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ON FIRST RETURN PATH SYSTEMS

Abstract

It is known that for a first return system of paths {Rx : x € [0, 1]}
the right path systems R ( the left path system R™) is right ( is left
) continuous and R satisfies I.I.C. property. In this paper we consider
path systems that are continuous and satisfy I.1.C. and investigate the
possibility of containing first return path systems. We also study the
effect of turbulence on trajectories by treating them as sequences

1 Introduction.

Motivated by the Poincaré first return map of differentiable dynamics, R. J.
O’Malley introduced a new type of path systems which he calls first return sys-
tems[12]. He shows that, though these are extremely thin paths, the systems
possess an interesting intersection property that makes their differentiation
theory as rich as those of much thicker path systems. For example, every
first return path differentiable function is in DB and every first return path
derivative is in DB;. First return systems have been extensively investigated
in a series of papers (for example see [7,8,9,10] and some of their references).

In this paper we consider two types of problems. The first problem relates
to a question raised by professor O’Malley at the 26th Summer Symposium
in Real Analysis, when the author was presenting his talk. The concept of
continuous systems of paths was introduced in [1] and was generalized by Milan
Matejdes [11]. We showed that for a first return system of paths R = {R, :
x € [0,1]}, the system RT = {R} :z € [0,1]} and R~ = {R; : z € [0,1]} are
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right and left continuous respectively (see [2]), thus in the presence of path
differentiability of f, f, enjoys the nice properties shared by path derivatives
where the path system has the internal intersection property as well as being
continuous. Professor O’Malley asked if there is a continuous system of paths
which is not a first return system of paths. In fact in [2] we show that such
system of paths do exist. However, our example does not have any intersection
condition property, thus it would be interesting to know if a path system with
some nice properties (in particular, a path system with intersection condition
or preferably a continuous path system with internal intersection condition)
contains a first return system of paths. The second problem involves the effect
of turbulence on trajectories by considering them as sequences.

2 Preliminaries.

By R we mean the set of real numbers, A denotes the closure of A, and A’ is
the set of accumulation points of A. By an interval (a,b) we mean an interval
with @ and b as an end points, not necessarily a < b.

Definition 2.1. (see [12]) A trajectory is a sequence P,, n = 0,1,..., with
the following properties:

(i) Py=0, P =1,
(ii) Pp # Pm, n#m,
(iii) 0 < P, <1 for all n,
(iv) {P,:n=0,1,...} is dense in [0,1].

Our notation for a trajectory will be {P,}. For a given k > 1,II; will
represent the partition of the interval [0,1] generated by the initial segment
{Po, P1,...,Py}. The ith interval of that partition will be denoted as IIj ;.
For each partition Il =; Py = 0 < Py, < Po, < - < Py, , < PP =1 we
assign the code (0,1, s, ..., ak_1,1).

Definition 2.2. (see [4]) Let x belong to [0,1]. A path at = is a set R, C [0, 1]
such that z € R, and x is a point of accumulation of R,. A system of paths
R is a collection {R, : x € [0, 1]}, where each R, is a path at z. For two path
systems R = {R; : x € [0,1]} and E = {E, : € [0,1]} we say R contains E
and denote it by £ C R if E, C R, for each z € [0,1].
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Definition 2.3. (see [1]) Let R = {R, : = € [0,1]} be a system of paths,
with each R, compact. We endow R with the Hausdorff metric dg to form
a metric space. If the function P : x — R, is a continuous function, we say
R is a continuous system of paths. The left continuous and right continuous
systems of paths are defined similarly.

Definition 2.4. (see [3]) A system of paths E = {E, : x € R} is said to be
(1) of congruent type if each E, =T +x = {t+x : ¢t € T} for each x where
T is a set having 0 as a member and as a point of accumulation.

(ii) of sequential type if E, = T + x for each & where T' = {0, h1, ho, hs,...}
and {h,} is a fixed sequence converging to 0.

Note that sequential system of paths and congruent system of paths when T
is a closed subset of the real line, are special cases of continuous system of
paths.

