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REPRESENTING CLIQUISH FUNCTIONS
AS QUASIUNIFORM LIMITS OF
QUASICONTINUOUS FUNCTIONS

Abstract
It is shown that every cliquish function f mapping a pseudometriz-
able space X into a separable metric space Y can be expressed as the
quasiuniform limit of a sequence of quasicontinuous functions f.

1 Representing Cliquish Functions on Pseudometrizable
Spaces

Let X be a topological space and let (Y, dy ) be a metric space. A function f :
X — Y is called quasicontinuous at the point xy € X if, for every neighborhood
U of xg and every € > 0, there exists a non-empty open set G C U such that
dy (f(z), f(zo)) < € for all x € G (cf. [10]). The function f is said to be
cliquish at x¢ if, under the same conditions as above, dy (f(z), f(y)) < € for
all z,y € G (cf. [15]). Accordingly, f is called quasicontinuous or cliquish if f
is quasicontinuous or cliquish, respectively, at every point zg € X.

Quasicontinuous functions in general form a proper subclass of the class
of all cliquish functions. However, under reasonable restrictions on X and Y
it turns out that cliquish functions can be represented as pointwise or even
quasiuniform limits of quasicontinuous functions. We recall that a sequence
(fx)52, of functions fi, : X — Y quasiuniformly converges to f : X — Y if f
is the pointwise limit of (f;)72, and

Ve >0Vm>1dp>1Ve € X :
min{dy (fm+1(2), f(2)), ..., dy (fm4p(2), f(2))} <€
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(cf. [13], p. 143)'. The origin of this concept goes back to Arzeld’s theo-
rem concerning the continuity of pointwise limits of continuous functions on
compact spaces.

In [6] Grande proved that a function f : R — R is cliquish if and only if
it is the pointwise limit of a sequence of quasicontinuous functions, provided
that the domain R is equipped with the usual topology or with the density
topology. In [8] the analogous result was obtained for real-valued functions
f on the topological space R™ with the density topology. In his paper [3]
Borsik showed that every cliquish function f : R — R can be expressed as
the quasiuniform limit of a sequence of quasicontinuous functions fr. He
considered the usual topology on R. In [7] the last result was sharpened in so
far as the functions f; can be assumed to have the Darboux property.

The main result of the present paper is the following fairly general repre-
sentation theorem. The proof will be given in a separate section.

Theorem 1.1. Let f : X — Y be a cliquish function mapping a pseudometri-
zable space X into a separable metric space (Y,dy). Then f is the quasi-
uniform limit of a sequence of quasicontinuous functions fr : X — Y. In
particular,

Ym > 1Vz e X : min{dY(me($)7 f(x))de(f2m+l(x)af(x))} < % (1)
If f is bounded, then one can require the functions fi to be bounded, too.?

The separability of (Y, dy) is a necessary assumption in Theorem 1.1. In
fact, let f : R? — R be defined by

i _
f(§1752): { 501 ;f 22#8:

the domain R? being the Euclidean plane, the range R, however, being equip-
ped with the metric dg(§,n) = 1 if € # 1. Then (R, dg) is non-separable.

n the literature different definitions of the concept of a quasiuniform limit appear. In
[1], p. 265, a real-valued function f on a topological space X is called the quasiuniform
limit of functions f, k > 1, if f is the pointwise limit of (fx)32, and if, for all ¢ > 0
and all m > 1, there exist an at most countable open cover {G; : i € I} of X and a
corresponding set {p; : ¢ € I} of natural numbers such that, for all ¢ € I and all z € G,
|f(z) = fm4p; ()] < €. This is equivalent to Sikorski’s definition if X is compact and all
functions fi are continuous.

