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AN EXTENSION
OF LEGGETT-WILLIAMS NORM-TYPE THEOREM
FOR COINCIDENCES AND ITS APPLICATION

A1JUN YANG

ABSTRACT. In this paper, several versions extension of Leggett—Williams
norm-type theorem for coincidences are given and proved to obtain the
positive solutions of the operator equation Mz = Nz, where M is a quasi-
linear operator and N is nonlinear. Moreover, as an application, the ex-
istence of positive solutions for multi-point boundary value problem with
a p-Laplacian is obtained by one of those theorems.

1. Introduction

In [9], D. O'Regan and M. Zima proved the Leggett—Williams norm-type
theorem for the abstract equation Lz = Nz with L a noninvertible linear oper-
ator, which has become a useful tool in finding positive solutions to differential
equations boundary value problems at resonance. Those theorems based upon
the famous Mawhin’s continuous theorem [8] and the properties of cones in Ba-
nach spaces and Leray—Schauder degree for completely continuous operators. In
2004, W. Ge and J. Ren extended Mawhin’s theorem to nonlinear operator in [5].
Motivated by above works, in this paper, we give and prove the extension of the
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Leggett—Williams norm-type theorems in Section 2 and introduce an application
to a kind of multi-point boundary value problem with a p-Laplacian in Section 3.

2. Norm type theorems for quasi-linear operator

For the convenience of the reader, we first recall some of fundamental facts
on quasi-linear operator and cone theory in Banach spaces. Let X, Z be real
Banach spaces. Consider a continuous mapping M:dom M C X — Z. Assume
that:

(1) M is a quasi-linear operator, i.e. Im M is a closed subset of Z and Ker M
is linearly homeomorphic to R™, n < oc.

From the condition (1), there exist continuous projection P: X — X; and
semi-projection @Q: Z — Z; such that Im P = Ker M and Ker Q = Im M (see [2],
[4], [5]). Moreover, since dimIm @ = codimIm M, there exists an isomorphism
J:Im Q — Ker M with J(0) = 6. Let Q C X be an open and bounded set with
the origin 6 € Q. Suppose N»:Q — Z, A € [0,1] is a continuous operator, denote
N; by N. Let £y = {z € Q: Mz = Nyz}. Assume N, is M-compact in Q,
that is,

(2) there is a vector subspace Z; of Z with dim Z; = dim X; and an operator
R:Qx[0,1] — X5 being continuous and compact such that, for A € [0, 1],

(2.1) (I-Q)NA\(Q) cImM C (I -Q)Z,

(2.2) QNyx =0, A€ (0,1) & QNz =0,

(2.3) R(-,0) is the zero operator and R(-,\)|s, = (I — P)|x,,
(2.4) MI[P+ R(-,\)] = —Q)Nx.

Define Sy: Q2 Ndom M — X, X € [0,1] by
(2.5) Sx=P+R(-,\)+ JQN.

Then the equation M2 = Nyx has a solution z € Q if and only if z is a fixed
point of Sy for all A € [0, 1] (see [5]). Set S = 5.
Let C be a cone in X, it is well known that C' induces a partial order in X
by
r=y & y—xel.

Moreover, for every u € C'\ {0} there exists a positive number o(u) such that
(2.6) [lz 4+ u|| > o(u)||z]| forallz e C

(see [10]). Let v: X — C be a retraction, that is, a continuous mapping such
that y(z) =« for all x € C.
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THEOREM 2.1. Let C be a cone in X. If Q1, Qo are open bounded subsets
of X with Q1 C Qo and CN(Q2\ Q) # 0. Assume that (1), (2) and the following
conditions hold:

(3) ||Naz|| < [|Mz]|| for allz € C NIy Ndom L and X € (0,1),

(4) degp{[I — (P 4+ JOQN)V]|ker m, Ker M N Qo,0} # 0, where degp is the
Brouwer degree,

(5) there exists ug € C \ {0} such that ||x|| < o(ug)||Sz|| for x € C(ug) N
00y, where C(ug) = {x € C : pug X x for some p > 0} and o(ug) is
such that ||x + uol|| > o(uo)||z|| for every z € C,

(6) Sxov(Q2\ Q1) C C for A€ [0,1].

Then the equation Mz = Nz has a solution in C N (Qa \ Q).

ProoOF. Without loss of generality, we suppose that Mx = Nz has no so-
lution in C' N (021 U 893). It remains to prove that S has a fixed point in
CN(N2\ Q). For A € [0,1] and x € Qy, define
(2.7) S\ ) = (P+ JQN)vz + R(yz, \).

