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ON THE ZEROS OF THE SOLUTIONS OF THE
DIFFERENTIAL EQUATION

y"(2) + p(2)y(z) = 0.

RiNa HADASS

In this paper sufficient conditions for disconjugacy and for
nonoscillation of the equation ¥y (z) + p(z)y(z) = 0 are given,
For n =2m a theorem ensuring that no solution of this equa-
tion has two zeros of multiplicity m is obtained. Here the
invariance of the equation under linear transformations of z
is used.

In [6] Nehari considered the equation
(1) Y"(R) + DoY) + 2 e+ D(R)Y(2) = 0,

where the analytic functions p;(z), 2 =0, ---,n — 1 are regular in a
given domain D, and obtained a disconjugacy theorem for bounded
convex domains and a nonoscillation theorem for the unit disk. Equa-
tion (1) is called disconjugate in a domain D, if no nontrivial solution
of (1) has more than (» — 1) zeros in D. (The zeros are counted by
their multiplicity). The equation is called nonoscillatory in D, if no
nontrivial solution has an infinite number of zeros in D.

In this paper we obtained related results for a special case of (1);
i.e., for the equation

(2) y"(2) + p(x)y() =0,

where the analytic function p(z) is regular in the unit disk.
Section 1 deals with the invariance of equation (2), where p(2) is
analytic in a general domain, under the linear transformation

(3) c:g:jz, ad — be =0,

(Theorem 1). The invariance of

(4) ¥"(2) + p(2)y(z) = 0

played an important role in Nehari’s results on this second order
equation [3; 5].

In §2 we obtain sufficient conditions for disconjugacy and nonoscil-
lation of equation (2) in the unit disk (Theorem 2 and Theorem 4
respectively). From Theorem 2 and the invariance of (2) under the
linear transformations (3) we get a sufficient condition for the discon-
jugacy of (2) in non-Euclidean disks (Theorem 3).
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In §3 we deal with equations of even order n = 2m, and obtain
a condition on p(z2), which ensures that no solution of (2) has two

zeros of multiplicity m. For the proof of this Theorem 5 we apply
Theorem 1 and the method used in [5].

1. Invariance under linear transformations.

THEOREM 1. The equation

(2) TY 4 @) = 0
z

is tramsformed by the linear mapping

3 =@ Fb g be=1,
(3 ¢ cz+d * o

wnto an equation of the same form

, d"w, -

(2) i POW) = 0.
Here
(5) w,(Q) = (@ — &) w(C)
and

_ (dz\" o av—2n
(6) R@—C%>HO—M Oy P(0)
where
(7) w(@) = ve) = o(2=L)
and
(8) PQ) =p(2) = p(%) -

Proof. It is easily verified that

d w ary
_ n+1 1 — .
(@ — ¢f) o G

Applying this and (5)—(8) to equation (2) we obtain
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LY+ pewe = LL + pEw @) —
2 dz

. d”wl . n+1
= [L2 + POw© @ -0,

which proves the statement of our theorem.
The assumption ad — bc =1 in (3’) was made just for convenience.
In the general case (3), formula (6) has to be replaced by

[ dz\" _ (a =)
PO =(55) PO = =2 PO .

The converse of Theorem 1 is also true: the only transformations
{ = 4(2), which leave the form of equation (2), for % = 3, invariant
are the linear transformations (3). This follows from a theorem of
Wilezynski [11, p. 26]. For n = 2 equation (4) is invariant for any
univalent transformation { = +r(z); however if (2) is not linear, the
connection between p(z) and P({) is more complicated than (6).

2. Disconjugacy and nonoscillation.

THEOREM 2. Let the analytic function p() be regular in |z| < 1.

Ir

(9) 7)== !

|2+ [z])"

— |2l <1,

then equation
(2) y"(2) + p(R)y(z) = 0

1s disconjugate in |z| < 1.

We remark that for » = 2, (9) becomes

T le| <1,

which is a condition of Pokornyi [8; 5] for disconjugacy of equation
(4) in the unit disk.
In the case of equation (2) and |z| < 1, the general theorem
[6, p. 328] gives that
T (2’]‘)'“1

lim
1 (n — 1)!

. 1p@11dc) <2

implies the disconjugacy of (2) in |z| < 1.
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Using [4, p. 127, Ex. 8] this corollary to Nehari’s theorem follows
from Theorem 2.

As the function f,(r) = n!/(1 — )(1 + #)»~* is monotonic decreas-
ing in 0 <7 < (n — 2)/n, it follows by the maximum principle that,
for n > 2, (9) is equivalent to

n! n—2
P& S o T <lzl<1.

