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LEMMA ON LOGARITHMIC DERIVATIVES AND HOLOMORPHIC

CURVES IN ALGEBRAIC VARIETIES1*

JUNJIRO NOGUCHI

Nevanlinna's lemma on logarithmic derivatives played an essential
role in the proof of the second main theorem for meromorphic functions
on the complex plane C (c£, e.g., [17]). In [19, Lemma 2.3] it was generalized
for entire holomorphic curves /: C->M in a compact complex manifold
M (Lemma 2.3 in [19] is still valid for non-Kahler M). Here we call, in
general, a holomorphic mapping from a domain of C or a Riemann surface
into M a holomorphic curve in M, and sometimes use it in the sense of
its image if no confusion occurs. Applying the above generalized lemma
on logarithmic derivatives to holomorphic curves /: C -> V in a complex
projective algebraic smooth variety V and making use of Ochiai [22,
Theorem A], we had an inequality of the second main theorem type for
/ and divisors on V (see [19, Main Theorem] and [20]). Other generali-
zations of Nevanlinna's lemma on logarithmic derivatives were obtained
by Nevanlinna [16], Griffiths-King [10, § 9] and Vitter [23].

In this paper we first deal with holomorphic curves /: J* -* M from
the punctured disc J* = {\z\ >̂ 1} with center at the infinity oo of the
Riemann sphere into a compact Kahler manifold M. Our first aim is to
prove the following lemma on logarithmic derivatives which is a generali-
zation of Nevanlinna [16, IΠ, p. 370] and will play a crucial role in §§ 3
and 4 (see § 1 as to the notation):

MAIN LEMMA (2.2). Let f: Δ* -> M be a holomorphic curve in M,

ω e H°(M, ΨM) a d-closed meromorphic 1-form with logarithmic poles and put

f*ω=ζ(z)dz. Then we have

m(r9 ζ) ^ CKlog+r/r)) + O(log r)

as r -+ oo except for reE, where E is a subset of [1, oo) with finite linear
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measure.

The difficulty of the present case comes from the fact that the domain

J* is not simply connected. In the proof we shall apply the negative

curvature method introduced by Griffiths-King [10, Propositions (6.9) and

(9.3)] as in Vitter [23].

In § 3 we shall be concerned with the value distribution of holomorphic

curves /: J* -» V in a complex projective algebraic smooth variety V.

Let D be an effective reduced divisor on V. Combining Main Lemma (2.2)

with Ochiai [22, Theorem A] as in [19, § 3] and [20], we shall obtain an

inequality of the second main theorem type

(3.2) KTJr) ^ N(r, Supp (f*D)) + S(r) ,

where K is a positive constant independent of / and S(r) is a small term

such as

S(r) £ O(log+Tf(r)) + O(logr)

as r-»oo outside a set of r with finite linear measure (see Theorem (3.1)).

As a corollary, we shall see that an inequality similar to (3.2) holds for a

holomorphic curve from a compact Riemann surface minus a finite

number of points into V (Corollary (3.3)).

In § 4 we shall study the extension problem of big Picard type for

holomorphic curves /: J* -> X in an algebraic subvariety X of general type

in a quasi-Abelian variety A (cf. § 4). Let W be the union of subvarieties

of X which are translations of non-trivial closed algebraic subgroups of A.

Then W is a proper algebraic subvariety of X such that each irreducible

component of W is foliated by translations of a non-trivial closed algebraic

subgroup of A (see Lemma (4.1) whose proof is essentially due to Kawamata

[13]). Using Lemma (4.4) due to M. Green by which he completed Ochiai's

work [22] on Bloch's conjecture [2], and applying Main Lemma (2.2), we

shall prove the following extension theorem of big Picard type:

THEOREM (4.5). Any holomorphic curve f: Δ* —• X has a holomorphic

extension f: Δ = J* U {°o} —> X unless / ( J * ) c W, where X is a completion

of X.

As a corollary of Theorem (4.5) we will see that any holomorphic

mapping /: N — S-+X from a complex manifold N minus a thin analytic

set S into X extends meromorphically over N unless f(N — S) a W



LEMMA ON LOGARITHMIC DERIVATIVES 215

(Corollary (4.7)). Fujimoto ([3], [5]) and Green ([8]) obtained extension
theorems of big Picard type for holomorphic mappings into protective space
omitting hyperplanes in general position or intersecting them with positive
defects (cf. also [4] and [7]). We will discuss the relationship between our
results and those of Fujimoto and Green.

§ 1. Preliminaries

We set

J* = {zeC; \z\ ^ 1}, Δ*(r) = {1 ^ \z\ < r} ,

Γ(r) = {\z\ = r}, d = d + 5, dc = -i-(3 - 9).

In this paper we assume that functions on J* and mappings from J* are
defined in neighborhoods of J* in C Let ξ be a function on J* satisfying

( i ) ξ is differentiable outside a discrete set of points,
(ii) ξ is locally written as a difference of two subharmonic functions.