Definition 2.5. (see [12]) Let {P,} be a fixed trajectory. For a given interval
(a,b) C [0,1], 7(a,b) will be the first element of the trajectory in (a,b). For
0 < y < 1, the right first return path to y, R;, is defined recursively via
yi =y, y5 =1 and y,jﬂ = r(y,y;) for k > 2. For 0 < y < 1, the left
first return path to y, R, is defined similarly. For 0 <y < 1, we set R, =
R, URS, and Ry = R{, Ry = Ry . The path systems R* = {R} : z € [0,1)},
R ={R; :2 € (0,1]} and R = {R, : @ € (0,1)} U{R§, Ry} are called
the right first return system, the left first return system and the first return
system of paths generated by {P,}, respectively.

Definition 2.6. (see [4]) A path system R is said to have the external inter-
section condition denoted by F.I.C. (intersection condition denoted by I.C.,
internal intersection condition denoted by I.1.C.) if there is a positive function
d(x) on [0,1] such that R, "R, N(y,2y —x) # 0 and R, NR, N2z —y,x) # 0
(RyNRyN[z,y] # 0, Ry NRy,N(x,y) # 0, respectively), whenever 0 < y —x <
min{3(x), 6(y)}-

Definition 2.7. (see [4,12]) Let F:[0,1]— R and let R be any path system. If
the

y—z,yER\{z} y—x
exists and is finite, then we say F is R—differentiable at z. If F'is R—differentiable
at every point x, then we say that F' is path differentiable and f is the path
derivative of F' and is denoted by F'r = f. If the system of paths is a first
return system, then f is called the first return path derivative of F.
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We consider the following known metrics on the space of sequences.

Definition 2.8. Let S be the set of sequences defined on [0,1] and let S =
{8:}2, and T = {¢t;}52, be two sequences. We define
di(S,T) = Sup{1|51—t1\ lsa—to] - _lsk—tu] b

+ls1—t1]? 1+[s2—ta|’ D 1+[sk—tr|’
do(S,T) =32, 5 | si — t; |. Clearly (S,d1) and (S,d2) are metric spaces.

Definition 2.9. Let P = {p,} and Q = {¢,} be two sequences. We say P
and @ differ in a finite number of terms if there exist positive integers m and
n 50 that P, 4i = ¢ns for each @ > 0. We also call the path systems R = {R,. }
and E = {E,} eventually the same from right(left), if for each x € [0,1) the
paths R} and E (z € (0,1] the paths R, and E ) are eventually the same,
that is for each x there exists d, > 0 so that R} N[z,x+6,) = Ef N[z, 2+ d,)
(R, N(x —d,2] = E; N (x — d;,2]). The path systems R and E are said
to be eventually the same, if they are eventually the same from right and left.
We call the path systems R and E eventually the same in a uniform way, if
d = infep0,1) 02 > 0, that is, if there exists § > 0 so that for each z € [0, 1],
R.N(x—0d,x+9)=E,N(x—3d,z+9).

Definition 2.10. (see [4]) Let ¢ be a positive function and let X be a set of
real numbers. By a j—decomposition of X we shall mean a sequence of sets
{X,.}, which is a relabelling of the countable collection

Yo, ={zeX:ix)> %}ﬂ[

]
The key features of such a decomposition of a set X are:

(i) UpZ X = X

(ii) if z and y belong to the same set X,,, then | z —y |< min{d(x),d(y)}, and

(iii) if 2 € X,,, then there are points y € X,, with | z —y |< min{&(z),(y)}.

3 Results.

Theorem 3.1. Let R = {R, : x € [0,1]}, Ry =z + T is a path system of
congruent type with any sort of intersection property, then (T +T) — (T +1T)
contains an interval of positive length.

PROOF. Suppose R satisfies some sort of intersection condition property, and
0 is the positive function associated with such property. Let {4,} be the