Proof. For proving this theorem we use “divided differences”
[6; 7, Chapter 1]. We denote by [z,z, --+,2,] the k& — th divided
difference of y(z), i.e., we set

[2, 2] = y(z) — y(z,) ,
2 — 2

[z,z”...,zk]: [z!zu"'rzk—ll_[znzzy"'yzk] , k=2, ,m.
2 — 2

If C is a closed contour in the unit disk, such that z,z, ---,z,
are in the interior of C, then it follows from the definition that

SPTSP  g

271

y(©) i .
T=aC—2) - C—2)

The right hand side is defined also when some of the zis coincide and
may thus serve as a definition of the left hand side also in that case
(where the divided differences would have to be defined with the help
of derivatives). Clearly then [z, z, ---, 2,] is continuous in all its ar-
guments. Moreover, if y(z,) = --- = y(2,) = 0, we obtain

—_v®

(10) [z, 2, -+, 2,] -
«;1;11 (z —z)

To prove the theorem, assume now, by negation, that (2) has a
nontrivial solution y(z) which vanishes at the =-points z, ---,z, of
the open unit disk £. These n points cannot all coincide, as y(z*) =
Y'(2*) = -+ = y"(z*) = 0 implies y = 0. Therefore there are at least
two distinct points. Let H be the convex hull of the points z,, ---, 2,.
H is therefore either a segment or a convex polygon.

Let z be any point in H; we use now Hermite’s formula for the
divided difference of y(z) [7, p. 9]

(11) [Z, Ry ooy zn] = S. ) ‘Sy(m(toz + tlzl T+ tnzn)dt1 cet dtn ’

where the integral is extended over the m dimensional simplex of
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volume 1/n! given by
(12) t.,g() ’I::O’o..,n; ét@:]..
1=0

We remark that formula (11) is proved in [7, p. 9] only made the
assumption that all the zjs are distinct. As however both sides are
continuous in 2, ---, 2,, this formula is valid also in the case where
some of the zs coincide. The point { = ¢z + -+ -+ t,2,, where the ¢,
satisfy (12), belongs to the convex hull of the n+1 points 2,2z, «-- z,,
and as ze H, it follows that {ec H.

From (10), (11) and (2) it follows that

y(2) _
13 P ==, ., |p@Qu@dt, .- - dt,
4 Il (z — 2) S v S

i=1

where { =tz + t,2, + +++ + t,2,€ H. Let {, be a point, or one of the
points, in which | p(2)y(z)| attains its maximum in H. (This maximum
is positive, otherwise »(z)y(z) =0, and as %(z) = 0, it follows that
p(z) = 0. Equation (2) becomes y(z) = 0, which is clearly discon-
jugate). As

(14) [Py | = [ pR)Y(2)|, 2eH,
it follows by (13) that for every ze H,

|y<z>1§irjl|z_zilw<@.

n!

Choosing now z = {, and using %({,) = 0 we obtain
(15) 1pC) TG — &) 2l .

We prove that for ¢, satisfying (14),

(16) G = 2] <@ = 16D+ 16D

(cf [10, Th. 2)].

Let us assume first that the convex hull H of 2, --.,2, is a
polygon. Then, by the maximum principle, {, is on the boundary of
H. Therefore {, is on a segment, the endpoints of which are two of
the n given points z,, - -+, 2,. 'We denote these points by =z, z, Clearly,

[G— 2| <14 &) .

17
(@0 1=3,, 1.
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Denoting by zf, 2z the endpoints |2¥| = |25| = 1 of the chord deter-
mined by 2, and z,, we obtain

(18) [&o— 2] 18— 2| <& —2F||& — 25

As the product of the segments of a chord through {, depends only
on {,, we have

(G —2f |G —2 =0 — 4N+ &) .
This and (18) give
(19) ICo_z1HCo_Zzl<(1""|C0|)(1+|C0|)-

(17) and (19) imply (16).

If H is a segment and {, one of the points of the segment in
which | p(2)y(z) | becomes maximum, then we denote by z, z, the end-
points of H and by z}, z; the endpoints of the corresponding chord.
(17) and (19) hold and therefore (16) is again valid.

(15), which followed from the assumption that (2) is not discon-
jugate in |z]| < 1, and (16) imply

n! n!

> ,
- @=1GDA+ILD™

(20) [p(C) | =

i

which contradicts assumption (9). This contradiction concludes the
proof of the theorem.

