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NILPOTENT GROUPS OF CLASS THREE
AND BRACES

FERRAN CEDO, ERIC JESPERS, AND JAN OKNINSKI

Abstract: New constructions of braces on finite nilpotent groups are given and hence
this leads to new solutions of the Yang-Baxter equation. In particular, it follows
that if a group G of odd order is nilpotent of class three, then it is a homomorphic
image of the multiplicative group of a finite left brace (i.e. an involutive Yang-Baxter
group) which also is a nilpotent group of class three. We give necessary and sufficient
conditions for an arbitrary group H to be the multiplicative group of a left brace
such that [H, H] C Soc(H) and H/[H, H] is a standard abelian brace, where Soc(H)
denotes the socle of the brace H.
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1. Introduction

The quantum Yang-Baxter equation, that first appeared in work on
mathematical physics, lies at the foundations of several areas of mathe-
matics, in particular the theory of quantum groups. The paper of Drin-
feld [5] on set-theoretical solutions stimulated a lot of interest and activ-
ity, especially in developing some algebraic tools in this context. Already
n [11], Manin proposed the study of quadratic algebras related to so-
lutions of the Yang—Baxter equation. The approach of Gateva-Ivanova
and Van den Bergh [8] and Etingof, Schedler, and Soloviev [6], based on
certain classes of groups associated to solutions, turned out to be very
fruitful. For algebraic and combinatorial methods developed in this con-
text, as well as for recent results and other references we refer the reader
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to [7, 10]. It remains a challenging and difficult problem to create new
classes of solutions.

In order to investigate non-degenerate involutive set-theoretic solu-
tions of the Yang-Baxter equation, Rump [13] introduced another alge-
braic structure, called a brace. In recent years this structure and certain
related structures were used to answer some problems in this area, see for
example [3, 4, 12, 13, 14]. Recall that a left brace is a set G equipped
with two operations, an addition + and a multiplication -, such that
(G,+) is an abelian group, (G,-) is a group, and

a(b+¢) +a = ab+ ac,

for all a,b,¢c € G. A right brace is defined similarly and a two-sided
brace is a left and right brace (for the same operations). For every a in
a left brace G one defines the additive group automorphism A\,: G — G
by Ay (b) = ab — a for all b € G and this yields an action A: (G,-) —
Aut((G,+)). This on its turn leads to a map 7: GX G — G x G, defined
by r(a,b) = ()\a(b),)\;al(b)(a)), that is a set-theoretic solution of the
Yang-Baxter equation [13] (see also [3]), i.e. 19723712 = 2,371 272 3.
Here we denote by r; ;: G? — G3 the map obtained by applying r to the
(i,j)-component and the identity to the remaining factor. Obviously,
A-invariant subsets of G also lead to set-theoretic solutions.

It is known [13] that every multiplicative group of a finite left brace
is the permutation group associated to an involutive non-degenerate
set-theoretic solution of the Yang—Baxter equation (the so called IYB
group [4]) and, thus by a result of Etingof, Schedler, and Soloviev [6]
such a group is solvable. Rump announced [15] that there exists a group
of order 119 that is not the multiplicative group of any left brace, but
a complete proof of this claim is not yet available. So, a problem is to
characterise the finite nilpotent (or solvable) groups that are the multi-
plicative group of a left brace (for contributions on this topic we refer
to [3, 4, 14]).

The socle of a left brace G is the set

Soc(G) ={a € G|ab=a+Dbfor all b € G}.

It is an easy exercise to verify that Soc(G) is a normal subgroup of
the multiplicative group of G and also it is a subgroup of the additive
structure of G (i.e. Soc(G) is an ideal of the left brace G). Furthermore,
every normal subgroup N of G with N C Soc(G) is an ideal of G and
thus G/N also is a left brace for the induced natural operations. The
simplest left brace is the standard abelian brace (G, +, ) where

ab=a+Db,



NILPOTENT GROUPS OF CLASS THREE AND BRACES 57

foralla,b € G and (G, +) is an abelian group. Note that in this case, G is
a two-sided brace. It is known (see [2, 3]) that every finitely generated
(multiplicative) nilpotent group G of class 2 is a two-sided brace for the
following addition:

ri+s1

Zlaql L. a:Ln + Zgail .. 'afln = 21200} .. agﬁsn,

where z1,29 € [G,G] and G/[G,G] is the inner direct product of the
cyclic subgroups (a1[G, G]), ..., (a,[G, G]). We simply call this the stan-
dard nilpotent of class 2 brace.

In this paper we give new constructions of left braces G such that
their multiplicative groups are nilpotent of class 3 and of odd order. It
turns out that for these braces [G, [G, G]] C Soc(G) and G/[G, |G, G]] is
a standard nilpotent of class 2 brace. In particular, it follows that every
nilpotent group of class 3 and of odd order is a homomorphic image of
the multiplicative group of one of the constructed left braces. This com-
plements the result in [4] that every finite nilpotent group is a subgroup
of the multiplicative group of a left brace which is also a finite nilpotent
group. Further, we also give necessary and sufficient conditions for a (not
necessarily finite) group H to be the multiplicative group of a left brace
such that [H, H] C Soc(H) and H/[H, H]| is a standard abelian brace. In
this case, it turns out that the multiplicative group of H is metabelian.
We include examples of metabelian groups that satisfy these properties.
Obviously, nilpotent groups of class 3 are metabelian. However, an ex-
ample in [4] shows that not all finite nilpotent groups of class 3 do satisfy
these properties. Finally, within the class of finitely generated nilpotent
groups of class 2, we give another characterisation of braces of such type.

