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GENERALISED QUASI -NORLUND SUMMABILITY
PREMALATA MOHAPATRO

Just as (N, p, q) generalises Norlund methods, so also, in this
paper we define generalised quasi-Norlund Method (N*, p, q)
generalising the quasi-Norlund method due to Thorpe.

To begin with, we have determined the inverse of a generali-
sed quasi-Norlund matrix in a limited case. Besides, limitation
Theorems for both ordinary and absolute (N *, p, q) summability
have been established.

Finally we have established an Abelian Theorem (the main
theorem) for (N*,p,q) = (J, q), where (J, q) is a power series
method which reduces to the Abel method (A) for g, = 1 (all n).

1. Vermes {10] pointed out that there is a close relation between
the summability properties of a matrix A = (a..) regarded as a sequence
to sequence transformation and those of its transpose A * = (a,) re-
garded as a series to series transformation.

Suppose that A is a sequence to sequence transformation and
further that

2 a. =1 for all n,
k=0

then by using Theorems of regularity (see Hardy [5], Theorem 2) and
absolute regularity (see Knopp and Lorentz [6]) we see that A* is an
absolutely regular series to series transformation.

Conversely, given any absolutely regular series to series method
C = (cu), its transpose C* is regular as a sequence to sequence method
provided that

¢ —>0 as k—o for fixed n.

We can also see that if A is absolutely regular and the above
condition is satisfied then A * is regular and the converse also holds.

We shall call A * the quasi-method associated with A and remember
that, it is a series to series transformation.

Kuttner [7] defined quasi-Cesaro summability and investigated its
main properties as a quasi-Hausdorff transformation (see also Ramunu-
jan [8] and White [11]. Thorpe [9] defined quasi-Norlund (quasi-Riesz)
summability.

Just as (N, p, q) generalises Norlund methods, so also we can define
generalised quasi-Norlund method (N*,p,q) generalising the quasi-
Norlund methods. We give the definition in the following manner:
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Given p, and g, we define r, = Z;_; p,-.q, and suppose that r, # 0 for
n=0. We say that the (N*, p,q) method is applicable to the given
infinite series 2 a, if

(1.1) b, = g, 3, B
k=n k

exists for each n=0. If further, b, = s, then we say that Zaq, is
summable by (N*, p,q) method to sum s and if 2|b,| < then X a, is
said to be absolutely summable by | N*, p, q | method.

The method (N*, p, q) reduces to the quasi-Norlund method (N*, p)
if g, =1, to the quasi-Riesz method (N*,q) if p, =1, to (say) quasi-
Euler-Knopp method (E*, o) when

n__n n

a’o _a
o T

(>0, 00>0),
to the (say) (C*, a, B) method (let us call it generalised quasi-Cesaro
method) when
n+a-1 n+
p" = ( a )7 qn = < B B)

It may be recalled that (N, p, q) matrix is given by

Dn-iqx (k = n),

0 (k >n).

and the (N*, p,q) is given by its transpose matrix:

GnPic-n (k = n),
* 14
a =
0 (k <n).

Since for the (a, ) defined above we have

n
Z Qe = 19
k=0

it follows from the above discussion that if

Pi-n =0(r.) as k—x,
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for each fixed n, then (N*, p,q) is regular if and only if (N,p,q) is
absolutely regular, and (N*,p,q) is absolutely regular if and only if
(N, p, q) is regular.

The main object of this paper is to obtain certain conditions for
which 2a, €E(N*,p,q) > 2a, € (J,q).

The method (J, q) is defined as follows. Suppose that g, =0 and
q.#0 for an infinity values of n. Let p, (p, <®) be the radius of
convergence of the power series

q(z)= %qnz"-

If the sequence to function transformation,
J(x)=45—

exists for 0 = x = p,, we say that (J, q) method is applicable to X a, (or
{s.}), and if further J(x)— s as x — p, — 0, we say that X a, (or {s,}) is
summable (J,q) to s. See Hardy [5], Das [4].

As well-known particular cases of the (J,q) method, we have the
Abel method when ¢, = 1, the logarithmic method or (L) method when
g. =1/n+1 (Borwein [1]}, Hardy [5] p. 81), the A, method when
q. = <n: a) (Borwein [2] (A, is the same as Abel method A ), the Borel
method where g, = 1/n! (see Hardy [5]). We write p, € IR, when p, >0
and p,/p,-1 = pasi/pa =1 (n>0).