2Theorem 1.1 becomes false if one uses Aleksandroff’s concept of a quasiuniform limit
instead of Sikorski’s definition. Indeed, one easily checks that the cliquish function f : R — R
with f(0) =1 and f(z) = 0 for  # 0 can not be expressed as the quasiuniform limit of a
sequence of quasicontinuous functions in the sense of Aleksandroff.
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Of course, f is cliquish. We assume f to be the pointwise limit of a se-

o0
quence (fx)52, of quasicontinuous functions. Then R = |J Ry where Ry =
k=1
{£ € R : dr(fr(&,0),f(£,0) < 1} = {€ € R: fr(£,0) = &}. Hence there
exists an uncountable set Ry,. The quasicontinuity of fx, at a point (£,0),
§ € Ry,, yields that there exists an non-empty open set G¢ C R? such that
dR(.fko (7717772)55) = d]R(fko (771)7]2)?ka (E’O)) < 1 for all (771’772) € Gf That iS,
frolae = & frolge denoting the restriction of fi, to G¢. This way we have
found uncountably many non-empty open sets G¢ C R?, ¢ € Ry,, which are
pairwise disjoint. This clearly is impossible, since every set G¢ must contain
points from the countable set Q?, where Q denotes the set of rational numbers.
Theorem 1.1 gives rise to a characterization of cliquish functions on pseu-
dometrizable Baire spaces.

Corollary 1.2. Let f : X — Y be a function mapping a pseudometrizable
Baire space X into a separable metric space Y. Then the following are equi-
valent.

(i) f is cliquish.

(ii) f is the quasiuniform limit of a sequence of quasicontinuous functions
fk: X —-Y.

(iii) f 1is the pointwise limit of a sequence of quasicontinuous functions f, :
X =Y.

PROOF. The implication (i)=-(ii) rests on Theorem 1.1. (ii)=-(iii) is trivial.
Let us assume that f is represented as claimed under (iii). In [2] it is

shown that then the discontinuity points of f constitute a set of the first

category, provided that X is metrizable. However, the same proof applies to

a pseudometrizable space X. Hence the continuity points of f are dense in X,

since X is a Baire space. This obviously implies that f is cliquish. O

In Corollary 1.2 the supposition “Baire” can not be omitted. For instance,
every function f : Q — {0,1} on the rational numbers Q = {q1,¢2,9s3,-..}
equipped with the usual distance dg(¢;,q;) = |¢; — g;| can be expressed as the
quasiuniform limit of a sequence of quasicontinuous functions f; : Q — {0,1}.

Indeed, if {T§m) < rém) <...< rgnn)} ={q1,92,-..,92m} for m > 1, then the
functions
flg) ifqe r§m),r§m)7...,réz)}:{ql,q2,...,q2m},
fom(q) =<0 ifge rim),rém)) u (rém),rim)) U...u (r;nn) 1 réﬁ),
1 if g € foo,rgm)> U (rém), rém)) U...uJ (réﬁ), +oo>
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and

f(q) lfqe T§m)7rém)777”52)}:{(1176]27,(12771},
fom+1(q) = ¢ 1 if g € rlm),rgm)) U (rém),n(lm)) U...u (Téz)_l, Téﬁ)a
0 if g € [ —o0, rgm)) U (rém), rém)> U...uU (réz), +oo)

are quasicontinuous and we obtain klim (@) = f(q) for all ¢ € Q, since
—00

f2m|{Q17Q2,<~~7QQm} = f2m+1|{Q1,q27-~7Q2m} = f|{Q17Q2,~~7QQm}‘ Moreover,

min{| far(q) — f(Q)|, [ fom+1(a) — f(@)[} =0

for all ¢ € Q and m > 1. Hence f is the quasiuniform limit of the sequence

(fr)RZa:

2 Quasicontinuous and Cliquish Functions on More Ge-
neral Topological Spaces

Obviously, a non-constant cliquish function from a space X into a space Y can
not be represented as the limit of a sequence of quasicontinuous functions if all
quasicontinuous functions are constant. This section is devoted to spaces X
on which all quasicontinuous or cliquish functions, respectively, are constant.
We restrict our considerations to the case Y = R, though most of the claims
obviously can be proved for more general spaces Y.

