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LOCALLY NILPOTENT LINEAR GROUPS WITH THE
WEAK CHAIN CONDITIONS ON SUBGROUPS OF
INFINITE CENTRAL DIMENSION

LEONID A. KURDACHENKO, JOSE M. MUN0Oz-ESCOLANO AND
JAVIER OTAL

Abstract

Let V be a vector space over a field F. If G GL(V, F), the central
dimension of G is the F-dimension of the vector space V/Cy (G).
In [DEK] and [KS], soluble linear groups in which the set L;cq(G)
of all proper infinite central dimensional subgroups of G satisfies
the minimal condition and the maximal condition, respectively,
have been described. On the other hand, in [M OS], periodic lo-
cally radical linear groups in which L;j.q(G) satisfies one of the
weak chain conditions (the weak minimal condition or the weak
maximal condition) have been characterized. In this paper, we be-
gin the study of the non-periodic case by describing locally nilpo-
tent linear groups in which L;.q(G) satisfies one of the two weak
chain conditions.

1. Introduction

Let V' be a vector space over a field F. The subgroups of the
group GL(V, F) of all automorphisms of V" are called linear groups. The
Theory of Linear Groups is one of the most developed branches of the
Theory of Groups. If V has finite dimension over F', it is well-known
that GL(V, F) can be identified with the group of non-singular n x n-ma-
trices with entries in F, where n = dimp V. Finite dimensional linear
groups have played an important role in mathematics due to the identi-
fication mentioned above and the interplay between other mathematical
ideas and such groups. However the study of the subgroups of GL(V, F),
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when V has infinite dimension over F' has received considerably less at-
tention, and requires some additional restrictions.

In the paper [DEK], a way of studying infinite dimensional linear
groups that are near to finite dimensional groups, in some sense, was
begun. If G is a subgroup of GL(V,F), then G really acts on the
factor-space V/Cy (G). Following [DEK], the dimension of this fac-
tor-space will be called the central dimension of the subgroup G and
will be denoted by centdimp G. Thus, centdimp G = dimp(V/Cy (Q)).

Suppose that G is a linear group of finite central dimension. If
C = Cg(V/Cy(G)), then C is a normal subgroup of G and G/C is
isomorphic to some subgroup of GL(n, F'), where n = dimp(V/Cy (G)).
Since C stabilizes the series

(0) <Cv(G) <V,

C is abelian. Even more, C is torsion-free, if char F' = 0, and is p-ele-
mentary abelian, if char FF = p > 0 (see [KW, Proposition 1.C.3] and
[FL, Section 43]). Hence, the structure of G can be determined by the
structure of G/C, which is an ordinary finite dimensional linear group.

If G < GL(V,F), let Lica(G) be the set of all proper subgroups of G
of infinite central dimension. In order to study infinite dimensional lin-
ear groups G that are close to finite dimensional, it is natural to start
making Licq(G) very small in some sense. That is, we want to impose
some restriction to Licq(G). Given the success that the study of infinite
groups with finiteness conditions has enjoyed, it seemed reasonable to
study linear groups with finiteness conditions. Thus, in the paper [DEK]
linear groups G in which the set L;.q(G) satisfies the minimal condition
(or G satisfies Min-icd) have been described. The dual case, that is
linear groups G in which Licq(G) satisfies the maximal condition (or
G satisfies Max-icd) has been studied in the paper [KS]. Since the weak
minimal condition and the weak maximal condition are the most natural
group-theoretical generalizations of the ordinary minimal and maximal
conditions (see [LR, 5.1]), it is natural to go on this direction of research
with them.

The weak conditions have been introduced by R. Baer [BR]| and
D. I. Zaitsev [ZD]. We recall their definitions in the most general way.
Let G be a group and let M be a family of subgroups of G. Then G is
said to satisfy the weak minimal condition for M-subgroups, if the set M
satisfies the weak minimal condition, that is if given a descending chain
of members of M

Go>Gr>>Gp>GCpyr >
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there exists some m € N such that the index |G,, : Gp41] is finite for
every n > m. The definition of the weak maximal condition is dual:
G is said to satisfy the weak maximal condition for M-subgroups, if the
set M satisfies the weak maximal condition, that is if given an ascending
chain of members of M

GOSGISSGnSGn+1§

there exists some m € N such that the index |G,,4+1 : G| is finite for
every n > m. In passing we note that groups satisfying one of these weak
conditions for different M have been studied by many authors (see [LR,
5.1] and the surveys [AK], [KK]).