The continuity of P, J and v together with the condition (2) imply that S is
compact on [0, 1] x Qg (see [4], [5]). It is similar to the proof of Theorem 1 in [9],
we first prove that

(2.8) x # pug+ (14 p)S(1,2) for x € 0Q1, 1 > 0.

Otherwise, suppose that there exist xg € 921 and pg > 0 such that

wo = pouo + (1 + o) S(1, o).

In view of (6), one gets zo € C(ug). In addition,

l|zol] = [|mouo + (1 + 10)S(1, z0)||
> o (uo) (1 + 10)]|S(1, z0)|| > o(uo)||S(1,z0)|| = o (uo)||Sxol|,

which contradicts (5). In addition, z # S(1,z) for « € 8, because we assume
that Mz = Nz has no solution on C'N (9 U 0€3). So (2.8) is satisfied.

Notice that S(1, ) is compact on Q5 \ Q1. Thus, by Dugundji extension
theorem (see [4], [9]), there exists a compact operator F:{Qy; — X such that
Flgha, = S(1, ) and F(Q,) c convS(1, -)(Q2 \ ©1). The assumption (6)
implies that S(1,-)( 2 \ Q1) C C. Notice that C' is closed and convex, then
F(Q3) C C, which leads to

inf{||ug + Fz||: 2 € Q1} > 0.

If it is not the case, then for each n € N, take z,, € Q; such that ||ug + Fz,|| <
1/n. Thus, lim, . ||ug + Fz,|| = 0. As a result, limy, oo F,, = —ug. In view
of {Fz,} C C and C is closed, we have —uy € C, which is impossible.
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In the following, choose p* > 0 satisfying

sup{||«| +[1S(L, @)l : « € D1}
inf{|jug + Fz|| : x € Q1 }

(2.9) wt >

Define the homotopy mapping H: [0,1] x Q; — X by
H(t,z) = S(1,2) 4 tp* (uo + Fz).

Since Fa = S(1,x) for x € 0, H(t,x) = tp*ug+ (1 +tp*)S(1, x). (2.8) implies
that  # H(t,z) for all t € [0,1] and € 9§;. Then, by homotopy invariance of
Leray—Schauder degree we can obtain

deg{I_H(L ')79179} = deg{I_H(Ov ')79170}'

We claim that deg{T—H (1, -),Q1,0} = 0. Otherwise, if deg{I—H (1, -), 4,0} #
0, then there exists zg € €21 such that

xo = S(1,z0) + pu* (uo + Fxo),

which yields

< o] + [1S(L, z0)]|
[luo + Fxo|
contrary to (2.9). Then, we can obtain

)

(2.10) deg{I — 5(1, -),Q4,0} = 0.
Next, we show that
(2.11) deg{I — S(1, -),Q,0} #0.

To do this, we first show that  # S(\, z) for & € 9Q,. Clearly, z # S(1, )
for z € 09, and = # S(0, ) for z € dQ; from (4) (since the Brouwer degree is
defined) and (2). Suppose that there exist Ag € (0,1) and 2y € 99y such that

xo = S(Xo, zo), that is,
zo = (P + JQN)yzo + R(y20, Ao)-
In view of (6), o € C. Thus, g = (P+JQN)xo+ R(xo, o), which is equivalent
to Mxg = Ny, xg, contrary to (3). As a result, we have
deg{I — S(1, -),Q2,0} = deg{I — S(0, -), 2,6}

= deg{I — (P + JQN)v,Q2,0}

= degp([I — (P + JQN)V]|ker 1, Ker M N Oy, 0} # 0.
Thus, (2.11) holds. From (2.10), (2.11) and the additivity of Leray—Schauder

degree, we obtain
deg{I - §(17 ' )aQQ \ﬁlae} 7é 0,
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which implies that S has a fixed point in the set C'N (g \ Q;). This proof is
completed. O

REMARK 2.2. If M = L is a linear operator and Ny = AN for N is L-
compact, let R(x, ) = AK,(I — Q)Nz, then

S\, z) = (P4 JQN)yz + AK,(I — Q)N~yz = (A, z),

where L,, K, and U are the same as defined in [9]. So Theorem 2.1 extends
Leggett—Williams norm-type theorem for coincidences.

