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CLASSIFICATION OF SURFACES IN
THREE-SPHERE IN LIE SPHERE GEOMETRY

TAKAYOSHI YAMAZAKI anpD ATSUKO YAMADA YOSHIKAWA

0. Introduction

We studied plane curves in Lie sphere geometry in [YY]. Especially we con-
structed Lie frames of curves in S” and classified them by the Lie equivalence. In
this paper we are concerned with surfaces in S®. We construct Lie frames and
classify them. We moreover obtain the necessary and sufficient condition that two
surfaces are Lie equivalent.

We give some basic concepts about frames before explaining our main result.
Let N be a smooth #-dimensional manifold, and let A: M— N and A: M— N be
embedded submanifolds of dimension m. We say that A and A have contact of at
least order k at p € M and p € M if A and A agree up to the differentials of order
k at p and p. Let G be a group of diffeomorphisms on N. We say that A and A
have G-contact of at least order k at p and p if there exists a P € G such that A
and P ° A have contact of at least order k at p and p.

Let A: M— G/H be a connected, smoothly embedded #-dimensional subman-
ifold of a homogeneous space G/H. We state the definition of Frenet frames of A
and its construction following G. R. Jensen [J]. Firstly we construct the set of
zeroth order frames. A zeroth order frame at p € M is an element P € G such that
n(P) = 2(p) (where 7 is the natural projection G— G/H). Let L, denote the set
of all zeroth order frames on M. A zeroth order frame field u along A is a smooth
cross section of Ly— M.

Secondly we construct first order frames. We denote by g and Y the Lie algeb-
ras of G and H respectively. We take a vector subspace m of g complementary to
b, and choose a basis ¢,,. .., m, of m. With respect to this basis, we consider the
isotropy representation p,: H— GL(m,, R) given by the adjoint action of H on
g/H = m. There is a naturally defined smooth map A, from L, to the Grassmann
manifold G,, , given by A,(u) = Uy AeM, where A(p) = m(u). We choose a local
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cross section W, of the action (H, p,) on Gmo‘,,. If there exists a zeroth order
frame field # along A such that A,(u) € W,, we let L, = A;(W,) and call L, the
set of first order frames on A (with respect to W,). We define a first order frame field
along A to be a smooth cross section L, = M.

Furthermore we iterate this construction of frames; Ly L, D2 L, D -+ D
L,>D -+ Thus we construct a set of k-th order frames L, which gives k-th
order contact under the action of G. Suppose frames of all orders can be con-
structed on A. The sequence dim L, = dim L, = dim L, = - - - eventually stabil-
izes. Thus there is the smallest integer ¢ = 1 such that dim L, = dim L, for all
k = g. Then the frames of order ¢ are called the Frenet frames of A.

Let us now return to the gist of this paper. Let S” be the unit sphere in the
Euclidean space E"*', and 7,S” the unit tangent bundle of S”, i.e. T,S" = {(«, v)
€ S§" x S";u-v =0}, where - denotes the inner product of E"'. An immersed
hypersurface f:M"_1—> S” with a unit normal field & : M"™'— S” naturally in-
duces a map A = (f, & : M" ' — T,S”. This map A is called the Legendre map in-
duced by f with &

Let PO(n + 1, 2) be the projective orthogonal group of signature (n + 1, 2).
The group PO(n + 1, 2) acts on TIS" transitively. Then Tls” is equal to a
homogeneous space PO(n + 1, 2)/H for the isotropy subgroup H of PO(n + 1, 2)
at a point. Let A: M" ™' — T,S" and A: M"™' — T,S" be embedded Legendre maps.
We say that A and A are Lie equivalent if A and A1 are PO(n+1,2)-
congruent, that is, there exists a P € PO(n + 1, 2) such that PA(M) agree with
A(M). Frenet frames of a Legendre map A in T,S” under the action of PO(n + 1, 2)
are called Lie frames of . We are here concerned with the case when # = 3.

We summarize our main results as follows: Let f : M?— S® be an embedded
surface with a field of unit normals & : M>— S° and A = (f, & ‘M’ — T153 be
the Legendre map induced by f with & Let £ be the Maurer-Cartan form on
PO(4, 2). Then for A we can construct a Lie frame #: M>— PO(4,2) of one of
the distinct five types (Type (a),..., Type (e) in Theorem 3.1) with respect to the
pullback of 2 by u. Furthermore, a surface of Type (a) is an oriented sphere,
Type (b) is a cyclide of Dupin,

Type (c) or (d) is a “degenerate” surface (including canal surface) and
Type (e) is a general surface.

In Section 1, we outline basic facts in Lie sphere geometry. This section is
largely based on U. Pinkall [P] an T. E. Cecil [C]. In Section 2, we give some con-
cepts about frames according to G. R. Jensen [J]. In Section 3, we give our main
theorem and its proof. In Section 4, we get some characteristics of surfaces in Lie
equivalent classes. U. Pinkall showed that the class of Dupin hypersurfaces in S”
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is invariant under Lie transformations ([P]). We see here that the degeneration of
Lie frames characterizes oriented spheres, cyclides of Dupin and canal surfaces in
T,S°.

We wish to thank Professor Hajime Sato for his helpful suggestions and com-
ments in studying the problems here.

1. Lie sphere geometry

1.1. Lie spheres and Lie transformations
Let S” be the unit sphere in the Euclidean space E"*', and T,S” the unit tan-
gent bundle of S”; ie.