Let P,=Z}_,p», Q, = Z}-04..

Let ¢, be defined formally by the identity,

(S

n=0

2. Statements of the theorems. As in the case of quasi-
Norlund, it is not always possible to obtain an inverse to the transforma-
tion (1.1) but we have succeeded in getting an inverse for a class of
sequences p, € I and ¢,# 0 (n = 0).

This is embodied in.

THEOREM 1. Suppose that p, €I and q,#0 (n=0). Then
(N*, p, q) (where applicable) has an inverse transformation, whose matrix
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is given by the transpose of the inuerse of (N, p, q), that is, if b, is given by
transformation (1.1), then

(2.1) a, =r b—kc—";"
k=n qk

This is our basic theorem in the sense that it is widely used here and
elsewhere and it may be noted that this theorem yields a result due to
Thorpe [8] in the case q, = 1.

The next couple of theorems are limitation theorems which assert
that the method can not sum too rapidly divergent series.

THEOREM 2. Suppose p, €M, q.#0 (n =0) and that |q.| is non-
decreasing. If % a, be summable (N*,p,q) to s then

=0<J;—%>

If further r, = 0, then
s, =5+ 0(Q./|q.]).

THEOREM 3. Suppose p, € I, q. is positive, {q.} is nondecreasing
and {q,/r.} is nonincreasing. Then if 3 a, is summable |[N*, p, q |, then

{g"—s"}EBV.

n

The main theorem in this paper is the Abelian theorem which is
stated as:

THEOREM 4. Suppose p, € M, q, > 0 and that {q,} and {q./q...} are
nondecreasing. Also let

(2.2) T (Gns1 = Gn) = O(Gusi(Fs1 — 1))

Then
2a,=s(N*pq)=> 2a,=s(J,q).

It may be remarked that the relationship between (N, p, q) and (J, q)
was studied by Das (4). Putting g, =1 in Theorem 4, we obtain the
result of Thorpe regarding (N*,p) = (A). We need the following
lemma for the proof of the theorem.
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LEmMMA 1. Let p, EIN. Then
i) Ziole <o,
(i) ¢>0,¢c,=0(n=1),
(i) Sc, 20,
(iv) 2c¢, =0, if and only if P,— > as n — =,

The above theorem is due to Kaluza. The proof of the theorem
appears in Hardy (5), Theorem 22.

3. Proof of Theorem 1. We know from the identity:

Cex)Epxt)=1

that
1 (k=0),
(3.1) >, putin = {
n=0 0 (k>0).
Hence
N v
(3.2) ‘(Z ChonPo-k = — k; 1 Ch-nPo-k (v>n).

Now for N >n and by (1.1) we have,

by (3.1). Thus the necessary and sufficient condition for the validity of
(2.1) is that, for each fixed n,

fod N
a
E ——E Ci-nPo-x =0, as N-—oo
v=N+1 =

v
Iy k=n
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which is the same thing as, for each fixed n,
(3.3) b= > LS o pi—0, as Noo
v=N-1 Ty kEN+1

in view of (3.2).
Let us write

b,= CIOE %‘}5’
k=6 Tk
(3.4) )
w, = (o Z L:&
k=v k

Since (N*, p, q) method is applicable to X a,, b, is finite and hence, w, is
well defined and tends to zero as v — . Now from (3.4)

&) _ w, — W, 41
r qoPv
Hence
w, >

1 < y T Wy
= —— _— CinPo-k-
b 9o o;ﬂ qoPy k;ﬂ k-nPo-

Now for M > N,

qo v=N~+1 Py k=N-+1

1 i w[ S PoiCr-n UEI Qu-k—1ck~n:l
K

1 i Wy, ~ Wyy

qo v<N+1 ZN+1 Do k=N+1 DPo-1
1 wya

- DPm-kCr—n-
do Pv KN+t

Since p, € M (by Lemma 1)

=0(1), as M-,

M
2 Pr-1Ck—n
=N+

k 1

and by definition,

we see that,



GENERALISED QUASI-NORLUND SUMMABILITY 183

Since {w, } is an arbitrary sequence tending to 0, hence (3.3) is valid, that
is, ¢x — 0 if and only if, (see Hardy (5), Theorem 8) for fixed n,

