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UPPER BOUND FOR
MULTI-PARAMETER ITERATED COMMUTATORS
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Abstract: We show that the product BMO space can be characterized by iterated
commutators of a large class of Calderén—Zygmund operators. This result follows
from a new proof of boundedness of iterated commutators in terms of the BMO
norm of their symbol functions, using Hytonen’s representation theorem of Calderén—
Zygmund operators as averages of dyadic shifts. The proof introduces some new
paraproducts which have BMO estimates.
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1. Introduction

In [9] the product BMO space on R* @ --- @ R% was characterized
by the multi-parameter iterated commutators of Riesz transforms. This
extended to the product setting the classical results of R. R. Coifman,
R. Rochberg, and G. Weiss [2], a characterization of classical BMO in
terms of boundedness on L?(R%) of the commutator of a singular integral
operator with a multiplication operator, which by duality also implies a
weak factorization result of H!(R%).

In the multi-parameter setting,alet My be the operator of pointwise
multiplication by b € BMOypyoa(R?). Let T; be the Calderén—Zygmund
operators on R%. One seeks to characterize product BMO in terms of
commutators in the sense that

1blBMOpeoa S M-+ [[My, 1), To] -+ Tl L2 22 S (1DlBMO o

where the first and second inequality will be referred to as lower bound
and upper bound, respectively.

In the case of Hilbert transform, the above result in bi-parameter
setting was proved by S. H. Ferguson and M. T. Lacey in [4], where
the upper bound was first shown by S. H. Ferguson and C. Sadosky [5].
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M. Lacey and E. Terwilleger [11] then extended the result to the
multi-parameter setting. The Riesz transform result was proved by
M. T. Lacey, S. Petermichl, J. C. Pipher, and B. D. Wick in [9], where
they obtained a more general upper bound result for any Calderén—
Zygmund operators of convolution type with high degree of smoothness.
Later on in [10] they simplified the proof of the upper bound for Riesz
transforms by means of dyadic shifts. Very recently, the first author and
S. Petermichl [3] proved the lower bound for a larger class of Calderén—
Zygmund operators satisfying certain criteria.

In this paper, we prove the upper bound for any given collection of
Calderén—Zygmund operators. As a corollary, we prove new characteri-
zations of product BMO in terms of commutators of Calderén—Zygmund
operators.

The main theorem of the paper is the following:

Theorem 1.1. Let b € BMOprod(RJ) and (T;)1<i<t be a collection of
Calderon—Zygmund operators, with each T; acting on parameter i of
RéE=R" @-.-@R¥*. Then,

[+ [[My, 1], T - Tl 222 < CllblBMO o

where C' depends only on d and H§:1 IT:llcz.

One of the interesting results implied directly by the theorem is that
a perturbation of a collection of operators characterizing product BMO
still characterizes product BMO. In other words, characterizing fami-
lies such as the Riesz transforms are stable under small perturbations
in the sense that the Calderén—Zygmund operator norm of the pertur-
bation terms are small. We organize this observation into the following
corollary.

Corollary 1.2. Let (T; s, )1<i<t,1<s;<n; be a family of Calderdn—

Zygmund operators characterizing the space BMOpmd(Rd), that 1s,
3 C1,C3>0, such that

C1|b]|BMOyr0a < sup [ [[My, Ty 6,]s Toso] - - o5 Tros )2 22
1<i<t, 1<s;<n;

< Co||bllBMo

prod

Then, 3 € > 0 such that for any family of Calderon—Zygmund oper-
ators (T} , )1<i<t,1<s,<n; Satisfying T}, llcz < €, the family (T;s, +

Ti/,si)lgigu 1<s;<n; Still characterizes BMOpyoa(R?).
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In particular, since Calderén—Zygmund operators form a linear space,
whose norm can be made arbitrarily small by multiplying a small con-
stant, it means that once we have a collection of operators characterizing
BMO, we automatically obtain infinitely many collections of operators
which also characterize BMO. More specifically, let (T s,)1<i<t, 1<s;<ns
be a family as in the corollary above, for any arbitrary family of Calde-
rén—Zygmund operators (T{,si)lgigt, 1<s;<n,, there exist €y, ... >0 such
that for any 0<¢; <e;, 1 <i<t, the family (7} s, + ciTi/,s,;)lﬁiSt7 1<s;<n;

characterizes BMOprod(Rd).

The main tool in the proof of the main theorem is the representation
theorem by T. P. Hyt6nen [6], which states that any Calderén—Zygmund
operator can be represented as an average of dyadic shift operators with
respect to a probabilistic measure on a collection of dyadic grids. While
the earliest version of this theorem appeared in [7], here we choose to
apply a slightly different one given in [6]. In our proof, we will reduce
the problem to the upper bound for commutators with dyadic shifts.
This is the first use of Hytonen’s representation theorem to commutator
theory. The novelty of this approach to the upper bound is twofold.
First, the commutators with dyadic shifts which have infinite complexity
in our case, are carefully studied and effectively reduced to paraproducts
and another class of bounded operators. In contrast to typical methods
dealing with multi-parameter theory, this allows our argument to be
iterated. Second, new paraproducts and a similar type of operators are
introduced, and this is where the delicate estimates in product theory
are required.

The paper is organized as follows. In Section 2, we recall several
preliminary results on dyadic shifts, representation theorem, and multi-
parameter paraproducts. In Section 3, a full proof of the main theorem
in its one-parameter case is introduced, while the proof of the main
theorem in arbitrarily many parameters is presented in Section 4.
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2. Preliminaries
We give some essential background for the proof of the main theorem.

2.1. Dyadic shifts and representation theorem. Recall that while
the standard dyadic grid is defined as

2° .= {27%(0,1)¢+m) : k € Z, m € 29},

for any parameter w = (w;)jez € ({0,1}¢)%, one can define an associated
shifted dyadic grid as

9 = {l+w: 1€ 2"},
where
Itw:=1+ Z 27 w;.
§:2=3 <e(I)
For a fixed shifted grid 2* and i,j € Z,, a dyadic shift operator S¥ is
defined to be bounded on L? with operator norm less than 1. Specifically,

Sif=> > > ak(f hi)hy

Kegv 1€9*,ICK Je9¥,JCK
LN)=2""%(K) £(J)=2"70(K)
(i,5)

=: Z Z aIJK<f7h1>hJ’

K I,JCK

with |arsr| < [I|V?|J]2)|K|. S¥ is called cancellative if all the Haar
functions in the definition are cancellative, otherwise, it is called non-
cancellative.