T,.S" = {(u,v) € " x S";u-v=0},

where - denotes the inner product of E"!

. A hypersphere ¢: 8" ' — §” with a
unit normal vector field & along ¢ which gives an orientation induces a mapping
(¢, & : 8" = T,S". We call also (¢, &) an oriented hypersphere. When ¢ shrinks to
a point, we regard & as the inclusion of the fiber of TIS" over the point ¢ into
T,S” and call (¢, &) a point sphere. We use the term Lie sphere to denote an

oriented hypersphere or a point sphere.

Let R ={x=(x, ", x,,;z, €R} be an (n+ 3)-dimensional real
vector space with the scalar product <, > defined by
(1.1) {x,y> ="zSy,
where
0o 0 -1,
(1.2) S=¢,)=| 0 I, 0
-5, 0 0

We denote by P™*? the associated projective space, and by QHl the quadric in
P"*? defined by <z, x> = 0. Then we can identify a Lie sphere in 7,S" with a
. n+1
point of Q.
2n—1 . . . n+1 . 2n—1
Let A be the set of all projective lines on Q" . By Line{Y, Z} € A
we denote the line generated by [Y], [Z] € Qn“. Then

T,8" = A"

A diffeomorphism ¢ : T,8" — T,S” is called a Lie transformation if it carries
Lie spheres to Lie spheres. For example a Mobius transformation and a parallel

transformation are Lie transformations; the former takes point spheres to point
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spheres and the latter takes (¢, &) to (cos t¢ + sin t&, — sin ¢ + cos t&), where ¢
€ [0, 7). Lie transformations are generated by Mobius transformations and para-
llel transformations.

Denote the group of all Lie transformations by G. A Lie transformation ¢ can
be regarded as a diffeomorphism ¢ : Q"' — Q""" preserving lines on Q"*', that is
the restriction of a projective transformation QP —p? preserving Qnﬂ.
Thus,

G=POn+1,2) =0n+1,2)/{x 1},

where O(n +1,2) = {P € GL(n + 3;R) ; 'PSP = S).
Let 0 = (e,, e,,,) € T,S” be the origin, where (e,,. .., e,,,) is the natural
basis of E"*'. The isotropy subgroup H of G at o given by

A0 O 0 0 0 000
(1.3) H= 0 E O |exp|B 0 0 jexp{0 0 0];
00 ‘A" 0 ‘B0 C00

A€ GL2;R),EE0mn—1),BE M, ,(R), CE0(2)

The group G acts on A7 transitively, then
A" = G/H.
1.2. Lie frames
The Lie algebra g of G is given by
g={Xe€gn+3;R);'XS+ SX=0)

(1.4) a 0 C
s e e e mam®p s M m |
g r,(€02),e€o0m—1)
T -

and the Lie algebra % of H is given by

a 0 0
a5 p={(B e 0 ]2 M. BN, B,
. , 7€02),e€0m—1)
T B T a
A Lie frame (Yy,..., ¥,,,) is an ordered set of vectors in R, satisfying the

relations
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(1.6) Y, Yy=S,

for 1 <4, j < u+ 3. The space of all Lie frames can be identified with O + 1,
2).

Let = (w;) be the Maurer-Cartan form introduced by the equation

n+3 .
(1.7) ay,= X oY

.
j=1
Taking the exterior derivative of (1.8), we get the Maurer-Cartan equations

; n+3 P ;
(1.8) dw, = 22 0, \ w,.
=1
By using (1.8), we find that w,,; A (dw,,,)" " # 0. Hence T,S" is a contact
manifold with a contact form a),l,+3.

1.3. Legendre submanifolds and Dupin submanifolds

An immersed (# — 1)-dimensional integral submanifold of the contact dis-
tribution D is called a Legendre submanifold.

An immersed hypersurface f : M"™'— S” with a unit normal field & M
— S” naturally induces a Legendre submanifold A = (f, & : M" ' — T,S”. This
map A is called the Legendre map induced by f with & Conversely a Legendre sub-
manifold 2 = (f, & : M"'— T,S” naturally induces a smooth map f:M" -
S”, which may have singularities; however, a Legendre submanifolds is locally
transformed by a parallel transformation to be a Legendre map. (See [P Theorem
1])

Let ¥ and Z are smooth maps from M" ' into Q"*". By Line{Y(»), Z(p)} we
denote the line generated by the points [Y(p)] and [Z()] in Q""" for p € M"™".
Let A = Line{Y, Z} : M"™'— A" be a Legendre submanifold. Then,

(1.9) dY, 2> =0.

(For the necessary and sufficient condition that a smooth map A = LinelY, Z}:
M" ' — A" is a Legendre submanifold, see [C Theorem 2.3].)
We call the sphere

(1.10) [KP)] = [#Y(p) + sZ(p)]

a curvature sphere of A at p € M" ' if there exist a non-zero vector X in T,,M"_1
and 7, s € R with (r, s) # (0,0) such that

(1.11) rdY(X) + sdZ(X) € Span{Y(p), Z(p)}.
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A curvature sphere is invariant under Lie transformations. The vector X is called
a principal vector corresponding to [K]. At each point p € M" ™", there are at most
n — 1 distinct curvature spheres [K|],. .., [K,]. The principal vectors corres-
ponding to the curvature sphere [K,] form a subspace 7, of the tangent space
T,M""", and T,M"" = T,® --- @ T, 1f the dimension of T, (which we call the
multiplicity of [K,]) is constant on an open subset U of M"', then the distribution
T, is integrable on U. A connected submanifold & of M" ™" is called a curvature
surface if at each p € 4, the tangent space 7,4 is equal to a T,

A Legendre submanifold A: M" ' — A”™" is called a Dupin submanifold if
along each curvature surface, the corresponding curvature sphere is constant. We
say that a Dupin submanifold is proper if multiplicities of curvature spheres are
constant on M”"™". If & is a curvature surface of dimension 7 > 1 in a Legendre
submanifold, then the corresponding curvature sphere is constant along 4. This
fact shows that we have only to check the Dupin condition along curvature sur-
faces with dimension one.

