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Abstract

We consider a two sided noetherian rifysuch that the character modules of
Gorenstein injective leftR-modules are Gorenstein flat rigliR-modules. We then
prove that the class of Gorenstein flat rigRtmodules is preenveloping. We also
show that the class of Gorenstein flat complexes of rigimhodules is preenevloping
in Ch(R).

In the second part of the paper we give examples of rings mighproperty that
the character modules of Gorenstein injective modules aneiitein flat. We prove
that any two sided noetherian ring with i.d.re R < co has the desired property.
We also prove that ifR is a two sided noetherian ring with a dualizing bimodule
rVRr and such thaR is left n-perfect for some positive integer, then the character
modules of Gorenstein injective modules are Gorenstein flat

1. Introduction

Gorenstein homological algebra is the relative version ahblogical algebra that
uses Gorenstein injective, Gorenstein projective and @&be@n flat resolutions instead
of the classical injective, projective and flat resolutiorBut while the existence of
the classical resolutions over arbitrary rings is well knpwhings are a little differ-
ent when it comes to Gorenstein homological algebra. Thex mmpén problems in this
area concern the existence of the Gorenstein (injecti@egtive and flat) resolutions.
This is the reason why the existence of the Gorenstein (iagcprojective, flat) pre-
covers and preenvelopes has been studied intensively émtrgears. We consider here
the existence of the Gorenstein flat preenvelopes. It is kntivat over a Gorenstein
ring every module has a Gorenstein flat preenvelope ([8]). pMeve that if R is a
two sided noetherian ring such that the character moduleSasénstein injective left
R-modules are Gorenstein flat, then the class of Gorensteindla R-modules is pre-
enveloping. Then we prove that over these rings, every cexnpl right R-modules has
a Gorenstein flat preenvelope.

In the second part of the paper, we give examples of rings thighproperty that
the character module of any Gorenstein injective IRfmodule is a Gorenstein flat
right R-module. More precisely we show that a two sided noetheriag R such
that i.d.re R < 0o has the desired property. We also prove thaRifis a two sided
noetherian ring with a dualizing bimodulgVg and such thatR is left n-perfect for
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some positive integer n, then the character modules of Gtninjective modules
are Gorenstein flat.

2. Preliminaries

Throughout this sectiolR denotes an associative ring with unity.

DEFINITION 1 ([8], Definition 10.1.1). AnR-module M is Gorenstein injective
if there exists an exact and Hom(Inj, —) exact sequence etine R-modules

---—>E i —>Ey—>E 1 —>---
such thatM = Ker(E; — E_,).

We will use the notatiorgZ for the class of Gorenstein injective modules.
A stronger notion is that of strongly Gorenstein injectivedule:

DEFINITION 2 ([1], Definition 2.1). An R-module M is strongly Gorenstein in-
jective if there exists an exact and Hom(Inj, —) exact seqeen

f f
--->E—>E—>E—>---

with E injective and withM = Ker(f).

It is known ([1], Theorem on p.3) that a module is Gorensteijedtive if and
only if it is a direct summand of a strongly Gorenstein injeztone.
The Gorenstein flat modules are defined in terms of the tensatupt.

DeFINITION 3 ([8], Definition 10.3.1). A rightR-module G is Gorenstein flat if
there exists an exact and®-Inj exact sequence of flat righR-modules

e —> F]_-) F0—> F,1—>---
such thatG = Ker(Fy — F_3).

We will use the notatiorgF for the class of Gorenstein flat modules.

We recall that the character module of a rigRkimodule M is the left R-module
M+ = Homz(M, Q/Z). We also recall thaM*™ ~ Homg(M, R*).

It is known ([10], Theorem 3.6) that if the ring is coherent then a modul8 is
Gorenstein flat if and only if its character moduBe™ is Gorenstein injective.

We also recall the definition of a (pre)envelope.
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DEFINITION 4. LetC be a class ofR-modules. A homomorphismp: M — C
is a C-preenvelope ofM if C € C and if for any homomorphismp’: M — C’ with
C’ e C, there existau € Homg(C, C’) such thaty’ = u¢.

A C-preenvelopep: M — C is aC-envelope if any endomorphismne Homg(C,C)
such thaty = u¢ is an automorphism o€.

(Pre)covers and covers are defined dually.

