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ON TWO-STAGE MINIMAX PROBLEMS

JOACHIM HARTUNG

Minimax problems are considered whose admissable sets
are given implicitly as the solution sets of another mini-
max problem. For the solution a parametric method is
proposed. Special cases of it are extensions of Courant’s
exterior penalty method and Tihonov’s regularization method
of Nonlinear Programming to minimax problems.

In solving quadratic problems explicitly, a representa-
tion of modified best approximate solutions of linear egqua-
tions in Hilbert spaces is given that extends results for the
usual case.

1. Introduction. Let X and Y be not empty subsets of real
linear topological Hausdorff spaces -2° and %, respectively,

fiXXY—R,and : X X Y— R

be two real valued functions on X X Y, and denote X, X Y, the
solution set of the minimax problem (X, Y, f), i.e.,
(@, yo) € Xy X Y1 = A Af (@, ¥o) = (&, Yo) = f(2o, ¥) -
Note that if (z, %) and (x, ¥,) are in X, X Y, then also (z, %.) €
X; x Y;, being thus a product set.
Under the assumption that X, and Y, are not empty, we give
the following

DEFINITION 1. A two-stage minimax problem, in the notation
.#ys, 18 the minimax problem

Myrr = Xy, Yy, 9/ X, X Yy)

Considering _#,,; as a two-person zero-sum game, it describes the
following conflict situation: Two antagonists choose independently
from each other x € X, resp. y€ Y, and the first one gets from the
second one the vector-payoff (f(x, v), g(x, y))€ R*. The preference
relation may be induced by the lexicographic order of R*

(2., ) is better than (=, y,) for the first (second) player, if
(f(z,, ¥.), 9(,, ¥,)) is lexicographically greater (smaller) than (f(x,, ¥.),
g(x,, ¥,)). If the players are cautious, they have to take as optimal
strategies the components of a solution of _#,;, provided there
exists one.

Many games are of this nature; for example (see §§8,4 and 5
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below) constrained games, where on the first stage the constraints
have to be satisfied, or games, in which you are interested in
optimal strategies of minimum (semi-) norm, like for instance in
certain differential games, where the (semi-) norm represents the
consumption of energy, which of course should be minimal among
all optimal strategies.

A method for solving _#,, that first produces the whole sets
X; and Y,;, meets with great numerical difficulties. Therefore the
following algorithm is of interest that solves _#,; without comput-
ing X, and Y,: Take an arbitrary real positive nullsequence {r,},.~C
R and find a solution (z,, y,) of the problem (X, Y, f + 7.9), (n € N).
Under certain conditions the accumulation points of {X,}.cnr {(Ynlnen
(unique in some cases) build a solution of _#;, as is shown below.

2. A solution algorithm for the general problem _/Z, ;.

DEFINITION 2.

(a) A function f: X — R is called

(i) inf-compact, if {x|xe X, flx) < ¢}, ce€ R, is compact.

(ii) sup-compact, if (—f) is inf-compact.

(b) A function 2: X X Y— R is called (z, y,)-supinf-compact,
for a fixed (w, v,)eX x Y, if h(x, -) is inf-compact and A(-, y,) is
sup-compact.

We say that a real function h(z,y) on X X Y is u.s.c.-ls.c.,
if h(x, y) is upper semi-continuous in x for each y€Y and lower
semi-continuous in y for each xe X.

For a real positive sequence

{r.}oevc R, with 7, — 40 for n— o,
let p, be defined by

XX Y—R

: , N).
B, y) — £, ) + ra0(@, ¥) (meXN)

THEOREM 1. Under the conditions

(i) X and Y are convex and closed.

(ii) f and g are w.s.c.-l.s.c., and g is bounded above in x for
each y€ 'Y and bounded below in y for each xe X.

(iii) There exists a (fized) (x,, Yo) € X; X Y, such that g is (2, ¥,)-
supinf-compact.

@(iv) op, 18 quasi-concave-convex, (n € N).
we have

(v) (X, Y, », has a solution (x,, v,), (neN).
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(Vi) {%)uen and {Y.}.en have cluster points & and 9, respectively,
and each (Z, ) solves _#;;.