Recall that in one dimension, any dyadic interval I is associated with a
cancellative Haar function h = [I|~*/2(x;, — xz,) and a noncancellative
one hl = |I|’1/2XI. While in d dimensions, each cube I =1 X --- X Ig4
is associated with 2¢ Haar functions:

d

hy(x) = by (o, wa) = [[ 65 (@), e € 0,1},
i=1
where h} is called noncancellative, while all the other 2¢ — 1 Haar func-
tions h§ for € € {0,1}%\ {1} are cancellative. Note that all the cancella-
tive Haar functions for a fixed grid form an orthonormal basis of L?(R%).
In this paper, we usually suppress the parameter € to abbreviate the no-
tation.

We now introduce T. P. Hytonen’s representation theorem, a key tool
in our proof. Interested readers can find its proof and a more detailed
discussion in [6] and [7]. The operator T mentioned in the following
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will denote a Calderén—Zygmund operator associated with a d-standard
kernel K. T. P. Hytonen [6] proved the following theorem.

Theorem 2.1. Let T be a Calderon—Zygmund operator, then it has an
expansion, say for f,g € C5°(RY),

(9.Tf) =c||IT|cz - Eu Z g max (b0)0/2(g G £,
2,7=0

where c is a dimensional constant and S¥ is a dyadic shift of param-
eter (i,j) on the dyadic grid D*; all of them except possibly S are
cancellative.

According to the proof of Theorem 2.1, in the representation of any T,
only S% may be noncancellative, and if this is the case, only one of {h;},
{h,} in its definition is noncancellative, i.e. S is a paraproduct with
some BMO symbol a satisfying ||a|pmo < 1 and ar = (a,hr)|I|71/2,
vI1eD.

2.2. Multi-parameter paraproducts. Recall that a multi-parameter
paraproduct associated with function b can be viewed as a bilinear op-
erator which is defined as

Bo(b, f) = > Brib.hG)(f, h@)h53|RI~*,

ReD;

where €; € {0, l}J, 97 denotes the tensor product of dyadic grids, and
{Br}r is a sequence satisfying |8r| < 1. Note that hy is cancellative
if and only if ¢; # 1. According to Journé [8] and later on improved
by C. Muscalu, J. Pipher, T. Tao, and C. Thiele [13, 14], one has the
following boundedness result.

Theorem 2.2. Let d = (dv,...,d) and € = (€j1,...,€j4). If 1 # T
and V1 < s <, there is al most one of j = 2,3 such that €;, = f, then
the operator By satisfies

Bo: BMOjproa(R?) x L2(R?) — L2(RY).

3. Proof of the one-parameter case

In this section, we present a detailed proof of the main theorem in
the one-parameter setting, which will later on be utilized to prove the
multi-parameter result in the next section. As an essential part of the
proof, delicate estimates of new paraproducts and a new operator P will
be introduced.
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Given a BMO function b and a Calderén-Zygmund operator T, one
could represent the commutator [b,T] as an average of [b, S¥] due to
Theorem 2.1. Then, in order to prove the upper bound inequality, it
suffices to prove that for any f € C5°(R?),

3.1) > 27D sYf S blemollf e
i,j=0 L2

uniformly in w. In the following we will write S for short as the argu-
ment doesn’t depend on w explicitly.

As a crucial ingredient in our argument, two kinds of paraproduct-like
operators need to be introduced.

The first one is the bilinear operator By which could be viewed as a
generalized dyadic paraproduct:

Bi(b, f) =" Bi(b, hyaw ) (f he)ha| T9)] 72,
i

where {f;}1 is a sequence satisfying |8;| <1, k>0 is an arbitrary integer,

and I%) denotes the k-th dyadic ancestor of I. Note that when k=0, this

is exactly the classical paraproduct that we have introduced at the end of

the previous section, whose boundedness is stated in Theorem 2.2. Lem-

ma 3.6 below shows that such boundedness holds uniformly for any By.
The second one is the trilinear operator P defined as

P(bya, f) =Y (b,h)(fih)l 11" D (a,h)ho,
I J:JCI

which will be proved to be bounded on BMO x BMO x L? — L? in
Lemma 3.7.
The main theorem we will prove in this section is the following:

Theorem 3.2. For cancellative dyadic shift S¥, [b, S¥]|f can be repre-
sented as a finite linear combination of the following terms:

(33) S1J(Bk(b7 f))7 Bk:<ba Sz]f)a
where the integer k is such that 0 < k < max(i,j) and the total number
of terms is bounded by C(1 4+ max(i,j)) for some universal dimensional
constant C'.

For noncancellative dyadic shift S°° (dyadic paraproduct) with sym-

bol a, [b,S°)f can be represented as a finite linear combination of the
following terms:

(34) SOO(BO(be))? BO(ba SOOf)7 P(bva’a f)7 P*(bvaa f)v

where P* is understood as the adjoint of P with b and a fized, and the
total number of terms is bounded by a universal dimensional constant.
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Remark 3.5. The representation claimed in Theorem 3.2 is far from
unique. In fact, suggested by its proof, the readers can easily come
up with representations of [b, S¥]f using other types of paraproducts,
by decomposing the Haar sums differently. Moreover, as shown in the
proof, the representation can be made such that except when k£ = 0, all
the Haar functions appearing in By (b, f) are cancellative.

It is easy to see that Theorem 1.1 is implied by Theorem 3.2. Indeed,
given the boundedness of S¥, Lemma 3.6, Lemma 3.7 together with
Theorem 2.2 guarantee the uniform boundedness of each of the terms
in (3.3) and (3.4). Hence,

116, 81 £l 22 < (1 + max(i, j)[bllBymoll £l zz-

Note that the uniform boundedness of Bj with respect to k is key
in the above argument, which is also the main difficulty of the proof
of Lemma 3.6. Then, with the decaying factor 2~ ™ax(5:19/2 in front,
(3.1) follows from a simple geometric series argument.

Lemma 3.6. Given b € BMO(R?) and k > 0, let
Bi(b, ) =Y Bilb, hyaw) (f, by | TR 72,
]

where all the Haar functions are cancellative. Then ||Bg(b, f)|lrz <
IbllBMmo || fll 2 with a constant independent of k.