Then we have

( . Ji t JΔ*{t) 4π Jr(r) 4π J

- ( l o g r ) ί dcξ ,
JΓ(1)

where ddcξ is taken in the sense of currents (cf., e.g., [10]). Let F be a
multiplicative meromorphic function on J*, i.e., F is a many-valued mero-
morphic function such that the modulus \F\ is one-valued. We set

log+\F(reiθ)\dθ ,

where log+|i<Ί = max{0, log|F|}. Let D = Σΐmlviai be a divisor with
integral coefficients vt e Z on J* and set

n(t, D) =
1

t

Since | F | is one-valued, the divisor (F) determined by F is defined on J*
and so is the divisor (F)o (resp. (F)^) of zeros (resp. poles) of F. We put

(1.2) T(r, F) = iV(r, (F) J + m(r, 20 .
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Applying (1.1) to ξ = log |F| 2 , we get

(1.3) τ(r, -1) = Άr, F) - JL f log \F\dθ - (logr) f dclog|F|2

\ r / 2ττ J Γ(D Jr(i)

(cf. [16, I, p. 369]).

Let M be a compact Kahler manifold and Ω a (1, l)-form on M. We

set

T/r,Ω)= ^ f*Ω
J i t J Δ*(t)

for a holomorphic curve /: J* -> M. Let D be an effective divisor on M

and /: J* —>• M a holomorphic curve such that /(J*) is not contained in

the support Supp (D) of Zλ We take a metric || || in the line bundle [D]

determined by D and denote by Ωo the curvature form of the metric.

Letting σ e H°(M, [D]) be a global holomorphic section of [D] such that

the divisor (σ) determined by σ equals D and | |σ | |^ l , we put

l o g — — dβ.
D l < 7 o / | |

Applying (1.1) to ξ = /*log||(7||2, we obtain

Tf(r, Ωo) = N(r, f*D) + mf{r, D) - m/1, D)

( L 4 ) +(logr)f d log|ko/|| ,
JΓ(1)

where / * D denotes the pull-backed divisor of D by / (cf. [10]). Let

be the sheaf of germs of meromorphic functions which do not identically

vanish, and define a sheaf 2ί^ by

o — > c* — > m% ^% ψM — > o,
α> a)
γ ^ d log γ

where C* denotes the multiplicative group of non-zero complex numbers

(cf. [19, §l(b)]). Let ω e H°(M, ΨM). Then we have the residue Res(ω)

which is a divisor homologous to zero such that the line bundle [Res (ω)]

equals δω, where δ: H°(M9WM) -• ίP(Λf, C*) is the coboundary operator

associated with (1.5) (cf. [19, § l(b)]). By Weil [24, p. 101] there is a multi-

plicative meromorphic funnction Θ on M such that the divisor (Θ) equals

Res (ω). Since cί log Θ e H°(M, WM) and ω — d log Θ is holomorphic every-
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where on M, we have the decomposition

(1.6) ω = d log Θ + ωx ,

where ωx is a holomorphic 1-form on M.

§ 2. Lemma on logarithmic derivatives

Let /: J * —> Λί be a holomorphic curve in a compact Kahler manifold

Λf with Kahler metric h and the associated form Ω, and set

Tf{r) = Γ/Γ, fl) .

Let α> e H°(M, Slif) and ω — d log θ + α>i be the decomposition as (1.6). We

set

Res+(α>) = (Θ)o , Res-(α>) = (θ). .

Then by [24, p. 101] there is respectively a metric || || in each of [Res+(ω)]

and [Res"(α>)] such that both metrics have the same curvature form Ωo;

furthermore there are sections σx e H°(M, [Res"(ω)]) and σ2 e H°(M, [Res+(ω)])

such that (tfj) = Res~(ω), (σ2) = Res+(ω), Ĥ H ̂  1 and

(2.1) |θ | jj

We put /*ω = ζ{z)dz.

MAIN LEMMA (2.2). Let the notation be as above. Assume that Supp

(Res (ω)) φ f(Δ*). Then

(2.3) m(r, ζ) ^ 18 log+ Γ,(r) + O(log r)

/or r >̂ 1 outside a set of r with finite linear measure.

Proof. Set f*dlogθ = ζodz and f*ωx = ζxdz. Then we have

(2.4) m(r, ζ) ^ m(r, ζ0) + m(r, d) + log 2 .