Quasicontinuous and cliquish functions on an arbitrary topological space
X can be expressed by the aid of functions from particular basic subclasses,
which have been introduced and studied in [12]. We recall some important
concepts and claims from this paper. A partition P = {P, : ¢+ € I} of X into
pairwise disjoint subsets P, is called semi-open if all partition sets P, are semi-
open; that is, P, C cl(int(P,)) (cf. [11]), cl(-) and int(-) denoting the closure
operator and the interior operator, respectively. The partition P is said to be

almost semi-open if | J int(P,) is dense in X. A function ¢ : X — R is called a
el
semi-open step function or an almost semi-open step function if it is piecewise

constant on the sets of a semi-open or an almost semi-open partition P of
X, respectively. Every semi-open step function is quasicontinuous and every
real-valued quasicontinuous function on X is the uniform limit of a sequence
of semi-open step functions. Similarly, every almost semi-open step function is
cliquish and every real-valued cliquish function can be uniformly approached
by almost semi-open step functions.
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Proposition 2.1. A topological space X admits a non-constant quasiconti-
nuous function f : X — R if and only if there exist two non-empty disjoint
open subsets G1,Go C X.

PRrROOF. If G1,G2 C X are non-empty, disjoint, and open then P = {cl(G1), X'\
cl(G1)} is a semi-open partition, since cl(G1) is semi-open being the closure
of an open set and since X \ cl(Gy) is open. Hence the characteristic function
Iyc,) is quasicontinuous, where Ioyq,)|q, = 1 and Iyq,)lg, = 0.

Conversely, if f is a non-constant quasicontinuous function, say f(z1) #
f(x2), then the existence of two non-empty disjoint open sets G1,G2 C X is
a direct consequence of the definition of quasicontinuity. O

Proposition 2.2. A topological space X admits a non-constant cliquish func-
tion f: X — R if and only if X is not connected or there exists a non-empty
nowhere dense subset N C X.

PROOF. If X is not connected, then X can be decomposed into two non-empty
open sets GG; and Ga. In this case the characteristic function I, even is an
example of a non-constant continuous function on X. If X contains a non-
empty nowhere dense subset N, then Iy is a non-constant cliquish function.
Now we suppose that there is a non-constant cliquish function f: X — R.
Then there must exist a non-constant almost semi-open step function ¢, since
f is the uniform limit of functions of this type. The function ¢ is defined on
an almost semi-open partition P = {P, : ¢ € I'} consisting of at least two sets.
We fix an index g € I. Then Q = {Q1,Q2} with @1 = P, and Q2 = | P,
L#£Lg
is an almost semi-open partition, too. Hence int(Q)Uint(Q2) is a dense open
subset of X. The complement N = X \ (int(Q1) Uint(Qs2)) is nowhere dense.
If N # (), we have found the required non-empty nowhere dense subset of X.
In the case N = ) we note that @ = N = cl(Q1) N cl(Q2) is the boundary of
Q1 as well as of 2. Then ()1 and Q2 are open. Hence X is not connected
being the union of @ and Q. O

In [4] Borsik considered the space X = R with the system of open sets
{R,0} U {(a,4+00) : a € R}. This is a second countable T-space, but does
not fulfil Ty. By Proposition 2.1, all real-valued quasicontinuous functions on
X are constant. However, Proposition 2.2 says that there exist non-constant
cliquish functions f : X — R, since a set A C R is nowhere dense in X
provided that sup A < +oo. In fact, one easily checks that f : X — R is
cliquish if and only if . lir_~r_1oO f(z) exists in R.

An example of a Tj-space is given by the cofinite topology on an arbitrary
infinite set X. Here a subset G C X is open if and only if G =0 or X \ G is
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finite (cf. [14], p. 49). Again Proposition 2.1 yields that there exist constant
quasicontinuous functions only. By Proposition 2.2 we obtain non-constant
cliquish functions, because every finite subset of X is nowhere dense. However,
in the case of an infinite T;-space one can show a stronger result.