For the proof of the next theorem it is convenient to state some
simple consequences of Theorem 2. The transformation { = z/0 maps
|[z] <p on |{|<1, and equation (2) is transformed into (2') with
P,(0) = p™p(z). As (2) is disconjugate in |2 | < o if (2’) is disconjugate
in |£] < 1, we obtain a sufficient condition for disconjugacy of (2) in
|z| < p, namely

7!

[z + [z’
Using the minimum of the function n!/(0 — r)(0 + )" for 0 < r<p,
we obtain another, weaker, sufficient condition for disconjugacy of (2)
in 1z| <p,

lz]|<p.

<
[p()| = =

n! n \"
(21) lp(z)lé(—n—_—i)—n:(%), 1zl <p.

We remark that for p =1, n = 2 the value of the constant in (21) is
2. The exact constant in this case is #?/4 [3, Th. 2].

THEOREM 3. Let the analytic function p(z) be regular in |z2]| <1
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and assume that there exists p,0 < p <1, such that

1o zyr=s—2 (V- oy 1.

@ 190120 s o2 (g) @ - e 1zl <

Then equation (2) is disconjugate in every non-Euclidean disk of radius
1/2log [(1 + )/ — )].

Proof. Let o satisfy (22) and let G be a given disk in |2]| <1
with non-Euclidean radius 1/2log[(1 + po)/(1 — p)]. By mapping the
unit disk on itself, G can be mapped onto a disk G, given by |{| < p.
Equation (2) is transformed into (2'). As for linear mappings { = {(z)
of the unit disk on itself

l_dg_lzl—w
dz 1—|z’
we obtain
_ dz | _ (L—|zp)"
23) 1P| =156 T =10

From (23) together with (22) it follows that

PO < ™ (L= o)
(PO = (n — 1) (2p> a—1gpr

which for |{| < o gives

! n
P, <_ " (")
PO = Z (2p)
By (21), this is a sufficient condition for disconjugacy of (2') in G,,
|| < p, and therefore (2) is disconjugate in G. Theorem 3 is thus
proved.
This theorem can be stated as follows: if

(24) [p@) A —[zf)"=C< e, [z]<1,

then equation (2) is disconjugate in every non-Euclidean disk of radius
1/21og [(1 + p0)/(1 — 0,)], where o, = g~(C) and

n! (n ”
- . (T 1 — o0d)~.
90) = 2p) 1 — 09
9(p) is a monotonic decreasing function. Therefore the smallest C
satisfying (24) gives the biggest non-Euclidean radius.

For n = 2 non-Euclidean disks of disconjugacy were considered in
[2] and [9].
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THEOREM 4. Assume that the analytic function p(2) s regular
wm |z2]| <1. Let n=3 and let C be a positive constant. If

(25) POIEE ¢

— lz[ <1,
— |#]

then equation (2) is nonoscillatory in |z| < 1.

In the case n = 2, equation (4) is nonoscillatory in |[z| < 1, if
there exists z,, 0 < z, < 1, such that

(26) &) =2, w <z <1

Kl

Proof. Assume that equation (2) has a solution with an infinite
number of zeros in the unit disk. We can then find a sequence of
Zeros 2, %, ++- tending to z* on the boundary, |2*| = 1. For any p,
0 < p <1, let G(o) be the intersection of the disk |z — z*| < p with
the unit disk. Any G(p) contains an infinite number of zeros. Denote
n of these zeros by z, ---,2,. As in the proof of Theorem 2, we de-
note the convex hull of these n points by H and choose {,e H such
that (14) holds. We choose z, and z, as in that proof; (15) and (19)
are again valid.

If » = 3, then clearly

[C— 2] < 20 1 =3, -, 0.
Using this and (19) we obtain
@) IL1G—a] <@ =GN+ GDE"™ < L= [Gh2pme.

From (15) and (27) it follows that

n!
A =[5

(28) | p(&o) | >
For any given C, we can find p such that

!
29 .
( ) 2%-—1‘0n»—2
From (28) and (29) we obtain a contradiction to our assumption (25),
which completes the proof of the first part of the theorem (n = 3).
For n =2, we choose p such that p =1 —2,. (15) and (19) imply

2

(30) | p(Co) | > 1o
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As x, < |, ] <1, (30) contradicts (26), which completes the proof of
the second part of Theorem 4 (n = 2).
By [9, Th. 1] the condition
1

120)| S G

Izkz)z’!z‘>xo’ 0<a, <1

is sufficient for nonoscillation of (4) in |z| < 1; hence the second part
(n = 2) of Theorem 4 follows from this theorem.