2. Nilpotent groups of class three and of odd order

Throughout this section G is a nilpotent group with centre Z(G) and
with a presentation of the following form:

G= <‘T17 sy Ty | [xlm [Ij7xi]] EZ(G)v [$k7 [Ijazi”nk’jj = [Ij’ ‘Ti]nj’i :15
Z =1,1<4,j,k <),

for some r > 1 and non-negative odd integers ny_ ; i, 1, n;. Without
loss of generality, throughout this section, we will assume that n; is the
order of z;, the order of [x;,;] is n;;, and the order of [z, [z;,z;]]
is ny ;. We adopt the convention that [a,b] = a=*b~tab, for a,b € G.
Clearly, the defining relations of G yield that G is nilpotent of class at
most 3.
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Essential for our approach is the fact that such a group is metabelian,
has odd order and each element has a unique square root. From these
properties we will deduce that the elements of G have a particular normal
form. Since G has odd order, it is clear that for every g € G there exists
a unique h € G such that h? = g. In fact, h = ¢g* for some positive
integer k and we simply write h = g%.

Because G is nilpotent of class at most three, we have that

(1) la, [b,c]][d, [b,c]]=[ad, [b,c]] and [a,[b,c]][a, [d, e]] =[a, [b, c][d, €]},
for all a,b,¢,d,e € G. By (1),
T = ixsleg, v = (25, vilviz vy, (1), 2]
= [wixj, [wj, willly, mlwiz; = [, (25, will[x), [2), wi]llw;, vz,
= [z, [, willlwi, [x), w][2;, wi]wix;.
An induction argument then easily yields that
22} = [0, o 2] [oi g, 2] 55 L 2l e,
for any non-negative integer n. Another induction argument on m > 1
then also gives that

nm(m-+1) mn(n+1)

(2)  z'zy =[5, (25, 3] [T, [x, )] 2 [y, 2]

m
Zj

One can also show that
3) o fag, e = [on, oy, 2™ g, 2]

Suppose n is a positive integer such that 7 = 1. From (2) it follows
that

" n(n+1) "
[xjv [mja xl]] [xiv [:Cja xl“ 2 [xj? ml] =1

n(n+1) n+1

By (1), [z, [zj,2:]] " 2 = [af,[z;,25]] 2 =1, and thus we get
[, [, 23]y, 2] = 1.

Since z; = [z}, [z, 2:]]" [z}, x:)"x; = xj[x;, x;]", we have that [z, 2;]" =
1 and therefore [z}, [z;,2;]]" = 1. Let m be a positive integer such that
[z, 2;]™ = 1orz}* = 1. Then, by (1), [z, [z;,z]]™ = [ag, [x;, z:]™] =1
or [zg, [z, z;]]™ = [z}, [z, z:]] = 1. Therefore, the order of [z;,z;] in G
is a divisor of n and thus a divisor of the order of z; and the order of x;.
Moreover, the order of [z, [z;,z;]] is a divisor of the order of xj and the
order of [z, z,].

By the Basis Theorem [9, Theorem 11.2.4], every element of the free
nilpotent group of class three on r generators yi, ..., ¥y, can be written
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uniquely in the form (because such a group is metabelian, the order of
the commutators in the following products is irrelevant)

H [y, [y, val) P H [y vl sl
1<i<j<r, i<k<r 1<i<j<r

where all By ;;, B, B are integers. Note that formulas (2) and (3) also
hold for any two elements of a nilpotent group of class three. Because of
the assumed conditions on the numbers ny, ; 5, n;;, and n; (they are odd,
Nk j,i| ged(nj i, i) and nj ;| ged(nj, n;)) and because of (2), (3), one can
prove that the subset of this group consisting of elements of the form

H [k, [y, ]|k Pre H [y, ya]"o Bty 1Py a0z gy
1<i<j<r, i<k<r 1<i<j<r

is a normal subgroup. Hence, it follows that every element g € G can be
written uniquely in the form

@Wg= I el Tl atrag o,
1<i<j<r, i<k<r 1<i<j<r

where 0 < oy 5 < Mg, 0 < s < njj, and 0 < oy < ng. We call this

the normal form of g.

We now define an addition + on G using the normal forms of the
elements. So, let

_ Ak, j,i . N 1,02 «
g1 = 11 wh, [y, i)™ 00 T g, aftag? - ap
1<i<j<r, i<k<r 1<i<j<r
and
_ ii 81,02
g2 = I ezl T (ww]® o ey ol
1<i<j<r, i<k<r 1<i<j<r

be elements in GG written in normal form. Define
— i ivi e Y102
g1+92= 11 g, [, il T g, @] 2l ad? o,
1<i<j<r, i<k<r 1<i<j<r

where v; = a; + i, vi,; = @i,j + iy, and
Ok i+ Brji if k # 1,
Vk,j,i =
o jiBitaiByi . .
Qi+ Big + 22 n itk =i

Using the restrictions on the numbers n;, n;;, and ng;;, it is easily
seen that in this definition one may replace a; by o; + vini, «oj; by
o + v, and o ji DY ki + Uk 4k, i, for integers v, v ;, and
Uk,j,i» and similarly for the exponents in g». In other words, to define
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the addition, one does not have to assume the bounds imposed on the
exponents in the normal form of the elements.

Theorem 2.1. (G,+,") is a left brace such that [G,[G, G]] is an ideal
contained in Soc(G) and G/[G, |G, G]] is a standard nilpotent of class 2
brace. Furthermore, if n;;j; > 1 for some 1 < i < j <r, then (G,+,")
s not a right brace.

Proof: Let g1, 92,93 € G. Write

— NI C o | R %2
g1 = H [xkv [mj’xlﬂ »t H [x],x,] "X Ty ",
1<i<j<r, i<k<r 1<i<j<r
— e 1Bk e Bivi BB B
92 = H [mkv[mjﬁxl]] 7 [.I],Iz] T Xy
1<i<j<r,i<k<r 1<i<j<r
and
_ Shgi 8,0 01,02 5
g3 = H [‘Tk, [zjaxl” o H [xjaxi} IEEUTRE S S
1<i<j<r,i<k<r 1<i<j<r

where all exponents are integers. It is easy to see that g1 + g2 = g2 + g1,
g1+1=g1, and