Before we proceed to its proof, note that for the application to our
problem, there is no need to include cases when some of the Haar func-
tions in By are noncancellative according to the remark above. Hence,
By (b, f) is in fact a martingale transform whose uniform boundedness fol-
lows directly from the observation |(b, by )|/|T®) |2 < ||bllsmo. How-
ever, we will present a different proof via square function in the following,
which will provide some insight into the estimates of some other opera-
tors and the multi-parameter analogs of the result, where noncancellative
Haar functions have to be taken into account.

Proof: For any g € L*(R%),
(Br(b, f),9) = <b7261<f, h1><g,h1>hm>|ﬂ’“>|‘%>.
1
It thus suffices to show that

S A Nz2llgllzz,
H1

S” Brlf, ha) g, by [T 7%
I
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which is equivalent to

S I lle2llgll ez,

HS<Z Br(f, hr){g, hi)hyo I(k)|;>
i

Ll

where in the above S denotes the dyadic square function.
To see this, write

S(Zﬁl<f7hl><gvhl>h[(k)I(k)|_§>
I
2
:Z< S B f,h1><g,h,>|J—> "
J

LI =g

which together with || - ||z < || - ||¢ and Cauchy—Schwarz inequality
implies

S (Z Br{f.hr){g, hryhyoo [I™ |_é>
7

J \LI(F) =g

1

3 <f,h1>|2> ( 3 |<g,h1>|2> ﬁ

LIk =g

(T x ww |2|J|) (= % o m)é

J LI =

= (SW ) (SHg),

where the operator S® f := (3,5, joo—y [(fshr) 2T~ 1xs)Y2 We
claim that S*): L2 — L? with norm bounded by a dimensional constant,
which does not depend on k. This guarantees that our estimate of By
becomes independent of k. Combining this with another use of Cauchy—
Schwarz will complete the proof.
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To show the claim, denote ay = (3, ;a0 [(f, h)[?)V/? for any J
and define F'(z) = Y ; ayhy(x). Then

3112
= SFIZ= S I1FIZ:

IS® £ = H (Z a?/“)
7
SO ED SIS DI VAN IV ATIEE Fil
J I

J LIk =7

where the second to last equality holds because that cube I in the pre-
vious summation ranges over all the dyadic cubes exactly once. O

Lemma 3.7. For tri-linear operator
P(b,a, f):=> (b h)(f DI D (a hdhy,
Ji J:JCI
there holds
[P(b,a, f)llzz < [[bllemollallemoll fl 2

Proof: The idea of the proof is to employ the H'-BMO duality and the
square function characterization of H'. For any normalized test function
geL?

<P(b’a’7f)’g> = <bvz<f7h1>ll|_1h1 Z <a7hJ><gahJ>>'

J:JCI

To see where the BMO norm of a comes into play, observe that for
any fixed I and some 1 < p < 2,

Z <a7hJ><g7hJ> = < Z <aﬂhJ>hJ7gXI>

J:JCI J:JCI
<\ > (ahndhg| llgxelee
J:JCI Lo
1
AR
S (Z |<a,hJ>2|J|) lgx1ll o
J:JCI Lo

A

< llallssol V7 llgxzlze = llallemolZI((lgl”) )7,

where the last inequality follows from John—Nirenberg inequality.
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Therefore,
S<Z<f7h1>1|1h1 > <avhJ><97hJ>>
I J:JCI
2 3
= Z|<fahl>|2|l|_2< Z <aahJ><g7hJ>> %
I J:JCIT ]
<

lalleato <ZI D9l >2/p|’}’|>
I

= lallsno (Zl £, )PP sup <<g|P>I>2/P|X;|>
I

I:xel

< |lallsmo M (|gIP) P S(f),

where M is the Hardy-Littlewood maximal function which is bounded
on P, 1 < p < oo. Hence,

IP(b,a, f)llz: < [Ibllsmollalleaol|M (|g|P) /|| 2| S(f)]| 2
S llbllsmollallBaol| £l 2z O

Now we turn to the proof of Theorem 3.2 and the strategy is the
following. First, we decompose b and f using Haar bases. Second, we
split the sum into several parts and represent each of them as a linear
combination of terms in Theorem 3.2.

To start with, one decomposes [b, S¥|f as

b, S91f = (b, ha){f, b s, Sy

1,0

=> (0. ha)(f hg) (h1Shy = SY(hrhy)) = T+11,
7

where in the following I and II will be referred to as first term and second
term, respectively. In order to further organize the sum and extract the
correct paraproduct structure, even in the simplest one-parameter case,
one needs to divide up the sum into many different parts, depending on
the relative sizes of I, J.
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3.1. Cancellative dyadic shift S%. Let’s first look at the case when
S% is cancellative, meaning that all the Haar functions appearing are
cancellative. Hence,

(4)
[b,S”]f:Z(b,h,)(f,m}(hl > agpwhs
I1,J

J'CJ@

(4,5)
—Z Z a[”J”K<hIhJ;hI">hJ”>-

K I",J'CK

First, we claim that it suffices to consider the part I  J®. Indeed,
it is obvious that when I N J® = (), both terms in the parentheses are
zero. Furthermore, by the cancellation structure of the commutator,
when I O J® | the term [hs, S¥]h; is also zero. To see this, as hy is
constant on J® | fixing an arbitrary zo € J® implies

h1S7hy — S9(hihy) = hi(20)S7hy — S (h(z0)hy) = 0.

Note that for the case (i,7) # (0,0), this is the only part of the proof
where one needs the particular cancellation of the commutator structure.
Next, we represent the first term and the second term separately.

3.1.1. First term. Based on the discussion above, for any i, j, the first
term containing h;S* h; is equal to

Z Z <b,h[><f,h]>h] Z aJJ/J(i)hJ/.

J LIcJ® JJ'cJ®
£(J)=2""9¢(J)

Introducing index K = J® allows us to rewrite this as

(@) (4)

SN et b Y asshy

K J:JCKI.ICK JJ'CK

(@) €]
:Z<b,h[>h1< Z Z Z aJJ/K<f,hJ>hJ/>.