) m=1,2,3,... and j = 0, +1,42,43,.. ..
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d—decomposition of [0, 1], thus [0,1] = US2; A,,. By Baire Category Theorem,
there exists ng so that A,, contains an interval (¢, d) of positive length. Take
Tny, € Ap, and let € (c,d) be arbitrary, then we have y, € Ay, so that
| z — vy, |< min{d(z),0(ys)}, thus R, N R,, # 0. For z € R, N R,, =
x+TNy,+T, we have z = x +t1 = y, +ta. Thus & = (ta —t1) +y, with t1,t9
in T. Since y, and z,, are in A,, we have | 2, — y, |< min{d(zn,),0(yz)},
thus R,, NR,, # 0. For z € R;, NRy, = xn, +T Ny, + T, we have
Z = Xpy +t3 = Yp + ta, thus y, = (t3 — ta) + zp, with t3,¢4 in T. Therefore
xr = (tz —t1) + Y = (tg — tl) + (tg — t4) + Tpy, = (tg +t3) — (tl —|—t4) + ZTng,
implying € [(T+T) — (T +T)] + @n,, thus (¢,d) —xn, C(T+T)— (T +1T).
Hence (T'+ T) — (T'+ T') contains an interval of positive length. O

Tng

Corollary 3.2. A path system of congruent type R = {R, : x € [0,1]}, R, =
x+T does not contain any first return system of path when (T +T)— (T +T)
does not contain an interval of positive length.

The following theorem is a straight forward application of Theorem 3.1.

Theorem 3.3. Any path system of congruent type R={R,} ={z+T:x €
R} with T countable (in particular any path system of sequential type) cannot
have any intersection property, thus it cannot contain any first return system
of paths.

PROOF. Let R, = T + x for each « where T' = {h;}2, with 0 € (T")". Let
B; = {h; + hi}?‘;l, then for each i, B; is a countable set and B; = T + h;.
Thus T'+ T = U2, B; is a countable set. Similarly we can show that for a
countable set T the set T — T is also countable. Hence (T'+T) — (T + T) is
a countable set, so it does not contain an interval of positive length. Hence R
does not have any intersection property, in particular it does not contain any
path with internal intersection property. Thus it cannot contain a first return
system of paths. O

Let R = {R,} be a first return path system. It is known that R has the
internal intersection property (see [12]), Rt and R~ are right and left contin-
uous, respectively( see[2]). Thus in the presence of path differentiability of f,
fr enjoys the nice properties shared by path derivatives, where the path sys-
tem has the intersection property as well as being continuous. Now we want
to look at the reverse problem, that is for a continuous path system R = {R,}
which satisfies I.I.C. and f7, exists with f € By, is it possible to find a first
return path system E = {E,} so that E, C R, for each z and fj, = ff.
In [6] Darji and Evans gave an example of a function f and a path system
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E satisfying E.I.C. so that ff exists, but f is not first return differentiable
to f5. The path system given there does not satisfy I.I.C.. The following
example is given by Cordy in[5].

Example 3.4. There exists a continuous function F' and a path system F
which satisfies I.C., yet F}, & Bj.

Due to the existence of a continuous function with Fj ¢ B, the path
system F given in Example 3.4, neither contains a first return nor contains a
continuous system of paths. It is also easy to see that E satisfies I.C., but it
does not satisfy I.1.C.. In the following example, which is a modification of an
example of Darji and Evans, we show that even in the presence of F}, € By, the
1.I.C. alone is not sufficient to guarantee that E contains a first return path
system. Theorem 3.3 also indicates that there are continuous path systems
not containing any first return path system.

Example 3.5. There exists a function F' and a bilateral system of paths F
having the internal intersection condition so that Fy, € Bj, yet E does not
contain any first return system of paths.

PROOF. Let P C [0,1] be a cantor like set of positive measure containing
a countable dense subset {s;}5°; such that P has density 1 at each s;. Let
{(a;,b;)}52, be the intervals contiguous to P. Define

0 if x € P,
F(z) = { sin[m] itx € (an,by) forn=1,2,---,
and
F'(x) if x € US2, (an, by),
f(x){le ife=s;fori=1,2,---,
0 ifxeP\{s;},

It is clear that f € B;.
For s € {si}32;, let ex = min{g;,| s; — sk |: 1 < i < k}. For ¢, > 0, there
exists 0 < d(sg) < € so that | W |> 13, when | h |< &(sk). Let

[0,1] if x €0,1]\ P,
o) o EgEe =g, i=1,2--
: U2\ T, (2) UP if e P\ ({si}21 Ufai, bi}i2y),

U, T, (z) U PU ({F71(0) N (as,b:)}) ifr=a;orx="0b fori=12---.

[ Ban(Es) e s < 0(s)
Where T, (96) = { 0 if |z —s; |> d(ss).