11 [k, [, 2]~ [ [l 70 2y ag a0

1<i<j<r,i<k<r 1<i<j<r

H [‘Tia [Ijvxiﬂaiaj’i +g1=1
1<i<j<r
Furthermore, for i < j, the exponent of [z;, [, ;]| in the normal
form of g1 + (g2 + g3) (modulo n; ; ;) is
Bibji + Bjidi | (B +654) +yi(Bi + 04)
+
2 2
and the exponent of [z;, [, x;]] in the normal form of (g1 + g2) + g3
(modulo n; ; ;) is
@ifj,i + 0iBi (o + Bi)ji + (i + Bji)di
2 2 '
Therefore g1 + (g2 + 93) = (91 + g2) + g3. Hence (G, +) is an abelian
group.
Next we show that g1 (g2 + g3) + g1 = 9192 + 9193 and thus it follows
that (G,+,-) is a left brace. It is clear that the exponent of x; in the
normal form of g1(g2 + ¢3) + g1 (modulo n;) is

a; + B +0; +

@i ji + Biji + 0iji +

Qi+ Bigi + + 03, +
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and the exponent of z; in the normal form of g1 g2 + g193 (modulo n;) is
a; + B + a; + 6.

So both exponents are equal (modulo n;). Let 1 <1i < j <r. By (2)
and (3), the exponent of [z}, x;] in the normal form of gi(g2 + g3) + o1
(modulo n; ;) is

Qi+ Bi + 0 + g (Bi + 0) + ayg
and the exponent of [z;,x;] in the normal form of g1g2 + g1g3 (mod-
ulo n; ;) is

i+ Bji + ajfi + i + 05 + ;b

So, also these exponents are equal (modulo n; ;). Let i < k < r. Suppose
that & ¢ {7,7}. Then, by (2) and (3), the exponent of [z, [}, x;]] in the
normal form of g1 (g2 + g3) + g1 (modulo ny ;,) is

Qe jyi + Bhji + Ok, gi + (B + 05,0) + a i

and the exponent of [z, [}, 2;]] in the normal form of g1¢2+ ¢193 (mod-
ulo ng ;) is

Q. ji + Brji + kB + kg + 0k ji + e

By (2) and (3), the exponent of [z}, [z}, z;]] in the normal form of g (g2 +
g3) + g1 (modulo n; ; ;) is

aj(a; +1)(Bi + 6
i+ By + 350+ 2% 2)( )

+ ;5
and the exponent of [z}, [z, 2;]] in the normal form of g1 g2+ g1g3 (mod-
ulo n; ;) is

ai(a; +1)86; aj(aj +1)6;
jji + B+ % g+ 055+ %

Finally the exponent of [z;, [z}, z;]] in the normal form of g;(g2+g3)+ g1
(modulo n; ; ;) is

Bidji + Bj.i0i L (Bi +6:)(Bi +0; +1)

Qi ji + Biyji + 0iji + 2 D)

T Qi i

(i + Bji+ 050+ aj(Bi + 6;))oi + (i + Bi + 0i) ey
2

+
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and the exponent of [z;, [z}, x;]] in the normal form of g1 g2 + g193 (mod-
ulo n; ;;) is

a;Bi(B; + 1)
2

ajéi(éi + 1)

Qi+ Bigi + 5

+ Oéi,j’i + 6i,j,i +
(i + Bji +a;Bi)(ci +6;) + (e + 050 + a;6;) (i + Bi)

+ 5 )

and it is easy to check that these exponents coincide. Hence g¢;(g2 +
93) + 91 = 9192 + g193. Therefore, (G, +,-) indeed is a left brace.

The definition of the addition + easily implies that [G,[G,G]] C
Soc(G), thus [G,[G,G]] is an ideal of G, and G/[G,[G,G]] is a stan-
dard nilpotent of class two brace. If n; ;; > 1 for some 1 <i < j <,
then it is easy to check that (z; + z;)z; + x; # x? + xjx;, and thus
(G,+,") is not a right brace in this case. O

An obvious consequence of Theorem 2.1 is the following result.

Corollary 2.2. A finite nilpotent group of class at most 3 and of odd
order is a homomorphic image of a nilpotent group of class 3 and of odd
order that is the multiplicative group of a finite left brace G.

The corollary can be seen as complementary to Corollary 3.8 in [4]
that says that any finite nilpotent group is a subgroup of a nilpotent
group that is the multiplicative group of a finite left brace G.

We finish this section with a remark. Let G be a nilpotent group of
class 3. From the previous results one might expect that (G,+,-) is a
left brace for an addition on G defined as follows:

() a+ b= [a, b, a]"[b, [b, a]][b, a]*ab,

for a,b € G and integers z, y, and z (depending on a and b). We
show this is impossible. Indeed, note that if ¢ € G then —a = a™!
because a + a~! = aa~! = 1. Hence, if (G, +,-) is a left brace then
ae —a = a®> +a ' = a?a! = a. As this holds for all « € G, we
obtain a contradiction with Theorem 5 in [3], where it is shown that
every left brace A with the property that a® —a = a for all @ € A has
a multiplicative group that is nilpotent and of class at most two. Hence
there are no left (right) braces (G, +,-) with a nilpotent multiplicative

group of class 3 and an addition defined by (5).
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3. More constructions of braces on nilpotent groups
of class three

In the previous section we considered a class of nilpotent finite
groups G of odd order and of nilpotence class three. We showed that
they are multiplicative groups of left braces. This was done via a partic-
ular construction of an additive structure such that the ideal [G, [G, G]]
is contained in Soc(G) and modulo this ideal G is a standard nilpotent of
class 2 brace. In this section we assume additionally that the group G is
2-generated and we describe more general constructions of left braces G
such that G/ Soc(G) is a left brace that is standard nilpotent of class at
most 2. The idea is to check which symmetric bilinear forms (expressed
in terms of the exponents used in the canonical form of elements of G)
can be used to define the additive structure of a left brace.

