PACIFIC JOURNAL OF MATHEMATICS
Vol 106, No 1, 1983

THE CONNECTED COMPONENT OF THE
IDELE CLASS GROUP OF AN
ALGEBRAIC NUMBER FIELD

MIDORI KOBAYASHI

We shall give another proof of Weil’s theorem of the structure of
the connected component of the idéle class group of an algebraic number
field. Our proof is different from Artin’s.

Let Q be the rational number field and k be an algebraic number field
of finite degree over Q. We denote by C, the idé¢le class group of k and D,
the connected component of unity of C,. Let T denote the multiplicative
group of all complex numbers of absolute value 1 with compact topology,
R the additive group of the real numbers with usual topology, and S the
Solenoid with compact topology.

Weil ([3]) has shown that D, is isomorphic to 77 X R X §’, by
determining the structure of the dual Dj. Artin ([1]) has exhibited a
system of representatives of idele classes and given a different proof. In
this paper we shall give another proof of the above Weil’s theorem.

1. Let k be an algebraic number field which has r, real infinite
primes and r, complex infinite primes. As usual we put r =r, +r, — 1.
Let I, be the idele group of k, C, the idele class group of k and D, the
connected component of unity of C,. An idele will be denoted by
(a,) = (a,, ay), where v runs all primes of k, p all finite primes and A all
infinite primes of kK (A = 1,...,r, + r,). We shall agree that A (1 <A <r))
isreal and A (r; + 1 <A <r, + r,) is complex. Let us denote by g, the
embedding of k into the complex number field attached to an infinite
prime A. Then o, with 1 <A =<r is a real embedding and o, with
r, +1=<A=r + r,acomplex one.

For any topological group G, G* denotes the character group of G. If
X 1s a character of Cy, i.e., a continuous homomorphism of C, into 7, we
can regard it as a character of /, which is trivial on principal idé¢les. If we

restrict x to the infinite part R*"C*" of I,, x can be written as follows:
r+r a £ — ) )
@) = T (2] 1l 7%, (a) € R,
A=1

where f, € Z (the rational integers), ¢, ER (A=1,...,r, +r,), and
fis--osf,, =0 or 1. Such f, and ¢, (A = 1,...,r; + r,) are uniquely de-
termined, so we say that x is of type ( f,, @,)-
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It is well known that the following two lemmas hold.

LEMMA 1. Let x be a character of C,, of type (fr, ®)). Then the
conditions (1), (ii) and (iii) are equivalent to each other:
(1) x is of finite order.
(i) x(Dy) = 1.
) f=00=r+1,...,ry+ 1), =0(A=1,...,r, +1,).

LEMMA 2. Let fy € Z and ¢\ € R (A = 1,...,r; + 1,), where f,,....f,
= 0 or 1. Then the statements (1) and (ii) are equivalent to each other:

(i) There exists a character of C,, of type ( f, ®»)-

(ii) Define the character X of the unit group E of k as follows, then X is
of finite order:

n+r £ h
X(e)= ]I ( ) |£"*|‘/_—'_‘“, eE€E.

A=1 |80A|

2. In order to show that the isomorphism D = Z? X R X Q" as
topological groups, consider a homomorphism JC of C} to the additive
group Z X R"*", For any x € C}¥, if x is of type (f,, ®)), we put
I(x) = (f, p)): the element of Z X R"*"2 wherev =r, + 1,...,r, + 1,
and A = 1,...,r; + 1,5 as fi,....f,, = 0 or 1, they are neglected. It is clear
that JCis a homomorphism (algebraically) whose kernel is 7, from Lemma
1. We denote by M the image of JCin Z2 X R"* ",

3. Let g,...,¢, be a system of fundamental units of k. Let f € Z
(¢=r+1,...,r,+r,) and o, €ER (A=1,...,r, + r,). Assume that
(f, @)) belongs to M. From Lemma 2, the character X of E,

B rn+r, £ fn+tn o VT
X(E) = H |_8°_‘l H |8 | R e E€E,
A=1

=r+1

is of finite order; for, if A is a real infinite prime, £’ /| ¢ | is always =1,
so f, (A = 1,...,r)) can be neglected. Then there exists an integer n such
that

X(er) = X(e5) = --- = X(e7) = 1,
which means
r+r, &5 fntrn
X(Ei) = H ( ; ) H IE;_JA V/:T%
= V& NS
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is a root of unity (i = 1,...,r). Put &%/|e%|= &/ 10 (1= r, + 1...,r;
i=1,...,r), then

n+r, n+r,
X(e,)= [ &/ 1ok [ e/ erloser
=+l A=1

= ev -1 (2:0,;ﬁ+2>\9’>\1°g|€7"|),

so we have
r+r, rt+r,
2 0.4+ 2 elogler|enQ,  (i=1,....r).
t=r+1 A=1

Further we put 8, = 0, /7 and a;, = (log |e*|)/7 (i = 1,...,r; ¢ =1, +
l,...,r, + rp; A =1,...,r, + r,), then we obtain

r+r, r+r,
(#) 2 B.f+ 2 a e, € Q (i=1,...,r).
t=r+1 A=1

The converse is immediate. Hence, for any (f, ¢,) € Z> X R"* 2 (£, ¢,)
belongs to the group M if and only if ( £, ¢, ) satisfies the condition (#).

As {¢,,...,¢,} is a system of fundamental units, we should notice that
the following hold:

(1) o, +-- +air, + 2air|+l +--- +2air|+r2

(i) det(e; ;)< j<- # 0.