We first estimate the term m(r, d). Take a positive constant d so that

for every holomorphic tangent vector υe T(M). Setting f*Ω = s(z)(i/2)

dz Λ dg, we get

(2.5) l^z)! 2 ^ CίS(z),
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so that

m(r, &) ̂  - M log(l + Iζ^dθ ^ 1 log(l + -£L f
4TΓ Jr(r) 2 \ 2τΓ JΓ(r)

^W+^f f /«2

Since /*i2 is a monotone increasing function in r >̂ 1, the inequality

-f f /*fl £ (f

holds for r >̂ 1 outside a set Ex of r with finite linear measure. Combining

this with (2.6), we have

(2.7) m(r, Q <Ξ i log
2

for r«£, ; moreover we have

(2.8) f f*Ω = 4 Γ ^ . [ /β = T A 2V(r) ^
J-4*(r) ar Ji t JA*(t) dr

for r g JB2, where JB2 is a set similar to 25lβ It follows from (2.7) and (2.8)

that

(2.9) m(r, Q ^ 2 log^/r) + i-log r + - i " 1 ^ ^ + 4 l 0 ^ 2

for r g ^ U # 2.

Now we estimate the term m(r, ζ0) in (2.4). Set F = f*θ. Then F is

a multiplicative meromorphic function on J* and by (2.1), \F\ = ||<x8o/||/

lki°/ll> so that

m(r, F) ^ J ^ f log - i — c» = mf(r, Res"(ω)) .
2TΓ Jr<r) ||<7i°/||

On the other hand, JV(r, (F)^) ^ iV(r,/*Res"(α>)). Thus we see, taking into

account (1.4), that

(2.10) T(r, F) ^ 2V(r, i30) + C2 log r + C 3 ,

where C2 and C3 are some non-negative constants. Letting C4 be a positive

constant such that Ωo <; C4β, we have
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(2.11) Tf(r,Ω0)^C4Tf(r).

We complete the proof by combining (2.9) with (2.10), (2.11) and the

following one variable lemma.

LEMMA (2.12). Let G be a multiplicative meromorphic function on Δ*.

Then the inequality

m(r, G'lG) ^ 16 Iog+T(r, G) + O(log r)

holds for r I> 1 outside a set E of r with finite linear measure.

Proof. Let w be an inhomogeneous coordinate of the 1-dimensional

complex protective space F 1. Then the standard Kahler form ψ0 on P1 is

written as

o d w Λ dW

2
ψ o n • \ 12X2 o(1 + \w\2)2 2π

By Griffiths-King [10, Proposition (6.9)] we see that the singular form

ψ_ ao{\w\ + \w\-J^
(log 60(l + \w\ψ(log 60(l + N" 2 ) ) 2

satisfies

(2.13) Ric ?F ̂  (|iι>| + l^ l" 1 )" 2 ^

for suitably chosen positive constants α0, b0 and ε (ε < 1). Since W is in-

variant by transformations, w —• eiθw, with real θ e R and G is multipli-

cative, the pull-backed form G*Ψ of Ψ by G is well-defined. We set

G

(2.14)

G '

ώΛ(β
2π (log 60(l + IG|2))2(log 60(l + IG|" 2)) 2

X \g\*-±-dzΛdz.
2π

T h e n b y (2.13) w e h a v e

(2.15) G * R i c r = d d c l o g ? ^ ( | G | + I G I " 1 ) " 2 6 ? — d z Adz.
2π

Furthermore, taking ddc log ξ in the sense of currents, we get
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(2.16) dd° log ξ = G*Ric Ψ - e((G)0 + (G).) + {g\ - ( ί ) β .

Noting that (#)„ = Supp ((G)o + (G)J ^ (G)o + (G)~, we deduce from (2.15)

and (2.16) that

(2.17) 4
ΔTΐ

ε)((G)0 logf .

We infer from (1.1) and (2.17) that

(218)
Γ"?• ί - d z Λ d g

- ^ f logf£ί(?-(logr)f
4π

We have by the definition of ξ in (2.14)

-ί- f log ξdθ ^ m (r, g) + e(m(r, G) + m(r, A
4TΓ JΓ(r) \ \ G(2.19)

We put

+ log+α0 + log+0og &o)"2 + ε log 2 .

Then inequalities (2.18), (2.19), (1.3) and ε < 1 yield

(2.21) B(r) ^ m(r, g) + 4Γ(r, G) + O(log r) + 0(1) .

Let us compute m(r, g):

m(r, g) = - L f log+(f(I G|
4π Jr(r)

+ l"1)"2 ' -
a0

X (log6 0(l + |G|2))2(log

(2.22)

+ -L f log(l + log+60 + 2 log+

+ -i- f log(l + log+60 + 2 l o g ^ ) ^ + log+i
2s: Jr(r) \ \G\/ a0a0



LEMMA ON LOGARITHMIC DERIVATIVES 221

^ 1 log(l + -A- ί ξ(\G\ + IGI"1)-2'

+ log(l + log+60 + 2rn(r, G))

+ log(l + log+60 + 2 g

(by the concavity of "log")

^ 1 logfl + J—ξ- A(r)) + 21og+Γ(r, G) + O(logr) + 0(1) .
2 \ 2r dr 1

Since A(r) and JB(r) are monotone increasing, we see that the inequalities

(2.23) dΓ

-%-B(r) ^ (B(r)Y
dr

hold for r >̂ 1 outside a set E of r with finite linear measure. Using

the identity, dB{r)jdr = A(r)/r, and combining (2.22) with (2.21) and (2.23),

we have

™>(r, g)^— log(l + — r(B(r)y) + 2 Iog+T(r, G) + O(log r) + 0(1)

^ 2 l o g ^ ί r , g) + 4 Iog+T(r, G) + O(log r) + 0(1)

for r g £ Note that 2 log+m(r, g) £ 2m(r, g)/e and 1 - 2\e > 1/4. Hence

we infer that

(2.24) m(r, g) ^ 16 log+ T(r9 G) + O(log r) + 0(1)

for r e E. This completes the proof.