Proposition 2.3. FEvery infinite T1-space X admits a cliquish function f :
X — R with infinite range.

PROOF. Let (z;)$2; be a sequence of mutually distinct points in X and let
(Ai)2, be a sequence of reals such that lim A\; = 0. We shall see that the

71— 00

function f = Ao+ E Ailfz;3 1 X — R is cliquish. This yields the above claim

if the values \;, @ > 1, are mutually different.

Every partition P = {X \ {zo},{zo}} of X with arbitrary zo € X is
almost semi-open. Indeed, if z( is an isolated point; i.e., {zo} is open, then
int (X \{xo})Uint({zo}) = (X \{zo})U{x0} is dense in X. If z is not isolated,
then int(X \ {zo}) Uint({zo}) = (X \ {zo}) UD is dense as well. Consequently,
every function I;.,) is an almost semi-open step function. Hence the functions

fi = Ao+ Z Ailgz,y, B > 1, are cliquish, since they are sums of cliquish

functions. Then the uniform limit f = hm fx is cliquish, too. O

Passing from Ti-spaces to Hausdorff spaces we obtain a similar result con-
cerning quasicontinuous functions.

Proposition 2.4. Every infinite Hausdorff space X admits a quasicontinuous
function f: X — R with infinite range.

PROOF. First we show that every semi-open set A C X containing at least
two points can be decomposed into two non-empty semi-open subsets A; and
As; that is;, A = A1 U As, A1 N As = . Since A C cl(int(A4)), we can find
two distinct points x1, 9 € int(A). These two points can be separated by two
open sets G1,G2 C int(A). Now let A1 = cl(G1) N A and Ay = A\ cl(Gy).
The first set is semi-open, because A; C cl(G1) C cl(int(A41)). The set A,
is semi-open, since Ay = AN (X \ cl(Gy)) is the intersection of a semi-open
set and an open set. Moreover, A; and A are non-empty, for G; C A; and
Gy C As.

Let (X;)$2; be a sequence of reals such that lim A; = X exists in R. We

1—00

want to construct a function f : X — R with (A\;)$2; C f(X). Therefore
we inductively define a sequence of semi-open partitions of the form P, =
{P1,Pa,...,Py_1,Qr}, k > 1, where the sets Q) are infinite. We start with
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Py = {Q1} = {X}. Given Py, the above argument shows that Q can be

decomposed into two non-empty semi-open subsets P, and Qx4+1. We can

assume that Q41 is infinite, since Q) is an infinite set. This way we obtain the

desired partition Py41. Every partition Py, allows the definition of a semi-open
k—1

step function ¢ = Mg, + > NIp,. By lim A; = A, the sequence (¢r)72,
i=1 i—00

converges uniformly to a function f: X — R. Thus f is quasicontinuous and

(A, € F(X), for flp, = A O

Proposition 2.4 illustrates that every Hausdorff space gives rise to a large
variety of quasicontinuous functions. This is remarkable in so far as there exist
infinite regular Hausdorff spaces on which all real-valued continuous functions
are constant (cf. [14], pp. 111-113). We do not know if Theorem 1.1 can be
generalized in so far as the assumption on X to be pseudometrizable can be
weakened.

3 Proof of Theorem 1.1

We use the following notation. Given a function f mapping a topological
space X into a metric space (Y,dy), the oscillation of f on a set A C X is
given by wy(A) = sup{dy (f(z1), f(z2)) : 1,22 € A}. The oscillation of f
at a point o € X is defined by wy(zg) = inf{w,(U) : U is a neighborhood
of zp}. If the space X is equipped with a pseudometric dx, we denote the
open ball of radius r > 0 centered at the point xg € X by Bx(zg,r) = {z €
X :dx(xz,x0) < r}. For a subset A C X and a radius » > 0, we define a

corresponding neighborhood of A by Bx(A,r) = |J Bx(z,r). The proof of
T€EA
Theorem 1.1 is based on two technical lemmas.