(vii) lim, .. p.(®,, ¥.) = f@&, 9).

(viil)  lim, e (P(@0, Yn) — f(@o, Yo))/70 = 9(&, §).

Proof. The sum of two u.s.c., (I.s.c.), functions on a closed set
is u.s.c., (l.s.c.), and so by (ii) », = f + 7.9, (ne N), is u.s.c-l.s.c.

For ne N and c€ R we have

{ylyeY, p.(x, v) = ¢}
Clylye?Y, rg@, y) =c— in)f Sxo, ¥}

1
T,

C{y ’ye Y, g(x, y) = —(c — f(@, yo))} ’

the last set is compact by (iii), and so p,(«,, -) is inf-compact. Simi-
larly, ».(, ¥,) is sup-compact. Applying now Theorem 1 of Hartung
[5], we get the existence of a saddle point (x,, y.) of », over XX Y,
(neN). For all x;e€ X; and y;€ Y, we then get, with n e N,

Lf@s, ¥a) + 7.9@s, Y] — F@s, ¥a) = 0.(X0, Yo) — F(@s, Y5)

1
) = [f @, ys) + 790, y2)] — [, ¥s)
or
(2) Tvzg(xfy yn) é pn(xn) yn) - f(xfy yf) é ’rng(xm yf) .

Putting z; = 2, ¥; = ¥,, (2) gives because of (ii)

(8) —oo<r, yigf 9o, ¥) = Pul@ny Yu) = f (@0, Yo) = 7, 50D (@, Yo) <+ oo,
and so

(4) 0,(&0, Yn) — f(20, Yo), a8 7, —> +0 for n— o .
Dividing in (2) by »,, we get

(5) 9@, ¥,) = sup 9(x, Yo), 1n£ 9@, ¥) = 9(%,, Yo) »

which by (iii) means that x,, y, are elements of compact sets inde-
pendent of n. Therefore {x,},cn {¥.}ney have cluster points Ze X,
yeY. Let {x,} be a subnet of {,},.~n converging to Z. By (ii)
and (4) it follows that

f(@, y) = lim sup S v)

Ty
(6) g lim sup (pnk(xnky ynk) - ,rnkg(xnk) y))
= lim sup (9., (s Yny) — Ty sup 9(z, ¥))

= f(xy, ¥o), for all ye Y, ie., 2€X;,
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and analogously, §e€Y,. Let now % be a cluster point of the
subnet {y,} of {y,}.cn existing by (5), and {y,} a subnet of it

converging to 4. Then of course Loy, — %, and

(7) @, 9)eX,x Y.

From (2) we get, since f(x;, y;) = const = f(x,, ¥,) for (x;, ys)€
X, x Y,

(8) sup 9@z, y,) < D@0y Yu) — (@0, Yo) < inf g(z,, ¥) -
zeX g T yeY s

The functions wrinf,.p g(x, y) and y—sup,.r, 9(w, y) are us.c.,
resp. l.s.c., and thus (8) yields

sup g(z, ¥) < lim inf sup g(zx, ynk)

Vg —j zeX

(9) < lim sup 1nf g(acnk )

'nk‘”

< inf g(Z, y) )
erf
which gives
(10) 9Z, 9) = sup 9(x, ) = ir}f 9@, y) = 9@, %) ,
xe r YyEe ’f

i.e., (& %) is a saddle point of ¢g/X, x Y,. Similarly, § is a saddle
point component of ¢g/X, x Y,, and so (vi) is shown. The statement
(vii) now follows from (4). Let

b, =sup 9(, ¥,) , ¢, =inf gz, ¥),
a;eXf erf

b: =liminfb,, and ¢: =limsupec,,
and {b, },cn {¢,}:cn be sequences converging to b and ¢, respectively.
The corresponding y,, and z, are contained in compact sets by (5),
and thus there exist subnets {v.,} and {x,,t} converging resp. to a
y*e Y, and an «*€ X;. Then of course b, is converging to b and
Cai; to ¢, and we get from (8) N

sup g(x, y*) < hm inf sup g(x, y,,a)

zeX g —>l/* zek
= hm inf sup g(x Yn)

n—00

< lim inf pn(xn, yn) f(xor yo)

>
n—>00 ¥ n

é hm sup pn(xm yn) - f(xO; 'yo)

n—co r,

(11)
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< lim sup inf g(z,, %)

n—rco yer g
= lim sup inf g(z,, , ¥) = inf g(2*, ¥) ,
fn, ot g/er J ye)'f
7
which gives (viii).