Remark 1. In the above proof we used the metric form (cf. (2.14))

due to Griffiths-King [10, Proposition (6.9)] as in Vitter [23], whose curva-

ture behaves nicely. If we use the following metric form due to Grauert-

Reckziegel [6] which is simpler than (2.14)

g\4
2π

with any ε > 0, we have

RicΦ = €2(|G|β + \G\-*Y2\g\24-dz Λ dz
2π
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and obtain the following estimate:

m(r9 g) £ 8εT(r, G) + 4 log+A + 8 Iog+Γ(r, G)
(2.25) e

εC2 + C3

for r >̂ 1 outside a set E of r with finite linear measure, where C<, i = 1,

2, 3, are non-negative constants independent of r and e, and iϊ is independ-

ent of ε. Because of the presence of the term 8εT(r9 G) in (2.25), inequality

(2.24) is better than (2.25), but inequality (2.25) is also sufficient for the

later use in §§ 3 and 4.

Remark 2. It is hoped that Main Lemma (2.2) can be applied to the

study of holomorphic curves in compact Kahler manifolds.

EXAMPLE. We give an example of /: J * -> M and θ such that f*θ is

really infinitely many-valued. Let M = CftZ + τZ) be an elliptic curve

with Im τ > 0 and π: C -> M the universal covering. Take any two points

α, 6 of M so that n(a — b) ψ 0 for all n e Z. Then there is a multiplicative

meromorphic function θ on M such that (Θ)o = α and ($)«, = 6. Since

τι(α — b) Φ 0 for all neZ, θ is infinitely many-valued. Let γx (resp. f2)

be the cycle in M defined by γx\ [0, l ] 9 ί - > r(Z) 6 M (resp. f2: [0, l ] θ ί - >

π(fr) 6 Λf). Then {γl9 γ2} is a basis of the first homology group H^M, Z).
1 Γ

One of the periods d log Θ, j = 1, 2, is irrational. Suppose that
2πι Jrj

d log θ is irrational. The covering C -^ M is decomposed as
2ττί Jrj

Set f: [0,1] a t->πo(t)e CjZ = C*, which is a cycle around oo (or 0).

Then πx*γ = γ19 so that the period d\ogθoπx is irrational. Let i:

2πι J r

J*—•C* be the natural inclusion mapping and put / = π^i: Δ* -*M.

Then /*θ is infinitely many-valued.

Let ζ(fc) denote the &-th derivative of ζ. Using Main Lemma (2.2)

inductively, one easily see the following:

COROLLARY (2.26). Let the notation be as above. Then the inequality

T(r, ζ w ) ^ (k + ΐ)N(r, Supp(/*Res(ω))) + O(log+Tf(r)) + O(log r)

holds for r ^ 1 outside a set E with finite linear measure.
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§ 3. Inequality of the second main theorem type

Let V be a complex projective algebraic smooth variety of dimension

n, D an effective reduced divisor on V and Ω\ (log D) the sheaf of

logarithmic 1-forms along D (cf., e.g., [12], [19]). Then {ωe H°(V, SPF);

Supp(Res(ω)) C D} spans H°(V9 42V(logD)) over C (see [19, Proposition

1.2]). Assume that there is a system {ωjjiί in H°(V, Ωι

v(Yog D)) such that

φi = ΰ>iΛ Λωι_iΛω1+1Λ Λα>«+i, l ^ ί ^ n + 19 are linearly independent

over C. Let /: J*—• V be a holomorphic curve such that f(d*)ς£D. Assume

that / is non-degenerate with respect to {ωj^1, i.e., f{Δ*)ςt\Σx cιφί — 0} for

any {cz) e Cn+ί - {O}. Let β be a Kahler form on V and set T/r) =

Tf(r9 Ω). Making use of Corollary (2.26) and Ochiai [22, Theorem A] as

in [19, § 3] and [20], we have the following theorem.

THEOREM (3.1). Let {<o$ZlaIP(V9 £V(k>g D)) and f: J*-> V be as above.

Then there is a positive constant K depending only on Ω and {(o^Zh such

that

(3.2) KTf(r)<N(r, Supp(/*D)) + S(r) ,

where S(r) = O(log+T/(r)) + O(logr) as r->oo outside a set of r with finite

linear measure.