We say that a group G < GL(V, F) satisfies the weak minimal condi-
tion on subgroups of infinite central dimension (or G satisfies Wmin-icd),
if G satisfies the weak minimal condition for L;cq(G)-subgroups. Dually,
we say that G < GL(V, F) satisfies the weak mazimal condition on sub-
groups of infinite central dimension (or G satisfies Wmax-ied), if G satis-
fies the weak maximal condition for £;.q(G)-subgroups. Periodic locally
radical linear groups satisfying Wmin-icd or Wmax-icd were described
in the paper [MOS]: they are either Chernikov or nilpotent-by-abelian-
by-finite. As a consequence of that description, it was shown that, in the
periodic case, the conditions Wmin-icd, Wmax-icd (and even Min-icd)
are equivalent. In the current paper, we begin the study of some non-
periodic groups satisfying one of these weak chain conditions as we study
locally nilpotent linear groups satisfying Wmin-icd or Wmax-icd. Peri-
odic locally nilpotent linear groups satisfying Wmin-icd or Wmax-icd are
Chernikov ([MOS, Corollary D]), but, as we mentioned above, in the
non-periodic case, other types of groups can occur, for example minimax
groups. The main results obtained of this paper are the following ones.

Theorem A (Theorem 2.6). Let G be a subgroup of GL(V, F) of infinite
central dimension. Suppose that H is a normal subgroup of G such that
G/H is nilpotent. If G satisfies either Wmin-icd or Wmax-icd, then
G/H is minimaz. In particular, if G is nilpotent, then G is minimaz.

From now on we restrict ourselves to the case of charF' = p > 0
since the case of char F' = 0 requires a different approach. We recall
that, if G is a locally nilpotent group, then the set ¢(G) of all elements
having finite order is a characteristic subgroup of G. The subgroup ¢(G)
is called the periodic part or the torsion subgroup of the locally nilpotent
group G.
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Theorem B (Theorem 3.5). Let G be a locally nilpotent subgroup of
GL(V, F) of infinite central dimension. Suppose that char F' = p > 0. If
G satisfies either Wmin-icd or Wmaz-icd, then G/t(G) is minimaz.

Let § be the class of finite groups. If G is a group, then the the
intersection G¥ of all subgroups H of G of finite index is called the finite
residual of G. The factor-group G/G3 is said to be residually finite.
Obviously, G itself is residually finite if GS = (1).

Theorem C (Theorem 3.6). Let G be a locally nilpotent subgroup of
GL(V, F) of infinite central dimension. Suppose that char F = p > 0. If
G satisfies either Wmin-icd or Wmaz-icd, then G/G? is minimaz and
nilpotent.

Let M be the class of nilpotent groups. As above the intersection G™
of all normal subgroups H of a group G such that G/H € 1 is called
the nilpotent residual of G and the factor-group G/G” is said to be
residually nilpotent. G itself is residually nilpotent if G™ = (1).

Corollary D (Corollary 3.7). Let G be a locally nilpotent subgroup of
GL(V, F) of infinite central dimension. Suppose that char F = p > 0. If
G satisfies either Wmin-icd or Wmaz-icd, then G/G™ is minimaz.

2. Nilpotent linear groups satisfying Wmax-icd or
Wmin-icd

In this section we establish that nilpotent linear groups (or more pre-
cisely, nilpotent factor-groups of linear groups) that satisfy Wmin-icd
or Wmax-icd are minimax or have finite central dimension. In order
to show this, we need first some preliminary results, the first lemma of
which deals with abelian-by-finite linear groups, and it is widely em-
ployed throughout this paper.

If G is a group, as usual, we denote by II(G) the set of primes occurring
as divisors of the orders of the periodic elements of G.

Lemma 2.1. Let G be a subgroup of GL(V, F) of infinite central dimen-
sion. Let H be a normal subgroup of G such that G/H is abelian-by-fi-
nite. If G satisfies either Wmin-icd or Wmaz-icd, then G/H is minimaz.

Proof: Suppose that G has infinite central dimension and G/H is not
minimax. Let A be a normal subgroup of G such that A/H is abelian and
G/A is finite. By our assumption, A/H is not minimax. We note that
if U is some G-invariant subgroup of A with U < H such that A/U is
periodic, then [MOS, Lemma 4.4] shows that G/U must be Chernikov.
In particular, A/U is likewise Chernikov.
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We claim that the O-rank (or torsioin-free rank) ro(A/H) of A/H is
infinite. For, otherwise, we may choose a finite maximal Z-independent
subset {a1H,...,apyH} in A/H. Put B/H = (a1 H, ..., a;, H)/H . Since
G/A is finite, B/H is a finitely generated abelian subgroup of A/H
such that A/B is periodic. Applying the above paragraph, A/B is a
Chernikov group. But in this case A/H is minimax, a contradiction.
This contradiction shows our claim, that is ro(A/H) is infinite.

Let ¢1H be an element of A/H of infinite order and put Cy/H =
(i H)YG/H | Since G /A is finite, Cy/H is a finitely generated G-invariant
abelian subgroup of A/H. There is a positive integer ¢ such that Dy /H =
(C1/H)! is free abelian, and, obviously, Dy /H is also G-invariant. Sup-
pose that we have already constructed an ascending series

(1) =Do/H < D1/H <--- < Do/H

of G-invariant subgroups of A/H whose factors are free abelian. Then
the subgroup D, /H is free abelian (see [KM, Theorem 7.1.3]).