1.4. The second fundamental form

Let 2:M" = A" be a Legendre submanifold. Let (Y, ..., Y,,,) be a
smooth Lie frame on an open set U of M"™" such that for each x € U, A(x) =
Line{Y,,,, Y,,;}. We can choose the Lie frame so that Y,,, is not a curvature
sphere at U. By (1.4) and (1.9) we find that the forms w;, a)i,. cey a):,+l are linear-
ly independent; i.e.

1
n+1

(1.12) oy Awy A A ws,, #F 0.

The condition (1.9) is equal to

(1.13) @, = 0.

Taking the exterior derivative of (1.13) and using the Maurer-Cartan equations
(1.8), we obtain that

(1.14) dwy,, = 2 w AN wy =0

By Cartan’s lemma and (1.12) it follows that
n+1

(1.15) Wl = 2 hogwy  with Ry = hg,.
8=3

We define the second fundamental form of A determined by Y,,, to be the quadratic
differential form
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n+1
(1.16) I(Y,,,) = 2 hyw,w,.
a,f=3

2. Frenet frames

2.1. Contact

Let N be a smooth #-dimensional manifold, and let : M— N and A: M— N
be embedded submanifolds of dimension #. We say that A and A have contact of at
least order O at p € M and p € M if A(p) = A(p), and that A and A have contact of
at least order 1 a p and p if A(p) = A(p) = x and A, M, = A, Mj; as subspaces of
N,.

We reformulate the definition above. Let G,,,(N) denote the Grassmann bun-
dle of tangent m-plane on N. The immersion A induces the smooth mapping 7, : M
— G, n(N) given by T,(p) = 2, M,, which is a m-plane in N,,. Then A and A
have contact of at least order 1 at p and p if and only if T;l)(p) = Tf“(ﬁ).

We iterate this construction and define higher order contact as follows:
Let NY=N,n,=n and for k=0 let N*"= Gnk,m(N(k)) where 7, =
dim NV Let T,” = 2 and T, = rw s M~ Gnkm(N(k)). Then for k = 0 we
say that A and A have contact of at least order k at p and p if T,° (p) = T5° (). If
A and A have contact of at least order k at p € M and p € M but not of order
k + 1, then we say that A and A have contact of order k at p and p.

We say that A and A have G-contact of least order k at p if there exists a P €
G such that A and P * A have contact of at least order k at p and p.

2.2. Construction of Frenet frames

Let G be a transitive Lie transformation group on a manifold N. We fix an
origin 0 of N, and denote the isotropy subgroup of G at o by H. Then the map
m: G— N given by 7(P) = P(0) induces diffeomorphism G/H = N.

Let A:M— G/H = N be a connected, smoothly embedded #-dimensional
submanifold of a homogeneous space G/H. Firstly we construct the set of zeroth
order frames. A zevoth order frame at p € M is an element P € G such that
(P) = A(p).

Choosing a basis ¢, .. ., €, of the tangent space N,, we have a natural bun-
dle map hy: G— L(N) defined by h,(P) = P,le,, ..., e,), where LIN) = N is
the principal GL(m, R)-bundle of linear frames on N. We identify P € G with
ho(P) € L(N), so we call P a frame.

Let L, denote the set of all zeroth order frames on M. A zeroth order frame
field # along A is a smooth cross section of Ly— M ; i.e. is a smooth map u: M —
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G such that 7 - u = A.

Secondly we construct first order frames. We denote by g and § the Lie algeb-
ras of G and H respectively. We take a vector subspace m of g complementary to
b, and choose basis e, ..., e, of m. With respect to this basis, we consider the
linear isotropy representation g,: H— GL(m,, R) given by the adjoint action of
H on g/% = m. There is a naturally defined smooth map A, from L, to the Grass-
mann manifold G,, , given by 4,(P) = P 2.M, where 2(p) = (P). We choose a
local cross section W, of the action (H, o)) on G, , We say that A has the type
of W, if there exists a zeroth order frame field # along A such that A,(u) < W,. If
A has the type of W,, we let L, = A; (W) and call L, the set of first order frames
on A (with respect to W,). We define a first order frame field along A to be a smooth
cross section L; — M.

The smooth map A, > u : M — W, does not depend on the choice of first order
frame field # along A. Choose a coordinate system z',..., " on W, where y, =
dim W,. We call the functions k' = 2’ « Aocut=1,. .., 1) the first order in-
variants of A.

The set of first order frames L, gives first order contact under the action of
G. To put it more precisely, let A: M— G/H and 1: M— G/H be smoothly
embedded #z-dimensional submanifold on which first order frames can be con-
structed. Then A and A have G-contact of at least order 1 at p € M and p € M if
and only if they are both the type of a local cross section W, of p,, and they have
the same first order invariants at p and p. (See [J 1.6 Theorem 1].)