So, let G be a group with a presentation of the following form:

G= <x17.’L‘2 | [.Tl, [Ig,l‘l“, [.’L‘g, [.1'2,.’171” < Z(G),

oY =2y = 1w, 1] = [, [T, 21 ]| = [0, [12, 11]]"° = 1),

where every n; is odd. As in Section 2, we assume that the order of x;
is n;, for ¢ = 1,2, the order of [z2, 1] is ng, the order of [x1, [z2, 21]] is ng,
and the order of [za, [x2, x1]] is n5. Let a = [x1, [x2, 21]], b = [x2, [T2, 21]],
¢ = [zo,x1], d = x1, and e = z9. Then every element h € G can be
written uniquely in the form (its normal form)

h=a®btPcd’e®,

for some integers a, 3, v, §, € such that 0 < o < nyg, 0 < B < ns,
0<~v<n3,0<d<ng,and 0 <e < ny.

Consider the subring Zs = {22" | r,z € Z} of Q. For ¢,q' € Zs and
an integer m, we say that ¢ is congruent to ¢’ modulo m if g — ¢’ € mZs,.
In this case we write ¢ = ¢’ (modm). As mentioned earlier, because G
has odd order the notation g* has a unique meaning for any z € Zy and
ge€aq.

Let F,F' € M3(Zs3) and let f, g denote the induced bilinear forms
on Q3. Thus, for v; = (v;, 0, &),

72 72
f(vi,v2) = (71,01,e1)F | 02 | and g(v1,v2) = (y1,01,€1)F" | &2
g9 €2
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We define an addition + on G as follows:

a® bﬁl N d51 el 4 g2 b52 072d52e€2
, , 5146
— gortaztf(vi,v2)pfitBa+g(vive) itz g1+ 2661+€27
where 0 < a; < mng, 0 < B; < m5, 0 < 9 < ngzg, 0 <6; < ny, and
0 <e&; < ng. Because f and g are bilinear forms and because ng, ns | ns

and ng | ged(ng, ne), it is easily seen that in the definition of the addition
one does not have to assume the bounds imposed on the exponents.

Lemma 3.1. If F, F' € M3(Zy) are symmetric matrices, then (G,+) is
an abelian group.

Proof: Since a, b are central elements in G and f and g are symmetric
bilinear forms it is clear that the addition is commutative. The associa-
tivity of the addition is equivalent to the following equality

af ((:81,81),(v2,02,82))+ F (1 472,61 402,61+€2),(73,03,€3))
p9((11:61,61),(72,02,62)) +9((v1+72,01+02,61+€2), (73,03,€3))
— of ((1,01,210),(v2+73,02+03,824£3)) +/ ((v2,02,22), (73,03,€3))
p9((71,01,€1),(v2+73,02+03,624€5)) +9((72,02,82),(73,03,€5))
Since f and g are symmetric bilinear forms the associativity of the ad-

dition follows. Note that 1 +h = h for all h € G and

—a®WBeVd0 et = gt ((7:0:6):(7,0,6)) = B+9((7:8,€),(7:6:€)) ;=7 =0 o€ .
Hence (G, +) is an abelian group. O

Proposition 3.2. With the above notation, if F, F' € M3(Zs) are sym-
metric matrices, then (G,+,-) is a left brace if and only if

naqi % +n4q2  Mags n5qy M5y Nsq3
F=|34nmge x Y and F' = | nsq¢y 2 v o,
1443 Yy t nsqs Y t’

for some q;, ¢}, x,y,t, 2",y t' € Zy. Moreover, in this case, the ideal
(a,by = [G,|G,qG]] is contained in Soc(G) and G/{a,b) is a standard
nilpotent of class two left brace.
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Proof: By Lemma 3.1, (G,+) is an abelian group. Let h; = c¥d% e,
for i =1,2,3. Let F' = (f;;) and F' = (g;;). By the definition of + and
because of (2) and (3), we have
hl(h2 + hg) +hy = hlaf((’Y2,52782),(73,53,63))bg((’Yz,52,52),(73753,63))
2tV g2 103 peates +hy
= of ((12,02,82),(73,03,€3)) g ((72,62,62),(73,03,€3))
N d51 €12 ts d52+53 ec2tes +hy
— qf ((12:02,82),(73,03,€3))+61(v2+73)
p9((v2:62,2),(73,03,83)) +e1(v2+73)
itz ts 01 e 762405 peates +hy
— a1 B 2+ 01 £1(2483) gO2+05 pe1+e2tes + hy
— g1 T01€1(62403) b1 1 +v2+ys+e1(92+33)

d51+52+53661+62+63 + hq,

where

£1(02 + 03)(62 + 03 + 1)
2 b

(02 + d3)e1(e1 +1)
2 b

a1 = f((v2,02,€2), (73,03,€3)) + 01(v2 +73) +

B1 = g((72,02,€2), (73,03,€3)) + €1(72 +73) +

and

— M 01 .1 V2 J02 LE2 1 701 p€1 2V3 O3 €3
hiho+hihg=c"d’ e c"?d’?e®? + " d° et c?d%e
— 9172 pE1v2 (12 J01 1 102 pE2 + ad173pEIY3 Y13 01 pE1 (193 oE3

£102(52+1)
2

dge1(e1+1)
— ozt 5 c

pE1V2 T ’71+’de5105152d52681+62

£103(53+1)
pl

d3e1(e1+1)
pl

+a51’73+ pErrst C’Yl+’)’3d5lc6153d53681+63

:a51’72+w+516152 b6172+w071+72+5152d51 +62651+52
+a51’73+ﬂ%+—1)+615163b51y3+w
N +v3+€103 dél +3d3 ef1tes

Suppose that (G, +,-) is a left brace. We have that hy(he + h3) + b1 =
h1ho+hihs. Therefore, comparing the exponents of the elements a and b
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in hi(hs + h3) + hy and hihs + hihs, we have (modny)
oy + (5161((52 + (53)
+ f((r1+r2+y3+e1(02+63), 61 +02403, 61 +e2+€3), (71, 01,€1))

61(52((52 + ].)
2

8153(53 + ].)

01610
5 + 01€103

=072 + + 616102 + 0173 +

+ f((r1+72+€102,01+02,e14¢€2), (V1 +73+¢€103, 61403, €1 +€3))
and (modns)
Br1+9((71+v2+73+€1(02403), 01 +d2+03, 61 +e2+€3), (71, 01,€1))

doe1(e1 + 1) . d3e1(e1 + 1)

=e172 9 +€173 5

+9((1+72+€102,01+02,e1+€2), (Y1 +73+€103, 01403, 1+€3)).