ON FIRST RETURN PATH SYSTEMS 277

Let 1 < i < oo, to see that Fg, is a path at s;, let T = (s;,8; + h) be
an interval with | h |< 6(s;), then P has infinitely many points in I, thus for
infinitely many n, we have (ay,b,) C I, implying Es, NI # 0, hence s; € (Es,)’
and E;, is a bilateral path at s;. It is also clear that for each z € [0, 1]\{s;}5°,,
FE., is a bilateral path at x.

Define § : [0.1] — R™ as

dist(x, P) ifx ¢ P,

5(z) = 8(s:) ifx=s;fori=1,2,---,
1 if w € P\ ({s:}321 U{ai, bi}2y),
min{1, b5 if x = a,, or x = b,, for some n.

Now we show that E satisfies I.1.C. Let x,y € [0,1] be such that | z—y |<
min{d(x),(y)}, then either z and y are both in [0,1] \ P or both belong to
P. In the case that both belong to P, if for some i, = a;, then y # b; and if
x = b;, then y # a;, for the same i.

If 2,y € [0,1] \ P, then E, N Ey N (z,y) = (x,y) # 0. If z,y € P, with
x € {s8;}52,, then y & {s;}52,, and vise versa. Thus we consider the following
cases;

(i) x = sy, for some m and y € P\ ({s;}52, U{a;, b:}524).

(ii) = sy, for some m and y = a; or y = b; for some i .

(iii) z,y € P\ ({s:}72, U {as, bi}72,).

(iv) x € P\ ({s:}52; U{as, b;152,), but y = a; > x or y = b; < x for some i.
(v)zx=a;and y =a; <z ory=>b; <.

(vijz=bjandy=a; >z ory=>b; >x.

In case (i), if | s, — y |< min{d(s,,), d(y)}, we have

Bo,, (VEy 01 (5m,) O {sm} U {t: HG=0md = 5030 (U2 T (y) U P)

N (sm:y) D Ty, (y) # 0.

In case (ii), we have E;, N Ey N (Sm,y) D {sm} U {t: %ﬂf"’) ==
(U324 Ts, () U P U (LF1(0) 1 (04, 50)}) 1 (50, 8) D T, () # 0.

In case (iil), we have E, N Ey N (z,y) D (U2 T, (y) UP)N (U2, T, (z) UP) N
(z,y) > PN (x,y) #0.

In case (iv), we have E, N E, N (z,y) = (U2, Ty, (z) U P) N (PU{F~1(0) N
(a5, b)) N (2,9) > PO (1,9) 20.

In both cases (v) and (vi), we have E, N E, N (z,y) D PN (z,y) # 0.

Thus E satisfies I.I.C. property. To see Fy(z) = f(z). This is clear when
x € [0,1]\ P orx € {s;}°,. Suppose z € P\ {s;}32,, then for y € P
or y € {F7*(0) N (a;, b;) we have lim, ., w = limy_, 0 = f(z). If
y € B, \ P, then y € E,, N (%42, s;) for some 4, thus

| F(y;:f(x) =| F(y;:i(sz') . % I=| F(y;:i(Si) |- | % < % 1= % Hence

limy ., yep\p | W |<lim; o0 5 = 0 hence Fy(z) = f(z) = 0.
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We claim there is no first return path system R = {R, : « € [0,1]} so that
for each z, R, C E,. On the contrary suppose Q = {¢;} is a trajectory and
R is the first return path system generated by @ so that R C E, then we
have Fj,(z) = Fp(z) = f(z). Let A, ={t € P :Vz; € Ry with i > n & |
w — f(t) |< 1}. From Fg(t) = f(t), we have P = U2, A,, by Baire
Category Theorem, there exists an open interval V such that A,, C VNP # (),
for some m. Choose s; € V,j > m, since P has density 1 at s; and f(sj) =2

27
we have z, € (VN Ry,),k >m, | s;j—z |[< L, with | Siffk(z’“) |> 555, and

| ¥ |> 1— 157, where I = (x,5;). Since 4, C VNP, pick p € A, \ {s:}52,
such that CUk <p<sjand | 2=2* [>2-27. Then we have

F(z,)—F(p) |_ a:)Fs)_F(w)F(s) Tp—S; i
| Ze)F) || Fan—Fey) | P =Fla) | . | 2z |5 1o (2.99) > 1,
Since 7y € Rs; and zp, < p < s;, we have zj, € Rp, contradicting p € A,,
Thus E does not contain any first return path system. O

In the rest of the paper, by considering trajectories as sequences, we study
the effect of turbulence on trajectories and the first return path systems gen-
erated by them.