When C = GF we obtain the definition of a Gorenstein flat (pre)envelopbeiil
existence allows us to define the right Gorenstein flat reisols:

DerINITION 5. A moduleM has a right Gorenstein flat resolution if there exists
a Hom(-,GF) exact sequence 8 M — Gy - G_; - G_» — --- with eachG;
Gorenstein flat.

We note that this is equivalent td — Go and each coke® ! — G') — G'*+1
for i > 1 being Gorenstein flat preenvelopes.

3. Gorenstein flat preenvelopes

In [7] we proved that the clasgZ is closed under direct limits, and so it is cover-
ing, over any commutative noetherian rirR) such that the character modules of the
Gorenstein injective modules are Gorenstein flat. We alsmwvet thatGZ is an en-
veloping class over such a ring. Then in [12] we consideresv@ sided noetherian
ring R such that the character module of any Gorenstein injectéfteR-module is a
Gorenstein flat righR-module. We proved that over such a ring the class of Gorgnste
injective left R-modules is still closed under direct limits, and therefires covering.
We also proved in [12] that the class of Gorenstein injeckiafe modules is enveloping
over such rings.

We now consider the same type of rings. We prove that the das3orenstein
flat right modules is preenveloping over such a ring. Then @vsthat every complex
of right R-modules has a Gorenstein flat preenvelope.

Proposition 1. Let R be a two sided noetherian ring such that the character
module of any left Gorenstein injective module is a Gorénstiat right R-module.
Then the class of Gorenstein flat right R-modules is preepimg.

Proof. By [3] p.78 it suffices to prove that the class of Goteinms flat right
R-modules is closed under direct products.

Let (Gj)ic) be a family of Gorenstein flat righR-modules. Then eacﬁ;ﬁr is a
left Gorenstein injective module. Since the class of Gdeindnjective left R-modules
over such a ring is closed under arbitrary direct sums, ifed that ®G;" is still
Gorenstein injective. Then by hypothesis we have t®6{)* is a Gorenstein flat
module. That is[] G;** is Gorenstein flat.
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For eachi € | we have a pure exact sequence0G; — G;'" — Y; — 0. Thus
we have an exact sequence9[[ G — [[G* = []Y, — 0.

We show that this sequence is also pure exact.

Let Ag be a finitely presentedr-module. Then for each the sequence 6>
Hom(A, Gij) — Hom(A, G;**) — Hom(A, Y;) — 0 is still exact. So we have an ex-
act sequence

0— 1_[ Hom(A, Gj) — H Hom(A, G;'t) — 1_[ Hom(A, Y;) — 0.

Since [THom(A, Gi) ~ Hom(A, ] Gi), [THom(A, G;'*) ~ Hom(A, []G;**), and

[THom(A, Y;) ~ Hom(A, [TY;), it follows that for any finitely presentedg, the se-

quence 0— Hom(A, [T Gi) — Hom(A, []G;"*) — Hom(A, [T Yi) — 0 is exact.
So[]Gi is a pure submodule of the Gorenstein flat modd&;"*. Then([1Gi)"

is a direct summand of the Gorenstein injective moc(tjl]aGﬁ*)J”, and therefore it is
Gorenstein injective. It follows thdt] G; is Gorenstein flat. O

We prove that over the same type of rings every complex oft righmodules has
a Gorenstein flat preenvelope.
We will use the following lemma:

Lemma 1 ([9], Lemma 5.2.1) Let R be any ring and let S be a subcomplex
of right R-modules of a complex G. Then there is a subcomplerf3S5 with SC
S* € G such that SC G is pure and such thaCard§*) < Card(§) - CardR) if ei-
ther of Card(@) and CardR) is infinite. If both are finitethere is an S which is at
most countable.

Theorem 1. Let R be a two sided noetherian ring such that the characted-mo
ule of any left Gorenstein injective module is a right Goteirs flat R-module. Then
any complex of right R-modules has a Gorenstein flat preepeel

Proof. We use a similar argument to that of [9], Theorem 5.2.2

By [6], a complex is Gorenstein flat if and only it is a complek Gorenstein
flat modules. By the proof of Proposition 1, the class of Gstein flat modules is
closed under direct products. So any direct product of Gaiegm flat complexes is
also Gorenstein flat.

Given a complexC let Nz be an infinite cardinal number such that

CardC) - CardR) < N3.