Nehari has given a nonoscillation theorem for the general equation
(1) in any bounded convex domain. In the case of the unit disk and
the special equation (2) his sufficient condition becomes

(31) lim S | p(re) | df < o .

This sufficient condition (31) implies our condition (25). (See [4, p. 127,
Ex. 8)).

3. Equations of even order % = 2m; nonexistence of solutions
with two zeoros of multiplicity m.

THEOREM 5. Let the analytic function p(z) be regular in |z|<1.
The equation

(32) y*m(R) + (=)™ p(2)y(z) = 0
has no solution having two zeros of multiplicity m in [z| <1 if
(33) |p(@) | = P(lz]),

where P(x) is a function with the following properties:
(a) P(x) is positive and continuous for —1 < z < 1;
(b) P(—2)=P(x);
(c¢) (1 —2a%)™P(x) is nonincreasing if x varies from 0 to 1;
(d) the differential equation

(34) ™ (x) + (— 1) P(x)u(x) = 0
has no solution with two zeros of multiplicity m in —1 <x < 1.

Proof. (cf. [5]). Suppose the theorem is false and there exists
a solution of (32) with zeros of multiplicity m at « and B(ja| < 1,
|8 <1, a+pB). The circle passing through « and 8 and orthogonal
to |z] = 1 is divided by |2z| =1 into two arcs. We denote the are
inside |z] <1 by C. Without loss of generality, we may assume that
C is in the upper half plane and symmetric with respect to the ima-
ginary axis. The linear transformation
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(35) ==t . 0<p<i,

1 — 20l
maps [2] <1l on [{|<1and C on the linear segment —1<{ < 1.
With the aid of Theorem 1 and (23), equation (32) is transformed into
the equation

(36) W) + (=1 Q@) = 0,
with

T RO P
37 - az " A = JzPp"
(37) 9O =120 1| | = 190 T Es

It follows from (35) that || < |z| if —1 < { < 1. Hence, by assump-
tion (c) it follows that

L —Tlepfy"P(z) =@ —[CPH™P(C), —-1<L<1.
Combining this with (33) and (387) we obtain
(38) la@) | = P(LD, -1<i<1.

Thus, our assumption that (32) has a solution with two zeros at
a and B of multiplicity m implies that (36) has a solution w({) pos-
sessing two zeros of multiplicity m at @ and b, —1 < a < b < 1. Let
w(¢) be this solution. Multiplying equation (36) by w({) and integrat-
ing from a to b along the real axis, we obtain

S:w‘z’”’(x)w(x)dw + (=1 giq(w) | w(@) [P de = 0.

Integrating by parts m times and noting that all the integrated parts
vanish, we get

E" W™ ()™ () des = S" a@) | w@) [ de .
By (88) and assumption (b) it follows that
(39) [1om@de < | P@)|w@) fde.

If we write w(x) = o(x) + ic(x), both ¢ and = have zeros of multipli-
city m at ¢ and b and we have |w™ > = [6"™]* + [t™]%. (39) becomes

@0 [l @F + @ < | P@loe) + <@l .

Let now ) be the lowest eigenvalue of the real differential system
given by
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(41) u(zm)(x) + (_1)m+1)\’P(x)u(x) — 0
witha <2<b, —1<a<b<1, and the boundary conditions
u(a) = %'(a,) e ee. — u(m—n(a) -0
%(b) = ’bl/(b) = eee = %“"“”(b) =0.

As ¢ and 7 are admissible comparison functions for this problem, it
follows by Rayleigh’s inequality that

oy SbP(x)02(x)dx < gb [0 (o) das
(42) ; :
xg P(@)c(w)dw §S [ (@) de .

Combining (42) with (40) we obtain

@) [ (o™ @F + @ 1de < = | (o=@ + @ .

Hence, A < 1. If A =1, then equation (41) becomes (34), and the first
eigenfunction of the corresponding system contradicts assumption (d).
If <1, we take @ < ¢ < b and consider equation (41) for a <2 < ¢,
with the boundary conditions

(@) = uw'@) =+ =u""a) =0

ule) = w() = - = u"e)=0.

Let A ,(c) be the first eigenvalue of this system. By the minimum

characterization,

¢ (m)2 d
" N
S Po(x)da

where the minimum is taken over the class of all functions »(x) in
C™ (or D™) satisfying

v@) =v(@) =+ =" a)=0
() =v'(c) =+ =" V() =0.

Hence, A (c) is increasing as ¢ goes from b to a. From (44) it follows
that

(45) Ap(€) = Mi(0)
where k£ is a constant satisfying

k>Px)>0 in Ja,b].