If A/D, is not periodic, then it has an element c,4+1D, of infinite
order. Put Coy1/Dy = (Car1Da)%/P=. Since G/A is finite, Cyy1/Dy is
a finitely generated G-invariant abelian subgroup of A/D,. There is
an r > 0 such that Dy11/Dy = (Cot1/Da)" is free abelian. By con-
struction, Dyy1/D,, is also G-invariant. Moreover, there exists an ordi-
nal v such that A/D., is periodic. We also remark that E/H = D, /H is
free abelian. Since A/F is periodic, as we have already noted, A/FE is
Chernikov. In particular, the set II(A/FE) is finite. Suppose that p ¢
II(A/E). Since E/H is a free abelian subgroup, E/H # (E/H)? = L/H.
Furthermore (E/H)/(L/H) is an infinite elementary abelian p-group. It
follows that the Sylow p-subgroup of A/L is infinite elementary abelian.
If W/L is the Sylow p’-subgroup of A/L, then A/W is an infinite el-
ementary abelian p-group. In particular, it is not Chernikov, which
contradicts the fact established above. This final contradiction implies
our result. O

Corollary 2.2. Let G be a subgroup of GL(V,F) of infinite central
dimension. If G satisfies Wmin-icd or Wmaz-icd, then G/|G, G| is min-
1maz.

The proof of a similar theorem for nilpotency is the final step of this
section. In order to do this, we need some results about the existence
of certain subgroups of a group G provided the first central factor-group
of G satisfies prescribed properties.
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Lemma 2.3. Let G be a group whose center ((G) has an infinite ele-
mentary abelian p-subgroup E such that G/E is abelian minimaz. Then
G has a normal minimax subgroup L such that G = LE. In particular,
G/L is an infinite elementary abelian p-group.

Proof: Clearly G is nilpotent. Hence the torsion subgroup 7' = t(G) of G
is characteristic in G. Let P be the Sylow p-subgroup of G. Then E < P.
Since G/F is minimax, P/FE is a Chernikov subgroup. Let D/FE be the
divisible part of P/E. Then the abelian group G/D has a finite Sylow
p-subgroup P/D and therefore

G/D = P/D x R/D,

for some subgroup R (see [FL, Theorem 27.5]). In particular, G/R is a
finite p-group.
We have

D/E=K/Ex--x K,JE,

where K1/FE,... K, /E are Priifer p-subgroups. Let 1 < j < r. Since
K;/FE is locally cyclic, the inclusion E < ((G) gives that K is abelian.
By [KL1, Lemma 1], the subgroup K; has a Priifer p-subgroup Vj,
so that K; = EVj. Clearly V; is a characteristic subgroup of Kj, in
particular, it is normal in D. Then

U=V;---V,

is a normal divisible Chernikov subgroup of G. Clearly D = EU, and the
inclusion F < ((G) implies that D is abelian. Then EU/U is the Sylow
p-subgroup of R/U. Let @Q/U be the Sylow p’-subgroup of R/U. We
remark that @ is normal in G, @ is minimax and FQ/Q is the periodic
part of R/Q. By [HK, Proposition 2], R/Q has a normal torsion-free
subgroup W/Q such that R/W is a bounded p-group. Proceeding as
in the proof of [HK, Proposition 2], we see that the subgroup W/Q
can be chosen such that W/Q is characteristic in R/Q, and hence W is
normal in G. Since W/Q is torsion-free, W is minimax. The finiteness
of G/R implies that G/W is bounded. Hence G/W is a central extension
of EW/W by a bounded minimax group G/EW. However a bounded
abelian minimax group is finite. In other words, G/W is central-by-
finite. It follows that G/W has a normal finite subgroup L/W such that
G/W = (L/W)(EW/W). Clearly L is likewise minimax. It follows that
G/L is an infinite elementary abelian p-group, as required. O
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Corollary 2.4. Let G be a group whose center ((G) has an infinite
elementary abelian p-subgroup E such that G/E is nilpotent minimaz.
Then G has a normal subgroup L such that G/L is an infinite elementary
abelian p-group.

Proof: Let
(1) = Z/E< Z1)E < - < Z,/FE = G/E

be the upper central series of G/E. We proceed by induction on n.
If n = 1, then G/E is abelian and the statement follows from Lemma 2.3.
Suppose that n > 1 and consider the subgroup Z;. By Lemma 2.3,
Z1 has a normal minimax subgroup U such that Z7; = UE. Put V =
Coreg(U), so that V is minimax and V' < Z;.

Observe that the second center of G includes Z;. Therefore for
each element 2V € Z;/V the mapping gV +— [¢V, zV] is a homomor-
phism of G/V into EV/V, whose kernel coincides with C/y (V). Thus
[G/V,zV] is an elementary abelian subgroup. On the other hand, the
obvious inclusion EV/V < Cg/v (2V) implies that (G/V)/Cq /v (2V) is

a nilpotent minimax group. The isomorphism
[G/V,2V] = (G/V)/Cqv (V)

shows that the last factor-group is a bounded minimax group, in partic-
ular, it is finite. This means that Z;/V < FC(G/V'), where FC(G/V) is
the FC-center of G/V. Now let W/V = (U/V)¢/V then W/V is finite
and hence W is minimax. Therefore Zy = W E, where W is a minimax
G-invariant subgroup. In particular, Z;/W is an infinite elementary
abelian p-group, Z;/W < ((G/W) and (G/W)/(Z1/W) is a nilpotent
minimax group whose nilpotency class is n — 1. Consequently we can
apply now the inductive hypothesis. O

Lemma 2.5. Let G be a group and suppose that ((G) has a divisible
abelian p-subgroup E such that E is not Chernikov and G/E is nilpotent
minimaz. Then G has a normal minimaz subgroup L such that G/L is
a divisible abelian p-group which is not Chernikov.