Let Y denote the class of all Gorenstein flat comple@ssuch that Cardg) < Nj.
Let (Gj)ici be a family of representatives of this class with the indeixlsd_et H; =
Hom(C, G;) for eachi € | and letF =T] GiH'. ThenF is a Gorenstein flat complex.
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Definey: C — F so that the composition ofr with the projection mag- — GiHi
mapsx € FK to ("*(X))hen,- Theny: C — F is a map of complexes.

We show thaty: C — F is a flat preenvelope. Let/’: C — G be a map of
complexes withG a Gorenstein flat complex. By Lemma 1 above, the subcomplex
¥'(C) can be enlarged to a pure subcompl@k< G with CardG’) < Nj. SinceG’
is a pure subcomplex of the Gorenstein flat comp@it follows that for each nGj,
is a pure submodule o, and therefore eacks, is Gorenstein flat. Ther&’ is a
Gorenstein flat complex. S8’ is isomorphic to one of th&;. By the construction of
the mapy, ¥’ can be factored througfy. ]

4. Rings with the property that the character modules of Gorestein injective
left R-modules are Gorenstein flat

It is known ([11], Lemma 2.5 (b)) that any commutative noefne ring R with
a dualizing complex has the desired property: the charamtatules of Gorenstein in-
jective modules are Gorenstein flat. In the following we gesamples of two sided
noetherian rings with the property that the character mexlof left Gorenstein inject-
ive modules are Gorenstein flat.

By Proposition 1 the class of Gorenstein flat rigkdmodules is preenveloping over
such a ring and therefore any rigRtmodule M has a right Gorenstein flat resolution.
Also, by [12] the class of Gorenstein injective leR-modules is both covering and
enveloping over such a ring. Consequently sy has both a left and a right minimal
Gorenstein injective resolution.

Theorem 2. Let R be a two sided noetherian ring such thatd«dR < n for
some positive integer n. Then the character modules of Gtean injective left
R-modules are Gorenstein flat.

Proof. LetM be a strongly Gorenstein injective leR-module, and let be any
injective left R-module. By [13], Proposition 1, the flat dimension lofis less than or
equal ton. Then the rightR-module | * has injective dimensiorx n. It follows that
Ext(M*,1*) =0 for anyi > n+1. So we have that EXt,M*t*) ~Ext(M*,1T) =0
for all i > n+ 1, for any injectiverl .

But M is strongly Gorenstein injective, so there exists an exaquence 0—
M — E — M — 0 with E injective. This gives an exact sequencesOM** — E —
M*+ — 0 with E = E** an injective leftR-module. It follows that EX{(—, M*+) ~
Ext'(—, M*7) for any k > 1. By the above, we have that Egt, M*+) = 0 for any
injective rl, for any k > 1.

Then the exact sequenee- - E - E — M*™* — 0 is also Hom(Inj,—) exact. So
M*+ has an exact left injective resolution. Since 'ExtM**) =0 for all i > 1, for
any injectivegl and M** has an exact left injective resolution it follows thist™ is
Gorenstein injective ([8], Proposition 10.1.3).
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Let G be a Gorenstein injective lefR module. By [1], there exists a strongly
Gorenstein injective lefR-module M such thatM ~ G & H. It follows that G** is
isomorphic to a direct summand of the Gorenstein injectiadae M*+, and there-
fore it is Gorenstein injective.

Since the ringR is right coherent and@™)* is Gorenstein injective it follows that
G™ is Gorenstein flat, for any Gorenstein injectig&. O

We also prove that iR is a two sided noetherian ring with a dualizing bimodule
rVRr and such thaR is left n-perfect, then the character modules of Gorenstein inject-
ive modules are Gorenstein flat.

We recall the definition of a dualizing module:

DEFINITION 6 ([5], Definition 1). LetR be a left and right noetherian ring and
let RVRr be an R, R)-bimodule such that End{/) = R (haturally) and End{g) = R
(naturally). ThenV is said to be a dualizing module if it satisfies the followirgete
conditions:
() id(rV) <r and id{Vg) <r for some integer;
(i) Extik(rV, rV) = Exty(Vgr, VR) = 0 for all i > 1;
(i) rV and Vg are finitely generated.

We will use the Auslander and Bass classes. They are defingdriims of the
dualizing bimoduleV.