K:KD>I J:JCK J:J' CK
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Comparing the inner parentheses to the definition of S* suggests that
the expression above is equal to

STo.hnyhr ST (ST f b

I J:J'G) DI

=3 b ha) (ST f by )hrhy

I J-J2I

+3 T b ) (ST f Y hyhy = T4 IL

I Jgr.JgcrcJj/@

Note that there are only parts I and II left because of the supports of
Haar functions. For part I, one writes

I=Z<b,h1>h1< > <Sijf,hJ,>hJ,>

I JJ DI

= 5700, hryhr(SY £, b0 = 37 (0, ) (SY f, R |17,
I

I

which is of type Bg(b, S¥ f). In order to deal with part II, observe that
it can be decomposed into finitely many pieces depending on the relative
sizes of I and J', i.e.

J
- Z Z<b’ hJ/<k)><SUf7 hJ’>hJ/(k)hJ/

k=0 J’

J
=3 Br b hpw WSY o by | T |5 = ZB’C »SY 1),
k=0

J’!

where 8 € {1,—1} and 0 < k < j. Note that the sum at the end
contains only 1+ j < 14 max(4,5) terms. Therefore, the representation
of the first term is demonstrated.

3.1.2. Second term. Now we turn to the second term that contains
Si(hrhy). Due to the supports of Haar functions, this part is nontrivial
only when I N.J # (). Hence, one can split this term into three parts:
ICJ, I=J,and JCTCJW,
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For I C J, note that the second term becomes

g <Z<b, hi)(f. hJ>hth> =Y <Z<b7 hahr ) <fv’w>’”>

1CJ I Y

_ i (Za), hi)hi(f, h}>h}>

I

I
which is SU (B()(b, f))
As the diagonal part I = J is obviously of the form S%(By(b, f))
already, we move on to the last piece J C I C J® which can be written

S (Z > b (S hJ>h1hJ>.

J LJgIcJ®

Observe that what’s inside the parentheses is of an almost identical
form as part IT that appeared at the end of the discussion of the first term
except that j is changed to i and that f takes the place of S¥ f. Hence,
the same reasoning implies that it is a sum of at most ¢ < max(i, )
terms of S (B (b, f)), 1 < k < i. This proves the representation of the
second term as well as completes the discussion of the case when S is
cancellative.

3.2. Noncancellative dyadic shift S°°. It suffices to assume that
Sf = "ar(f hi)h1,
I

where a; := (a, h;)|I|~*/? with ||a||gmo < 1. Because if we switch the

positions of cancellative and noncancellative Haar functions, what we
obtain is none other than its adjoint. Moreover, for the Haar expansion

(b, SC1f =D (b, ha){f, b} [hr, S,

I,J

it is not hard to see, according to a discussion similar to the one at the
beginning of the case (i, ;) # (0,0), that one needs only to consider the
part I C J thanks to the commutator structure. We then split the sum
into two parts: I C J and I = J.
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3.2.1. Part I C J. To decompose this part, once again we consider the
first term containing h;S°°h; and the second term containing S°(hrh ;)
separately, without need to exploit more of the cancellation of the com-
mutator. The second term can be dealt with exactly the same as how
we treated the I C J part of the second term in the case (4,7) # (0,0),
which we omit. To study the first term, one observes that for any A,

SOOhJ = Za1<hj,h}>h[ = Za1|l|%h1h1.

IcJ I1CT

Hence, the first term becomes

Z Z <bahl>h1<f,hJ>aI"I,|%hI/hJ:Z Z +Z Z =I1+IL

J ILI'CJ J ICI'CJ J I'CICJ

One writes

=> (b, hr)hr (S f.hy)hy +Z b, hr)hr (S f, hi)h}
I

=" Bi(b, ) (S f RG> + Y (b, hr) (S f, hiyhy 1|72,
I I

which is the sum of two By(b, S f) with 8; € {1, —1}.
To deal with part II, observe that

=" " (b,hr)har |12y (f, h})h],
I'cr
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by first summing over index J. Thus,

Il = Za,,u’%hp( 7 b IR, h}>h,>
I/

LIDI

:Zap\flﬁhl’ Z (Sof,hr)h1
I/

LIDT

=" an(Sf,hh)hr = SO(Shf),
I/

where the operator Spf := 3", (b, hr)|I|7*/2(f, h})hs is a classical para-
product By(b, f), and this completes the discussion of part I C J.

3.2.2. Part I = J. In this special case, what we try to decompose
becomes

83 Y S R (SR - 5O(gh)

I ¢ ere{0,1}9\{1}
Here, in order to avoid possible confusion, we wrote out the sum over
index ¢, € explicitly. Recall that for each cube I, there are 2¢ different
Haar functions associated: {h$}, € € {0,1}¢, and the Haar function is

noncancellative if and only if ¢ = 1. First, it is useful to observe that if
€ # ¢, [hs, SRS = 0. Indeed, for any fixed I and ¢, €,
hSOhT = > aslI|Ehy(hghE),
J:JCI
and
$0055) = 3 arlaH ([ 6n) ¢ S anlgiEnatuin)
J:JoI I J:JCI
As a result of cancellation and the fact that || I h?hﬁ/ is nonzero if and
only if e = €, i.e. h$h§ = |[I|" xy, [hS, SRS # 0 only when e = ¢
Therefore, one can safely suppress the dependence on € when studying
this part of the sum.
Furthermore, it is easily seen that the second term containing

S%(hrhy) here can be estimated exactly the same as before, it thus
suffices to deal with the first term containing h;S°°h;, which is equal to

D b hr)(f i) S =Y (b, h) (f RO Y (ash)hy

I I J:JCI
= P(ba a, f)7

hence the proof is complete.
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4. Proof of the main theorem

In this section, we present the proof of the main theorem in the general
setting by iterating the one-parameter result, i.e. Theorem 3.2, in the
previous section. For the sake of brevity, we consider the bi-parameter
case as an example, while the strategy can be easily generalized to work
for arbitrarily many parameters. The main idea is to show that the
commutator can be represented as a finite linear combination of the bi-
parameter analogs of terms in Theorem 3.2, for which one needs to define
and estimate the following new bi-parameter operators, including all the
possible “tensor products” of the one-parameter operators By and P.