Proof: Let
W=2Zy/E<Z/EL---<Z,/E=G/FE

be the upper central series of G/FE. Clearly, G is nilpotent. Hence the
set T' = t(Z1) of all elements of Z; having finite order is a characteristic
subgroup of Z;. Let P be the Sylow p-subgroup of Z;. Then E < P.
Since G/F is minimax, P/FE is a Chernikov subgroup. Let D/FE be the
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divisible part of P/E. Therefore D is periodic nilpotent divisible, so
that it is abelian (see [KA, §65]).

Let Q be the Sylow p’-subgroup of T. Remark that @ is normal
in G and @ is Chernikov. For each element gQ € Z;/Q the map-
ping zQ — [¢Q,xQ], x € G, is a homomorphism of G/Q into DQ/Q,
whose kernel coincides with Cg/o(9@). On the other hand, the obvi-
ous inclusion EQ/Q < Cg/o(9Q) implies that (G/Q)/Ce/q(9Q) is a

nilpotent minimax group. The isomorphism

[9Q,G/Q1 = (G/Q)/Ca/q(9Q)

shows that the latter is a periodic minimax group and hence Chernikov.

Since Z1/D is abelian minimax, it has a finitely generated sub-
group F/D such that Z;/F is periodic. Let F/D = (¢1D,...,9:D).
As we have seen above, the subgroups [¢1Q,G/Q],...,[¢:Q,G/Q)] are
Chernikov. Put

Then U is a Chernikov subgroup and

V/U = {(g1,...,90U/U < ¢(G/U).

In particular; V' is normal in G and V/U is a finitely generated abelian
group. Furthermore, V' is minimax, so that DV/V is not Chernikov.
Since the factor-group Z1/V is periodic nilpotent,

Zl/Vzpl/VXQl/V,

where P;/V is the Sylow p-subgroup of Z1/V and @Q1/V is the Sylow
p’-subgroup of Z;/V. Clearly Q; is minimax and Z;/Q; is a p-group.
Since DQ1/Q; is divisible and not Chernikov and Z; /D@ is Chernikov,
Z1/Q1 has a normal divisible subgroup D; /@ of finite index which is
not Chernikov. Recall that in a nilpotent periodic group every divisible
subgroup lies in the center (see [KW, 1.F.1]), so that Z;/Q; is cen-
tral-by-finite. As above we see that Z; /@1 has a G-invariant Chernikov
subgroup L/Q such that Z;/Q1 = (L/Q1)(D1/Q1). Clearly L is like-
wise minimax. It follows that Z;/L is a divisible abelian p-group which
is not Chernikov. Proceeding in the same way, after finitely many steps
we obtain the required result. o

Before stating the last result of the section, we recall some definitions
and facts that we use subsequently. Let A be an abelian group of finite
special rank, M a maximal Z-independent subset of A and set B = (M).
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Put

Sp(A) = {p | p is a prime such that
the Sylow p-subgroup of A/B is infinite}.
The set Sp(A) is called the spectrum of the group A. If V is also a finitely
generated subgroup of A such that A/V is periodic, then
B/(BNV)2BV/V and V/(BNV) = BV/B

are finite, which shows that the set Sp(A4) is independent of the choice
of the finitely generated subgroup B.
Let G be a nilpotent group of finite special rank and let

HN=0<G<-<6G=G
be the upper central series of G. Put
Sp(G) = Sp(€1/Co) U -+ - USP(Cn/Cn—1).-

It is not hard to see that the spectrum of G is the union of the spectrum
of all factors of every central series of G. We note that, if H is a normal
subgroup of G such that G/H is periodic and p is a prime such that
p ¢ Sp(G), then the Sylow p-subgroup of G/H is finite.

We are now in a position to establish Theorem A, the main result of
this section.

Theorem 2.6. Let G be a subgroup of GL(V, F) of infinite central di-
mension. Suppose that H is a normal subgroup of G such that G/H is
nilpotent. If G satisfies either Wmin-icd or Wmaz-icd, then G/H is
MINIMaz.

Proof: By hypothesis, G has infinite central dimension. Let
(1) = Zo/H < Z4/H < - < Z,/H = G/H

be the upper central series of G/H. We proceed by induction on n.
If n = 1, then G/H is abelian and the statement follows from Corol-
lary 2.2. Suppose that n > 1 and we have already proved that G/Z; is
minimax. We want to prove that Z;/H is minimax. Suppose the con-
trary and seek a contradiction. It suffices to show that G has a normal
subgroup U such that G/U is periodic abelian and not minimax. Then
Corollary 2.2 will give the required contradiction.