Theorem 3.6. Let S be the set of sequences defined on [0,1] endowed with
metrics di or do, and let A be the set of trajectories on [0,1], then A is a
closed nowhere dense subset of S.

PRrOOF. Let T,, € A and lim,, .o T, = T. We show that T is a trajectory

n [0,1]. To this end let T,, = {t?}2,, T = {t;}$2,, € > 0 be an arbitrary
real number, and let x € [0,1]. It is easy to see that tp = 0 and ¢; = 1 and
lim,, o t7 = t; for each ¢ > 2. Choose ng large enough so that d(T,,,T) < %
then pick t"(" o) € Ty such that | z — t?:o |< §. Then we have | t;,,) — z [<|
ti(no) — t?(no |+ | t?& —z |< §+§ <e Hence T is a trajectory and thus A
is closed. To show A is nowhere dense let S = {s;}3°, € A. Pick z € (0,1),
0 <n < § and asequence {2;}§2; C (2—n,z+n) = I, so that it is not dense in
I,. Then take the sequence T = {t,,} as t,, = s,, for all n with s,, € [0,1]\ I,
and t, = z, for all n with s,, € I,. It is easy to see that di(S,T) < e,
d2(S,T) < e, however T NI, C {z}2,, implying T NI, C {2}, # I, s0 T
can not be a trajectory on [O 1]. O

Lemma 3.7. Let {S,,}3°_; be a sequence of trajectories, S be a trajectory,
I, and II}* be the partitions of [0,1] obtained from the first k terms of S and
Sm, respectively. If lim,,— oo d1(Sm,S) =0, then for each k > 2 there exist
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a natural number ny, so that for all m > ny, the partitions I and 11 have
the same code.

PROOF. Let § be the length of the smallest subinterval of II;. Then choose
n so large that for all m > ng, d1(Sp,S) < §/4. It is clear that for m > ny,
IT% has the same code as IIj. O

Theorem 3.8. For each m > 1, let S,, be a trajectory and let R, be the first
return system of path generated by Sy,. If S is a trajectory with lim,, o d1(Sp,S) =
0, then lim,, o di(Rm,R) =0 and lim,,—oo dg (R, R) = 0 where R is

the first return path system generated by S.

PROOF. We first note that for every x € [0,1], R,,, the path leading to z, is a
sequence as well as a closed subset of [0,1]. Let S = {p,}, 0 <z <1, and let
€ be an arbitrary positive number. We consider two cases.

(i) @ € [0,1]\ {pn}321,

(ii) © = py, for some k =1,2,....

Suppose 6§ is the length of the longest subinterval of partition IT;. Ob-
viously, limy o 0y = 0. Choose ko large enough so that dp, < 5. In
case (i), Let Iy, ; = [c,d] be the subinterval of IIj, containing x, and set
§=1min{|d—=|,|c—z|}. Nowif | y— 2 |< 6, then y and x are both
contained in the interval (c,d). From lemma 3.7, we know that there exist a
positive integer n. so that for all m > n, IIJ? and Iy, have the same code,
so the corresponding terms of the paths (R,,), and R, that do not fall in the
interval (c,d) have a distance less than /2. On the other hand the rest of
the terms of all the sequences (R, )., R: lie in the interval (¢, d) that also has
length less than €/2, thus we have di((R})., R}) < ¢, di((R;,)z, Ry ) < ¢,
du((Boy)e, RY) <&, da((Ry,)q, Ry) <.