44 RINA HADASS

Denoting ¢ — a =1 and It = ¢ — a, the system

() + (—1)"\ku(x) = 0
w(a) = -+ = w" (@) = 0
we) = o0 = ") =0

is transformed into the system

u®™(t) + (—1)" ' dku(t) = 0

w(0) = -+ = u"(0) = 0

ul) = --- =u" 1) =0.
Denoting the first eigenvalue of this system by /,, it follows that
(46) /Ik = /\:k(c)l2m D

From (45) and (46) it follows that as ¢ goes to a ({ — 0), A, (c) tends
to «. Hence, there exists a value ¢, a < ¢, < b, such that \(c) =1,
and we again obtain a contradiction to our assumption (d). This com-
pletes the proof of Theorem 5.

For m = 1 Theorem 5 reduces to [5, Th. 1].

We bring now some examples. For m = 2, i.e. for the differen-
tial equation of the fourth order,

y(2) — p(R)yR) =0,

the following functions may serve as examples in Theorem 5 :

47) P(x) = (0.753 7)* = 31.28 - - - |
N 9
(48) PZ(a’) - (1 _ 1172)4
and
N 24
(49) Py(x) = m .

P.(z), P(x) and Py(z) clearly satisfy assumptions (a), (b), (¢) of the
theorem. In order to show that P,(x) satisfies assumption (d), we con-
sider the equation

uMNx) — ku(x) = 0,

which has w(x) = C, cos kx + C,sin kx + C, cos hkx + C,sin hicx as ge-
neral solution. The requirement u(+1) = #/(41) = 0 implies tan ik =
+tan k, the smallest solution of which is k& = 2.3550 = 0.753 7. The
equation

u®(x) — (0.763 m)'u(x) = 0
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has therefore a solution with double zeros at +1; in other words, the
first eigenvalue A, of the system

W (x) — M0.753 w)*u(x) = 0

(50) u(x1) = w(xl) = 0

equals 1. As for any a,b, —1 <a <b <1, the eigenvalues of the
system

u¥(x) — M0.753 T)*u(x) = 0

(51) w(a) = u'(a) = u(®d) = u'(d) =0

are greater than the eigenvalues of (50), the system (51) cannot have
an eigenvalue equal to 1. P(x) thus satisfies assumption (d).
The following inequalities due to Beesack [1, p. 494]

1 9,02

—Y __dx, veD”, w(xl) =v(+1)=0
-t (1 — o)

Sl ,vlmdx > S

unless v = A(1 — 2°)°?, and

! 249*

LAy @ Ve vED =vED) =0

gl /DHde > S
unless v = A(1 — %), imply that P,(x) and Py(x) satisfy assumption (d).

The author wishes to thank Professor B. Schwarz for his guidance
and help in the preparation of this paper. The author wishes to thank
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REFERENCES

1. P. R. Beesack, Integral inequalities of the Wirtinger type, Duke Math. J. 25 (1958),
477-498.

2. P. R. Beesack and B. Schwarz, On the zeros of solutions of second order linear
differential equations, Canad. J. Math. 8 (1956), 504-515.

3. Z. Nehari, The Schwarzian derivative and Schlicht functions, Bull. Amer. Math.
Soe. 55 (1949), 545-551.

4. , Conformal mapping, 1st ed., McGraw-Hill Book Company Ine., 1952.
5. , Some criteria of univalence, Proc. Amer. Math. Soc. 5 (1954), 700-704.
6. , On the zeros solutions of n-th order linear differential equations, J. Lon-

don Math. Soc. 39 (1964), 327-332.

7. N. E. Norlund, Legons sur les séries d’interpolation, Gauthier-Villars et Cie, Paris,
1926.

8. V. V. Pokornyi, On some sufficient conditions for univalence, Doklady Akademii
Nauk SSSR (N.S.) 79 (1951), 743-746.

9. B. Schwarz, Complex nonoscillation theorems and criteria of wunivalence, Trans.
Amer. Math. Soc. 80 (1955), 159-186.

10. , On the product of the distances of a point from the vertices of a polytope,
Israel J. Math. 3 (1965), 29-38.




46 RINA HADASS

11. E. J. Wilezynski, Projective differential geometry of curves and ruled surfaces,
Chelsea Publishing Company, New York, 1905.

Received February 29, 1968. This paper is based on a part of the author’s thesis
towards the D. Sc. degree at the Technion Israel Institute of Technology, Haifa.

ISRAEL INSTITUTE OF TECHNOLOGY