COROLLARY 1. If we have for some (x;, y;)e X; X Yy, (1 =1, 2),
and for c < R* that the level sets

{zlze X, flz,y) = ¢, 9(x, ¥.) = ¢},
{ylyeY, flx,y) = c, 9(x, ¥) < ¢}

are compact and g satisfies the boundedness condition of (ii), we can
take instead of g the function

g, y): = flx, ) + f(=, v) + 9@z, 9) ,
which 1s (2., ¥,)-sup inf-compact, and
g/.Xf X Yf = g/Xf X Yf + const .

Proof. We show that §(-,y, is sup-compact. For c¢e R and
xe X we have:

9@, o) = ¢ == (9(x, v») = ¢ — fl@, ¥) — max f(z, y)

and
S, y) = ¢ — fl@, y) — sup 9(x, ¥y) -

DEFINITION 8. Let U be a convex subset of a real normed
linear space, then a function h: U— R is called uniformly quasi-
convex, if there exists a continuous isotonic function ¢:[0, o) —
[0, ) with 6(0) = 0, 6(¢t) > 0 for ¢ > 0, such that for all u,, u,e U

WL+ w) = max (h(w), R} = o, — ..

Similarly, & is uniformly quasi-concave, if (—h) is uniformly quasi-
convex.

THEOREM 2. If in addition to (i), (ii), (iv) of Theorem 1, =2~
and 27 are reflexive Banach spvaces, X, and Y; are not empty, and
g 18 uniformly quasi-concave-convex, then

('X} Y) pn) ha’s a Solution (xny yn)’ (IneN)7 {xn}nEN and
{Y,}nen converge (stromgly) to an Z€X and a FeY,
resp., and (Z, ) ts the solution of _Z;.
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Proof. Let z;e X, be fixed, then by Definition 3 there exists
a continuous isotonic function 9, 5 [0, o) — [0, e=) with J, () =0=
t = 0, such that for all ye¢ Y and y,¢ Y,

0. (lly — v7 ) = max {g(x;, ¥), 9(xs, ¥s)}

(12)
— g(-’”f, —%'(?J -+ Z/f)> .

For ¢e R we have

9@, y) s c =y —ys|| = 0z; (max {e, 9(xs, ys)}
it (e 2o+ ).

and so the level set
T::={ylyeY, g(xs, y) < c} is bounded .

9(xs, -) is L.s.c. and quasi-convex, and thus 7., is convex and closed,
hence weakly compact, and so g(x;, -) is weakly inf-compact, for all
x;€ X;. Similarly, ¢(-,y) is weakly sup-compact, for all ye Y.
Herewith all conditions of Theorem 1 are fulfilled in the weak
topology, and we get the existence of a solution (#,, v, of (X, Y,
2., (neN). Since ¢ is uniformly quasi-concave-convex, there exists
a unique solution (Z, §) of _#,,;, and so the whole sequences {,},x,
{y4.}.~ are converging weakly to Z and %, respectively.
Putting in (12) 2, =%, ¥y = 9, and y; = ¥, we get with (8)

DPulTuy Yn) — f (s, Ys) , o(&, g)}

%:(lly. — 71) < max | -

(13)
~9(8 2w+ D).

1/2(y, + 9) — 4, for n — o, g(zx, -) is weakly l.s.c., and so (13) yields
by using (viii) of Theorem 1
(14) lim sup 6x(|ly, — 71) = 9(8, 9) — 9(&, 9) ,

which gives the strong convergence of {y,}..y to ¥. Analogously
the strong convergence of {x,}..~ to Z follows.