In case (i), let © = py,. Since R, = {z; } and R} = {z}'} are monotone
subsequences of {p,} converging to x, there exists a positive integer N such
that | z;, —2 |< § and | 2} —x |< § for all k > Ny. Let ks be a positive integer
so that I, contains the points 7, xf, ce TN x}l ,x as end points and d, <
5. Suppose J, is the length of the smallest subinterval of Ily,, and J =
min{dg,,d;, }. From lemma 3.7 we know that there exist a positive integer n.
so that for all m > ne, II}" and Ilj, have the same code, so the corresponding
terms of the paths (R,,), and R, that do not fall in the intervals adjacent to
pr, have a distance less than ¢/2. On the other hand the rest of the terms

of all the sequences (R,,)., R, lie in the two intervals adjacent to py,, each
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with length less than £, thus we have di ((R}}), RY) < e, di((R;,)2, Ry ) <&,
du((R})z, RE) < e, du((R,,)z, R;) < €. Thus the result follows in both
cases. 0

As an application of the turbulence on trajectories one may consider two
trajectories that differ in a finite number of terms, expecting the corresponding
first return systems to be eventually the same. As the following theorem shows
the result is as expected and follows immediately from the hypothesis and the
definition of first return.

Theorem 3.9. Let P = {p,} and Q = {qn} be two trajectories that differ in
a finite number of terms, and let RT and EY be the right (R~ and E~ be the
left) first return systems generated by P and Q, respectively. Then R™ and
Et (R~ and E~) are eventually the same.

PROOF. Since P and @ differ in a finite number of terms, there exist positive
integers m and n so that p,,4; = qnys for i > 1. Let Il =;0 = rg < 1 <
re,< -+ <1 =1 be a partition of [0, 1] containing the first m terms of P and
the first n terms of Q. Let x € [0,1) be an arbitrary point, then x € [r;, r;41)
for some i. Let n be the first element of P that lies in (z,7;41), we show
n € RFNE}F. To see this let tg = z,t; = 1 and to = r(x,t1). If t5 > r;41, then
t5 is a point of the partition to the right of x and ¢ — x < t; — . Since there
are finitely many members of the partition to the right of . By performing in
this way there is ig so that t;, > r;1, but t;,4+1 = r(x,t;,) < riy1. Since t; 41
is the first element of P in the interval (x,t;,), and there is no prior element of
P in the interval [r;y1,t;,), we have t;,11 = n. In a similar way we can show
that n € E;F. From this point on, the paths leading to x from right, R}, and
E: will have exact same element, since PN (z,n) = QN (x,n). Thus the right
hand first systems are eventually the same. Similarly we can show that the
first return left path systems generated by P and @ are eventually the same.
Thus the first return path systems generated by the trajectories P and @ are
eventually the same. O

The converse to Theorem 3.9 is not true in general, however with some
extra condition on the generated first return path systems, the converse is
true.

Theorem 3.10. Suppose P and Q are two trajectories and R = {R, : © €
[0,1} and E = {E, : x € [0,1]} are the first return path systems generated by
P and @, respectively. If R and E are eventually the same in a uniform way,
then the trajectories P and Q) differ in a finite number of terms.
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PrOOF. First we show that for the trajectory P we have P = U,co 1 RF\
{x} = Uzepo,)R; \{z}. To show this, it is enough to show that for each p; € P
we have p; € R} \ {z} for some z. Similarly one can show p; € R, \ {z}. We
note that if r is an element of the trajectory and r € R;O for some zg < r,
then for each z < y < r we have r € RJr Let z9g < p; be a point in the
trajectory so that p; ¢ R , then there ex1st Ty and 7y in R+ so that
2o < Tmt1 < Di < T'm. ThlS means that in the ordering of P, Tm+1 appears
after r,, and before p;. Choose 1 € (rm41,p;) so that p; —z1 < (pl — Zp).
Obviously r,, € R} . If p; ¢ R}, then there exist some r;, € P such that
Tm+1 < T, < p; and r;, appears after r,;, 1 and before p; in the trajectory P.
Now we choose x2 € (r;,,p;) so that p; —xs < (pz —x1). Againr, € R;; and
if p; & R;‘z there exists r;, € P such that x, < ri, < p; and r;, appears after
Tm+1 and before p;. Pick x3 € (r,,p;) and continue the same process. Due
to the fact that there are only finitely many members of P that appear before
pi, in the process of choosing the sequence z;,7 = 0,1,2,... that increases to
pi, we reach a point x;, with p; € RY . Thus we have P = U,cpo,) Ry \ {2}
Similarly we have Q = U,cjo1)E; \ {2}