Lemma 3.1. Let f : X — Y be a cliguish function mapping a pseudometri-
zable space X into a metric space (Y,dy). Then there exist functions g, :
X =Y, m>1, and an increasing sequence of nowhere dense closed subsets
Fi CF, CF3C...CX such that

(i) dy (gm(z), f(z)) < % forallm>1,ze X,
(i) gml|F, = flF, for allm >1,
(vii) 9m|x\pm s quasicontinuous for all m > 1,

(iv) wp(z) < L forallm >1, x € X\ Fp,.
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PRrROOF. Let m > 1 be fixed. We define F,, = {:,E cX: wf(x) > i} Then
F,, is closed and nowhere dense, because f is cliquish. Now we consider a point
x € X\ F,,. Since ws(z) < %, there exists an open neighborhood U, C X\ F},
of z such that wy(U,) < -=. We can choose another open neighborhood V;
of x such that cl(V,) C U,, for X is a normal space (see [9], p. 120). Then
V={V,:2 € X\ F,} is an open cover of X \ F},, such that cl(V,) C X\ F),
for all z € X \ F,,. The open subset X \ F},, of X is a pseudometrizable space
itself and hence paracompact (see [9], p. 160). Thus there exists a locally finite
open cover W = {W, : v € I} of the space X \ F,, which is a refinement of V.
Let the index set I be well-ordered. Then we define a locally finite partition
P=A{P,:eI}\{0} of X\ F,, by P, =cl(W,)\ U cl(W,). We fix a point

K<t
x, € P, for every P, € P. Now we define g,, : X — Y by

) flx) ifxe Fy,
gm () = {f(xb) ifee P,

We have Fy C F» C F3 C ..., (ii), and (iv) as immediate consequences of
the definitions of F}, and g,,. In order to prove (i), let 2o € X \ F,, be fixed.
Then there exist an index ¢ € I and a set V,, € V such that zg,z, € P, C
cl(W,) C cl(V) C Uy,. Hence

dy (gm (o), f(x0)) = dy (f(2.), f(20)) < ws(Us) <

3

1
m

which shows (i). Finally, every set P, = cl(W,) N <X\ U cl(WK)> is semi-
k<L
open, since cl(W,) is semi-open being the closure of the open set W, and since

X\ U cl(Wy) is open, because W is locally finite. Thus g,,,|x\ ,, is piecewise
K<L
constant on the semi-open partition P of X \ F,,,. Obviously, a function of

this type is quasicontinuous. This proves (iii). O
The following claim is taken from Borsik’s paper [5].

Lemma 3.2. Let X be a pseudometrizable space, ' C X a nowhere dense

closed subset of X, and G C X an open set such that F C cl(G). Then there

exist pairwise disjoint classes IC,, of mon-empty open sets, n > 1, such that
(o]

the sets K belonging to the family K = |J K, are subject to the following

n=1
conditions.

(i) I(K) CG\F forall K € K,
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(ii) for every x € X \ F, there exists a neighborhood V' of x such that the set
{KeK:Vnc(K)#0} has at most one element,

(iii) for every x € F and for every neighborhood U of x, there is a number
ng > 1 such that, for all n > ng, there exists K € K,, with cl(K) CU.

PROOF OF THEOREM 1.1 1. Preliminaries. We assume that f is represented
as the limit of functions g,, according to Lemma 3.1. For technical reasons we
add the set Fy = ) to the sequence (F,,)2_;.

Given m > 1, we apply Lemma 3.2 to the nowhere dense closed set F' = F},
and the open set G = X in order to obtain a corresponding family (™) =

U K™ In every set K € K™ we fix a point zx € K. In addition to the
1

cl:aims of Lemma 3.2 we can assume that
wy(cl(K)) < L for all K € K™, (2)

Indeed, if wy(cl(K)) > L, then we choose an open neighborhood K’ C K
of zx with wy(K’) < L. This is possible by Lemma 3.1 (iv), because zx €
K C X\ F,,. Now we can fix an open neighborhood K" of xx such that
cl(K”) C K, since X is normal. Then zx € K” C K and wy(cl(K")) < L.
Hence we can replace K by K" without affecting the claims of Lemma 3.2,
which justifies (2).