.IN=

v=N+1

Y Po-k _ v—k—})
2 (Bt

=0(1
pv pv~l ( )

as N—o. But by virtue of (3.1)

S M_IM>C — _N ( bk v-k~1>c_
k=N+1 ( pv pv~1 ko E kon

k=n

for v > n and also,

pv pv»l
Hence
% N
] — < v—-k v~k—1>c .
N v=§N:+l kgn pv pv-—l g
é < C M_ Eu—n-l

v;ﬂ ¢ pv val

N ® N Ck-n(&__,_(_gu—kﬂ)’
v=N+1 k=n+1 pu pu‘l

=JP+JQ, (say).
Since p, € IR, {p./p..1} is nonincreasing and so,
J¥=0(1), as N-—w,
Since p,/p..1 = 1 and {p./p...} is nonincreasing it follows that, limp,/p,.,

exists and

A =limp,/p..=1.
Hence,

i (&;—_k _ Po-k-1 )
v=N+1 pu pv—l

= {jm Be=k — Prox
v pv pN

— llm( Ev~k Ev+1—k e v—l) _ EN-k
Po+1-k Do+2-k Do P~

=A"——M
Py

v—>x
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Therefore, by (3.1)

N N
=3 -3 e
k=n+1 k=n+1
N 1 N
= z CenA¥ —’“[z Ci—nPN-k _COPN—n}
k=n+1 p =
N
= 2 Ci- ,,A +C0L
k=n+1 p
Since,
N
Z Ck_,,Ak 0
k=n+
we get,

Jo< CoPN-n
N =
D~
= 0(), as N—ox.

This completes the proof of the theorem.

4. Proof of Theorem 2. Since X a, is (N*, p,q) summable, X b, is
convergent and hence b, = 0(1). By using the inversion formula as
given in Theorem 1 we obtain, by using hypotheses,

r, i bkck—n

k=n 4k

E ’bka n

‘!qn =

_‘L’lkE’l o(1)] ci-n
()

lg.|)

la.|=

since X|c,| <% and b, = 0(1).
Next, suppose that % b, =s. Since

Eex")Erx")=2qx"
EcPx)Erx")=20Q.x"
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it follows that

4.1) 20 I'Cao = Gn,
4.2) 2 rell,=

Thus, when p, € I8 we have ¢’= 0 and if r, = 0, it follows from (4.2) that
Q, =z 0 whether or not g, is positive.
Now by (4.1)

n=0 k=n k=m+1 qk
b, = bk
= - rnckfn + I .
k=0 Gk n=0 n=0 k=m+1 Gk
S b
=2 b+2r iken
k=0 n=0 k=m+1 4k

Hence, as b, = 0(1),

But when p, € M, by Lemma 1, we have

©

(4.3) > e =P

k=m+1

and hence, by identity (4.2)
Sm—i bkl 0(1)| lS FaC Sn
k=0 m

=oM f qmml '

This completes the proof.

Proof of Theorem 3. We have
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i M_Sn+lgn+l — 5: A(%)
n=0 Iy Fnv1 n=0 r,
=2 |2+ 2 s, | T
n=0 rn+l n=0 rn

n=0 Tn+1 11<=n+1 qx
=2 [bi || Cemn-i]
n=0 k=n+1
= 3 16| S ]
k=0 n=0
= 0(1),

since 3| b, | < and X |¢,| < as p, EIM. Since {g./r.} is decreasing we
have,

S AL =N (D Gnr\ < e
zv Arn rgz)(rn rn+]>§rv.
Hence,
M= [aL]|3 S bl
n=0 T, v=0 k=v qk
N ["ARN N2
érgo Arn v=0 rvkzu qk
=i rvi Agg i bk Ci—v
v=0 n=v | k=n qk
=ini bl S | A%
v=0 k=v qk n=v r,
EANELARS '
~uz—'0qukgv'kaCk—v’rv
=2 2 [blle|
v=0 k=v
© k
=2 b 2 [l
k=0 v=0
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by hypothesis. Hence

o)

=L, +M,=0(1) as n—>x

and therefore
{s.g./r.} € BV.

This completes the proof of Theorem 3.