Let ί be a compact Riemann surface, R = R — {αJfLi with distinct

ateR and q < oo, and aoeR any point. Then there is a multiplicative

meromorphic function a such that (a) = qa0 — 2] α* The modulus \a\ turns

out to be an exhaustion function of R. Set

R(t) = {|α| < t} .

Let /: R —> V be a holomorphic curve. Put

J l £ JJ2(ί)

for / and

nit, Σ v.6.) = Σ v,, iv(r, Σ vί6ί) = Γ ϋ & ^ W Λ
\ i=l / l«(δί)|<ί \ i = l / Jl £

for a divisor 2]Γ-i î&i o n ^ (cf. § 1 and [10, § 2]). For r0 large enough,

R — .R(r0) is a union of Af, i = 1, , g, where Δf Γ) Δf — 0 for iψj and

Δi = Δf [j {αj are a neighborhood of at in Λ. Moreover the restriction
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l/zt = l/(α?U) of I/a on every Δt gives rise to a local coordinate in Δ% and

Δξ is written as Δf = {r0 <* |2,| < oo}. Therefore we have the following

corollary of Theorem (3.1):

COROLLARY (3.3). Let {ω^Zl c H°( V, i2V(log D)) be as in Theorem (3.1).

Let f: R-+V be a holomorphic curve which is non-degenerate with respect

to {ωjϊίί Then there is a positive constant K depending only on Ω and

such that

KTf(r) £ N(r, Supp <J*D)) + S(r) ,

where S(r) is a small quantity as in (3.2).

Remark. Assume that dim V = 1, and let us calculate sharp K in

(3.2) in the way of the proof. The higher dimensional case will be discussed

in § 4. Set Tf(r) = Tf(r, Ω) for Ω such that f Ω = 1.
Jv

( 1 ) Let V = P1. If the assumption of Theorem (3.1) for D is satisfied,

D must consist of at least three points. Let D = 2ϋ?-i ^ ^ e a n effective

reduced divisor on P1 with inhomogeneous coordinate M; such that w^ — 0,

w2 — oo and g 2=: 3. Let woe P1 — D and set

a>! = d log w e H°(P\ Ω'piilog D))

ω2 = dlog y - ' ^ - ^ * ) e £Γ>(P', βi.Xlogφ + ^0))) .
(w - wo)

q-2

Then ^ = â /ωj is a rational function such that the degree deg (φ)^ of the

divisor (φ)^ is q — 1. We have by [18, Theorem 1]

(3.4) T(r, f*φ) = fa - 1 ) 7 » + 0(1) .

Setting /*ωi = ζiC/s: for i — 1, 2, we obtain

T(r, f*φ) = τ(r, f ) ^ Γ(r, O + T(r, ζ2) + O(log r) + 0(1)
(3.5) V ζ z /

= N(r,f-\w0)) + ± N(rJ-\w%)) + Sir).
t = l

Hence we have by (3.4), (3.5) and the first main theorem (1.4)

(q - 2 ) ϊ » ^ Σ N(r,f-\Wi)) + S(r) ,

which is the famous second main theorem for meromorphic functions on C.

( 2 ) Let V be an elliptic curve. Then inequality (3.2) holds if D
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consists of one point aoe V. On the other hand, H°(V9 Ωy(loga0)) = H\V,

Ωι

v) is of dimension 1, where Ω\ denotes the sheaf of germs of holomorphic

1-forms over V, so that the assumption of Theorem (3.1) is not fulfilled,

but we can derive (3.2) for D = a0 by the method of the proof of Theorem

(3.1) as follows. Take any point ax e V — {α0}. Then there is a multipli-

cative meromorphic function Θ such that (Θ) = α0 — ax. Set ωι — d log Θ e

H°(V, βUlog(α0 + aj)) and let ω2eH%V, Ω\) and ω2 Φ 0. We put φ =

ωjω2. Then φ is a rational function on V such that deg (φ)^ = deg (α0 + αj =

2, so that by [18, Theorem 1] we have

(3.6) T(r,f*φ) = 2Tj(r)

Letting f*ωt = ζid^, i = 1, 2, we see that

T(r9 f*φ) = T(r, | L ) ̂  Γ(r, C) + Γ(r, ζ2) + O(log r) + 0(1)
(3.7) V ζ2 /

N(r9f-Kad) + S(r) .

Therefore it follows from (3.6) and (3.7) that

( 3 ) Let V be a compact Riemann surface of genus I> 2. Then

dim2aΓ°(V, Q\) ̂  2, so that the condition of Theorem (3.1) is satisfied with

D = 0. This implies the well-known fact that the isolated singularity of

a holomorphic curve in V of genus ^ 2 is removable.