Furthermore we iterate this construction of frames: Ly D2 Ly D L, D -+ D
L, > -+ . Thus we construct a set of k-th order frames L, which gives k-th
order contact under the action of G. The sequence dimL, =2 dimL; = dim L, >

- eventually stabilized. Thus there is the smallest integer ¢ =2 1 such that
dim L, = dim L, for all £ = ¢. Then the frames of order ¢ are called the Frenet
frames of A.

We have the following congruence and existence theorem: Let A: M— G/H
and A: M— G/H be smoothly embedded #-dimensional submanifold. Then A and
A are G-congruent if and only if their Frenet frames are of the same order ¢, they
are both the type of a local cross section W, and there exist a one-to-one corres-
pondence ¢ : M— M such that k* ° ¢ = k" where k“, k* are invariants of order
< gq.(See [J 1.11 Theorem 3].)
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3. Lie frames of Legendre maps in 7,5’ under PO(4,2)

3.1. Main theorem

Our main theorem is the following:

TueoreM 3.1. Let A: M*— T153 be a Legendre map which is mduced by an
embedded oriented surface f : M?— S° with a field of unit normals & cM?P— S° Let
Q be the Maurer-Cartan form on G = PO(4,2) and ¢,, ¢, coframe fields on M®.
Then the Legendre map A belongs to one of the following fine types.

Type (a): We can take a Lie frame u : M?—= G of A such that

¢, 0
0
é,

b,
0
0

>

(3.1) w0 =

[ ellel N oo
S O O O O O
S O O O O
O O O O O
S O O O O O

Type (b): We can take a Lie frame o : M*— G of A such that

00¢ ¢ 0 0
00¢ —¢ O 0

000 0 ¢ ¢

3.2 0= S
52 “ 000 0 ¢ —¢
000 0 0 0

000 0 0 0

Type (¢): We can take a Lie frame u : M*— G of X such that

a 0 O
“Q=1p 0 ‘5 |,
r '8~
_ 1, 2 1 2
33 a=< 3K'p, — 3K°, K, + K9, >
(k' + D¢, + k¢, (—3k'+ 1)¢, — 3k’¢,

g = (k‘sbl 0= K9, K+ (= K ¢2>
269, + K9, —2Kg — kg, |

[ o k“¢1> _<¢1 ¢2>
= , 0= .
! (—kw)l 0 b — ¢,



68 TAKAYOSHI YAMAZAKI AND ATSUKO YAMADA YOSHIKAWA

In(3.3), k' 1 =1,2,3,4) are smooth functions on M? that satisfy the following in-
tegrability conditions:
K+ 6k'E + K =0,
(3.4) 126°K° — 8k'k' + 2k, — k) = 0.
8K’k + k, = 0,
2K+ K =k + k=0,
where k, (1 =1,2,3,4,j=1,2) are smooth functions on M? such that dik' = k:¢1

+ k..
Type (d): We can take a Lie frame u : M>— G of A such that

a 0 0
uQ={8 0 ‘& |,
r'B —'a
35 Y ( 13k‘¢l +23k2¢2 | K, + ;:2¢2 )
K'¢, + (K + D¢, 3k'¢, + Gk’ — 1)¢,
_ ( K¢, — 2k, K'g, — 2k, )
K + K¢, + kg, (— K — K¢, — k9, )

r=( 0 k“¢2> 5;(@ ¢z>
—k4¢2 0 ' ¢ — @)

In(35), k' (=1,2,3,4) are smooth functions on M" that satisfy the following in-
tegrability conditions :
k' — 6Kk’ + k) =0,
(3.6) 12k'K° + 8k°k" + (= 2k} — ky) = 0.
8k'k' — ki =0,
2k'K> — K — ky + K =0,
where k; (i =1,2,3,4, j = 1,2) are smooth functions on M? such that dk' = k¢, +
ko,
Type (e): We can take a Lie frame u : M- G of A such that
a 0 0
37 ue=|g o0 ‘& |
T tB _ [a
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e <<3k‘ + D¢, — Bk + 1), K, + Ko, >
k'+ D¢, + K + D¢, Gk'+2)¢, — Bk +2)¢,
_<ﬁ¢+k%2 ﬁ@+sz>
kg, K, — Ko~ Ko, )

T:( 0 k%f+ﬁ@> 5:(@ ¢z>
_ k6¢1 _ k5¢2 0 ’ & — @, .

m(3.7), k' G=1,...,6) are smooth functions on M* that satisfy the following in-
tegrability conditions:

K="+ kD + 2k, + k2,

K= '+ kD — k, + 2K,
(3.8) 6k'k’ + 4K°K° + 3K + 2K — KX + k3 = 0,

4K+ 6Kk + 3K + 2K + K — k=0

A 4K+ 2 + 2K+ k) — k=0,
where k,’- (G=1,...,6,7=1,2) are smooth functions on M? such that dk' = k;gi)l
+ kyps.