Hence

(6)
J((v1 + 2 4+ €102,61 + 02,61 + €2), (71 + 73 + €103, 01 + 03,61 + €3))

= f((n1 + 72 +3+e1(02403),01 + 02 + 03,61 + €2 +€3), (71, 01,€1))

+ f((7v2,02,€2), (73,03,€3)) + £€10203 (mod ny)

and

(7)
g((y1 + 72 +¢€102,01 + 02,61 +€2), (V1 + 73 + €103, 61 + 03,61 + €3))

=g((m +v2 +73+€1(02403),01 + 02 + 03,61 + €2 +€3), (71, 01,€1))

+ g((727 527 52), (’Yg, 53, 83)) (HlOd 77,5).
Then, by an easy calculation we obtain
f1,1 (720381 + V30261 + 620367) + 212020361
+ f1,3(02e1€3 + d3e162) = €10203 (mod ny)
and
g1,1(7203€1 + 730261 + 82036%) + 2g1,20203¢€1
+ g1,3(02e183 + d3e162) = 0 (mod ns).

Now, taking 7o = 63 = ¢1 = 1 and d2 = €3 = 0, we have fj;
0 (modn4) and g11 = 0 (modns). Taking d3 = €1 =e3 = 1 and 7,
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v3 = 02 = 0, we have f; 3 =0 (modny) and g; 3 = 0 (modns). Taking
d = 03 =1 =1, we have 2f; o = 1 (modny) and ¢1,2 = 0 (mod ns).

Conversely, suppose that f11 = f1.3 =0 (modny), fi2 = % (mod ny),
and g11 = 912 = g1,3 = 0 (mod ns). It is straightforward to prove that
the congruences (6) and (7) hold. Hence hy(ha + h3)+hy = hiho 4+ hihg
and the first part of the result follows.

That the ideal (a,b) is contained in Soc(G) and that the left brace
G/{a,b) is standard nilpotent of class two follows at once from the defi-

nition of the addition. O

4. Metabelian groups

In this section we give necessary and sufficient conditions for a group G
to be the multiplicative group of a left brace such that [G,G] C Soc(G)
and G/[G,G] is a standard abelian brace. Clearly, in this case, the mul-
tiplicative group G is metabelian. Next we present a class of examples
of metabelian groups that satisfy the required conditions. In the con-
text of the previous sections notice that nilpotent groups of class 3 are
metabelian.

If G is a left brace then the function v: G x G — G defined by
y(a,b) = (a + b)b~ta~! is a measure for G to be a standard abelian
brace. It is this function that plays a crucial role in this section (it
always satisfies property (a) and property (b), for s € Soc(G), of the
following theorem).

The following result generalises Theorem 1 in [2] on nilpotent groups
of class two that are multiplicative groups of two-sided braces (or, equiv-
alently, that are circle groups of radical rings).

Theorem 4.1. The following conditions are equivalent for a group G.

(1) G is the multiplicative group of a left brace (G,+,-) such that
[G,G] C Soc(G) and G/|G,G] is a standard abelian brace.

(2) G is metabelian and there exists a map v: G x G — [G,G] that
satisfies the following properties:

(a) v(a,b) =~(b,a)b~ ,a7"], for alla,b € G,
(b) v(s,a) =1, for alla € G and all s € |G, G,
(c) v(ab,c) = ~(a,c)ay(b,c)a™t, for all a,b,c € G.
Proof: (1) implies (2). Assume that (1) is satisfied. Let v: G x G —

[G, G] denote the map defined by v(a,b) = (a+b)b~ta™1, for all a,b € G.
Since G/[G,G] is a standard abelian brace, (a + b)b~ta~! € [G, G] and
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thus ~ is well-defined. Then, for all a,b € G,
Ya,b) = (a+b)pla™! = (b+a)a” b7 b a7 = y(ba)lb a7 ).

This proves (a). Let s € [G,G] and a € G. Since [G,G] C Soc(G), we
have that s + a = sa. Hence y(s,a) = (s +a)a"ts™! = saa"1s71 =1,
and (b) follows.

Recall that in the left brace G the map A\: G — Aut(G,+), defined
by A(a) = Ag, for all @ € G, is a homomorphism from the multiplicative
group of the left brace G to the group of automorphisms of the additive
group of G, where \,(b) = ab — a, for all a,b € G. In particular,

a(b—c) = A\o(b—c)+a = Ay (b)—Aa(c)+a = ab—a—(ac—a)+a = ab—ac+a.

We shall use this formula without any mention.
Let a,b,c € G. Note that y(a,b) = (a + b)b~ta™! = aX;1(b)b~1a" .
Hence \;1(b)b~! € [G,G]. We get that

~(ab, c) zab)\;bl(c)cflb o=,
v(a,c)ay(b,c)a™" = ar; (c)e " a" abA, H(c)e b e
et (o) e,

and

b/\;bl(c):b(b La=te — bilcfl):a*lc—afl—|—b=)\;1(c)+b,
AN (0 = X3 o7 -7 = X7 @ o)
TN D) = Ay (AT 0) + A7 ()
Z)‘A;I(C)C—l(b)+/\a () =b+ A, (c)

the last equality holds because A\;'(c)c™! € [G, G] C Soc(G). Therefore
(c) follows.