REMARK 2.3. If Ny = AN for A € (0,1) satisfies the conditions in Leggett—
Williams norm-type theorem for coincidences, then (3) holds immediately. How-
ever, when Ny is M-compact, ||[Naz|| < ||Nz|| is crucial since N and A are no
longer linear relation. In (6), due to the same reason that R(-,A) is nonlin-
ear on A, A\ = 1 is not enough, it is necessary to let A € [0,1]. Meanwhile,
when A = 0, Sy o 7(0Q2) = (P + JQN)¥(992), so we omit the condition
(P4 JQN)v(093) C C comparing to the original theorem in [9].

Notice that the condition (3) can be replaced by
(7) Mz # Nyz for all z € C NIy Ndom M and A € (0,1).

Therefore, the following theorem holds.

THEOREM 2.4. Let the assumptions of Theorem 2.1 be satisfied with (3)
replaced by (7). Then the equation Mx = Nx has at least one solution in C' N

(Q2\ ).

In the following, we consider the existence of positive solutions to the equa-
tion Ma = Nz with R(}, -) satisfying a k-set contractive assumption. Recall
that amap T: D C X — X, is said to be k-set contraction if it is continuous and
bounded and there exists k > 0 such that a(T'A) < ka(A) for every bounded
subset A of D, where « is the Kuratowski measure of noncompactness (see [1]).

THEOREM 2.5. Let C be a cone in X. If 1, Qs are open bounded subsets
of X with Q1 C Q2 and C N (Qa\ Q1) # 0. Assume that the assumptions of
Theorem 2.1 are satisfied with (2) and (6) replaced by

(8) the assumptions of (2) hold with R(\, -): X — Xs is not compact but
a k-set contraction on every bounded subset of X with k < 1,
(9) Sxov() CC,
respectively. Then the equation Mz = Nz has a solution in C N (Qa \ Q1).
PROOF. As in the proof of Theorem 2.1, consider S defined by (2.7) for

A €[0,1] and x € Q5. The condition 2° and the continuity of P, J and + imply
that S is a k-set contraction on [0,1] x Q5. If k = 0, the assertion follows from
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Theorem 2.1. For the case k # 0, choose a positive constant L satisfying

_ L=k inf{]jug + LS(1,z)|| sz ey}
ko sup{||z]| +]|S(1,2)]| : & € 2}

It can be shown that such an L exists (see [9]). Next, we claim that

(2.12) x # pug+ (1+pL)S(1,z) for x € 0Qy,u > 0.

In fact, if there exist g € 9Q; and pg > 0 such that

wo = pouo + (1 + poL)S(1, o).
It follows from (9) that z¢ € C(ug). Moreover,

l|lzo|| = [|mouo + (1 + poL)S(1,20)|| > o (ue)(1 + poL)||S(1, z0)|]
> o (uo)[|S (L, 2o)|| = o (uo)[[Szo],

which contradicts (5). Obviously, z # S(1,z) for z € 9Q;. Hence (2.12) holds.
Let p* > 0 such that

L=k sup{|la]| +[1S(L,2)|| : = € 2}
kL inf{|lug + LS(1,2)|| : x € O1}

(2.13)

Set k; = (u*L + 1)k. Obviously, k1 € (0,1). For t € [0,1] and = € Oy, consider

H(t,x) =tp*uo + (tp* L+ 1)S(1, x).

Clearly, H:[0,1] x Q; — C and H is a ky-set contractive map. Moreover, from
(2.12) we obtain x # H(t,x) for all t € [0,1] and = € 9Q. Thus,

deg{I — H(1, -),Q,0} = deg{I — H(O, -),84,6}.
We can prove that deg{I — H(1, -),Q;,0} =0 (see [9]). Then,
(2.14) deg{I — S(1, -),,,0} = 0.
As in the proof of Theorem 2.1 we can also show that
(2.15) deg{I — S(1, -),Q,0} #0.
From (2.14), (2.15) we obtain

deg{I — S(1, ), \ (1,0} #0,

and the assertion follows. O

Next, we consider the case of R(-,)\) being a condensing mapping. Recall
that amap T: D C X — X is said to be condensing if it is continuous and for any
bounded set S C D with a(S) > 0, T(S) is also bounded and «(7T'(S)) < «(S).
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THEOREM 2.6. Let C be a cone in X. If Q1, Qo are open bounded subsets
of X with Q1 C Qy and CN (Qa\ Q) # 0. Assume that the assumptions of
Theorem 2.5 are satisfied with (8) and (5) replaced by