Lemma 4.1. Given b € BMOy,0q(R” xR™) and integers k,l > 0, define
the following operators

Bia(b, /)= Br1a (b hyoo @0 (f, B ©uhG @ uz? I8 =2 103,
11,15

where B, 1, is a sequence satisfying |Br,1,| < 1. When k > 0, all the Haar
functions in the first variable are cancellative, while when k = 0, there

s at most one of hz, hz being noncancellative. The same assumption
goes for the second variable. Then, ||Bri(b, f)llzz S bllBMO,0qllf] 22
with a constant independent of k, 1.

In the above, we use ur, to denote Haar functions in the second vari-
able, for any dyadic cube I, C R™. Note that when k =1 =0, By be-
comes the classical bi-parameter By we have seen at the end of Section 2.
When all the Haar functions are cancellative, the proof of the lemma
proceeds exactly the same as its one-parameter counterpart, except that
one needs bi-parameter dyadic square function as majorization instead.
Therefore in the following, we will only prove the lemma assuming that
k=0,1>0,and hz = h}l is the only noncancellative Haar. Note that
in the setting of arbitrarily many parameters, parallel results still hold.

Proof: We are going to follow the strategy in the proof of Lemma 3.6
and use hybrid maximal-square functions as majorization.

Pairing By, (b, f) with a normalized L? function g and applying the
product H'-BMO duality, it suffices to show that

SS(ZIB1112<f7 h}l ®u12><g7h11 ®U]2>h[1 ®u]2(l)|11|_é|jél)_;>

1,1y 2

S 1 lz2,
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where S is the dyadic double square function whose L' norm charac-
terizes product H'.
To see this, one calculates

2
SS(Z B (f b, ® un)(g hr, ® up)ha, ®u,;>11|51§”|%)

11,1

2
A &
- Z Z <f7h}1®u-]2><g5h11®uj2>‘[1| é|12| ; M
J 1|2
2

I,I> IV =1,

2
(S 5 oo n) %

I
LN g, gP=r,

where the last inequality follows from || - [[;z < || - ||e2, and (-), denotes
the average value over I;. Then the above is controlled by

2
X1y X1
Z(Z Z M1(<f,UJ2>2)|<g,hI1®U’J2>||Iz|> |I1|7

LN gy gP=r,

where M is the Hardy—Littlewood maximal function in the first variable.
Next, Cauchy—Schwarz inequality implies that

SZ(Z > M1<<f,uJ2>2>2|’§;2>

o N gy gP=r,

XIx | XI
h 2 A1z 1
(S tam i)

2 pygP=I,

=<Z > M1(<f,wg>2)2|>};2>

L2 gpa{P=1,

2 X1 ®X12 .
x (ZZ Z ‘<gvhh ®UJ2>| I1|I2|> =1-1II.

L Loy, gh=g,
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I could be written as the square of SS acting on a normalized L? func-
tion, similarly as the last part of the proof of Lemma 3.6. For I, Feffer-
man—Stein inequality implies that

S

2

g =| [ (X X sru? )|
CINE g, -, = L2(R™)
1
112 2
2
S|LIE E wrunerds) s
" L2(R")

2 g gf=1,

s( / ||f<-,x2>||i2(Rn>dx2) T

where once again the last inequality is due to the same argument in the
last part of the proof of Lemma 3.6, thus the proof is complete. O

Lemma 4.2. Given b,a € BMOyp0a(R” x R™), define
P(b7 a, f) = Z <b? hIl ® u12><f7 h’ll ® u12>|11|71|12|71
Ii,12
Z Z (a,hg, @ up)hy @ug,,

Ji:J1CIh Ja:J2Clo

and let PPy be its partial adjoint in the first variable with b, a fized.
Then,

(4.3) 1PP b, a, f)llL2 < [1BMOos @l BMO, 0all f1l 22,
(4.4) [1PPL(b, a, )2 S (10 BMO pvoa |01 BMO o [ 1] 22

Recall that for a bi-parameter singular integral T', its partial adjoint T}
is defined via

(T(f1 ® f2),91 @ g2) = (T1(g1 ® fa2), f1 ® g2).

It is known that the L? boundedness of T' does not imply the L? bound-
edness of T3 (see [8] or [12] for a detailed discussion and counterexam-
ples). Hence, in the following, we need to prove the boundedness of PP
and PP, separately.
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Proof: We first note that the proof of PP is essentially the same as
Lemma 3.7. In the bi-parameter setting, one needs to use the double
square function SS to characterize product H' and the strong maximal
function Mg as majorization. The key observation is that there holds
the following bi-parameter John-Nirenberg inequality (see [1]):

1

2
(Z l(a, hR>2XR> < JlallBrOy.0a 1217, 1< p < o,

R
& w )

where €2 is any open set in R™ x R™ of finite measure, and R denotes
dyadic rectangles. It thus easy to verify that a same argument as in
Lemma 3.7 implies (4.3).

The estimate of (4.4) involves the hybrid maximal-square functions,
which we have seen in the proof of Lemma 4.1. To be specific, let g € L?
be a normalized test function,

<PP1(b7a7f)7g> <bv Z |Il|71|12|71h11 ®U[2

Iy,

X Z Z <a7hJ1®uJ2><fa hJ1®u12><g7h11®uJ2>>'

JliJlglngthg_Iz

Note that by bi-parameter John-Nirenberg inequality,

Z Z <aa hJ1 ®UJ2><fa hJ1 ®u12><g, hll ®uJ2>

J11J1g11 JzingIQ

Z Z <a?hJ1 ®UJ2><<f7u12>2®<gvh11>17hJ1 ®uJ2>

Jl:Jlgll JQIJQQIQ

< Nlallzstopoa T2l ([ CF )2 P) 1) P (g, b )1 ) ) VP,
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for some 1 < p < 2. Hence,

ss(Z || 7Y | " hy, ® ug,

11,12

X Z Z <a’hJ1 ®UJ2><f, th ®u12><g’h’11 ®u.]2>>

.]1:.]1911 ‘]2:‘]2g12

|

® 2
: a”BMomd<Z<<l<f, uz2>2p>h>2/p<<<g,hh>1p>b>%m>
Ii,13

1
2
p XTI
< a||BMOpmd<Z M ([(f, u12>2|p)2/"|122|>

I

8 (Z M>(|(g; h11>1|17)2/p|><[111|> '

I

The two terms on the last line above can be viewed as generalized hybrid
maximal-square functions, whose boundedness is easy to obtain. For
example,

<§M1(|<f71t12>2| )*/ |12|>

- /R

= ( / > M ur)al) dm)

L2

[N

1112
py2/p X2 ’
(gww,um o)

diCl
L2(R™)

1
2

< 2 2 = 2.
< (Z JRTss dwl) 11

Therefore, [PPy(b,a, f)|[z2 S [1b[BMOwoa lallBMO, 00l f Il 2 0

In addition to the above two types of operators, in the bi-parameter
setting, a new type of operator that mixes the paraproduct and P arise
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naturally in our argument. We show that they have the following uniform
BMO estimates.