(2) implies (1). Assume that v: G x G — [G, G] satisfies (a), (b),
and (c). The fact that [G,G] is abelian and v(G x G) C [G, G] will be
used without any comment in this proof. We define an addition on G
by a + b = ~(a,b)ad, for all a,b € G. We have, for a,b,c € G,

b4a=~(b,a)ba = y(a,b)a”,b"ba (by (a))
=v(a,b)ab=a+b
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and
(8)
(a+b)+c=~(a,b)ab+c
=v(v(a,b)ab, ¢)y(a, b)abe
=7(7(a,b), ¢)y(a, b)y(ab, c)y(a,b)~y(a, b)abe  (by (c))
=~(a, b)y(ab, c)abc (by (b))
Therefore
a+(b+c)=(b+c)+a
= (b, ¢)y(be, a)bea (by (8))
= (b, c)y(b,a)by(c,a)b bea (by (c))
= (b, )r(a,baba~ 1 (a, c)ac (by (a))
= (b, ¢)y(a,b)aba" b~ by(a, c)b tbac
= (b, c)y(a, b)by(a, c)b tabe
= 7(a, b)y(ba, c)abe (by (c))
= v(a, b)y(ablb, al], c)abe
= v(a,b)y(ab, c)aby([b,al,c)b " a"tabe (by (c))
= v(a, b)y(ab, c)abc by (b))
=(a+b)+c (by (8))

Hence, (a+b)+c = 7y(a, b)y(ab, ¢)abe and thus, also using (a), a+(b+c) =
(b+c) +a=~(b,c)y(bc,a)bea = (b, ¢)v(a, bc)abc. Therefore,

(9) (@, b)y(ab, ¢) = (b, ¢)v(a, be),

for all a,b,c € G. Note that 1 +a =~(1,a)a = a and

vt a) e ra=~v(v(a "t a) e a)y(aT  a) e
=v(v(@ ha) L ayy(ata) (e a)

Y@t a)yaae) ™ (by (c))

=1 (by (b))

Hence 1 is the neutral element for the addition and —a = y(a=1,a) " ta™1,
for all a € G.
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Furthermore

a(b+c¢)+a=ay(b,c)bc+a

~(ay (b, ¢)be, a)ay (b, c)bea

= ~(abc, a)ay(b, c)bca (by (c) and (b))
= (o ca (e b )6 o (by (9))
= (o ™! o~ e (ab o cen
=9([c™!,a ac,ab)[c ™ a a7 707 a T

A, a)y(ab, ¢ ay(b, bea (by (2)
=(ac,ab)[c™ a7t 71,07 a T

(e, a)y(ab, ) "tay(b, c)bea (by (c) and (b))
= y(ab,ac)pra"t e ta e e e e, b e

(¢, a)y(ab, ) ary(b, ¢)bca (by (a))
= ~y(ab, ac)[b~ Leta et a™

acabc™'a 1[ L e o ra (¢, a)y(ab, ) "tay(b, ¢)bca
= ~(ab, ac)[b~ ,c_la_l][ a7 v e e e Y

ab[ail,cfl]b Ya=y(c, a)y(ab, ¢) " tay(b, c)bca

Q

= y(ab,ac)[[a™, ¢, 07 a (e, a)y (ab ¢) " tay(b, c)bea
=(ab,ac)[[a™", ¢, b a Y (a, c)fa™" 7]

~(ab, c) la’Y(l% c)bca (by (a))
= 7(ab, aC)H “b e ¢ Habea (by (c))
= y(ab,ac)[a™t, e Y [[a™t, ¢, b a Habea
= y(ab,ac)[a™t, ¢ Y[c a Habla™t, ¢ b ta  abea
= v(ab, ac)abac
=ab+ ac,

for all a,b,c € G. Hence (G,+,-) is a left brace. Note that (b) implies
that As(a) = sa—s =7(s,a)sa—s =s+a—s = a, for all s € [G,G] and
all @ € G. Thus [G, G| C Soc(G). Therefore [G, G| is an ideal of the left
brace G and it is easy to see that G/[G, G] is a standard abelian brace.
This finishes the proof. O
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Since any finite metabelian group G with trivial centre is a semidi-
rect product of [G, G] and an abelian subgroup (Theorem C in [1]), the
following example applies to any such group.

Example 4.2. Let G = A x B be the semidirect product of two abelian
(multiplicative) groups A and B. Define an addition + on G by

a1by + agbs = a1a201b2,

where aj,a2 € A and by,b; € B. By [3, Section 6], (G,+,-) is a left
brace, called the semidirect product of the two standard abelian braces A
and B. This left brace satisfies condition (1) of Theorem 4.1. The
corresponding 7 of condition (2) is given by the formula

Y(aibr, asbs) = [ag ', b7

Note that the example also was obtained in [4, Corollary 3.10] for
finite braces.

In [4] an example is given (Example 4.4) of a nilpotent group G of
class 3 such that G cannot be the multiplicative group of a left brace
(G,+,-) with [G,G] C Soc(G) and G/[G, G] a standard abelian brace.
However, this group is the multiplicative group of a left brace (Exam-
ple 4.3 in [4]) and this is proved by making use of IYB morphisms. This
group is also the multiplicative group of a left brace constructed as in
Section 2.

5. Finitely generated nilpotent groups of class 2

In this section we characterise finitely generated nilpotent groups G
of class 2 that are the multiplicative group of a left brace and such that
[G,G] C Soc(G) and G/[G,G] is a standard abelian brace.

Lemma 5.1. Let G be a left brace such that the multiplicative group

of G is a nilpotent group of class 2, [G,G] C Soc(G) and G/|G,G] is a
standard abelian brace. Then G is a two-sided brace.

Proof: Let a,b,c € G. Then, as [G,G] C Soc(G),

(b+ca=alb+c)b+c,al =b+caalb+c)=[b+ca]+alb+c).
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Because G/[G, (] is standard abelian, there exists u € [G,G] C Z(G)
such that

(b+ c)a = [beu,a] + a(b+ ¢)
= [bc,a]l +ab+ac—a
= [be, a] + bala, b] + cala, c] — a
=

be,al + ba + [a,b] + ca+ [a,c] —a (as [G,G] C Soc(G))
= [be, alla, b][a, ¢] + ba + ca — a (as [G,G] C Soc(@))
=1+ba+ca—a
=ba+ ca —a.
This proves that G is a right brace, and thus a two-sided brace. O

Theorem 5.2. Let G be a finitely generated nilpotent group of class 2.
Letay,as,...,an, €G and ¢y, ca,. . ., cr €[G, G| be elements such that [G, G|
is the inner direct product of the subgroups (c1), ..., {c,) and G/|G,G] is
the inner direct product of the subgroups (1[G, G]), ..., (an[G,G]). Then
the following properties are equivalent.
(1) For each 1 < i <r, there exists a map s;: Z™ X " — Z such that
(i) s; is a symmetric bilinear map modulo n;, that is

si((a1yevoyan)y (B, .-y 0n))
= s;((B1,---,0n), (a1, ..., ap)) (modny)
and
si(lar 4+ By oy an +Bn), (V15 -y 7))
=si((a1y -y an), (1, -y V0))
+5i((B1s-- 5 Bn)s (13- -+, 7m)) (modny),
where n; is either the order of ¢;, if ¢; has finite order, or

n; = 0 otherwise.