3.2. Proof of Theorem 3.1
Before turning to the proof of Theorem 3.1, we indicate its process in Figure 1.

H(dim. 10)

|

|H}'(dim. 9)| | H/(dim. 7) |

E=r | [HGn 5] [Hdmn | [Ldmd] [Hdn 3]

(H;(dim. 4) ] [H;dim. 2)| [HjWim.2)]| [H = |

(H,=H, | H=@® | [H =0 | [H =H |

CETRNCET S

C pe @ ) C type ® ) ( o @ N C e @ ) Lype © )

Figure 1
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The detail of the proof of Theorem 3.1 is as follows:

Construction of first ovder frames

We denote by H the isotropy subgroup of G at the origin 0, and g and § the
Lie algebra of G and H respectively. (See (1.3), (1.4) and (1.5).) As a vector sub-
space of g complementary to §, we take the Ad(H)-invariant subspace m. For a
basis of m we choose the following e, e,, ¢;, ¢,, €5:

00 E 0 E, 0 0 E 0
,=(00 0 |,e=|0 0 E,|] =10 0 'E,|>
000 0 0 0 00 0
(3.9)
0 E, 0 0 E;, 0
=10 0 ‘E,|].&={0 0 'E, |,
00 0 00 0
where
(3.10)
_ 01> :(1o> =<01> :(0()) :<oo>
E, (-10’E2 00/ EB=\g o) BT\ o) BT g 1)

The isotropy representation o, : H— GL(5, R) is

detA O 0 detA O 0

1 00
(311) oP = * aFE aE|=| % al al, || * E 0
* aE a’E *  dl, a’l, * 0 E
a a,
for PEH, A= < ; §> € GL(2,R), E € O(2). Let A denote the former
a, a,

matrix determined by A in (3.11), and E the latter matrix determined by E in
(3.11). With respect to g = § + m we decompose the Maurer-Cartan form £ into
2, + 6, and we set O, = 2. 0,¢, (i = 1,2,3,4,5) then

(3.12) 0, = w,, 6, = ws, 6,= w,, 6, =’ 0, = "

We need to choose a local cross section W, of the action (H, p,) on G, to
obtain a first order frames on A. To get orbits of the action of (H, p,), we con-
sider the Maurer-Cartan form £ on G. Let # be a zeroth order frame field along
A, and @,, ¢, coframe fields on M. Set ™6, = x,¢, + y,$, for some smooth func-
tions x,, ¥, on M, then
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I %
Ty Y,
Aw) = | x5 Y3 | : M— Gy,
x, Y,
T5 Ys

(For further details, see [J].) Hence # is a first order frame field along A with re-
spect to W, if and only if

t[xl X, T3 Ty X

lew
Yy Yo Ys Yy Ys

PROPOSITION 3.2. We can take two types of W, :

wm w={1g 51 0ol m={1057 0 1)

Proof. We see that ; = y, = 0, because A is a Legendre map and wé is a
contact form. We choose coframe fields ¢;, ¢, on M such that #*6, = ¢,, u* 6, =
@,. From (1.15),

I, Y 0 0

X, Y, 1 0 0
Ty = |0 1= 1|1
Ly Yy hys hs, H
Ts Ys Rys Ty

We first consider the orbit of the action of E, where E € 0(2).

0 0 | 0
E 12 = E = Iz
H EH | EHE™!
Thus th bit tt[o 104,07
us 0Se Oorpits mee 0 0 1 0 /{2 1B

Next we consider the orbit of the action of A, where 4 € GL(2, R).
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0 0 |
0 0 ] 1 0
0 0 1 1
1 0 a, + Aa, 0 0 1
— 2 2
Alo 1|= 0 a, + hay | = | T A
WO e o ai+ ha;
0 2 2
’ 0 a+ Aa 0 atiha
| a, + Aa, |
'r0 1.0 00
In case that A, = A,, those orbits meet [0 0100 ] and in case that A, #

t
A,, those orbits meet [

0101 O
1] -

0010 —

We say that A: M — T153 is of type (a) if it has the type of W,", and that A is
of type (B) if it has the type of Wlb.

Type (a)
Let A: M— Tls3 be of type (a): i.e. there exists a zeroth order frame field u
along A such that

3.14)  urwy=u0,=0, utwi=u*0, = ¢, urw,=u"6, = ¢,
(3.15a) u*a)§ =u"0,=0, u*wi = u*05 = 0.

Construction of second order frames of type (a)
The isotropy subgroup H,' of H at a point of W" is

A0 O 0 00 000
Hla—‘— 0 E 0 expBOOexpOOO;
(3.162) 00 ‘A" 0 ‘B0 co0o
a, a
A=< ! §>EGL(2, R),E€ 0(2),Be M,,(R), CE€0(2);.
0 a,
The Lie algebra §; of H,' is
a 0 O R
a a A
(3172) pi=1{[B ¢ O ;a=< 2>,5€M2,Z(R),r,560(2).
r B —'a 0



CLASSIFICATION OF SURFACES IN THREE-SPHERE 73

We decompose § = §7 + m], and for a basis of m] we take

E, 0 0
(3.18a) =00 0
0 0 —'E,

The representation oy : HY — GL(6, R) is

* 0 0 % % 0
* . % % 0
* @k * % 0
(3.19a) i) =| * 0 * % 0 |

* 0 0 % % 0

a,
¥ 0 0 % % —

a,

where P € H{. With respect to § = § + m{ we have 2, = 2 + 0/, and we set
Of = 6, ¢, then

(3.20a) b = w’.

Taking the exterior derivative of (3.15a), and using (3.14) and the Maurer-Cartan
equation (1.8), we obtain the following equations:

(3.21a) du™0,= ¢, Nu"0: =0, du’6,= ¢, N u*6l =0,
where u is a first order frame field along A. It follows that

(3.22a) u 6 = 0.

a ‘701 0 0 0 0
As a result, we take a local cross section W, = { [O 0100 0] } of the

action (H;, p}) on G, For this reason, a first order frame field u along A is a
second order frame field along A with respect to W;; ie.