(10) the assumptions of (2) hold with R(\, -): X — Xa is not compact but
a condensing mapping on every bounded subset of X,
(11) there exist ug € C\{0} such that ||z|| < o(ug)||Sxz|| for x € C(up)NON,

respectively. Then the equation Mx = Nz has a solution in C' N (g \ Q7).
PRrROOF. As in the proof of Theorem 2.5, consider S given by (2.7) for A €
[0,1] and = € Q. In view of the assumptions, S is a condensing mapping on

[0,1] x Q5. Similar to the proof of Theorem 4 in [9], we can prove that for all
@>0and x € 00,

(2.16) x # pug + S(1,z).
Let p* > 0 be such that

sup{||z|| + [|S(L, 2)|| : = € Qu}

(2.17) wt>
[[uol|

For t € [0,1] and = € Q;, define
H(t,x) = tp ug + S(1, z).

Obviously, H:[0,1] x Q; — C and H is a condensing mapping. From (2.16) we
get H(t,z) # x for (t,z) € [0,1] x 9. So,

deg{l - H(17 ')79179} = deg{l— H(O? ')791,0}'
We can verify that deg{I — H(1, -),Q1,0} =0 (see [9]). Then,
deg{I — 5(1, -),Q4,6} = 0.

The rest of the proof follows as before. O

REMARK 2.7. In particular, when Mu = (¢,(u’))’, where ¢,(s) = |s[P~2 - s,
p > 1, then the operators M = (d/dt)(¢,((d/dt)-)) is a quasi-linear operator.
The same is for M* = (d/dt)(¢((d/dt)-)), where ¢: R — R is a homeomorphism
with ¢(0) = 0, ¢(+o00) = +o0. Here M and M* are said to be a p-Laplacian and
a p-Laplacian-like, respectively. Theorem 2.1 can be used to discuss those kind

of equations.
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3. Positive solutions for multi-point BVP with a p-Laplacian

As an application of Theorem 2.1, we consider the following multi-point
boundary value problem:

3-1) (@p(z' (1)) + f(t, () =0, te(0,1),
(3.2) z(0) = Z a;z(&), a'(1) =0,

where ¢, (s) = [s[P72-s,p > 1, l/erl/qf Loyt =¢g,0<& <. <&na<l,
a;>0,i=1,...,m—2,and > "] 2o, =1.

When p = 2, G. Infante and M. Zima [7] studied the existence of positive
solutions to

—2"(t) = f(t,z(t)) for t € (0,1),

2(0)=0, =z(1)= z_: a;x(n;).

with ; > 0 and ZZ’;Q a; = 1 by Leggett—Williams norm-type theorem for
coincidences.

For the case p # 2, H. Feng et al [2] considered the multi-point BVP with
one dimension p-Laplacian

(Pp(2' (1)) = f(t, z(t),2'(t)) for t € (0,1),
0) = Zaix(fi)a z(1) = Zaix(m),

with >0 ? a; = 1. The authors obtained the existence of at least one symmetric
solution by using the Ge-Mawhin’s continuation theorem.

In [11], Y. Zhu et al considered the second order multi-point BVP with p-
Laplacian

(@p(u'(1)))" = f(t,u(@),w'(t))  forte(0,1),

m—2

W'(0) =0, u(l) =) au(&)

i=1
with 7 ?a; = 1 and obtained the existence of at least one solution by the

coincidence degree theory of Mawhin.

From above works, we can see that under the condition » " >a; = 1, the
authors obtained positive solutions in 7], when the differential operator is linear,
while in [2] and [11], the differential operator involved is p-Laplacian, but those
results can’s ensure the solutions to be positive. This is crucial since only positive
solutions are useful for many applications. In this section, we will develop the
results in [2], [7], [11].

In order to prove the existence result, we present here a definition.
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DEFINITION 3.1. We say that the function f:[0,1] x R — R satisfies the
L'-Carathéodory conditions, if

(A1) for each u € R, the mapping ¢t — f(¢,u) is Lebesgue measurable,
(A2) for almost every t € [0,1], the mapping u — f(¢,u) is continuous on R,
(A3) for each r > 0, there exists o, € L'[0,1] satisfying a,.(t) > 0 on [0,1]
such that
lul <7v = [f{t,u)| < ar(t).