(ii) cfi((al""’a"‘)’(ﬁl"”’ﬂ”)) =1, whenever a?j € |G,G|, for all j.

(2) G is the multiplicative group of a two-sided brace such that [G,G] C
Soc(G) and G/|G, G| is a standard abelian brace.

Proof: (1) implies (2). For aq,...,an,581,...,8, € Z and ¢, € [G,G],
we define
(10)

S T S N c 2
cayq a,™ +caj ay,

:cc’c‘;l((al’“"a”)’(ﬁl’“"B"))~ . Cir((al,m,an),(ﬁl,u-,ﬂn))afllﬂrﬁl, . agnJan'
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First we show that this is a well-defined operation. Let ¢,d, ¢, d’ € [G, G|
and «y, o}, B, B € Z be such that

Oé, «
caft - -agm =day’t - an®
and
’ ’
c’af1 coaPn = d’a?1 cal
We shall prove that

el 10 i B)) | (@) (B Ba) g1 01 | g8

(@@L B (@0l (B ) OB e 4B

Since G/[G, G| is the inner direct product of the subgroups (a1 [G, G]),. . .,

(a,[G,G]), we get ajj_aj,afj_ﬁj € [G,G], for all j =1,...,n. Hence

lal{é1+31. .. azn-&-ﬁn :dd/afllllfaﬁrﬁ{*&. ) oz’nyfan+ﬂi,fﬂnat13z1+51. . azn+,6’n

cc can

’ ’ ’ !
:tid/cz?l—~_ﬁ1 L gOn TP,
. o —a;  BL—B;
Furthermore, since a;” 7, a;”
that o (@1 =00l =), (B )
1
1, and thus

€ [G,G], for all j =1,...,n, we have

—1 and (B =BrB =B ()

_ Si(BrBa) (e el)

K2

cfi((al7“‘ao‘n)’(617~~a6n)) — c‘_si((0‘,17“'»‘)‘;)’(51’""[3”))

(2
= (BB nal)) _ oi((d ) (BoeB0)),

Therefore

Cclcil((0‘1a-*wan):(Blanwﬁn)) . Cir((al,.,,,an),(ﬁl,...,ﬂn))a?ﬁl“’ﬂl . a%énJan

B N I (C R N B I I

and the addition is well-defined.

Next we prove that (G, +) is an abelian group. Since every map s; is
symmetric modulo n;, we have that g+ ¢ = ¢’ + g, for all g,¢' € G. It
is clear that g + 1 = g, for all g € G and that the opposite element of

a1 Qpn 3
ca;t ---a,™ 18

Cflcl_sl((al;4-'70‘n)>(_0¢17~~>_0¢n))' ..c

—ay

—sr((n,esam) (s an)) e
n )

T "a

for all ¢ € [G,G] and oy, ..., a, € Z.
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Let ¢,d,e € [G,G] and «;, B;,v; € Z, for i = 1,...,n. We have

calt a4 (dal* - -aPr 4 ealt .. a)m)
= ca?l N ag" + decil((ﬁl""’ﬂ")’(’yl""’v")) e CiT((ﬁla“'76n)7(71’“'7’7n))

a?1+vl .. _agn"l")’n

= Cdec‘;l((ﬂl""’B”)’(%"“’%)) . Ci'r‘((ﬁlwuuBn)v('Yl,u."Yn))
c‘il((al»"'7an)7(ﬂ1+71:~~~7/8n+'\/n))

.. CST((al7"'704"))([31""71>---15n+7n))
T

a}?1+51+’¥1 . agn-i'ﬂn-i-’m

— edec (BroBn) (e 3) L sn(Brseesf)s(15ee7m)
Cil((al»-*wan)z(ﬁlv--wﬁn)) oo eSr((ansean) (B Bn))
Cil((a1>~‘-7an),(V1y...,7n)) . Cir((al,...,an),(ﬁyl,...;yn))

a?1+51+'yl . azn“l’ﬁn“”FYn

and

ai a B1 B ge! v
(caft---aom +daf* - -ab™) +eal - aln

_ cdcil((al""’a")’(ﬁl""’ﬂ")) . cir((m,--<7an)7(517-~7ﬂn))
atllerﬁl . azn+6n + anl - aZ”

_ cdec‘il((al""’a")’(ﬂl’""ﬁ”)) .. .Cir((al""’0‘71)’(:317“'1571))
ciql((a1+51,...,an‘i’ﬁn)a(’yl7"'77’”)) L Cir((a1+B1,...,an—&-ﬁn),('yl,...,»yn))
aflxl+61 +71 . a}zn+ﬁw,+7n

_ Cdecil((al""’a")’(ﬁl""’ﬁ")) . C;s‘qn((al,...,an),(ﬁl,...,ﬁn))

031((a1,---7an)7(%,-ufyn)) o esr(@n@n) (715 7m)
1 r

S ((BrresBn)s (e ta)) e (BroenesBn) (1rem)

atlDé1+51+’)’1 . a]zn+ﬁn+7n.