“*(@0 + @f) = ¢ie, T Pyes.

The isotropy subgroup H, of H,' at a point of Wza is equal to Hla. In this way we
get a second order frame field u : M— G /H, along A: M— G/H. Adding an ex-
tra step we lift # from G/H; to G, then we get a Lie frame of 1. By choosing a
lifting # of u such that ZZ*Q;I = 0, we obtain the Lie frame of type (a) in Theorem
3.1
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Type (B)
Let A : M— T,S° be of type (B); i.e. there exists a zeroth order frame field %
along A which satisfies (3.14) and the following equations:

(3.15hb) wol=u"0,=¢, u'o=u"6,=—¢,

Construction of second order frames of type (B)
The isotropy subgroup H,b of H at a point of Wlb is

A 0 0 0 0 O 00O
Hlb = 0 = 12 0 exp B 0 0 exp 0 00 ;
0 0 tA—l 0 fB 0 C 00

(3.16b)

A= (“1 “2>e GL(2, R), B € M,,(R), C € 0(2){.

a, a,

The Lie algebra f)i of Hlb is

a 0 0
@170 g =1{{B 0 0O ;a=(zl Zz),BEMZ,Z(R),rEO(z).
t t 2 1
T B T«

We decompose § = f)ll’ + mll’, and for a basis of m'{ we take

E, 0 0 E. 0 O 00 0
(318b) es = 0 0 0 , e, = 00 0 , 6y = 0 El 0
0 0 —'E, 0 0 —'E, 000

The representation o) : Hlb — GL(8, R) is

(3.19b)
01(P)
* 0 0 0 0 0 0 0
* a, 0 a, 0 0 0 O
* 0 a, 0 a, 0 0 O
* a, 0 a, 0 0 0 0
=| * 0 a, 0 a, 0 0 0
1 1 2 2 1 1 2 2
*  pb, — qb, pby — gby  — pb, +qb, —pby+qb, p —q O
* = qb, +pby —qby+pbl gby—pb, qb—aqb; —q p O
* — b b, — b b, 0 0 1
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TSR RNy
* 4 0a 0000 $ 0 1 0 0 000
¥ 0 a, 0 a, O 0 0
* 0 0 1 0 00O
_| * a 04 0 O 0 0 £« 0 0 0 1 000
* 0 a, 0 a, 0 0 0 L . , '
x 00 00 —qg p 0 * b b —b, —bi 010
* 00 00 0 0 1 *—bfbll—bzz B0 1
(a)? + (a,)? 2 )
where P € Hlb, p= 1detf§‘lz) ,q= dZ‘f‘i' Let A denote the former matrix

determined by A, and B the latter matrix determined by B. With respect to § = f)l;
+ m] we have 2, = 2, + @), and we set 6] = X 6}¢’ (i = 6,7, 8) then

(3.20Db) b= ' — w, 0=0w —ow, 0 =aw.

By taking the exterior derivative of (3.15b), and by using (3.14) and the
Maurer-Cartan equation (1.8), we obtain the following equations:

dp, — u™0) = — ¢, ANu 0, — ¢, AN u0; — 2u™ 0 N ¢, =0,

(3.21b
) d(g, + u*0) = — u 00 N ¢, + u 00 N ¢, — 26, A u*6 = 0.

Set u*ﬁf =x,0, + y.$, 1 = 6, 7, 8) for some smooth functions x,, ¥, on M. From
(3.21b),
Yo+ y, + 22, =0, x,—y, + 2y, = 0.
We put
Totys=2, 23 =X, Yot 23= "y, —23=17Y.

We consider orbits and local sections W, of the action of (H, 0}) on Gy,

ProposiTiON 3.3, We can take four types of W,:

(RN
(T

A |

N
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Proof. We first consider the orbit of the action of B where B € Mz,z(R)‘

[0 0 ] [ (1) 8 |
1 0 1
0 1 ° .
11 o0
Blo 1|7 0 -l
- = (by — b)) +xz, (b2 + b)) + y,
z, (by — b)) +x, (b + b)) +y,
[ 25 ys | L — B+ b)) +x, (b — b)) +y,
, 0101 0 X X 0
Thus those orbits meet [0 010 —1Y —Y 0 ]

Next we consider the orbit of the action of A, where A = <Zl Zz> € GL2, R).
2 1
_ O O -
0 0 1 [ O 0 1 0
1 0 a, + a, 0 0 1
0 1 0 a, — a, 1 0
-1 0 a, +a, 0 0 -1
A == =
0 —1 0 —a, ta, p—q p+qY
X Y P—9X (G+oY a, + a, a, — a,
X =Y p—@X —(p+VY p—q _ptag
— X — Y
Lo o 1 L 0 0 - a,+a, a, = a4,
L 0 0 i

In case that X = 0, Y = 0, those orbits meet the point of Wb, in case that X # 0,
Y = 0, those orbits meet the point of W;, in case that X = 0, Y # 0, those orbits
meet the point of W; and in case that X # 0, Y # 0, those orbits meet the point
of Wy. L]

We say that A: M— T153 is of type (B-b) if it has the type of Wzb. (We
abbreviate “type (B-b)" to “type (b)".) And we say that A is type (c), type (d) or
type (e) if it has the type or W, Wzd or WZe respectively.