Put L = G/H, Cy = Zy/H,...,C, = Z,/H. Then C; < ((L).
Choose in (4 a maximal Z-independent subset {b) | A € A} and put

B = (b | A€ A) =Dryea(by),
so that C7/B is a periodic abelian group.
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Suppose first that II(C}/B) is infinite. Since L/Cy is minimax, o =
Sp(L/C1) is finite, and hence II(C1/B) \ o is infinite. Let D/B be the
Sylow o-subgroup of C1/B, so that II(Cy/D) is infinite. For each el-
ement ¢cD € Cy/D, the mapping gD +— [gD,cD] defines a homomor-
phism of L/D into C1/D whose kernel is exactly Cpr,p(cD). Since
[G/D,eD] < Cy/D, the isomorphism

[L/D,eD] = (L/D)/Cr;p(cD)

shows that the latter is periodic abelian and II((L/D)/Cyp,p(cD)) C
II(Cy /D). In particular, II((L/D)/Cpr,p(cD)) N Sp(L/C1)=0. On the
other hand, the obvious inclusion C /D <Cp,p(cD) implies that (L/D)/
Cr/p(cD) is a nilpotent minimax group and Sp((L/D)/Cyr,p(cD)) €
Sp(L/C1). Thus the Sylow g-subgroup of (L/D)/Cr,p(cD) is finite for
allqg € TI((L/D)/Cr/p(eD)). In particular, the set II((L/D)/Cr,p(cD))
is finite and hence (L/D)/Cy/p(cD) is likewise finite. This means that
Cy/D < FC(L/D) where FC(L/D) is the FC-center of L/D. The
factor-group Cs/C1 has finite rank, therefore Co includes a finite set of
elements ¢y, ..., ¢ such that Cy/{c1,...,c:)Cy is periodic. Put F/D =
(1D, ..., c;DYY/P | so that F/D is a finitely generated subgroup and
(F/D)N(C1/D) is finite. It follows that Cy/F is periodic and II(Cs/F)
is infinite. Proceeding in the same way, after finitely many steps we
construct a normal subgroup E such that L/F is a periodic nilpotent
group with II(L/FE) infinite. By [MOS, Corollary 2.7], G has finite
central dimension. This contradiction proves that II(Cy /B) is finite.

Suppose B has infinite rank. Let p ¢ II(Cy/B). Since B is a free
abelian subgroup, B # B? = U. Furthermore B/U is an infinite elemen-
tary abelian p-group. It follows that the Sylow p-subgroup of C1/U is
infinite elementary abelian. Let /U be the Sylow p’-subgroup of C; /U.
Then C;/Q is an infinite elementary abelian. Applying Corollary 2.4,
we see that G has a normal subgroup X such that G/X is an infinite
elementary abelian p-group, which contradicts Corollary 2.2. This con-
tradiction shows that A is finite and hence B is finitely generated.

Let p € II(C1/B) and let P/B be the Sylow p-subgroup of C;/B. As
above we can prove that (P/B)/(P/B)P is finite. Then

P/B = (V/B) x (K/B),

where K/B is divisible and V/B is finite [KL2, Lemma 3|. Suppose
that K/B is not Chernikov. Then P/V is a divisible p-subgroup which
is not Chernikov. By Lemma 2.5, G has a normal subgroup W such
that G/W is a divisible p-subgroup which is not Chernikov, which con-
tradicts Corollary 2.2. This contradiction shows that K/B and P/B are
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Chernikov subgroups. This and the finiteness of II(C;/B) give that
(/B is Chernikov. Since B is a finitely generated abelian subgroup, this
means that Cy is minimax. Thus Z;/H is minimax and consequently
G/H is likewise minimax. O

Corollary 2.7. Let G be a nilpotent subgroup of GL(V, F) of infinite
central dimension. If G satisfies either Wmin-icd or Wmaz-icd, then
G is minimax.

3. Locally nilpotent linear groups with Wmin-icd or
Wmax-icd

In the sequel, we usually restrict ourselves to the case of char F'=p>0.
Other different techniques are needed to develop the case of characteris-
tic 0. The first result is interesting in its own right and will be very useful
because it gives the structure of finite central dimensional subgroups of
an infinite central dimensional locally nilpotent linear group satisfying
Wmin-icd or Wmax-icd. We remark that, in prime characteristic, finite
central dimensional subgroups of these groups are soluble (see [MOS,
Lemma 4.1] or at the beginning of Section 4 of [DEK]).

Proposition 3.1. Let G be a locally nilpotent subgroup of GL(V, F) of
infinite central dimension, where char F' = p > 0. Suppose that G satis-
fies either Wmin-icd or Wmaz-icd. If H is a normal subgroup of G of
finite central dimension and P is the Sylow p-subgroup of H, then

(1) P is nilpotent and bounded,

(2) H/P is minimaz and abelian-by-finite.
In particular, H/t(H) is an abelian minimaz group and the Sylow p’-sub-
group of H is Chernikov.

