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Abstract

One can think of the dominating number as the covering number for
the ideal on the w-branching tree generated by finite branching subtrees.
This paper is concerned with generalizations of this when ”finite” is re-
placed by some other concept. A key example is obtained by thinking of
the branching as being into the integers — both positive and negative
— and replacing ”finite” by ”bounded either above or below”. This no-
tion was motivated by considerations related to decomposing functions
of low Baire class into continuous functions.

1 Introduction

This paper is concerned with certain generalizations of meagerness and their
combinatorial equivalents. The simplest example, and the one which moti-
vated further study in this area, comes about by considering the following
definition.

Definition 1. For any A C R a set X C R will be said to be A-nowhere
dense! if and only if for every q € A there exists and integer k € Z such that
the interval whose endpoints are ¢ and g+ 1/k is disjoint from X. A set which
is the union of countably many A-nowhere dense sets will be called A-very
meager.
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I This notation corrects the terminology of [4] which called a special case of this notion
almost nowhere dense in spite of the fact that almost nowhere dense sets are nowhere dense
rather than the converse.
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The notion of an A-nowhere dense set for various subsets A of the reals
may prove to be of interest in its own right, but this paper will be concerned
exclusively with the special case A = Q. Note that rational perfect sets,
introduced by Miller in [1], form a subset of the Q-nowhere dense sets since
the closure of a set is rational perfect if it is perfect and disjoint from the
rationals. On the other hand, a set is Q-nowhere dense if its 2-sided-closure is
disjoint from the rationals where the 2-sided-closure of a set refers to all those
reals which are limits of both decreasing and increasing sequences from the
set.

In [4] the least number of Q-meager sets required to cover the real line is
examined and is denoted by 9;. It is shown in [3] that there is a continuous
function H — first constructed by Lebesgue — such that the least number
of smooth functions into which H can be decomposed is equal to the 0;.
This paper will further study 9; and some of its generalizations. As well, an
equivalence will be established between Q-meagerness and certain combinato-
rial properties of trees. This will lead to new cardinal invariants and various
independence results about these will then be established.

2 Equivalences

Definition 2. A set X C “Z is small if for each n € w and o : n — Z there
is some k € Z such that either

{fln): feXando C f}C{meZ:m<k}

or
{f(n):feXando C f} C{meZ:m>k}.

It will be shown that the least number of very meager sets required to cover
R is equal to the least number of small sets required to cover “Z. This is an
immediate consequence of the following lemma. The idea is to modify one of
the standard? constructions of a homeomorphism between “w and R\ Q. In
this construction “w is identified with “Z and finite sequences o : m — Z are
mapped to open intervals I(o) so that

o if 0 C 7, then I(c) 2 I(7)
° UneZW:I(J)

e the left endpoint of I(c”n) is the right endpoint of I(c”(n — 1)).

2For example see page 5 of [2].
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This construction will be modified by, essentially, mapping sequences which
end with a negative integer to their counterpart above the neighbor to the
right of their parent sequence. The details are explained in the following.

Lemma 1. Let X C “Z be the set of all sequences eventually equal to —1
together with the constant sequence 0. There is a bijection F : “Z\ X — R\ Q
such that A C R\ Q is very nowhere dense if and only if F~1A is small.

PROOF. To begin, let {gn }necw enumerate Q so that each rational occurs in-
finitely often. Let =7 denote the set of finite sequences of integers — in

other words, the set of functions from an integer to Z. For o € “Z define
(o) = o(n) where n is the greatest integer in the domain of o. Let < be the

partial ordering of =7 defined by o < 7 if

e there exists some least integer n such that o(n) # 7(n) and 0 < 7(n) <
o(n)

e there exists some least integer n such that o(n) # 7(n) and 7(n) <
o(n) <0

o there exists some least integer n such that o(n) # 7(n) and o(n) < 0 <
7(n).

For 0 € “Z and n € Z define 0™ € “Z such that o and o™ have the same
domain, o(i) = o™ (i) if 7 is not the maximal element of the common domain
of o and ¢™ and p(o) +n = p(c™). Moreover, let 0~ = o | (Jo| — 1). Next,

construct by induction a mapping f : “Z — R such that:
e fis a < order preserving mapping whose range is disjoint from Q

e if u(o) # —1land o~ is —1 on its domain, or 6~ #£ 0, 0~ # —1, u( )20
then f(o!) < f(o”i) < f(o) for each i € Z\ {0, -1} and f(o" — 1) =
fah), f(e"0) = f(o).