Now, we state our main result on the existence of positive solutions for the
BVP (3.1)-(3.2).
THEOREM 3.2. Assume that
(H1) £:[0,1] x RT — R satisfies the L'-Carathéodory conditions,
(H2) there exists B > 0, k € (0,1] and ¢ > ¢1 > 0 satisfying q(qg — 1)eq >
(2q+1)(c2 —c1)77 Y such that f(t,B) <0, c; < f(t,0) < cp fort € [0,1]
and

—kx < f(t,x) < kx  for (t,x) € [0,1] x (0, B],

(H3) there exist b € (0,B), p € (0,1], § € (0,1) and g € L*[0,1], g(t) >0 on
0,1], b1 € C([0,1] x (0,6, RT), ho € C([0,1] x (0,591, RT) such that
f(t,z) > gt)[hi(t,x) + ha(t,z971)] for (t,x) € [0,1] x (0,b]. hy(t,z)/z"
is mon-increasing on (0,b] and ha(t,z)/z non-increasing on (0,571

with
! hi(s,b 1-6

(33 [ R o,

and

1 1 2, q-1
ha(s,b971) 32971

(3.4) / 729(5 1 98 > ¢p(F)T,

where

r= (1 wtt-er) /(15 ).

i=1 i=1

Then the BVP (3.1)—(3.2) has at least one positive solution on [0, 1] provided

(3.5) msp(%) +onlg, (1 + %(I{))B” <1

PrOOF. Consider the Banach spaces X = C[0,1] and Z = L'[0, 1] with the
usual sup norm || - ||oc and Lebesgue norm || - ||1, respectively.
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Define M:dom M — Z and Ny:Q — Z with

dom M = {:L' € X :z, ¢,(z") € AC[0,1],

£(0) = 3 as(E), /(1) =0, (6y()) € Lo, 1]}

i=1

by Mz(t) = —(¢p(2'(t))) and Nxz(t) = Af(t,z(t)), t € [0, 1], respectively. Then

Ker M = {z € dom M : z(t) = con [0,1]}

and
(3.6) ImM:{zeergai/:i%(/:z(T)dr) ds:O}.

Clearly, dimKer M =1 and Im M is closed. So (1) holds.
Define the projection P: X — X; by (Px)(t) =
tion Q: Z — Z; by

B @0 =a,(a/(1- S - )

7 -¢p<§ai/j¢q([z(r)d7) ds>.

Clearly, Im P = Ker M, Ker Q = Im M.

Let © C X be an open and bounded subset with # € 2. For for all z € €, it
is easy to know that Q[(I — Q)Na(z)] = 0. So (I — Q)Nyx(z) € Ker@Q = Im M.
For for all z € Im M, one gets Qz =0. Thus, 2 =2—-Qz=(I-Q)z € (I-Q)Z.
Therefore, (2.1) holds. Obviously (2.2) holds.

Define R:Q x [0,1] — X3 by

fol x(s) ds, and semi-projec-

1 1
B3 RO =~ [ e [ A - @) ds
0 s
where X5 is the complement space of X; = Ker M in X and

1—s for0<t<s<1,
r(t,s) =
(t,5) —5 for0<s<t<l1.

It is clearly that R(-,0) = 6. Since f satisfies the L!-Carathéodory conditions,
Arzela—Ascoli theorem implies that R is relatively compact and the continuity
of R on ) follows from the Lebesgue dominated convergence theorem.
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For x € ¥, we have Af(t,z(t)) = —(¢p(2'(t))) € In M = Ker Q. So

Rz N0 = - | 1 r(t,sm( / A (ra() - (Qf)(T)) dr) s

- / i s>¢q( / 1<¢p<x'<r>>>'df) s
—a(t) - / () ds = [(1 — P)a(0).

which implies (2.3). For z € , we have
1
M[Px + R(z,\)|(t) =M {/ x(s)ds
0

- [ e [ asat) - @nyar ) as]
= A8 2(8) = QF (1)) = [((I — Q)N (@)] (1),
which yields (2.4). Therefore, N, is M-compact in €, that is, (2) is satisfied.
Next, consider the cone
C={zxeX:z(t) >0on [0,1]}.

Let Q1 ={z € X : 0||z]|oo < |2(t)] < bon [0,1]}, Qo ={z € X : ||z]|c < B}.
Clearly, €21 and 5 are bounded and open sets and

Q) ={r € X :||r]lo < |z(t) < bon [0,1]} C O

(see [9]). Moreover, CN(Q2\ Q1) # 0. Let J =1 and (yz)(t) = |x(t)| for z € X.