Lemma 4.5. Given b € BMO0a(R" x R™), a* € BMO(R"™), and
a? € BMO(R™). For integers k,l > 0, define

BPu(b,®, f) = 3 Br, (b by @ un, ) (.15, @ ) 17|73 1| 710
Iy,12

X Z (a®,ug,)2u,,

Jo:J2ClIs

PBl(b a 7f Z ﬂ]z b hr, ®U1<z>><f,h11 ®u >\Il| 1|I(l |77
Iy,1>

x Y (e )b,

Ji:hCh

where Br,, B1, are sequences satisfying |81, |, 18, < 1. When k > 0, all
the Haar functions in the first variqble are cancellative, while when k =
0, there is at most one of h27 hz being noncancellative. The same
assumption goes for the second variable. Then, there holds

| BP(b,a”, )iz S [IbllBMO,oq la® IBMo |l fll 22,

1PBi(b,a', f)llz2 < IPIBMO0a 0 [BMO|If| 2

Proof: By symmetry, it suffices to estimate PB;. The strategy is sim-
ilar as before: a square function argument encoding the product BMO
estimate of b, combined with a John—Nirenberg inequality taking advan-
tage of the BMO estimate of a'. Note that the arguments slightly vary
depending on whether noncancellative Haar functions appear. Taking g
such that ||g||z2 <1,

(PBy(b,d", f), g) <b S b, @uE) LT A, ®upm
11,15

X Z <a17hJ1>1<gvhJ1®uZ>>'

Jlijlg_ll
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A similar application of John—Nirenberg inequality as before implies
that
(4.6)

S| S (o @) L] R @ w0

I,1>
X Z <(11,hJ1>1<g,hJ1 ®U2>
JltJlg_Il
(1) 2 ® '
¢ e X1, X J.
<m0 Z( S, hh®u12><<|<g,ufz>2|p>h>“p> T IFe
I,,J2 \I2CJ> iz

(a) Case l > 0.

In this case, all the Haar functions that appear are cancellative, hence
by omitting the dependence on eq, €, and applying Cauchy—Schwarz
inequality, there holds

@)
(4.6) < [la*[[Bvo | D ( > fha ®u12>|2>

Iy,J2 \I2CJ2

[N

@
Q@ XJ.
~ U p 2/p | X1 2
(Z<<|<g 1)) 1) >|11||J2|2

1>CJ2

(1)
< [la*lzmo Z(Z > |<f,h11®u12>|2|XIIll|>

Ja Iy I2CJs

@) X 2
2/ J.
( Z Ml gvul2> |p) p) |J |22 ’

I2CJ2
which by || |l;z2 < || - |l;r and another use of Cauchy—Schwarz is bounded
by

1
X1, @ XJ.
o (3 3 10 2 02
I; Jo I2CJ2 2
(1) N
x (Z > M1(|<97UI2>2|”)2/’JJ22|>

Ja2 I2CJa

N
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Therefore, a similar double square function and hybrid maximal-square
function argument as in Lemma 4.1 and Lemma 4.2 implies that

1(4-6)l| 2 < lla'llBaollfllz2llgll e

(b) Casel =0 and ey = 1.

In this case,

N

(4.6) = [l [ m:0 (Z (((f, hr)1)12) (<|<97UI2>2|p>11)2/p9m>

[N

3
Mo ((f, hy)1)2 XL M ( py2/p X1z
<Z 2 f7 11 |I |> (Z 1 gauh ‘ ) |12‘ ’

which shows that ||(4.6)||z: < |lat|Bmollfllz2]lg]l Lz

(c) Case ] =0 and ey = 1.
This last case can be dealt with similarly by noticing that

[NIE

(4.6) = |la'|lBmo <Z |{f, h1, @uI2>|2(<|<g>12|p>11)2/p>m>
I,12

< [la [Byo (My(|Mz(g)["))/” SS(f).
The boundedness of M7 and M> in each variable implies that
1
| (M (IM2(9)P) Y7 e < gl ze-
To conclude, we’ve demonstrated in each case that

IPBi(b.a', f)lz2 < IblBMO,0a lla [Byo 1 f] 2,

which completes the proof. O

Now let’s proceed with the proof of Theorem 1.1. Using Theorem 2.1
twice for both variables we have

[[b, 1], To] f = c||T1|lcz||T2)|c 2zEw, Ew,

x D0 D0 iy, 550, S,

11,J1=012,52=0
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Since our estimate in the following doesn’t depend on the parame-
ters wy, wo explicitly, we will omit them in the notation. Our goal is
to prove that

116, 5171, 5571 fll 2 (& xem)

S (I+max(i, j1))(14+max(iz, j2)) [|bllBMO,roa ®r xrm) [ ]| L2 (RE xRm) 5

which can be achieved by showing that any [[b, Siljl],S;m]f can be
represented as a finite linear combination of the following terms and their
adjoints (which is understood as the adjoint operator with b, a’ fixed):

Bio(b, S771S52 f), S1YH(By (b, S5 f)),
BPy(b,a?, 817" ), PB(b,at, S27 f),

PP(b,a* ®a® f), PP(b,a' ®d? f),

where k,I > 0, and a’ is the BMO symbol of the dyadic shift S if it
appears in the i-th variable. The total number of terms in the represen-
tation is no greater than C'(1+max(i1, j1))(1+max(iz, j2)) for some uni-
versal constant C. Note that for a! € BMO(R") and a? € BMO(R™),
there holds a! ® a®> € BMOpy0a(R™ x R™). Hence, implied by Theo-
rem 2.2, Lemma 4.1, Lemma 4.2, and Lemma 4.5, the L? norm of all of
the terms above are uniformly bounded, independent of &, [ in particular.