§ 4. Extension theorem of big Picard type

Let A be a quasi-Abelian variety (see [11] and [12]), i.e., A is anl

algebraic group which is commutative and admits the exact sequence

0 >(C*)1 >A-ϊ->Ao > 0 ,

where Ao is an Abelian variety. Taking the natural embedding (C*)* c

( P % we have a smooth completion A = (P1)1 X (C*>* A of A with boundary

divisor D which has only normal crossings, and the canonical projection

jo: A -> Ao. One may regard p: A -> Ao as a fibre bundle over Ao with fibre

(P1)1 and structure group (C*y. Let X be an algebraic subvariety of A

which is of general type or equally of hyperbolic type (cf. [11]). In the

present case, X is of general type if and only if the group {aeA;X+a =

X} of translations which preserve X is finite (see [11] and [12]). Let
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W be the union of subvarieties of X which are translations of non-trivial

closed algebraic subgroups of A.

LEMMA (4.1). Let X and W be as above. Then Wis a proper algebraic

subvariety of X, of which each irreducible component is foliated by trans-

lations of a non-trivial closed algebraic subgroup of A.

Remark. This lemma was proved in [21] when dim X = 2. In [13],

Kawamata proved it in the case when A is an Abelian variety. To prove

it in the present form, we need further consideration. The idea of the

following proof is due to Kawamata.

Proof Let ττ:Cm->A be the universal covering with τn = dimA,

A = CmIΛ with a discrete subgroup A (cf. [12]), and λ: Cm - {0} -+ P"1"1 the

natural mapping into the projective space Pm"1 of lines in Cm through the

origin O. Let U be a small open set in P™"1 and set

s(X) = U(X+*(s(x)),x) C A X U
zeu

for a holomorphic section s e Γ(U, Cm — {O}), where X is the Zariski closure

of X in A and " + π(s(x))" stands for the natural action of A on A. Hence

s(X) is an analytic subset of A X U. We set

γσ = π s(X)aΆxU.
senu,cm-{0})

Then Yυ is again an analytic subset of A X U and we see that a point

(a, x) e A X U belongs to Yv if and only if a + φ(t) e X for every ί e C ,

where φ(t) is the analytic 1-parameter subgroup of A such that dφ/dt(O) =

x. Let Bx denote the Zariski closure in A of the analytic 1-parameter

subgroup of A associated with the vector x. Then we have that

(4.2) (α, x) e y , ^ α + ΰ x c ϊ .

Let V be another small open set in pm~\ Then it follows from (4.2) that

ΎΌ coincides with Yv. in A X (17 Π U'), so that Y = U^ Yu i s a well-defined

analytic subset of A X Pm'x and so algebraic in A X Pm~ι. Let Yo= Yf)

(A X Pm"0 and p : A X p™-1-* A be the projection. Then by (4.2) and

the definition of W9 p(Y0) = W. Since p is proper and rational, W is a

closed algebraic subvariety of X Now we must show that WψX and each

irreducible component of W is foliated by translations of a non-trivial

closed algebraic subgroup of A. Since there are only countably many
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non-trivial closed algebraic subgroups in A as in the case of an Abelian

variety (cf. [12]), we denote them by {Bt}?ml. We see by (4.2) that

(4.3) a e W <=> α + B< C W for some B, .

Let ht: X-+ A/Bi be the restriction of the natural morphism from A onto

the quotient A\Bt on X and put

Wt = {x e X; d i m A 7 W * ) ) = dimBJ .

Then Wi is a proper algebraic subvariety of X because X is of general

type, and W = \JiWi by (4.3). Let W* = [JjWij be the irreducible decompo-

sition of Wt. We get a countable covering W = \JtsWiS. It is clear that

every Wi3 Φ X. By virtue of Baire's theorem we see that W Φ X and that

an irreducible component of W must be one Wtj which is foliated by

translations of Bt.

Let Z be an algebraic subvariety of A and ZIβg the set of regular

points of Z with the inclusion mapping i: Zteg -+ A. Let Jv{Z^g) (resp. JV(A))

be the v-th holomorphic jet bundle over Z r θ g (resp. A) (see [22]). Then the

mapping i naturally induces a bundle homomorphism i*: Jv(Zτeg) -* JV(A).

Since A is a quasi-Abelian variety, there is a regular isomorphism JV(A)

^ A X C y m. Let #: A X C v w -> C v m be the projection and set

>C' (cf. [22]).

We denote by Λg the v-th jet of a holomorphic curve g: (C, 0) -> Z^g from

a neighborhood of the origin 0 of C into Z r e g.

LEMMA (4.4). Lei X and W be as in Lemma (4.1). Let g: (C,0)->X

be a holomorphic curve such that g(0) <£ W and g(0) e Z r e g, where Z is the

Zariski closure of the image of g in X. Then the differential

is injective at jvg for all large v, where Γ( ) denotes the holomorphic tangent

bundle.

This lemma is a refined version of a lemma due to M. Green by which

he completed the work of Ochiai [22] on Bloch's conjecture [2]2>. M. Green

showed it in case A is complete, i.e., A is an Abelian variety, but his

proof works in the non-complete case.