DEeFINITION 7 ([5], Definition 2). The right Auslander class (relative 1),
A"(R), is the class of righR-modulesM such that Tgf(M, V) = 0 and Exg(V,M ®
V) =0 for alli > 1 and such that the natural morphigvh— Homg(V, M ® V) is an
isomorphism.

The left Bass class (relative t¢), B'(R), is defined as those lefR-modulesN
such that EX4(V, N) = 0, and ToR(V, Homg(V, N)) = 0 for all i > 1 and such that
the natural morphisnvY ® Homg(V, N) — N is an isomorphism.

In the following R denotes a left and right noetherian ring with a dualizing oied
rVR. Also, E will denote an R, R)-bimodule such thaRkE and Er are both injective
(for exampleR* is such a bimodule).

Lemma 2. If gN € B'(R) thenHom(N, E) € A'(R).

Proof. — SinceR is left noetherianV is finitely generated andt is injective,
we have that

TorR(Homg(N, E), V) ~ Homg(Ext (V, N), E) = 0

(becauseN € B'(R), so Ext(V, N) = 0).
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— SincerV is finitely presented, anér is injective, it follows that Hom(N, E) ®r
V ~ Homg(Homg(V, N), E).
Then

Exty(V, Homg(N, E) ® V) ~ Ext (V, Homg(Homg(V, N), E))
~ Homg(Tor?(Homg(V, N), V), E) =0

(becauseN € B'(R) implies that ToR(Homg(V, N), V) = 0)).
— As above, we have Hog(N, E) ®r V >~ Homg(Homg(V, N), E). Then

Homg(V, Homg(N, E) ® V) ~ Homg(V, Homg(Homg(V, N), E))
~ Homg(V ® Hom(V, N)), E) ~ Homg(N, E)

(becauseN € B'(R) implies thatV ® Homg(V, N) ~ N).
Thus Honk(N, E) € A"(R). O

Lemma 3. If M € A"(R) thenHomg(M, E) € B'(R).

Proof. — We have

Exts(V, Homg(M, E)) ~ Homg(TorR(M, V), E) = 0

(becauseM € A'(R), so ToR(M, V) = 0).
—  We have Hom(V, Homg(M, E)) ~ Homg(M ® V, E). Therefore

V ®g Homg(V, Homg(M, E)) ~ V ® Homg(M ® V, E).
Since RV is finitely presented andtg is injective we have

V ® Homg(M ® V, E) ~ Homg(Homg(V, M ® V), E) >~ Homg(M, E)

(becauseM € A" (R) implies that Hom(V, M ® V) >~ M).
— As above we have HogtV, Homg(M, E)) ~ Homg(M ® V, E).

So Tox(V,Hom(,Hom(M, E)) ~ Tor; (V,Homg(M ® V,E)). SinceR is noetherian,
and sinceE is injective andVR is finitely generated we have that

Tor, (V, Homg(M ® V, E)) ~ Homg(Ext (V, M ® V), E) = 0

(becauseM € A" (R) implies that EXg(V, M ® V) = 0).
So Honk(M, E) € B'(R). O

Lemma 2 and Lemma 3 give the following:

Corollary 1. If N € B'(R), then Hom(Hom(N, E), E) € B'(R).
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Corollary 2. If N € B(R) then Nt* ¢ B'(R).
Proof. This follows from Corollary 1 whefe = R*. O

We recall ([4], Definition 2.1) that a ringR is called left n-perfectif every left
flat R-module has projective dimension less than or equal to nsThe left O-perfect
rings are the left perfect rings.

Theorem 3. Let R be a two sided noetherian ring such th& is a left n-perfect
ring. Assume also thatV is a dualizing module for the paiR, R). Then the character
modules of Gorenstein injective left R-modules are Goedmdtat right R-modules.

Proof. SinceV is a dualizing module, there exists some positive integsuch
that idRV) <r and id\Vg) <r.

Let gRN be a Gorenstein injective module. By [4] Theorem 3.17, thexists an
exact sequence iR — Mod:

O-K—->Eumw—>-—>E —>E—>N-=>0

with eachE; injective and withK € B(R). This gives an exact sequence

O->K*>Ef - >E"T>E*">N*">0
with eachE;"* injective and withK ¥+ € B(R) (by Corollary 2). By [4] Theorem 3.17
again, it follows thatN** is a Gorenstein injective module.

Since R is right coherent andN*)* is Gorenstein injective, it follows thall* is
Gorenstein flat. ]
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