Proof: Note that C = Cy(H) is an FG-submodule because H is normal
in G. Since centdimp H is finite, C' has finite codimension in V. There-
fore the series C' < V can be refined to a composition F'G-series. That
is, V has a finite series of F'G-submodules

0)=C<C1=C<Cy<---<C, =V

such that Cy/C4, ..., and C,/C,_1 are simple FG-modules. For each
1<j<n-1,weput Cq(Cjt1/C;) = Djt1. Each factor-group G/D; 1
can be embedded into GL(C;+1/Cj, F) and, since Cjy1/C; has finite
dimension over F', G/Dj41 is soluble (see [WB, Corollary 3.8]). By a
result due to Malcev (see [WB, Lemma 3.5]), G/D; is abelian-by-finite
and then Lemma 2.1 yields that G/D;1; is minimax.
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Put
U=DNDsnNn---ND,.
By Remak’s Theorem
G/U — G/Ds x --- x G/D,,

and so G/U is an abelian-by-finite minimax group. For each 1<j<n—1,
let Tj+1/Dj+1 be the periodic part of G/D;i11. Thus T;41/Djy1 is a
p’-group (see [KOS, Theorem 3.2]). Moreover, since G/T+1 is a torsion-
free abelian-by-finite locally nilpotent group, G/T}+1 is abelian. Hence,
if T/U is the torsion subgroup of G/U, T/U is a minimax p’-subgroup
(in particular, it is Chernikov) and G/T is abelian.

By construction, U N H stabilizes the series

0)=C<C1=C<Cy<---<Cp=V.

Therefore U N H is a bounded nilpotent p-subgroup (see [KW, Theo-
rem 1.C.1 and Proposition 1.C.3] and [FL, Section 43]). Since

H/UNH = HU/JU,

U N H = P is the Sylow p-subgroup of H and H/P is abelian-by-finite
minimax. Thus H/¢(H) is minimax abelian and the Sylow p’-subgroup
of H is Chernikov. O

From this, we easily deduce the “minimaximality” of certain locally
nilpotent linear groups whose torsion-free factor-groups are soluble.

Corollary 3.2. Let G be a locally nilpotent subgroup of GL(V, F) of in-
finite central dimension, where char F' = p > 0. Suppose that G satisfies
either Wmin-icd or Wmaz-icd. If H is a normal subgroup of G such that
H/t(H) is soluble, then H/t(H) is minimax. In particular, if G/t(G) is
soluble, then G/t(G) is minimaz.

Proof: Put T = t(H). If H has finite central dimension, then H/T is
minimax by Proposition 3.1. Suppose that centdimp H is infinite. Let

T=Hy<H,<---<H, . <H,=H

be a series of G-invariant subgroups whose factors are abelian. There
exist a number k£ which is the least number such that centdimpg Hy is
infinite. By Corollary 2.2, the factors Hy/Hy—_1,...,H,/H,_1 are mini-
max. Proposition 3.1 yields that Hy_1/T is abelian minimax. It follows
that H/T is minimax. O

We need two auxiliary lemmas in order to prove Theorem B. The
first deals with arbitrary locally nilpotent groups, and we do not need
to apply any previous result about linear groups. The second one shows
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that locally nilpotent torsion-free linear groups with Wmin-icd or Wmax-
icd are hyperabelian.

Lemma 3.3. Let G be a locally nilpotent group. Suppose that G has an
ascending series of normal subgroups

()=Co<Ci < <C 1 <C<--C=]JC,
neN

whose factors Cy/Cr—1 are all non-trivial torsion-free abelian minimazx
groups. Then C has a G-invariant subgroup B such that C/B is periodic
and II(C'/ B) is infinite.

Proof: Proceeding by induction on n, we are going to construct an as-
cending series of G-invariant subgroups

0=By<Bi<By<---<B,<---

and an infinite set of distinct primes {p,, | n € N} satisfying the following
conditions:

(3) B, < Ona

(b) C, /By is finite and TI(C,, /By,) = {p1,- .., Pn}, Where p1, pa,...,pn
are distinct primes and

(¢) BpNCp_1=DBp_q, forallneN.

Since C' is nilpotent minimax, then we can choose a prime g such that
Cl # C1. Put p1 = g and By = C{. It easy to see that B; satisfies the
above conditions. Suppose that we have already found primes p1, ..., p
and constructed G-invariant subgroups

(1) =By < B1 <---< By

satisfying conditions (a)-(b)-(c). We will find a new prime piy; and
construct a subgroup Bj41 in such a way (a)-(b)-(c) hold.