3. The exterior penalty method for constrained minimax
problems. Let A and B be subsets of X and Y, resp., then we
consider the constrained minimax problem

(4, B, g) .
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In [5] we give for this problem an interior penalty method, which
works only if A and B have interior points, but if this is the case,
it needs for convergence some sup inf-compactness of g only over
the sets A and B, which especially is given, if A and B are compact.

If A and B have no interior points, we propose a sequential
method approximating a solution of (A, B, g) from the exterior in
X and Y of the admissable sets, which is profitable, if the boundaries
of X and Y are numerically less complicated than the boundaries
of A and B, which is especially the case, when X and Y are the
whole spaces.

The penalty functions

PA:X—_’R, PB: Y"_‘>R

are assumed to have the properties

Pule) = >g for ;cee;\A’ Paly) = >g for 325\3 ;
Putting
fi=Py—P,,
we get
X, =A, Y, =B, fI X, x Y, =0,
and

P, = Ps — P, + r,9, with r,— +0, for n ——c, (neN).

THEOREM 3. If A and B are convexr and closed, and the condi-
tions (i), (ii), (iii), (iv) of Theorem 1 are fulfilled, then (X, Y, p,)
has a solution (x,, ¥,), (M€ N), {®,}nen, {Yntuen have cluster points &, 7,
resp., solving (A, B, g9),

lim P,(z,) = 0, lim Py(y,) =0,

n—00 n—

and

lim g(z,, ¥,) + ——(Ps(y,) — P.(@,) = g(&, 9) -

n—>00 ’rn

Proof. By Theorem 1 we get the existence of a solution (x,, ¥.)
of (X, Y, »,), meN), and for x€ 4, ye B

7.9, ¥.) + Pp(y,) = 0.(2,, ¥,) = 7,902, ¥) — Puz,) ,
or
—oo L7, ;n}f 9(x, ¥) + Py(y,) = p.(,, ¥.)

= sup 9@, y) — Pylz,) < +oo,
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which yields with (4)

0 < lim sup Py(y,) < lim p,(2,, ¥.) = 0 < lim inf (—P,(,))

n—00

< —limsup P,(z,) < 0.

n—>00

Since P; = 0, P, = 0, that gives
lim P,(z,) = 0, lim Py(y,) = 0.

The remaining assertions follow from Theorem 1.
Corollary 1 and Theorem 2 then give a refined method.
If for example A is given by

A={z|lreX, G(x)=0, i=1, - -, my), Gjx) <0,
(j:m1+1,"',m>}

for some real valued functions G, on X, (i =1, ---, m), we can take
as a penalty function for instance

P,(@): = 3 (G@) + 3, max[0, G,
which is differentiable, when the G, are.

4. A regularization algorithm for finding saddle points. To
solve a minimax problem (X, Y, f) you often have to take algorithms
which need for convergency the solution to be unique, as for
example the Arrow-Hurwicz-Uzawa gradient methods [1] (like the
Lagrangeian method for convex programming) or the successive
approximation method of Dem’janov [3]. Therefore, if this is not
the case, we approximate f by a sequence of regularized functions,
which have this missing property. Theorem 2 offers many possi-
bilities for doing this. In the method we choose, the unique saddle
points of the sequential functions are converging to the saddle point
of f with minimum norm, which is of particular interest in certain
problems. We don’t need compactness conditions and thus f can be
a Lagrange function of an ordinary convex program. Let 27 and
7/ be real Hilbert spaces, (-, -> denoting the inner product define
the norm, ||-||: = {-, ->¥% resp., and .27 X 2 may be provided with
the induced norm.

Then we define for a real positive nullsequence {r,},.y the
regularized functionals

.2, ¥): = f(x, ¥) + 7.y, ¥ — <, ), (meN).

THEOREM 4. Let X and Y be convex and closed, (X, Y, f) solv-
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able, and f be u.s.c.-l.s.c. and concave-convex, then

(X, Y, »,) has a wunique solution (x,, ¥,), (meN),
Z: =lim, .2, and ¥: =lim,..y, exist, and (%, §) 1s
the solution of (X, Y, f) with minimum norm.