To derive the desired representation, we argue by an iteration of The-
orem 3.2.

4.1. Cancellative dyadic shifts S*7* and §%72. In the case when
both Siljl and S;m are cancellative, only operators Bj; need to be
involved. In order to make the notations clear, in the following, we
will use B] to denote the one-parameter paraproducts that appeared in
the previous section for the 7-th variable, where £k > 0 and 7 = 1, 2.
Calculation shows that

([0, S191], S22 f

= Z Z <b’ hll ®u12><f7 hJ1 ®UJ2>[hI1vsiljl]hJ1 ® [ufmsérzh]u-]zv
Iy,J1 I2,J2
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which by iteration equals

Z ( Z Bé7t1(<b7 u12>27siljl(<fa uJ2>2))

Iz,J2 \t1€A1

+ Z Siljl (Bli,tz(<b7 u12>27 <f7 uJ2>2))> ® ([’U’stézjz]ub) ’

ta€N2

where Bli,ti are paraproducts of type Bj in the first variable, and for
each t;, k is an arbitrary nonnegative integer. Note that in the first
parentheses we have a finite linear combination of terms that have al-
ready been studied in the previous section, and all of the index set A;
satisfy |A;] < C(14+max(é1,51)), 4 = 1,2. Since the terms inside the first
parentheses can be treated similarly, let’s study one of the terms B,i_’tl as
an example. We will also omit the subscript ¢; as the choice is arbitrary.
Then, the sum corresponding to Bj} is equal to

D Bi((byur)a, S ((frug)2) @ ([Ulzas?jz}wz)

I3,J2

=3 3 Br by @ up)(SP(F), bt @ w, )b

Iz,J2 Ih
® ([uIZ’S;QjQ]qu)
_Zﬁh HEPIE @ ([0 hyo)r, SEPUST £, R0 )

= Bk " —%®< > Bra (0 hywo)1, S22 (ST (£), hif )
Iy

s1€l

+ D S P(BE, (b, by (517 (), h2>1))>,

s2€l2

where Bﬁsi are paraproducts of type B} in the second variable, and all
the index sets T'; satisfy |I';| < C(1 + max(iz,j2)), ¢ = 1,2. Again,
since all the terms in the parentheses are similar, we only consider one

of BZQ&2 and omit the subscript s;. This is a mixed case, and all the
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other combinations follow similarly. Thus, noticing that

> BLh Y E @ SR (BE((b hyoo s (ST (£), A1)
Iy

= S;éjz <Z Br1, Br, (b, hlik) & uIéz)><Silj1 f, hi ® uz>h2

Iy,I2
ey (k) —L1, (1), —1
2ug ||| )

is exactly S;ij (B (b, Siljlf)), where By is the bi-parameter para-
product we’ve studied in Lemma 4.1, and the only case involving non-
cancellative Haar functions is when the corresponding k or [ is 0. We
therefore obtain the desired representation of this term. All the other
terms can be treated similarly, by noticing that paraproducts By ; can be
obtained by combining B} and 312 through the same process described
above. And it is easily seen that the total number of terms is bounded

by (1 + max(i1, j1))(1 4+ max(iz, j2)) up to a dimensional constant.

4.2. Cancellative dyadic shift Silj ' and noncancellative dyadic
shift S9°. We assume that S3°f = 37, (a?, up,)a|lo|~V/2(f, ul,)2u,.
Following from Theorem 3.2, in the first variable, the commutator can
be represented as a linear combination of paraproducts, i.e.

(b, 5777, 55°1f

= Z Z <ba hI1 ®U12><f, hJ1 ®UJ2>[h11 ’ Siljl]th ® [’LL]2 ’ Sgo}qu

Ichl(i'l)IQCJQ

- Z (Z B’ivtl(<b’ul2>2vsiljl(<faUJ2>2))

I3CJ2 \t1€A;

+ > Si’”l(B;yt2<<b,u12>2,<f,uJ2>2>>>®([u12,580]uh).

ta€A2

Recall that by Theorem 3.2, in the one-parameter setting, the noncan-
cellative dyadic shift S°° can be represented as a finite linear combination
of paraproducts (corresponding to the sum over I C J and the second
term in the sum over I = J) and operator P (corresponding to the first
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term in the sum over I = J). Hence,

Z Bli,tl (<b’ ’u’12>2’ Siljl (<f? uJ2>2)) ® [UIZ,SSO]sz

I2CJ2

—Zﬁh B [73 @ (16, o1, SEONST £, RS )1)

=Zmlh2|fﬁ>|—%®< > BR (b hygo)r, SO(ST £,R5)

I s1€l

+ Z SOO BO 82 b hI(k>>1’< iljlfvh;pl))

s2€l2

P(<b7 h’]ik)>17a27 <Silj1fa h2>1)>

= ( > Bros (0, Si’lJ'ISSOf)) + ( > 95°(Bross (b, Si’“’lf)))

s1€l'1 s2€l2
+ BPk(b? G/Q? Siljl f)
Similarly, the other term can be treated exactly the same:

> SUI(BE 4, (b, un)o, (f100,)2)) @ [ur,, S5,

I>,CJ2
( Z S“Jl Bk 0,81 (b SOO > ( Z Sll]lSOO Bk,O,S2 (b7 f))>
s el so€ly
+ SPH(BP(b, %, f)).

The desired representation is hence obtained. Note that by symmetry
and duality, this implies the boundedness of other types of the mixed
cases as well.

4.3. Noncancellative dyadic shfits S and S9°. Write

(16, $3°), 95°1f

= Z Z <b’ hr, ®ul2><f’ hj, ®uJ2>[h117S(1)0]uJ1 ® [h[Z,SSO]U/Jz.
1,CJ1 I2CJ2
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First, we deal with the case when both S and S are of the same
type, for instance,

SYf = "(a! hi 1|72 (f by b,

I
_1
Sg(]f = Z<a2,U12>2|12| 2<fau}2>2u12'
I

Observe that compared with Subsections 4.1 and 4.2, after decomposing
the commutator in each variable into paraproducts and operator P, the
only new case that arises here is the “tensor product” of operator P in
both variables, which is equal to

Y (bohpy @up)(f hy, @ up)| L |
1,13

1 2
X E E <a ®a,hJ1®UJ2>h]1®UJ2
TG JaidaCl

= PP(b,a' ® d?, f).