Cr+1/ By is an extension of a finite subgroup C} /By, by a torsion-free
abelian group C41/Ck. Being locally nilpotent, Cky1 /By is nilpotent.
It is easy to see that t(Ci41/Bx) = Ci/Bg. On the other hand, by [HK,
Proposition 2], Ci41/By has a torsion-free normal subgroup Dy.y1/By
such that (Cgi1/Bk)/(Dr+1/Bx) is bounded. Let FEyi1/Dyy1 be
the Sylow {p1,...,pr}-subgroup of Cki1/Dg41. Since II(Cyy1/Bk) =
II(Cx/Br)={p1,- - -s Pk}, Ex+1/Bk is torsion-free. Furthermore, F1 /B
is abelian minimax, so there exists a prime r ¢ {p1,...,pr} such that
(EkJrl/Bk)r 75 EkJrl/Bk. Put pr+1 = r and let Lk+1/Bk = (EkJrl/Bk)T.
Clearly Ly41/By is a characteristic subgroup of Ejy1/Bj, and then
it is normal in Cki1/Bg. Obviously Cii1/Lgy1 is bounded and
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II(Ckt1/Lik+1) = {p1,- -, Pks Pk+1}- Since Ci41 is minimax, it has finite
special rank. Therefore C41/Lk1 is finite.

Let m = |Ok+1/Lk+1| and put Bk+1/Bk e (CkJrl/Bk)m. We will see
that By41 satisfies the claimed conditions. Clearly By41 is G-invariant,
and, by construction, Bii1 < Ciy1. The factor-group Cki1/Bg41 is
bounded and hence it is finite, because Ciy; has finite special rank.
Furthermore, II(Cx41/Bk+1) = {p1, .- -, Pk, Pk+1}. The inclusions

By < Biy1 < Lpyy < Epqa

together with the equation Ey1 NCy = By, imply that By NCy = By.
Hence the claimed construction have just been carried out.
Put now B = UpenB,,. From (c¢) we have

B/H_gﬂck = Bk+gﬂ(0k+1 ﬂCk) = (Bk+200k+1)ﬂck = Bk-i—l NCy = By..
By induction, Biys N Cy = By, for every s € N. It follows
BN Cx = (UnenBn) N Cx = Upen(By N Ck) = Unen(Bryn N Ck) = By.

Finally, the isomorphism Cj /By = Ci/(B N Ck) = BC})/B shows that
II(BCy/B) = {p1,...,pr}. This implies that II(C/B) = {p, | n € N} is
infinite. O

Lemma 3.4. Let G be a locally nilpotent subgroup of GL(V, F). Suppose
that G satisfies either Wmin-icd or Wmaz-icd. Then G/t(G) has an
ascending series of normal subgroups whose factors are pure abelian. In
particular, G/t(G) is hyperabelian.

Proof: Put T = t(G). If G has finite central dimension, then by [MOS,
Lemma 4.1] G is soluble. Therefore we can assume that centdimp G is
infinite. Since G/T is a torsion-free locally nilpotent group, G/T has
a central series 3 with pure subgroups ([GV, Theorem 7]). In par-
ticular, G/T has a non-identity normal pure subgroup U/T. If U has
finite central dimension, then again by [MOS, Lemma 4.1] U is soluble.
Therefore U/T is soluble and so U/T has a non-identity characteristic
abelian subgroup A/T. Hence A/T is a non-identity abelian normal sub-
group of G/T. Put L/A = ¢(G/A). Then L/T is a pure abelian normal
subgroup of G/T (see [KA, §66 and §67]).

Suppose now that centdimp U is infinite for every normal pure sub-
group U/T of G/T. We remark that if U/T and W/T are two pure
normal subgroups of G/T with the property U/T < W/T, then the fac-
tor W/U has to be infinite. It is rather easy to see that if G satisfies
Wmin-icd (respectively Wmax-icd), then G/T satisfies the minimal con-
dition for pure normal subgroups (respectively the maximal condition
for pure normal subgroups).
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Let 3 be a central series of G. If G satisfies Wmin-icd, then a set
of subgroups of 3 linearly ordered by inclusion satisfies the minimal
condition. Then the set of subgroups of 3 is completely ordered by
inclusion. In particular, 3 has a minimal element B/T. Since 3 is a
central series, B/T < ((G/T). In particular, G/T has a pure abelian
normal subgroup.

If G satisfies Wmax-icd, then G/T is a nilpotent group of finite special
rank by [GV, Theorem 10]. Therefore, in this case G/T has a pure
abelian normal subgroup too. It suffices to apply transfinite induction
to obtain the required result. O

After these two lemmas, we are now in a position to show the remain-
der of the main results of this paper.

Theorem 3.5. Let G be a locally nilpotent subgroup of GL(V,F) of
infinite central dimension. Suppose that char F' = p > 0. If G satisfies
either Wmin-icd or Wmaz-icd, then G/t(G) is minimaz.