187

5. Now we will prove our main theorem and for this, we require the

following lemma.

LemMA 2. Letp, €M, q, >0 and nondecreasing. Then (2.2) im-

plies that

0

A

k
qi= ZO qur.ci- = 0(q3).

Proof. Since q, >0 and nondecreasing and p, >0, it follows that
r, >0 and nondecreasing. Since, as p, € I, by Lemma 1, ¢,>0, ¢, =0

(n=1), when we get

v

k k.
—_— 2

D QlCis Z G D, Mo = 4320,

v=0 v=0

by identity (4.1). Now

D~

k
§=:0 quuck—u = / Av(qk—ork—v)cu(l)

v

M~

qk—v(rk—v - rk—v—l)cv (1)

i
(=]

v

k
+ 20 rk*v-l(qk—v - qk—v—l)cv(l)'
Hence, as ¢’z 0, we get by (4.2)
k
ZO Qe—o(ey = Nepor)c P = G (Q — Qcy) = Qi»

Again by (2.2)
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II/\

k
Z | fo— I(CIk v qk-—u-l)c(ul)

3

1) E G- (Fe—v = Feepr)cP

Oo(1)qz:,

Il

as in the previous case.
Hence

k
0= 2 JCiw = O(q1).

This completes the proof of the lemma.

Proof of Theorem 4. We shall first prove that whenever 2 a, is
summable (N*, p, q), then (J,q) method is applicable to X a,.
By Theorem 2, we have

Sn —S+O<Z>=O(%>'

Hence
J(x S
(x)= —q—z 4

S0x"
3q.x"

=0(M)xx"

e

Since x" =1/(1—-x) for [x| <1, it follows that J(x) exists for |x|<1
and hence (J, q) method is applicable. Now for |x| <1,

S N >~ b,
J(x)_q Z E:: ;ZDT
_ - N DG
q x)vzo kE ?%‘1"
(51) 3 3 k S
"0 q_z‘ o 2 0
= > &b,

=
It
(=]

where,
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The change of order of summation involved in obtaining (5.1) is justified
in the range |x | <1, by the absolute convergence of the double sum.
Now (5.1) is a series to function transformation, transforming the
series 2 b, to the function J(x). To prove the theorem, we have to show
that the transformation (5.1) is regular, that is, we have to show that the
conditions of regularity (see Cooke [3], page 65) are satisfied. Note that

2 ck-u(q(x)- 2} an")

qq(x)
(5.2) =qii I.Ci- .,<1— S qnx "/q(x))

- (2 S awr) /@a)

by identity (4.1).
Since g, >0 is increasing, we have

3qXx"=Zqxx"—>o as x—>1-0.

Hence from (5.2), we obtain
g&(x)—1, as x—>1-0.

We have only to show that

53) > 18 ()~ ex)| =M

for 0 <x <1, where M is a positive number.
Now let us write

(0= 2 ax*/q(x).

It is obvious that, ¢y(x)=1. Hence

810) - 81i0) = 3 (o Se - )

k
= ck-..(d).,(x)i— ¢u+1(x)ﬁ+—‘> oy, S
G Gk+1

v=0 qi+1
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Since by hypothesis % |c,| <% and {1/q,} decreases as n increases, we
have,

Z}Jﬂw 2lck+1,<oo

gec+1 Gok=o

Hence in order to show that (5.3) holds it is enough to show that,

0(x)= Z Z Ck- u(d’ (x)__¢u+1(x)éﬁ>' <M,

k=0 | v=0

for 0<x < 1.
Now since

_ - 9
¢v(x) qbv“(x)_ q(x),

it follows that,

oc

65:5) 00)= 5|3 e (6u0) = ) 2+ ) (2= 22

k=0 | v=0 G +1
= M(x)+ N(x),
where,
1 S 1| &
M(x)— Z - 2 Ck*quruxv
(x)i5 g 15=
N =3 |3 o) (2222
~ | =~ Ci -y v+1 qk qu .
Since

k k—1 k
2 Ck~qurvxv = z ck—qurv(xv - xk)+ xkzo Ck—uqurv7
v=0 v=

v=0

to prove M(x)= O(1) we need only show that,

Ck—qurv(xv - xk) = O(l)’

)

! ___Laol
M) =3 2q

in view of Lemma 2.
Since ¢, =0 (n=1) and {1/q,} is decreasing, we get,
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0 k-
M’(x): —“'—'E _1'— qurvck~v(xv~xk)

i

= Jq(lx)g)gg‘%t)ki1 Ck(v(l“xk_v)
ST PRSI COREI)
§:]f(15§0 rx’c(x)
:rgx!chl
q(x)
=1.
Hence,
(5.6) M(x)= 0(1).