Let 6 be the positive number resulting from the path systems R and E being
eventually the same, in a uniform way, and let ITj be a partition of [0,1] by the
first k terms of P with largest subinterval less than §. Then for each subinterval
[ci,di) = Tg 4, we have REN[d;, 1] = R N[d;, 1] and R, N[0, ¢;] = R, N[0, ¢;] for
each z,y € (¢;,d;). On the other hand, for each i, d; —¢; < d, thus, for each x €
(ci,d;) we have R, N(cq, d;) = ExN(ci, d;), hence (Ugere,.d, )R+\{x} \lei, d;) is
a finite set and therefore (Uyejo,1) R \{#}\Ui(csi, di)) = Ui(Upees a0 B\ {2z })\
[ci, d;) that is a finite union of finite sets and thus a finite set. This 1mphes that
P\Q € (Usepo. ) R\ ED\ Useo. B \{2}) € (UiUaeferan BE\ {2 D)\ [es, ).
Implying that P\ @ is a finite set. Similarly we may show that @\ P is a finite
set. Thus the trajectories P and @ differ in a finite number of terms. O

Example 3.11. There exist a trajectory P with two rearrangements P; and
P, so that the first return path systems generated by P; and P, are not
eventually the same in a uniform way.

PROOF. Let P = {O,I}U{Qim:m:0,1,2,3,...&:k:0,1,3,5,...,2’”71}.

It is easy to see that P is a trajectory. We rearrange P in two different ways

and call them P; and P,. Take

P ={0,1} U{55,1 <k < 2%, kodd integer , gzo—,1 < k < 2?1 k odd

integer }p,>1

—{0,1,4,3 1 1 8 151357 1 8 6 1 1 2
J 747472716’167""16787 8764’647""64’32""’256""’ 2567 128

< 22+ odd integer |, 22m 1<k<

1

Cn
ot
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22m k odd integer },,>1
—{0,1,%,1,3,5 71713 1 31 1 15 1 127 1 63 1

7278787878747 4732777327167 167 1287 """ 1287647 " 7 647 5127 """ J*

Let R and @ be the first return systems generated by P; and P, respectively.
We show that at each x € P the right first return paths R} and Q7 are even-
tually different. In fact we have:

(2k—1)
R+_{1 1)2;1@3@4)' }_{%71}U{2 22k+1}k21a

+_ 1 5 17 65 257 _ sl
1 *{5’1’5’3* 112 875127"'}*{5’1}U{2(2k+1>}k>1’
131 5 17 22k 4
R%_:{I’Z’Z’i 1%? }_{47471}U{22<k+1>}k>07
+ _r1 1329 _ 22k—14
Q%_{Z7la§ §72’128" } { }U{22(k+1) }k>17
3 13 49 209 + 25 97 385
{ ]‘7 1676472567‘ }Qd_{ 78732)128)5125"'}7
+ _ g1 1 3 9 113151765
R%*{gliwfﬁ 64’2567"'}Q {§ )29 874 327 128° 512""}7
+ _ s3 31 7 25 + _ 1 5 13 49 133
Ry ={3L 35660 Q ={5 1585 125120 b
+ _ 55 3 11 41 161 + _ 7 3 21 81 321
Rg—{@l@m@ﬁw }Q ={8 L5 1 % 155 o130+

7 15 57 225 + _ 7 29 113 449
{8 1’ 16 647 2567 " } Q { 1’32’128’512""}’

=
ool~1
I

We see that for all x € P, the right first return paths R} and Q are
different after a few first terms. This is also true for R; and @), . Now let
x € [0,1] \ P, then for each 6 > 0 choose k large enough so that the length of
the largest subinterval in ITj is less than §, where Il is the partition obtained
from the first k terms of P. Suppose = € Il ; so there exist c and d members of
II); so that ¢ < z < d. Choose r € PN (e, d), then by Lemma 1 of [10], we have
RINd,1] =R n[d,1], R; N[0,c] = R, N[0,c], QF N[d,1] = Q;" N[d,1] and
Q; N[0, c] = Q- N[0, ¢]. Thus from the fact that P is dense in [0,1], and for each
r € P, R, and @, are different except for a few terms, it follows that we can
not have 6 > 0 so that for all x € [0,1], R;N(z—d,x+9) = QN (z -3,z +9).
Hence R and @ are not eventually the same in a uniform way. O
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