Second, we discuss the case when S and S99 are of different types,
for instance,

S?Of = Z<a17h11>1|ll‘7%<fa h11>h}17

I
_1
Sgof = Z<a27u12>2|12| 2 <f’ u}2>2u12'
Iy

It is implied by Theorem 3.2 that in the first variable, the commutator
is a linear combination of paraproducts and operator P*. Therefore, the
only new case that arises here in the representation is P* in the first
variable mixed with P in the second variable, which is

> (bohy @up) L |

11,12

X Z Z <al ®(L2,h.]1 ®u.]2><f7h,]1 ®ulz>h‘11 ®UJ2
J1:h Cly J2:J2Cla

= PPi(b,a' ®d?, f).

Hence the main theorem in the bi-parameter setting is proved. As a
final remark, the proof in the multi-parameter setting proceeds exactly
the same as this one. Clearly, in the desired representation of commu-
tators with dyadic shifts, one needs to involve a larger number of basic
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operators which mix together By and P in each variable, but the uni-
form boundedness of such operators can all be obtained similarly as in
Lemmas 4.1, 4.2, and 4.5.

[1]

References

X.-Y. A. CHANG AND R. FEFFERMAN, A continuous version of
duality of H! with BMO on the bidisc, Ann. of Math. (2) 112(1)
(1980), 179-201. DOI: 10.2307/1971324.

R. R. CoirMaN, R. ROCHBERG, AND G. WEISS, Factorization
theorems for Hardy spaces in several variables, Ann. of Math. (2)
103(3) (1976), 611-635. DOI: 10.2307/1970954.

L. DALENC AND S. PETERMICHL, A lower bound criterion for iter-
ated commutators, J. Funct. Anal. 266(8) (2014), 5300-5320. DOI:
10.1016/j.jfa.2014.02.015.

S. H. FERGUSON AND M. T. LACEY, A characterization of product
BMO by commutators, Acta Math. 189(2) (2002), 143-160. DOI:
10.1007/BF02392840.

S. H. FERGUSON AND C. SADOSKY, Characterizations of bounded
mean oscillation on the polydisk in terms of Hankel operators and
Carleson measures, J. Anal. Math. 81(1) (2000), 239-267. DOI:
10.1007/BF02788991.

T. P. HYTONEN, Representation of singular integrals by dyadic
operators, and the Ay theorem, Preprint (2011). arXiv:1108.5119.

T. P. HYTONEN, The sharp weighted bound for general Calderén—
Zygmund operators, Ann. of Math. (2) 175(3) (2012), 1473-1506.
DOI: 10.4007/annals.2012.175.3.9.

J.-L. JOURNE, Calderén-Zygmund operators on product spaces,
Rev. Mat. Iberoamericana 1(8) (1985), 55-91.D0OI: 10.4171/RMI/15.
M. T. LACEY, S. PETERMICHL, J. C. PIPHER, AND B. D. WICK,
Multiparameter Riesz commutators, Amer. J. Math. 131(3) (2009),
731-769. DOI: 10.1353/ajm.0.0059.

M. T. LACEY, S. PETERMICHL, J. C. PIPHER, AND B. D. WICK,
Iterated Riesz commutators: a simple proof of boundedness, in:
“Harmonic analysis and partial differential equations”, Contemp.
Math. 505, Amer. Math. Soc., Providence, RI, 2010, pp. 171-178.
DOI: 10.1090/conm/505/09922.

M. LACEY AND E. TERWILLEGER, Hankel operators in several com-
plex variables and product BMO, Houston J. Math. 35(1) (2009),
159-183.


http://dx.doi.org/10.2307/1971324
http://dx.doi.org/10.2307/1970954
http://dx.doi.org/10.1016/j.jfa.2014.02.015
http://dx.doi.org/10.1016/j.jfa.2014.02.015
http://dx.doi.org/10.1007/BF02392840
http://dx.doi.org/10.1007/BF02392840
http://dx.doi.org/10.1007/BF02788991
http://dx.doi.org/10.1007/BF02788991
http://arxiv.org/abs/1108.5119
http://dx.doi.org/10.4007/annals.2012.175.3.9
http://dx.doi.org/10.4171/RMI/15
http://dx.doi.org/10.1353/ajm.0.0059
http://dx.doi.org/10.1090/conm/505/09922

220 L. DALENC, Y. Ou

[12] H. MARTIKAINEN AND T. ORPONEN, Some obstacles in character-
ising the boundedness of bi-parameter singular integrals, Preprint
(2014). arXiv:1404.2216.

[13] C. Muscaru, J. PipHER, T. Tao, AND C. THIELE, Bi-pa-
rameter paraproducts, Acta Math. 193(2) (2004), 269-296. DOI:
10.1007/BF02392566.

[14] C. MuscALu, J. PIPHER, T. TA0, AND C. THIELE, Multi-param-
eter paraproducts, Rev. Mat. Tberoam. 22(3) (2006), 963-976. DOI:
10.4171/RMI/480.

Laurent Dalenc:

Institut de Mathématiques de Toulouse
Université Paul Sabatier

118 route de Narbonne

F-31062 Toulouse Cedex 9

France

E-mail address: laurent.dalenc@orange.fr

Yumeng Ou:

Department of Mathematics
Brown University
Providence, RI 02912

USA

E-mail address: yumeng_ou@brown.edu

Primera versi6 rebuda el 28 d’abril de 2014,
darrera versio rebuda el 6 de maig de 2015.


http://arxiv.org/abs/1404.2216
http://dx.doi.org/10.1007/BF02392566
http://dx.doi.org/10.1007/BF02392566
http://dx.doi.org/10.4171/RMI/480
http://dx.doi.org/10.4171/RMI/480

	1. Introduction
	Acknowledgements
	2. Preliminaries
	2.1. Dyadic shifts and representation theorem
	2.2. Multi-parameter paraproducts

	3. Proof of the one-parameter case
	3.1. Cancellative dyadic shift Sij
	3.2. Noncancellative dyadic shift S00

	4. Proof of the main theorem
	4.1. Cancellative dyadic shifts Si1j11 and Si2j22
	4.2. Cancellative dyadic shift Si1j11 and noncancellative dyadic shift S200
	4.3. Noncancellative dyadic shfits S100 and S200

	References