Proof. By the parallelogram law the function

g(x: y) = <y; y> - <(17, .’E>

is strictly concave-convex and uniformly quasi-concave-convex.
Then p,(x, ¥) has these properties, too, and the saddle points of p,
are uniquely determined. The rest of the assertions follow from
Theorem 2.

5. An explicit solution of quadratic minimaXx problems. Let
& and 27 be real Hilbert spaces as in §4, and X =27, Y = 2.
Then we consider the quadratic functionals

F(xy y): = <x, Px> - 2<x7 C> + 2<fl7, Ly> =+ <y; Qy> - 2<d1 y> ’
G, y): = <&, Sx) + <y, Ty) ,

where ce X, deY; P and S are self-adjoint negative semidefinite
linear operators on X, @ and T are self-adjoint positive semidefinite
linear operators on Y, L is a linear operator of Y into X and all
operators are bounded, and the two stage minimax problem

(1) Mo = Aar(c, d) .

{xz, —Sz) and {y, Ty) are seminorms to the power two, repre-
senting for instance in differential games often the consumption of
energy, which should be minimal among the optimal strategies of
(X, Y, F).

P L

Defining now a linear and bounded operator <L* Q) =: A by

.X XY—XxXxY

“(x, y) — (Px + Ly, L*z + Qy), (L* denotes the adjoint) ,
we assume that (¢, d) € R(A), and (as it can be seen by putting the
derivatives of F(z, y) with respect to x and y equal to zero) this is

a necessary and sufficient condition for the solution set of (X, Y, F')
to be not empty, which then is given by

Xpx Yp={, N, yeXxY, Al y) = (¢, d)} .

Let A be normally solvable (R(A) is closed), then the element of
X, X Y, with minimum norm is
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(@, y): = A%, d)
where A* denotes the pseudoinverse (e.g., Holmes [6], p. 220). Note
that A*w = A* Projz w, for we X X Y, and R(A™) L N(A). With
v.(%, y): = F(zx, y) + r,G(x, y), r,€ B, r,— +0, for n — oo,
(neN),

S 0
B;:(O T)’ and A,:= A + »,B

the solution set of (X, Y, »,) is
{(@, ) e X x Y[A.(2,y) = (¢, d)}, (meN).

If S and T are definite and normally solvable, then (y, Ty)"* and
{x, —Sx)* are representing norms equivalent to the given ones on
Y and X, respectively. So by Theorem 4 (X, Y, p,) has a unique
solution

(., ¥,) = A7e, )
and

(2) ATSN (e, d): = lim Ay (e, d)

n—00

exists and is the solution of _/;,;. Since (2) holds for all (¢, d)e
R(A), we have

(3) At —— ATST (strongly), as n—— oo,

where AY®T, the solution operator of _#gr, is a linear and bounded
operator, because of Banach’s inverse mapping theorem.
If I denotes the identity on the spaces, resp., then A"/ =A",
If S and T are not invertible, then (X, Y, p,) and _#,, are
not uniquely solvable, in general. Then we are interested in the
solutions of minimum norm.
The solution set X, x Y, of A(z, y) = (¢, d) is given by
At(c, d) + N(A), with A*(c, d) L N(A).
Now if (x, y) e N(A), then
(&, Px) + <z, Ly) =0
{y, Qy) + <&z, Ly) =0,
(x, Pu) = 0=—=<(w, Ly) 20, y,Qy) 20—z, Ly) £ 0,
and so <{x, Ly) = 0 and xe N(P), ye N(Q). Thus

(4) Xy X Yp= (2, 9) + NP) x N@Q), for any (x, y)e X X Y,

and
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(5) P/X, = const and @Q/Y, = const.

Let P be a self-adjoint negative semidefinite bounded linear operator
on X with

(6) N(P)NN(S)= NP)NN(S), P/X, = const; (e.g., P=P),

and @ be a self-adjoint positive semidefinite bounded linear operator
on Y with

(7) N@ n NES) = NQ) N NS), §/Y; = const; (e.g., § = Q).

Putting
S:=P+8, T:=Q+7T,
we have
(8) N®&) = N(P)n N(S), N(T) = N@) n N(T).