Let (y:);, be dense in Y. We put (20)72 = (40, Yo, Y1, Y0, Y1, Y2, Yo Y1, Y2,
Y3, ---)- Then the sequence (2;)72 is dense in Y for every [y > 0.

We assume that X is equipped with a pseudometric dx.

2. Definition of the functions fom+yp, m > 1, p € {0,1}.

2z if there exist 1 > 0,4 € {1,2,...,m},

and K € IC%?W ti)tp such that

29 € cl(K), cl(K) C Bx (F;, 1), and (3)

dy (z1, f(zK)) < % + sup  wyr(x),
z€X\F;_1

famp(T0) =

gm(xo) otherwise.

This definition is correct, since the sets cl(K), K € K", are pairwise disjoint
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according to Lemma 3.2 (ii). We have famiplx\z,., = 9mlx\L,,, Where

Ly, = U { cl(K) : there exist [ > 0,4 € {1,2,...,m}, and

such that cl(K) C Bx (F;, L)

’m

(m)
K € Kyimtiytp

and dy (2, f(zk)) < = + sup wf(m)}.
z€X\F;_1

3. Quasicontinuity of famip. Let zp € X be fixed. In case xg € Ly, p,
we find a set K € K™ and a number [ > 0 such that zo € cl(K) and
Jomiplex) = 2. Hence every open neighborhood U of x¢ has a non-empty
open intersection G = U N K with K such that fonipla = 21 = famtp(20)-
Thus fom+p is quasicontinuous at .

Now let g € X \ Ly, . If 29 € X \ F),, then, by Lemma 3.2 (ii), there
exists an open neighborhood U C X'\ F},, of zg such that UNL,, , = (. Hence
fomaplu = gm|v and gm|v is quasicontinuous by Lemma 3.1 (iii). Accordingly,
fom+p is quasicontinuous at z.

It remains to show that fa,,4, is quasicontinuous at an arbitrary point
xog € F,,. Let a neighborhood U of zy and a bound ¢ > 0 be fixed. We
have Fj, € X \ Ly, since Ly, , € J{cl(K): K € K™} and since F,, C
X\U{l(K): K € K™} by Lemma 3.2 (i). Hence fomip|r,, = gml|r,, and,
by Lemma 3.1 (ii),

Fn =1

fom+p F - (4)

There exists a uniquely determined ¢ € {1,2,...,m} such that zy € F; \
F,_y,for) = Fy C F; C...C F,,. We choose a neighborhood U’ of xg such
that wy(U') < wy(wo) + 5. Now we define an additional neighborhood U” of
2o by U" =UNU'NBx (Fi, %) By Lemma 3.2 (iii), there exists lp > 0 such

that, for all [ > [y, there is a set K € ICéT(rlL’Bn+i)+p with cl(K) C U”. We can
pick I > Iy such that dy (2, f(z0)) < min {5=, ¢}, because (21)72;, is dense
in Y. Then we find a corresponding set K; € Kl with cl(Ky) C U".

2(lym~+14)+p
Hence in particular

(K1) C Bx (Fi, &) - (5)
The inclusions z¢ € U’ and zx, € Ky C U” C U’ yield dy (f(zo), f(zk,)) <

wf(U') < wy(wo)+ 5. Hence dy (f(xo), f(zk,)) < )S(l\lg wy(x)+ 5, since
EdS i—1
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xg € X \ F;_1. This gives rise to

dY(Zluf(xKl)) < dY(le,f(xo)) + dY(f(xO), f(xKl))
<i+ su w(x)—ki—l—l— sup  wys(z) (6)
2m IGX\II;i_l ! 2m  m mEX\gi_l d .