The inner sum of N(x) can be written as,

G e B B ()~ () (£

v=0 /3
=003 o g)
K

Hence,
5.7 N(x)=N'(x)+ N"(x),
where,

N =3 [ oo,
and

N = 3|3 (2L )ﬁz—q—x» -

=0 G Qi q(x)

v+l )
i1

191
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By (4.1)
k
2 L z v+1
=g 5 CIk+1
z (' +1
Qk+1 = &
<k+l
Cr+1-v Ck+lr0>
Clk+1 v=0
C
=y, St
Gic+1
Hence,

N'(x)=r, 2 ¢k+1(x)l—c—"—d.
k=0 Gi+1

We know from the very definition of ¢,(x) that for 0<x <1,

O=od(x)=1.
Hence
N’(x)<r02 C“'<r02|ckﬂ|<oo
k=0 k+1
And

k

> q.x*

S & r, T £
N" = Y o lotl fp=vtl
(x) z) ;) |6 9 Gi+ q(x)

=‘L < > . v+1 m

Q(x)v2=0 k=v ,Ckﬁv qk Gk +1 #vakl a@*
1 & & < ( 1 1 ) r, — r,m,

= u Sl —=—-= 4o Tori

Q(x)uZ:ougﬂ ¥ kZ.L ICk l " 9 Gr+1 qr+1

LS50S e Slanl (o)

k. Gk+
q(lx)z (rv+1 rv)#gﬂ qwx#’;i 'Ck-vlﬁ
=a(x)+B(x), (say).
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Now, since {q,} and {q,/q...} are increasing with n we get, by using
hypothesis (2.2) and (4.3)

1 20 20 20
a(x) éTz > oS la(1-72)
=0 = = Gk +1
1 I (quﬂ ﬂv) 1)
= "
(I(x)u 0 qu+1 ,.Lzuﬂ Cuzom X
r(qvﬂ v+1 N M)y n
q(x);» Qo+ x Eo CnX
1 S rugqm—qu)x,,ﬂ

TP g
— —1_ N __ v+l
T O (e
=0(1),

by using the identity,

I-x)p(x)2cPx" =1, O0<x<1).

Again since {r,} increases with n as {q,} increases, we get,

B(x)= '(LZ:’: o1 Ty) ;3; 2 [Cies
é—l—)i Tei— 1) Z x#cl
:__(1__)2 (UH u+lz C(l)x

~ @ &
=1.

Hence,
N"(x) = a(x)+ B(x)= O(1).
Hence by (5.7), (5.6) and (5.5)
6(x)=M(x)+ N(x) = O(1).

Hence (5.3) holds and this completes the proof of the theorem.
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6. In this section, we now deduce some corollaries of Theorem 4.

CororLLARY 1. (Thorpe [9]). Suppose p,E€M, then Xa, €
(N*,p) > X a, €(A), where (A) is the Abel method.

Proof. Put g, =1, for all n in Theorem 4.

CoOROLLARY 2. Letq, >0 for all n,{q.} be increasing in n, such that
{G./qu+1} is also increasing in n and,

(6.1) Q. (g1 = 4.) = O(qh)-
Then,
Sa,€E(N*q)> Za, €, q).
Proof. Put p, = 1for all n,in Theorem 4. In this case we have,
=1 ¢=-1, ¢,=0 (n>2).
CorOLLARY 3. (C* a,B) > Az for 0<a=1=p.
Proof. Set
P =A% g. = A% in Theorem 4.
Then r, = A;**"" and condition (2.2) reduces to proving that
netfnf2 = 0P 'nP?),

which is valid in the present case. Also when 0<a =1, then p, =
A:'€I and when B =1, then g, = AL is nondecreasing.

Lastly I would like to thank Professor G. Das for his valuable

suggestions during the preparation of this paper. I would also like to
thank the referee for some suggestions.
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