Let S and T be normally solvable, then (cf. Petryshyn [8])
inf {| Sz | |ze N®)*, |z =1} >0,
inf {|| Ty || lye N(T), |yl =1} >0,

and so (x, —Sx>?/N(S)*, <y, Ty)?/N(T)* are equivalent norms to
the given ones, resp., restricted correspondingly. With G(x, y): =

(z, Szy + <y, Ty), B =F + G, B: = (g 5%) and A=A+ 7,5,
the solution set of (X, Y, p,) is
Ai(e,d) + N(4,), (neN).

Now Ai(c, d) L N(4,) and N(4,) = N(S) x N(T), thus 4;(c, d) solves
(NKS):, N(T)*, #,), (ne N). Applying Theorem 4 to this problem,
we get

(9) A (e d): = lim A} (e, d)

n—00

solves uniquely
(10) A 55, where F: = FIN(S)* x N(T)* .

Denote by Z the solution set of _#Zs,, and let (z, v,), (x, ¥.) € Z;
then we have by (4) for all (u, v) e N(P) x N(Q):

Cu, S*S(@, — w)) = 0, <w, T*T(y, — y,)) = 0.

With (4) again (v, — z,)e N(P), (. —¥.)€ N(Q), and so (z, —ax)¢€
N(S), (y, — y,) € N(T), hence we have, with (8), the representation

Z = (x,y) + NKS) x N@), for any (z,y)eZ.
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Thus the element of Z with minimum norm is given by the solution
of _#sz. Because of (6), (7) there are

G/Xy X Yy = G/Xy X Yy + const,
and Z the solution set of _#4 too. Then (9), (10) yield,
(11) A*®D(e, d) is the solution of _4;,, with minimum norm.

Since (9) holds for all (¢, d) in the range of A, we have just proved
the 4

THEOREM 5. Let with the definitions above A, S, T be normally
solvable, then there exists a linear and bounded operator

AT X X Y — X X Y
such that for all (¢, d) e R(A)

ArSD (e, d) is the minimum mnorm solution of the two
stage minimax problem (1) _#g(c, d), and permits
the representation

(12) AtSD (e d) = lim

r—+0

<P+ *rS L
L* Q4+ +T

If NS) = {0}, N(T) = {0}, then on the right hand side in (12) we
have ordinary inversion. ’

+
) (c, d) .

Conveniently one takes

S_[ 8 HNS=© i T, if N(T)= {0}
[P + S, otherwise " |Q + T, otherwise '

6. A note on best approximate solutions of linear equations.
Let W, X, Y be real Hilbert spaces as above and

CX—Y, D X— W

be continuous linear operators. We are given an element y ¢ Y and
the problem of finding an element xe X which solves the equation

(1) Cr=vy.

If y¢ R(C), there exists no solution of (1). Then we consider the
problem of finding an element #(y)e X of minimum seminorm || Dx||
which gives a minimum value for the discrepancy ||Cz — y||, z€ X.
An element xz(y) with this property may be called a ‘D-best approxi-
mate solution’ of (1). In the case D = I ( = identity) usually z(y)
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is called a ‘best approximate solution’ (e.g., Holmes [6], p. 214) or
‘pseudo-solution’ (e.g., Morozov [7]) of (1). In order to find a D-
best approximate solution of (1) we have to solve the problem

{2) minimize {{x, D*Dx) |{x, C*Cx) — 2{x, C*y) = min!, ze X} .

Applying now Theorem 5 to this special two stage problem (2) we
get

THEOREM 6. If C, C*C + D*D are normally solvable, then there
exists a continuous linear operator

Y X

C»H).
y— C™y,

such that

for all ye'Y C'y is the D-best approximate solution
to Cx =y of mintmum norm, (xeX),

and

( 3) C*’ = lim (C*C + 7’13)“"0 ’

7 L0
where

5= (D”‘D, if N(D) = {0}
B (CC + D*D, otherwise

If N(D) = {0}, then on the right hand side of (3) we have ordinary
mwersion, and especially for D = 1 we get

{4) C"=C*=lim (C*C + »I)7'C*,

70

a representation given for imstance by Morozov [7].
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