Properties (5) and (6) together with definition (3) show that fomiple(k,) =

z1,. Thus we have found a non-empty open set K such that K; C U, since
cl(K1) CU”, and, by applying (4) to zg € F,

dy (fom+p(T), fomip(20)) = dy (21, [(w0)) < €
for all x € K;. Hence fom4p is quasicontinuous at .

4. Pointwise convergence of (fi)32, to f. Letxg € X. If g € |J Fin, say
m=1
xo € Fpy,, then zg € F,, for all m > mg. Hence, by (4), fom+p(zo) = f(x0)
whenever m > myg, p € {0, 1}, so that trivially klim fr(zo) = f(x0)-

Now let 9 ¢ |J Fi, and let € > 0 be fixed. We choose my > 1 with

m=1

3 < ¢ Since x ¢ Fp,, we find my > myg such that o ¢ Bx (Fmo, mil)

mo

We shall show that

dy (fam+p(z0), f(x0)) < € for all m > mq, p € {0,1}. (7)

In the case g € X \ Ly, , we have fo,4,(20) = gm(z0). Then claim (7) is
a consequence of Lemma 3.1 (i), namely dy (fom+p(z0), f(z0)) = dy (gm(z0),
flwo)) <L <2 <e

mo —

Next we assume that zg € Ly, ,. Then there exist { >0, i € {1,2,...,m},
and K € IC;'ZT)TLHHP such that z¢ € cl(K), cl(K) C Bx (F;, =), and also
dy(z, f(zk)) < L4+ sup  wy(x). Definition (3) yields fomp(z0) = 2.

c€X\F;_1
Hence

dy (fam+p(20), f(20)) < dy (21, f(vK)) + dy (f (7K ), f(0))- (8)

We obtain i > my, because ¢ < mg would yield g € cl(K) C By (Fi, %) -
Bx (F L ) C By (Fmo,mil) contrary to zg ¢ Bx (Fmo,mil). Thus by

1 my
Lemma 3.1 (iv) sup wy(z) < sup wy(z) < -1 and
2€X\Fi_1 2€X\Fong ’
dy (zi, f(z)) < =+ sup  wy(z) < =+ n% < m%, (9)

z€X\F;—1
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On the other hand,
dy (f(zr), f(20)) < 77 < s (10)

since 2,79 € cl(K) and wy(cl(K)) < L by (2). Inequalities (8), (9), and
(10) amount to dy (fom+p(®o), f(z0)) < %} < e. This proves (7).

5. Quasiuniform convergence of (fi)72 o to f in the sense of (1). Let m > 1
be fixed. Lemma 3.2 (i) shows that cl(K;)Ncl(Ky) = () for all Ky, Ky € K™,

K, # K5. Hence

Lino N L C U{cl(K):Ke GIC%”)}QU{CI(K):KG fj/cgﬁl} =0

Jj=1 Jj=1

and thus (X\ Ly, 0)U(X\ Lim1) = X. Now fomiplx\L,., = 9mlx\L,,, implies
that, for every x € X, fom(x) = gm(x) or fomi1(z) = gm(z). In this situation
Lemma 3.1 (i) yields (1): namely, min{dy (fom (), f(z)), dy (fom+1(z), f(z))} <
dy (gm(2), f(2)) < 5.

6. Boundedness of fam+p. We assume that f(X) is bounded. It will turn
out that fom+p(X) C By (f(X),1+wy;(X)), which obviously implies that
fom+p is bounded, too.

Let zp € X. If xg € X \ Ly, p, then, by Lemma 3.1 (i),

Famip () = () € By ( San). 1) € B (00, 1405 ()).

In the case 9 € Ly, definition (3) says that fom4p(20) = 2, where in par-

ticular dy (2, f(zk)) < L4+ sup wy(z) for certain I >0, i € {1,2...,m},
cE€X\F;_1

and K € K(™), Then

Jom+p(®0) = 21 € By <f(xK), % + 28{1\12 wf(ac)> C By (f(X),1+ws(X)).
S i—1
O
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