Now we shall show that M is isomorphic to the additive group
Z X R X Q" as abstract groups. There uniquely exists (x,,...,x,) € R"
satisfying B8, | + a;x; + -+ +a,x, = 0(i = 1,...,r) from (ii). Put

=0(i=1,...,r)

N, = {(f,O,...,O; fxl,...,fx,,O) Ife Z}

2 rn+r,

and

Ml = (0, f’1+2""’f’1+rz; (pl,...,(prl+,2) e Z” X Rr|+rz’

r rn+r

satisfying (#)},

then N, and M, are subgroups of M and N, is isomorphic to Z. We have
immediately a direct decomposition M = N, X M, = Z X M,, for any
element of M (f 415 ofy4rp Pise- -5 Pp4py) 15 written as (f, 4y,
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0,...,0; frl+lx1’- - sty %, 0) + (0, fr,+2" . "fr,-f-rz; P _frl+1x1" @ T
JiX0s ®n4,,) € Ny X M. Let (yy,...,5,) be the element of R” satisfying
Bir|+2 + LRS! +-- +airyr =0 (l = l,- s ’r)' Put

N, = {(O,f,O,...,O;fyl,...,ﬁ/,,O) |fe Z},

r n+n

M, = (Q&ﬂﬁy“”nﬂﬁ¢”””%ﬁh)EZ“XR“W,

n n+r

satisfying (#)},

then we have immediately that M, = N, X M, =Z X M, in the same
way, which implies M = Z? X M,. By induction we obtain that M = Z"
X M, , where

Mr2 = {( 0,...,0; Prsee o sPrtr, Iailq)l +-- +ai’|+’2(prl+’2 € Q

(i= 1,...,r)}.

N =1l0,...,0:9/2....9/2, @,..., e R\,
{( 9/ ®/2,9 w)lw }

n n n

Put

then, from (i), N’ is a subgroup of M, ; isomorphic to R. And put

—

n n+r;

N"=410,...,0; ¢,,...,9,,0 a9 Tt € =1,..., ,
{( (2! P ) |0‘1(P1 Qa;,P Q(’ ")}

then N” is a subgroup of M,, and it is clear that the map (0,...,0;
Pise--59,0) = (by,...,b,), satisfying

g Ty, L2 b,

l

a, T a,, @ br

is an isomorphism of N” onto Q" from (il): N” = Q. It immediately
follows that

M, =N XN'=RXQ"
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Thus we obtain the isomorphism as abstract groups
M=Z"XRXQ".

4. Identifying M with Z2 X R X Q" through the algebraic isomor-
phism, the map JC: C} — M, defined in 2, is as follows:

Cx—>ZPX RX Q"

(+) X(Oftype(fx,%\))* K S A

*
PR +r2
ry r

We shall agree that R has the usual topology and that Z and Q have
discrete topology. If we show the map J(is open and continuous, we have
the isomorphism as topological groups C}/T, = Z"» X R X Q" because
the kernel of JCis 7, as mentioned in 2. By Lemma 1 C} /T, = D}, which
shows Dff = Z" X R X Q’, and hence we have from the duality theorem

D, =T?XRXS".

We shall show that the map ICis open and continuous. Let C be the
set of all idele classes with volume 1, and A the set of all id¢le classes of
(a,) which has component ay, ., at the infinite prime A, ., and all other
components equal to 1. As is ‘well-known it holds that C =A X C.. We
denote by A* and (C?)* the group of all characters of C which is tr1v1al
on C and 4, respectively, and then we have C} = A* X (C,? ).

Now for any real number ¢ and any ideal a of k, we define

¥(a) = Norm(a) V192,
then y is a Grossencharakter mod 1. For any principal ideal (), y € &,
we can see

r rtr
)) = H |-YUA'"\/"_“P/2 H2 '-YU)\I_\/—_‘]—@,
A= A=r+1
so ¢ is of type
0,...,0; —9@/2,...,—9/2, —@,...,—@|.
@/ ®/ P P
ry n 4]

We denote by x,, the character of C, associated with ¥, i.e., for any idele
a=(a,)

rn+tr

x,(a) = Y(id(a)) H|a|f“ ZE | RPN

A=r+1
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it is of type

[
\0,...,0;q>/2,...,<p/2,(p,...,<p .

lp) n r

Each idele a = (a,) determines in an obvious manner an ideal of k, and
so denote it by id(a).

Let Y be the set of all such characters x,: ¥ = {x, | ¢ € R}. As is
well-known, a character X, defined as mentioned above is trivial on C?,
and the converse is also valid, that is Y = 4*. For any character x, € Y
of type (0,...,0; /2,...,9/2,¢,...,9) and any idele a = (a,) € 4, we
can see

a(~'e  (if A, ., isareal prime, ie., r, = 0),

rytry

xy(a) =
Y alTe (ifA,,

rytry

is a complex prime, i.e., r, # 0).

n

A with the relative topology of C, is isomorphic to R (the multiplicative
group of positive real numbers). Therefore the map x, — ¢ is an isomor-
phism of A* = Y with the relative topology of C} to the additive group R
as topological groups: Y = R.

We restrict the map JC on Y, then we have (cf. (x))

Y >Z2XRX Q'
X\p —>(0, (pyo)

It is open and continuous because x,, — @ is a topological isomorphism as
mentioned above. Since (C?)*, Z and Q are discrete, the map

I:Cr=YX(CA)*>Z"XRXQ"

is clearly open and continuous. This completes the proof.
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