Proof: Put T = t(G). If G/T is soluble, the result follows from Corol-
lary 3.2. Therefore, we suppose that G is insoluble. By Lemma 3.4,
G/T is hyperabelian. Therefore we can construct an ascending series of
normal subgroups

T:COSCIS"'CQSCOH-IS"'CVZG

such that C,41/C, is a maximal abelian normal subgroup of G/C,, for
every ordinal a < . Proceeding just as in the proof of Lemma 3.4,
we see that every subgroup C, /T is pure in G/T. Since G is insolu-
ble, v > w, where w is the first infinite ordinal. Put C' = C,. Every
subgroup C,, is soluble for each n € N. Therefore C,, /T is minimax for
each n € N by Corollary 3.2. Lemma 3.3 shows that C has a G-invariant
subgroup B such that C/B is periodic and II(C/B) is infinite. Since G is
locally nilpotent, C'/B is a direct product of infinitely many Sylow sub-
groups. By [MOS, Corollary 2.7], centdimp C' is finite, and, by [MOS,
Lemma 4.1], C' must be soluble, a contradiction. This contradiction
shows that G/T is soluble, as required. O

Theorem 3.6. Let G be a locally nilpotent subgroup of GL(V,F) of
infinite central dimension. Suppose that char F' = p > 0. If G satisfies
either Wmin-icd or Wmaz-icd, then G/GS is minimax and nilpotent.

Proof: Let 9 be the family of all normal subgroups H such that G/H is
finite, and let L = G be the finite residual of G, so that L = ({M |
M € 9M}. Let ¢ be a prime and put

M(q) = {H € M| G/H is a finite ¢-group}.
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Put L(q) = ({H | H € M(q)}. By [KNKL, Lemma 2], G/L(q) is nilpo-
tent and t(G/L(q)) is finite. Also we note that, by [MOS, Corollary 2.7],
the factor-group G/[G, G]G? has to be finite.

Let Q/L be the Sylow g-subgroup of G/L. If 1 # «L € Q/L, then
there exists a subgroup H € 9 such that «L ¢ H/L. Let U/H be the
Sylow p’-subgroup of G/H. Then G/U is a finite g-group and ¢ U. In
other words, for every element xL € Q/L there is a subgroup U, € 9M(q)
such that L ¢ U, /L. It follows that @ N L(q) = L, that is

Q/L=Q/(QNL(g) = QL(q)/L(q).

Therefore the finiteness of ¢(G/L(q)) implies that Q/L is finite. This
yields that @/L has a maximal G-invariant subgroup R(q)/L. Since
G is locally nilpotent, @Q/R(q) is a G-central factor (see [KA, §63]). Let
T /L be the periodic part of G/L and put

R = Dryen(a/r) R(q)-

Then T/R < ¢((G/R). By Theorem 3.5 G/T is minimax, so that it has
finite special rank. Applying [MN], G/T is nilpotent and consequently
so too is G/R. By Theorem 2.6, G/R is minimax. In this case T/R is
finite. Therefore II(G/L) is finite. Since every Sylow g-subgroup of G/L
is finite, T'/ L is finite. Then G/L is nilpotent, and applying Theorem 2.6
again, we conclude that G/L is minimax. O

Corollary 3.7. Let G be a locally nilpotent subgroup of GL(V,F) of
infinite central dimension. Suppose that char F' = p > 0. If G satisfies
either Wmin-icd or Wmaz-icd, then GG is minimaz.

Proof: Let 9 be the family of all normal subgroups H such that G/H is
nilpotent, and let L be the nilpotent residual of G, so that L = ({M |
M € 9m}. By Theorem 3.5, G/t(G) is minimax, and, in particular,
G/t(@G) has finite special rank. We recall that torsion-free locally nilpo-
tent groups of finite special rank are nilpotent ([MIN]); whence t(G) €
M. Therefore L < ¢(G).

Put T = t(G). If T has infinite central dimension, then T is a
Chernikov subgroup by [MOS, Corollary D]. If T has finite central di-
mension, then, by Proposition 3.1, the Sylow p-subgroup @ of T
is bounded nilpotent and T/Q is abelian-by-finite Chernikov. Hence
(G/L)/(QL/L) is minimax and QL/L is bounded nilpotent. Let H € 90,
then G/H is minimax by Theorem 2.6. Since a bounded minimax group
is finite, the isomorphisms

(QL/L)/((H/L)N(QL/L)) = QL/(HNQL) = QH/H < G/H
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show that (QL/L)/((H/L) N (QL/L)) is finite. Put U/L = (H/L) N
(QL/L). We have
T/L=QL/LxR/L,

where R/L is the Sylow p’-subgroup of T/L. Put W/L = (U/L)(R/L).
It follows that (T/L)/(W/L) is a finite p-group. Since G/T is nilpotent
and T/W is finite, G/W is nilpotent too. Then it has a torsion-free nor-
mal subgroup D/W such that G/D is bounded ([HK, Proposition 2]).
Since G/W has finite special rank, G/D, being bounded, is finite. Fur-
thermore, D/W is torsion-free, so (T/L) N (D/L) = W/L. The equa-
tion L = (|9 shows that for each element xL € (QL/L there is a normal
subgroup W/ L of finite index such that L ¢ W/L. It follows that

(QL/L)N(G¥/L) = (1).

In other words, QL/ L is isomorphic to some subgroup of G/GS. By The-
orem 3.6, G/GS is minimax. Thus QL/L is finite. Since (G/L)/(QL/L)is

minimax, G/L is likewise minimax. O
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