2) M. Green gave the proof of the lemma at "Conference on Geometric Function
Theory" held at Katata, Sept 1-6, 1978.
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Let X be the Zariski closure of X in A.

THEOREM (4.5) (big Picard theorem). Let X and W be as above. Then

any holomorphic curve f: A* -+ X has a holomorphic extension f: Δ = Δ* U

{00} -> X unless /(J*) c W.

Proof. We fix a Kahler form Ω on A and set Tf(r) = Tf(r, Ω). By

(2.10), (2.11) and [16,1, p. 369], it suffices to prove that Tf(r)/log r is bounded

as r -> 00. Let Z be the Zariski closure of /(J*) in X. Then f(z) g W and

f(z) e Z r e g for z e J* except for some discrete set of points. Making use

of Lemma (4.4) and Main Lemma (2.2) (more precisely, Corollary (2.26))

as in [19], we have

(4.6) T,(r) ^ Kt log* T,(r) + K2 log r

for r ^ 1 outside a set E of r with finite linear measure, where Kx and

K2 are non-negative constants independent of r. We may assume that /

is not a constant curve. Then we see that Tf(r) f 00 as r f 00. Since Tf(r)

is a convex increasing function in log r, Tf(r)llog r is monotone increasing.

Therefore we have by (4.6)

r-» log Γ

which completes the proof.

COROLLARY (4.7). Let f:N—S-+Xbea holomorphic mapping from

a complex manifold N minus a thin analytic set S into X. If f(N — S) ς£ W,

then f extends to a meromorphic mapping f: N-+X.

Proof. We take an embedding I c Γ into some protective space PN

with a homogeneous coordinate system (w0, , wN) such that f(N — S)ς£

[w0 = 0}. Let fi = f*(Wilw0). It is enough to prove that every ft extends

to a meromorphic function on N. By virtue of Hartogs' theorem, we may

assume that N= Δ X Δ*'1 and S = {00} x J ^ 1 (k = dimiV). Put S' =

{zr e Δk~ι\Δ* X {z'} af-^W)}, which is a thin analytic set of Δk~ι. By

Hartogs' theorem, it suffices to show that ft extends meromorphically over

Δ X (J*-1 — S'). For each z'o e Δk~x — S', the holomorphic curve /(•, zβ:

Δ* 3 zx H-> f(z19 z'o) e X does not lie in W. By Theorem (4.5), / is extendable

over J, so that /ί( ,^ό) is meromorphic in Δ. We put ft(zu zΌ) = zϊizof)•

gί(Zi, z'o), where μ(z'o) e Z and ̂ (00, z'o) Φ 0, 00. Take a small neighborhood

[7 of ZQ. Then we see that μ{z') is bounded in z' eU. Therefore /ife, z')
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is meromorphic in Δ X U, and so is in Δ X (J*"1 — S').

Remark. Fujimoto ([3], [5]) and Green ([8]) proved extension theorems
of big Picard type for holomorphic mappings into Pn omitting more than
n + 1 hyperplanes in general position. Their results will be discussed in
Example 1 below. Here, let us give a ksimple and new observation to
another theorem of Green [8, Parts 4 and 5] from the viewpoint of this
paper. He proved the following interesting theorem:

Let f:C-+VaPnbea holomorphic curve into a subυarίety V of PN

omitting dim V + 2 non-redundant hyperplane sections of V. Then f is
algebraically degenerate, i.e., f(C) is contained in a proper subvarίety of V.

Here "non-redundant" means that no one of the hyperplane sections
is contained in the union of the others. Let D be the sum of the dim V +
2 hyperplane sections of V. Let π: V-+V — D foe a. desingularization
of V — D and V7 a smooth completion of V with boundary divisor Df of
normal crossing type. Setting q(Vf) = dim iJ^V', /2V'(logD')) which is
called the logarithmic irregularity of V ([12]), we have by the assumption
for D

(4.8) q(V) < dim V .

We may assume that / can be lifted to a holomorphic curve /': C-> V
such that π o// = /. Let α: V-* A be the quasi-Albanese mapping (see
[12]), X = α(V) the Zariski closure oΐα(V) in A, G the identity component
of the group {α e A; X + α = X}9 h: A-> AjG = Ax the canonical mapping
onto the quotient A/G = Ax and Xx = h(X). Then (4.8) implies that Xx is
of positive dimension and of general type. Let Wt be the union of sub-
varieties of Xί which are translations of non-trivial closed algebraic sub-
groups of Aλ. By Lemma (4.1), Wί is a proper algebraic subvariety of Xλ.
Put fx = hoαof:

V-D

U

r

Wι c Xx c AIG = Ax.

Then we have f^C) c Wx by Theorem (4.5) if /i is not a constant curve,
so that / is algebraically degenerate. Thus inequality (4.8) implies the
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algebraic degeneracy of/7; this is just a non-complete version of Bloch's

conjecture (see [2], [22]).