o if y(0) # 0 and o~ is 0 on its domain or 0~ # 0, 0~ # —1pu(o) < 0,
then f(o ) < f(o™i) < f(o=1) for each i € Z\ {0,—1},and f(oc" —1) =

f(o), f(e70) = f(o™H).

o lim, ¢, f(o™) =lim,e, f(c™™) € Q for every o € 7

o |flo)—f(T)] < %—H for every o and 7 in *Z such that 7 is the immediate
successor of o with respect to < in *Z

e if 0 =0, then f(00) = f(0) + 7157, f(0" —1) = f(0)



208 SAHARON SHELAH

e if 0 = —1, then f(c" —1) = f(o) — ﬁ’ f(c"0) = f(o)

o if 0, 7 € M are two successive sequences (with respect to <), and
both g, and f(c”1) are between f(o) and f(7), then lim,¢,, f(c”n) =
limy,e,, f(o” —n) = qp.

For o € “Z define an interval of reals by I(c) = [f(0), f(c*)], where o* is
suitably either successor or predecessor of o in |°IZ and define F : “Z \X —
R\ Q by taking the intersection along a branch — in other words, F(o) is the
unique element of (), ., I(o | n). It is easy to check that this mapping has
the desired properties. O

3 Trees of Countable Structures

A cover on a countable set X is a countable subset B C P(X) such that
e X ¢5B
o if Be Bandbe [X]<N, then BUb € B.

For a cover B on X define B = {Y C X : (3A € B)(Y C A)} and define
Bt = P(X) \ B. Define a B-tree to be a tree T C =X such that for each
t € T the set of successors of ¢t in T belongs to B or, to be more precise,

{s(]t]) : s € T and ¢t C s} € B. The notation ~w will be used to denote the
set of all functions from a proper, initial segment of w to w. Finally, define Jp
to be the o-ideal generated by all sets X C “w such that there is some B-tree
T such that X CT={f:(Vnew)f neT}.

The examples of covers with which this paper will be concerned are of the
form

B,={ACwxn:(Fien)|{mew: (m,i) e A} < No}

although many other examples are possible. It will be shown that for any
integer m > 1 it is consistent that cov(Jg,,) = wz but cov(J5,,,,) = w1.

Definition 3. For a cover B on a set X define P(B) to be the set of all triples
(t, F,T') such that:

1.t C <X is a finite subtree — in particular, t is closed under initial
segments

2. F:t— B
3. T e [“X]<Ro
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4. there is a one-to-one function 8 : I' — ¢ which maps I" onto the maximal
nodes of t such that S(z) Cx forallz € T

5. z(n) € F(x | n) for every x € T’ and for every n € w such that x | n € t.

The ordering on P(B) is coordinatewise containment. Observe that if (¢, F,T)
and (¢, F',T) are in P(B) and ¢t = t/, F = F’, then the two conditions are
compatible.

If B is a cover on X and C is a cover on Y, then define B < C if and only if
for every A € B* and for every H : A — “Y there is B C A such that B € B
such that there is a finite t € <Y and a mapping F : ¢t — C and there is a
finite set C C “Y and By U B; C B such that By U B; € Bt and

(V0. 1'} € [Bol?)3r € )3y y'} € [FDP)(ry C H(B) and 7y C H(B))
(Vnew)({be B1: (Vee C)(H(D) InZ )} <Ng)

Definition 4. A (7, )-Lusin set for an ideal J on a set X is a set L C X
such that |[LNJ| < k for all J € J.

Lemma 2. If B and C are covers on X and Y respectively, B < C, Kk is a
cardinal of uncountable cofinality and W is a (Jp, k)-Lusin set, then 1 IFp)
‘W is a (I, k)-Lusin set”.

PROOF. If not, then let 7" be a P(C)-name for B-tree such that
1lpeey “{watack € TNW and w, # wg if a # 37

and, for each a € &, choose (tn, Fu,I's) € P(C) deciding the value of w, —
in other words, such that there is y, such that (ta, Fo,l'a) IFpe) “Wa = Ja”-
Then, using the fact that x has uncountable cofinality, choose ¢t and F' such
that W* = {y, : t = t, and F = F,} has cardinality . It follows W* is also
a (Jp, k)-Lusin set and, hence, that it is in Jj .