Therefore (G, +) is an abelian group.
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Third we prove that the brace condition is satisfied. We also have

I Lo gh Mgy I
cal asm (daf ai™ +eal' - -alv) + cal asm

— Callll . a%ndecil((/817'~~a5n)a(717-~~77n)) . Cir((ﬁl,-~»7Bn)7(’Yl1~-»7’Yn))
af1+71 . ,agnJrvn + ca‘f‘l Ceealn

— Cdecil((/gl,---,ﬂn)v(’)’l,..n’)’n)) . Cf,r((ﬁl""’ﬂ")’(’n""”Y”))

n

H [aj, ai]aj (Bi+s) aflxl-‘rﬁl 7o a2n+5w,+'yn 4 Ca‘lxl N
1<i<j<n
— checil((Blf“wﬁn)’('ylfuw'\/n)) .. cf‘r((ﬁl7---1ﬁn)a(717---17n))

H [aj, ai]aj (Bi+i)

1<i<j<n
Csl((al+ﬁl+717---1an+ﬁn+7n)7(a17---705n)) .
1

o eSr((@tBityis s antBrtam) (@1, 0m)
s

2001 +B1+m1 200+ Bn+n
aj R
and
Caal e aa”daﬁl e aB“' + caal .. aa"ea’yl e a’yn
1 n 1 n 1 n 1 n

—cd H [aj, ai]a]ﬂi a?l‘*‘ﬁl ... qOntBn

n
1<i<j<n
ivVi a1+
1<i<j<n

= c2de H [(lj7 ai]aj(ﬁ,i.wi)

1<i<j<n
Srl@itBr, . antBn), (v, antym))
1
. ,Csr((a1+ﬁ17---,O<n+ﬁn),(a1+'y1,---,an+’yn))
-

2
a1a1+51+’71 . aian+ﬁn+7n.
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Since every s; is a symmetric bilinear map modulo n;, we obtain that
«@ «@

ca - a®n (daf - aPr 4 eal” - a)n) 4 calt - aln

n

_ an a B1 B oy o Y1 5
=cal'---aymdayt - -alhr +calt occapmeayt o a)m.

Hence (G, +, ) is a left brace.

It is clear that [G,G] C Soc(G) and G/|G, @] is a standard abelian
brace. By Lemma 5.1, (G,+,-) is a two-sided brace. This finishes the
proof of (1) implies (2).

(2) implies (1). Suppose that G is the multiplicative group of a left
brace such that [G,G] C Soc(G@) and G/[G, G] is the standard abelian
brace. For every ¢ = 1,...,r, there exists a map s;: Z"™ x Z"™ — Z such
that, for given ¢, ¢ € [G,G] and for ay,...,an, B1,...,0n € Z,

[e% /
ca11~~aﬁ"+ca11~~ag"

_ Cclcil((al,...,an),(ﬂl,...ﬁn)), .. Cﬁ,-((al,...,an),(ﬂl,...,ﬂn))alll1+ﬁ1 ~~-a§"+ﬁ".

The commutativity of the addition implies that

si(ar, .o oyam), (B1y- oy Bn)) = 8:((B1, -+, Bn), (1, ..., )) (modny).

So, s; is symmetric modulo n;. To prove it is bilinear modulo n; as well,
we first notice that the associativity of the addition implies that

si((ay .. yan), (B1y- -5 6n))
+si((@1+ By san+B8n), (15 570))
=5:((B1,---5Bn), (V155 Mm))
+si((a1y- oy an), (B1 + 791, Bn + 7n)) (modn;).

(11)

Since, for ¢, d, e € [G, G],

a1 an (J,01 B " ¥ ay an
catt - -apt(dait - apt +ealt - ccalr) + calt - -oann

« [e3
:call ...a%"dall ...agn +Ca11 ...ag"ea’lyl...a:]’"’

one can check that

Si(<a1 + B, an +Bn)> (al + 71,500 +'7n))
12 = s5i(BrrerBa) (s )
+si((ci+Bi+7, - n+Bn+mm), (1, ..., ap)) (modny).



NILPOTENT GROUPS OF CLASS THREE AND BRACES s

By (11), we have that

si(((a1 + B1) + 715+, (an + Bn) + ), (a1, ..., an))
= —si((@1+ By an + Ba), (71, -+, 7n))
+5:((V1y -y vn), (01, ooy ap))
+si((1 + Bis. o sam + Bn), (1 +at, .. + o)) (modny).

Hence, from (12), we have that

si(lar + By oy an + Bn), (@1 +71, -+, @ +70))
=5i((B1y--+Bn)s (V15 -+ -5 7n)
= si((1+ Biy- oy an + ), (115 7m)
+8:((71y -+, Yn)s (1, oy )
+si((ar+ B, yan+ Bn), (1 + a1, ..., + ap)) (modny).
Therefore

si((ar 4+ B1ye ooy an +B8n), (V15 s%n))
=si((v1, - vm)s (@, em)) +8i((Brs - Bn)s (71,5 7m))
=si((ary- oy an),(V1y oY) +8:((B1y -y Br)s(71y« -+ s Yn)) (modny).
So s; is a symmetric bilinear map modulo n;.

Let a1,...,a, be integers such that a?j € [G,G], for j = 1,...,n.
Then, since [G, G] C Soc(G), we have that

o a B1 Bn _ 1 an P Bn — ,21t61 4B
al ...an"+a1 ...ann_al ...annal ...ann_al ...an" n.

On the other hand we have that
a?l ...azn _|_a11 ...afj{"

— Culgl((0617~~~gan),(617-~~16n)) .. cir((al,...,(1")7(51,...,ﬁn))a(lll-‘rﬁ1 . Cbzln—"_ﬂ".
Hence cil((041,~-~,an),(,31,~-~,[3n)) . _.Cf’r((al7-~~:an)a(ﬁ17~-~y6n)) — 1. Since [G, G]
is the inner direct product of the subgroups (c1), ..., {c.), we get that

cl'_si((0517~~~504n)5(611~~~7ﬁn)) -1

for i =1,...,r, and this finishes the proof. O
Of course, if G is a finitely generated nilpotent group of class two and

G/|G, G] is torsion-free then condition (1) of Theorem 5.2 is satisfied for
arbitrary chosen symmetric bilinear maps.
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Added in proof: Recently Bachiller (in his paper “Counterexample to a
conjecture about braces”, arXiv: 1507.02137v1[math.GR]) has shown
that there exists a group of order 23'° that is not the multiplicative
group of any left brace.
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