note that thanks to (2.30) the set V' := {J,cp Upen{u*(t)} is bounded in H3,.
Since the embedding H3, C H? N H} is compact and H? N H} is a Banach
space, from each sequence of elements of V' we can choose a subsequence, which
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converges to some element of H2N H}. Hence V is a precompact set in H? N H}
and for every ¢t € R the set V(t) := U, cy{u¥(t)} is precompact in H? N H as
a subset of a precompact set. Let {[—m, m] : m € N} be the sequence of compact
intervals in R. Thus, from [16, Chapter 3, Lemma 1.1] and estimate (2.30) we
infer that for all m € N the family of mappings «* € C(R; H2 N H}), k € N,
is equicontinuous on [—m,m]. Using Ascoli-Arzeld’s theorem (see [17, p. 10])
it is easy to show by induction that we can choose a subsequence {u*m+1} of
{uFm} such that {u*=+1} converges to u in C([-m — 1,m + 1]; H> N H}). Then
using a classical diagonalization procedure, we choose a subsequence of positive
numbers {e;,} of {ex} and the corresponding subsequence {u’*} of {u*}, of
solutions to (2.1).,, , such that

(4.1) uw* —u in O([—a,a]; H* N H}) for any a > 0.

In particular, u/*(0) converges to u(0) =:ug in H?> N H¢. Thanks to (2.30) and
(4.1), we obtain

(4.2) u € Cy(R; H* N Hy).
Fix a > 0. As a direct consequence of (4.1) we obtain
Av'* — Ay in C([—a,a]; L?),
A?udt — Ay in O([—a,a]; H2).
Furthermore, (see [10, Section 4.1]), from (4.1) and (4.3) it follows that

(4.3)

(4.4) (ul* — 6Aul*) — (up — 6Auy) in D'(—a,a; L?).
Our next objective is to show that the component (ui’“ - 5Au{’“) converges
in C([—a,a); H=2) to (—A%u — Af(u)). Since
u{’“ — 6Au{’° = —Eu{fg — A%y — Af(uj’“),

it suffices to study convergence of the right-hand side of the above equality.
Thanks to (2.31), we obtain

(45) et (t) =0 in C(1—a,a) HY).
Observe that since f € C%(R,R), we can write

S IAf(W*) = Af(u)| -
<Cp osup ||f'(w?)| VUt — V| + [Vul(f/(u?*) — f'(w))],

t€[—a,al

but from (2.30) and (4.2) we have

sup |u?* (t)| < sup [/ ()]s < Mz and  sup [u(t)| < sup [|u(t)]| g2nm < Ms,
teR teR B teR teR 0
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so that
sup  [|Af(u*) — Af(u)||g-1 < Cy sup (||Vu* — Vul| + ||u’* — ul|p).
te[—a,al te[—a,al
Consequently,
(4.6) Af(ui™) — Af(u) in C([~a,a); H ).

Finally, from (4.3), (4.5) and (4.6) we deduce
(uf* = 6Aul*) — (=A% — Af(u)) in C([~a,al;H?),

so that ul* (0) converges to —(I —dA) " A(Aug + f(ug)) =:vo in L2. Tt remains
to show that uy € Ag. By uniqueness of the limit in D’(—a, a; H?), we have

uy — 0Au; = —A%u — Af(u),

but the right-hand side of the above equality belongs to C([—a, a]; H~2), hence
(I — 6A)u; belongs to C((—a,a); H=2). Consequently,

(4.7) uy € O(R; L?)

and

uy = —Asu+ Bs f(u in L? for a.e. t,
(4.8) { ¢ 5 sf(u)

uw(0) =up € H> N Hg.

From (4.2) and (4.7) it follows that u is a solution of (4.8) in L2. Then [5, Corol-
lary 2.3.1] implies that u; belongs to C(R; H}), so that the equality (4.8) holds
in H} for almost every ¢ . Finally, using regularity properties of the operator
Ajs, we obtain that u is a solution of (4.8) in H}. Since u is a bounded complete
trajectory of the semigroup {Sp(¢)}, thanks to [4, Chapter 2, Theorem 3.2], we
conclude that ug belongs to ./ZO, which completes the proof. O
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