Next, choose m € w and ¢ : m — w such that

So={seX:(BweW"(¢"sCw)}e Bt

and choose W’ C W* such that for each s € Sy there is a unique w, € W' such
that ws(m) = s. Let a(s) be the unique ordinal such that ws = ya(s). Let the
maximal nodes of ¢ be enumerated by {v;}%_, and let b be the unique member
of Iy (s) such that v; C b;. Proceed by induction to define Sj and S] for ¢ < k
so that if Sj and Si have been chosen, then Si™' U Si™ C §; = Sj U S} is
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chosen so that Sé“ U Si“ € BT and so that there is a finite 7;,1 C <Y and
a mapping Fjy1 : 741 — C and there is a finite set L;11 C “Y such that

(V{s,5} € [S§T'1*) 37 € riga) B{y, 4} € [Fra (M) (7 y C b5y, (3.1)
and 7"y C b5, ;) .

(vn € w)(|{s € SI' s (Ve € Linn) (b4 [ n L 0)}] < No)

(Ve € L;)(Jo € max(r;))(o C ¢)
(Ve € Ly))(Vo € r;)(oc Cc— c(lo]) € F(o))
if 7 €ripq1 and n < |7|, then 7(n) € Fip1(7 [ n).

This is easily accomplished using the definition of B < C. Then define a
new condition (¢, F/,T") such that ¢t U Ule r, Ct', FU Ule F; C F' and
ruyl, L, cr.

It suffices to show that (¢, F',I") IFpc) “{s € Sk : ws € T} ¢ B” because
this would contradict that 1 IFpy “T"is a B-tree”. Therefore suppose that
(t"”, F"”,T") is a condition extending (¢', F’,T”) such that

(", F".T") lkpy “{s € Sy :ws €T} C B”

for some B € B. In order to obtain a contradiction, notice that for each i
the set A} = {s € S, NSy : (3T € t")(r C b and b3(|7]) ¢ F/'(7))} is finite
because of (3.1) and the fact that r; C ¢”. On the other hand, it is possible

to choose N so large that for each i and each ¢ € L; the sequence ¢ [ N does
not belong to t”. Then for each i the set

A ={s€S,NSi:(Vee L)(b; | N £ ¢)}

is also finite. Therefore it is possible to choose s € Sy \ (B U Ule(Aé UAD))
and let I =T U {b$}E_,.

First note that it is easy to extend t” to t* and F” to F* so that (¢*, F*,T"*)
satisfies Conditions 1, 2 and 4 of Definition 3 because [Y]<® C C. Since Condi-
tion 3 is also satisfied it suffices to show that (¢*, F'*,I'*) satisfies Condition 5 in
Definition 3. This, in turn, follows from consideration of the two cases. First, if
s € S, then s ¢ A} and so there is some 7 € r; and y € F;(1) = F" (1) = F*(1)
such that 7y C bf and 7"y ¢ ¢”. Hence there is no contradiction to Con-
dition 5 because any such contradiction would already have occurred in the
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condition (ta(s), Fa(s)» La(s)). If s € Si. then there is some ¢ € L; C I such
that b | N = c [ N and ¢ does not violate Condition 5. Moreover the choice
of N guarantees that ¢ violates Condition 5 if and only if b does. But now
(t*, F"*,I'") obviously extends (t, F,T's(s)) = (ta(s), Fa(s)> Ta(s)) Which forces
that w, € T and, hence, that s € B and this is a contradiction. O]

Corollary 1. Suppose that B is a cover and that W is a (Jg, k)-Lusin set.
Suppose also that X\ € k and cof(k) > Vo and that {Ca}aer are covers such
that B < C4 for each o € A. If, furthermore, P is the finite support iteration
of {P(Ca) Yaen, then 1lkp “W is a (Jg, k)-Lusin set”.

PROOF. Proceed by induction on A. If A is a limit ordinal and the lemma
fails, then let G C P be generic and choose a Jg-tree T' and {py}acs C G
such that pa IFp “be € TNW” and such that the w, are all distinct. Then
use the finite support of the iteration and the fact that the cofinality of A is
less than ~ to conclude that there is some § € a such that G N Pg — where
Pg is the finite support iteration of {P(C,)},ep — contains x of the conditions
{Patack- This contradicts the induction hypothesis because the closure of the
corresponding w,, will form a Jz-tree contained in 7.

At successors, use the induction hypothesis, Lemma 2 and the absoluteness
of the relation <. O

Lemma 3. If P is the finite support iteration of length w of the partial orders
P(B) for some cover B and G is P generic over V, then, in V|G|, there are
countably many sets in Jp whose union covers VN “w.