Type (b)
Let A: M— TIS3 be of type (b); i.e. there exists a first order frame field
along A which satisfies (3.14), (3.15b) and the following equations:



CLASSIFICATION OF SURFACES IN THREE-SPHERE 77
* 2 1 kb * 2 1 * nb * 3 * nb
(3.23b) u (Wi — @) =u 6=0,u (W, —w) =u 6, =0, u w,=u 6, =0.

Construction of third ovder frames of type (b)
The isotropy subgroup sz of Hlb at a point of Wzb is

A0 O 0 00 000
H2b= 01 O exp {B 0 O lexp {0 0 0]};
t 41 t C O 0
(3.24D) 00 A 0 B O
b b
a=(""Yecre w,B=(7 ) ceool.
a, a4, b, — b,
The Lie algebra bg of sz is
a 0 0 5 B
a, a
(3.25b) B, =1(B 0 0 ;a=<‘ 2),;3:(1 ‘), €02
& ¢ t a, a, B, — B 4
T B —a
We decompose f)i = E); + mg, and for a basis of mg we take
0 0 O 0 0 O
(3.26b) e;=1(Es 0 0] ¢ =[E 0 0
0 'E, 0 0 ‘E, 0
The representation o, : H; — GL(10, R) is
* 0 0 0 0 * % %k 0 0
* a, 0 a, 0 * %k % 0 0
* 0 a, 0 a, * %k % 0 0
* a, 0 a, 0 ¥ % % 0 0
(3.27h) * 0 a, 0 a, * % % 0 0
'(p) = t S t S
£ L S B s B, 0 o
t S t N
* — b, b, b, b, * % %k 0
. = (b —c¢  2bb, (b)*—c  2bb, exx Lo
s s s s s
_2bb,  B)'—c  2bb, ()"t 1
* / 7 / / % % %k 0 P

where P € Hy, s = a, — a, t = a, + a,. With respect to § = B, + m we have

Q) =80, + 0, and we set O, = 3 0'¢! (i = 9, 10) then




78 TAKAYOSHI YAMAZAKI AND ATSUKO YAMADA YOSHIKAWA

b 4

(3.28b) b, = w;, — w, 0l = w;+ .

By taking the exterior derivative of (3.23b), and by using (3.14), (3.15b) and the
Maurer-Cartan equation (1.8), we obtain the following equations:

du*e: =¢, N M*Bg - “*l;o A ¢, =0,
(3.29b) A0 = — ¢, Aut0l — u A ¢, =0,
du*0l = — ¢, Nu0), + u*y A ¢, = 0.

Set ¥ 0! = z,¢, + y,, G = 9, 10) for some smooth functions x,, y, on M. From
(3.29Db),

Ty = Yip» Tio = Yo = 0.

We consider orbits and local sections W,’ of the action of (Hy, 02) on G o

[ 0 0 1 [ 0 0 |
0 0 7 t 0 1 0
1 0 0 S 0 1
0 1 ¢ 0 1 0
1 0 0 —s 0 -1
b 0 —1 0 0 0 0
P = —_
Py o 0 0 0 0
0 0 0 0 0 0
0 0 — 2+ x, 0 —2ctx 0
x, O s det A
-0 oz, - —2c+ x, —2¢+ x,
Lo el Lo detd -
Thus we take
b ‘[0101 0 OOOOO]}.
(3.308) W3—[0010—100000 ’
ie.
(3.31b) w 0, =0, u*6;,=0.
Construction of fourth order frames of type (b)
The isotropy subgroup H; of sz at a point of WSb is
A0 O 0 0 0
(3.32b) H ={{0 1L 0 Jexp (B 0 0];
00 ‘A" 0 ‘B o
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A= (Z: Z?)e GL@2, R), B = (2: _blbz) .

The Lie algebra §; of H, is
a 0 O

(3.330) H=1(B 0 0 |ia=(" ZZ>,B=(g‘ _B}B).
0 tB _ta 2 1 2 2
We decompose E); = E)Z + mg, and for a basis of mg we take
0 00
(3.34D) e,=10 00
E 00
The representation p;: Hy, — GL(11, R) is
(3.35b)
* 0 0 0 0 ¥ % %k k% % (
* a, 0 a, 0 % % k% k% Xk (
* 0 a, 0 a, ¥ % % % % 0
* a, 0 a, 0 % % % % % 0
* 0 a, 0 a, * % % % % 0
sb, th,  sb tb,
* ! S ; s * %k % %k % 0
sb, tb, sb, tb,
o= * 5 T FRRxR 0
* — b, b, b, b, * k% ok %k k
2 2
% — (by) 2bb, (b 2b,b, £k % % % O
s s s s
2bb,  (b)* 2Bk, (b))’
* ; ; ; [Tk ok ok % kO
by(b)* (8)°b, b,(b)° (b)°b 1
_ Ui1\Y v U2 O1\0y 1/ Y2 1
st st st st ok ow st

where P € H,, s = a, — a,, t = a, + a, With respect to E)Z = f)g =+ mg we have
2, = Q!+ 0, and we set 6. = 0,¢], then

5

(3.36b) 6; = w,.

By taking the exterior derivative of (3.31b), and by using (3.14), (3.15b), (3.23b)
and the Maurer-Cartan equation (1.8), we obtain the following equations:
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(3.37b)  du0y = — 2¢, A u¥0), =0, du”6y, = 2u’6) A ¢, = 0.
It follows that
(3.38b) ¥, = 0.

Thus we take a local cross section

,,_f[o1o1 0 000000]}
(3.39D) W4_{0010—1000000

of the action (H,, p3) on G, For this reason, third order frame fields # along 2
are fourth order frame fields along A with respect to W4b ; Le.