In order to show (3), suppose that there exist zg € C' N 90y N dom M and
Ao € (0,1) such that Mzo = Na,xo, that is, —(dp(2((t))) = Ao f (¢, zo(t)) for all
t € [0,1]. For ¢; € (0,1] such that x(t1) = B. This gives

0> (dp(ap(t1))) = —Aof (¢, B),

which contradicts (H2). For the case t; = 0, 29(0) = B, from the boundary
condition z((0) = 22_12 a;xo(&;) and E:’;Q a; = 1, we can see xo(&;) = B,
& €(0,1),i=1,... ,m—2. Then 0 > (¢,(x((&))) = —Aof(t, B), which is also
in contradiction to (H2).

To prove (4), consider z € Ker M N Qy. Then x(t) = c on [0, 1]. Define

H(c,\) =c— | — Aoy (q/ (1 - n,%_j ail - W))

1=
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where ¢ € [-B,B] and A € [0,1]. Suppose H(c,\) = 0, in view of (H2), we
obtain

¢ =l +A¢p<q/(l—7§“i“‘fi)q)>

m—2 & ) 1
¢,,( ; ai/o ¢q</s £0r. 1)) dT) ds) > Mel = Asle] = A1 — K)]e| > 0,

Hence, H(c,A\) = 0 implies ¢ > 0. Furthermore, if H(B,A) = 0, we would have

0<B(1—)\):>\¢p(q/( ?j% (1-&) ))
@(ém/f%([ﬂrﬂ)m) ds),

which contradicts (H2) for A € (0,1]. Obviously, if A = 0, then B = 0, which is
impossible. Thus, H(c,A\) # 0 for ¢ € Ker M N 9Qs and A € [0, 1]. Therefore,

degp{H(-,1),Ker M NQ2,0} = degp{H(-,0),Ker M Ny, 0}.
However,
degp{H(-,0),Ker M N Qy,0} = degp{l,Ker M Ny, 0} = 1.
Then
degp{[I—(P+JQN)Y|Kker pm, Ker MNQo, 0} = degp{H(-,1), Ker MNQy, 0} # 0.

Next, we prove (6). For # € Q5 \ 3 and t € [0, 1], in the case ||z||o > 0, in
view of (H2),

(89) (P +JQN)a(t) /|x |ds+¢p( /( miazl—@ ))
(o [l [ reons)e)
>/01|x(3)|ds+¢p(q/(1—m o1 ")
o S0 [ cotemar) )
> [Motodsnsn(F) [ toilas
() e
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From (3.5), we get
(Sxoz)(t) = (P + JQN)yx(t) + R(ye, A)(t)

> {1 — H¢p<1£) — ;’nq1¢q<1 + ¢ G))BN] /O1 |z(s)| ds > 0.

In the case z(t) = 0 on [0, 1], from (H2),

As a result, Sy oy(22\ ;) C C.
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It remains to show that (5) is satisfied. Take uo(¢) = 1 on [0,1]. Then
ug € C\ {0}, C(up) = {z € C : z(t) > 0on [0,1]} and choose o(ug) = 1. Let
x € Clug) N Oy, then z(t) > 0, 0 < [|z]|ec < b and z(t) > d||z||e on [0,1].

Therefore, from (H3) and (H2), we obtain for € C(ug) N 024,

(JQNz)(t)

-%(ij%l&%<LE@xm@ww»+mﬁwruﬂ»m)@)
so(F)[[ stmsanass [ atomnar o
()| [ sy [ g
2o (1) [ et | o2 s alit [ a2l
6 ()10 = Dl + 3220 a6, 0
(1= B[l + 3 202w |,

and
waw(t):—/o tsqsq(/ AU (ralr) - @1)(r) dr )
%( / (w(s) + Qra(s >>>ds)
> = 25, lalloo + Qo)) = 8- 272w ol
Hence,

(Sx)(t) = (P + JQN)x(t) + Ry, A)(t)
> 0lfa]|oo + (1 = O)l[alloo + 3 2972k |2l |71 = 3- 2921 2| = |||
Thus, ||z|| < o(uo)||Sz|| for all z € C(ug) N Q. Theorem 2.1 implies that the

equation Mz = Nz has at least one solution z* € CN(Q2\ Q1) on [0,1] and the
assertion follows. O

REMARK 3.3. Note that with the projection P(z) = x(0) as in [2], [11],
condition (6) of Theorem 2.1 is no longer satisfied.
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