PROOF. Standard. O

Theorem 1. If kg > k1 are uncountable regular cardinals and By and B
are covers such that By < By , then it is consistent that cov(Jg,) = ko and
cov(JIB,) = K1

ProOOF. Let V = GCH & ZFC and let Py be Cohen forcing for adding kg
Cohen reals and let P; be the finite support iteration, of length x; of the
partial orders P(B;). Let P = Py # P; and let G be P generic over V

Notice first that, since it is easily verified that each member of any Jz
is meager, it follows that the xo-Lusin set added by Py is also an (Jg,, %o )-
Lusin set. From Corollary 1 it follows that V[G] has a (Jg,, ko)-Lusin set.
Hence cov(Jg,) > ko. Since the continuum in V]G] is ko it follows that
cov(JB,) = ko in this model. On the other hand, it follows from Lemma 3
that cov(Jp,) < k1. Observe that the finite support iteration P; adds Cohen
reals over each intermediate model. Moreover, as it has already been observed
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that each member of any Jz is meager, it follows no family of size less than x
elements of Jpg, can cover all the reals. Hence cov(Jg,) = 1 in this model. [

Definition 5. Define B!, to consist of all sets
B(a,k) = (wxa)U(k x (n\a))
where k € w and a € [n]".
It is easy to check that each B is a cover on w X n if i < n.
Lemma 4. Ifi+ 1< j, then B, < BJ,.

PROOF. Let A € (B!)" and suppose that H : A — “(w x m). Without loss
of generality it may be assumed that A = (J,c, Ax X {k} where a € [n]'*!
and each Ay is infinite. Let D be the set of all k£ € a such that the range of
H | Ay x {k} is contained in a finite branching tree. By compactness, for each
k € D there is ¢, € “(w x m) and B* € [A), x {k}]*° such that for all N € w
the set {x € B¥: H(z) | N € ¢} is finite.

For k € a\ D there must exist some t;, € ~(w x m) such that

{zewxm:(3r e Ay x {k})(tx" 2 C H(x))}

is infinite. It is then possible to choose J(k) € m and B* € [A), x {k}]*0 such
that
{zewxm:(3Fze Btz C H(z))} Cwx {J(k)}

and, if {x,y} € [B¥]? and H(x) D t;,"2’ and H(y) 2 t;"\y/, then 2’ # 3. Now
let By = UkEa\DBk and t = {ty : k € a\ D}. For s € ¢ let

F(s) =U{w x {J(k)} : t, = s}

and let By = Uyep B* and C = {c, : k € D}. After shrinking B* further
to guarantee that if ko, k; € a\ D, tg, = tx,, J(ko) = J(k1) and =z € Bko,
y € B¥ then H(z)(|ty,|) # H(y)(|tx,|), it is routine to check that these
choices witness the required instance of Bi < BJ,. O

Lemma 5. If j <n <m, then cov(Jg;) = cov(Tg; ).

PrOOF. Let B, : w X m — w x n be a bijection which is the identity on
w x (n—1). This induces a bijection B, , : “(w x m) — “(w x n) which sends
members of the ideal Jj; to members of the ideal Jy;. Hence cov(jB%) <
cov (T )- '
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To prove the other inequality, proceed by induction on n > 5 + 1 to show
that cov(Jygs ) > cov(JTys ). Now, let T be a family of no more than cov(Jy; )
n n+1 "

many B -trees such that “(w x n) = Upes T- It follows that B;ll’n(T) is the
closure of a Bflfl—tree. Next, note that if 7" is a Bflfl—tre& then, by identifying
the successor nodes of T' with the elements of w x (j + 1), it is possible to
construct a natural bijection v from T to ~(w X (j + 1)) which also induces a
bijection 7 : T' — “(w x (j + 1)). Furthermore, if A € ‘73§+1’ then 7,1 (A) €
Jgi - By the induction hypothesis it is known that cov(Jg; ) = cov(Tzi )
+1 " Jj+1

n

and so it is possible to find a family Sy of no more than cov(Jg; ) many

B§+1—trees such thaj “wx (j+1) =UresT- Now, for T € T and S € S
let B(T,S) = 47'S and note that B(T,S) is contained in the closure of a
B;,, i-tree. Hence {B(T,S): T € T and S € S} witnesses that cov(Jps) >

O

COV(jBiH)'

Corollary 2. If j <n, i <m and j > i, then it is consistent that cov(Jp; ) <
cov(Tsi )-

PRrROOF. Apply Lemma 4 and Lemma 5 together with Theorem 1. O

As a final remark, notice that an immediate consequence of Theorem 1 and
Lemma 1 is that, for any pair of uncountable, regular cardinals kg > k1, it
is consistent that cov(M) = kg and 9; = k1 or, in other words, the covering
number of the meager ideal is ko while the covering number of the Q-meager
ideal is k1.
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