EXAMPLE 1. Let Du 0 <* i <L n + k, be n + k + 1 distinct hyperplanes

of Pn and set V = P n - Σo + * A Then we have

q(V) = dim iϊo(P», fl^ (log Σ Γ * A)) = n + k .

Assume that k ^ 1. Then g(V) > dim V. Let or: V-> A = (c*)n + f c be the

quasi-Albanese mapping and /: C -> V a holomorphic curve. As in Remark

above, we see that α °/(C) lies in a translation of a closed algebraic sub-

group of A, so that f(C) lies in a proper linear subspace of Pn. This fact

was proved in Green [7, Theorem 2].

Suppose that k = 1 and the JD/S are in general position. We take a

system (wθ9 wί9 , wn) of homogeneous coordinates of Pn so that A =

{Wi = 0} for £ = 0,1, , n and D n + 1 = {w0 H h ww = 0}. Put ^ = wjwo

for i = 1, •••, n. Then the quasi-Albanese mapping a: V-> (C*)n + 1 is

written as

α: V a fe, , xn) ~ L , , xn,
 1 + ^ + '•• + X Λ e ( C * ) - 1 .

\ n /

Set Z = {(yt, , y.+I) e (C*)Λ + 1; nym+1 = 1 + yx + • - + yn}. Then α: V-*

X is biregular and so X is of general type. Let Π denotes the union of

diagonal hyperplanes of Σ i + 1 A (see [15, Example 16, p. 395] and [4, p. 243]).

Let W be the proper algebraic subvariety of X as in Lemma (4.1). Then

W = a(Π). In this case, Fujimoto [4, Theorem 5.5] and Green [8, Part 3]

showed Theorem (4.5) (cf. also [1], [5] and [7]). In case n = 2, the figure

of W in X is as follows:

Fig. 1

Here each Wt ^ C* and W = Wx U W2 U Wz.

EXAMPLE 2 ([14, Example 1, p. 92]). Let Q = Σί-o £* (be a complete
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quadrilateral in P 2 as in Kobayashi [14, Example 1, p. 92], and set V =

P 2 — Q. Take a homogeneous coordinate system (w09 wί9 w2) of P 2 such

that

Lo = {wQ = 0}, Lλ = {û  = 0}, L2 = {w0 - u^ = 0},

L3 = {w2 = 0} , L4 = {w0 - α;2 = 0}.

Then we have the quasi-Albanese mapping

a: V 9 - 1, -ix2, Λ:2 - 1^ €

where xt = wjwo, i = 1,2. Thus α( V) = X = {(yu • , y j 6 (C*)4; y2 = 2yt -

1, j 4 = 2ys — 1} and a: V-+X is biregular. Since there is no C* in

X9 W = 0. Therefore any holomorphic curve /: J* —• V is extendable to a

holomorphic curve f: Δ -> P2. Kobayashi [14, p. 92] proved this fact by

showing that V is hyperbolically embedded in P2.

EXAMPLE 3 ([19, § 4(b)]). Let X = {(*,, . . . , xn+2) e (C*r + 2 ; *w + 1 = 1 +

Xi + " - + xn-u χn+2 = Xi + * + *π} and π ^ 3. Then X is of general

type. For the simplicity, let n = 3. Let VF be the proper algebraic sub-

variety of X as in Lemma (4.1). Then we see that

w=wι\jwt\j...\jwi,

where Wt s (C*)2 and Wt = C* for i = 2, 3, 4, 5. The figure of W in X

is illustrated as follows:

Fig. 2

EXAMPLE 4 ([22, § 5]). Let A = Et X χ £ 4 be a product of four

elliptic curves Et belonging to distinct isogeny classes. Let X be the

hypersurface of A as defined in Ochiai [22, § 5]. Then the algebraic sub-
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variety W of X as in Lemma (4.1) consists of several elliptic curves which
are mutually disjoint.

Lastly we pose a problem and a conjecture related to Theorems (4.5)

and (3.1).

PROBLEM. What can we say of the Kobayashi hyperbolicity of X or
X-W in Theorem (4.5)?

Remark. Green [9] gave a nice criterion of the Kobayashi hyperboli-
city, but in the present case his criterion does not work since an irreducible
component W of W may admit a non-constant holomorphic curve f:C->
W omitting the other components of W (see Examples 3 and 4).

The case (2) of Remark to Theorem (3.1) suggests that the following
conjecture may be true:

CONJECTURE. Let A be an Abelian variety and D an effective reduced

divisor on A. Let Ω e cβD]) be a semi-positive definite (1, l)-form in the

first Chern class ^([D]) e H^(A9 C) of [D]. Then we have

for algebraically non-degenerate holomorphic curves /: J* (or C) —> A,
where S(r) — O(log+Tf(r, Ω)) + O(logr) as r-> oo outside a set of r with
finite linear measure.
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