“*(@o + @f + @; + @ab) = ¢ie, T Poes + Pre, — Pres.

The isotropy subgroup Hf of H; at a point of W4b is equal to H;. In this way we
get a third order frame field # : M — G/Hsb along A: M— G/H. Adding an extra
step we lift # from G/H: to G, then we get a Lie frame of A. By choosing a lifting
# of # such that ﬂ*Qg = (), we obtain the Lie frame of type (b) in Theorem 3.1.

Type (c) and Type (d)
Let A:M— T153 be of type (c); i.e. there exists a first order frame field u
along A which satisfies (3.14), (3.15b) and the following equations:

(3.230) u* (@} — w) = w0, =¢,, u" (W — w) = u™ 0, = ¢, u ] = u"6; = 0.
Construction of thivd order frames of type (b)
The isotropy subgroup H, of Hlb at a point of W, is
(3.24¢)
0
H = I

M)

t 1

-

o O

0 0 00 0 00
0 exp (B 0 O jexp|0 0 0[;
A 0 'BO C 00

0
2 b, b >
_ — = (S5 .
A= <dz a,>’a1 a,=(a, +a)" #0,B <b b, , C€0(2)

2

The Lie algebra b, of Hy is

(3.25¢)
¢ “ 0 ’ — 3ay a, B B
" ‘f t(; —Ota ;0‘:< % _30‘2)"8:(32 __‘8),760(2) .

We decompose f)i =1, + m;, and for a basis of m; we take
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0 0 0 0 0 0 Lo 0
(326C) e; = E3 O O , elCO = E5 O 0 . efl = O O O
0 'E, 0 0 ‘E, 0 00 —']
The representation o, : H, — GL(11, R) is
(3.27¢)
0,(P) =
* 0 0 0 0 0 0 * 0 00
*  aq 0 a, 0 0 0 £ 0 00
* 0 a 0 a, 0 0 ¥ 0 00
*  q 0 a, 0 0 0 £ 0 00
* 0 a, 0 a, 0 0 ¥ 0 00
b b
*  th —72 — th, —72 b —q *x 0 00
b, b,
* th, N —th, T —q ) ¥ 0 00
¥ -0, b b, b, 0 0 ¥ 0 00
2__ 2_
« b22 ¢ 2b12bZ b, : ¢ 2blzb2 __b? b% « _1{ 00
t t t t t t t
20,0, bi—c 2bb, btc b, b 1
T t t t t t ¥ 030
dab,  2ab,  4ah, 2ab, aa,—3a;, —a,+3aa,
* = t 2 ¢ 2 3 3 0 01
t t t t
a+a 2a,a
where P€ H,, t=a, *+ a,, p = 1t3 2 q= tlgz.Withrespecttof)';=f);+

m; we have 2] = Q; + 05, and we set O = 3 e’ (1 =9, 10, 11) then
(3.28¢) b, = ws — w;, 05, = w, + wy, 6, = w; + 3w,.

By taking the exterior derivative of (3.23c¢), and by using (3.14), (3.15b) and the
Maurer-Cartan equation (1.8), we obtain the following equations:
d™0; — ¢) = ¢, N u"0; — w0 N ¢, — ¢ A u"0f =0,
(3.29¢)  d™0; — ¢) = — ¢, AN w05 — w0 A ¢, — ¢ A w0}, =0
du*0, = u™0; N ¢, — ¢, A w67, = 0.

’

Set ™6 = 2,6, + y,¢, G = 9,10, 11) for some smooth functions Z, Y, on M.
From (3.29¢),
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Zy = Yoo Lo = ~ Yu» Y= 0.
We consider orbits and local sections W, of the action of (H,, 03) on G, ,.
0 0 | [ 0 0
_ t 0 1 0
0 0 0 ; 0 1
1 0 1 0
t 0
0 1 ) 0 -1
1 0 0 —t 1 0
0 -1 t 0 1 0
gP |10 | = : v = 0 0
10 0 0 —2ctz,
0 0 -2tz ; 0
0 ‘ ’ t
% ! —2b, + 1, —2c+uz,
Z, I —2b,+ 1, —2c+z, . 3
Iy Ty t t ! t
4(02 —_ tbl) + txll 4((12 - tbl) + tx“ 2b2 — Xy
; 2b, — 2, L £ 2
Thus we take
T01 01 0 110000
3.30 Wy = { [ ] }
(3:30¢) : 0010-1000000
ie.
(3.31¢) w0, =0, u"6,,=0, u*6,=0.
Construction of fourth ovder frames of type (c)
The isotropy subgroup H; of H, at a point of W, is
A0 O 0 00
H={[01L 0 |exp (B 0 0 ;A=<Zl Zz)
t 41 t 2 1
(3.320) 0 0 A 0 BO
b, b a
al—az=(a1+a2)2¢0,B=<01 01),b1=a1+2a2

The Lie algebra 5 of Hj is
a 0 0

(3.33¢) 9=1(B 0 0 ;a:<‘3“z a, ),B:(az a,

0 [,8 _ 1, o, — 3a,
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bh; + m;, and for a basis of my we take

000O0O0O 0 0 0O O O
000O0O0O 0O 0 O 0 o
o = 110000 o = 0O 0 0 0 o
12 0000O0O0 | ™ 1 —10 0 O
(3.34¢) 001000 0O 0 0 1 o
001000 0O 0 0 —-10
0 00
e, =0 00
E, 00
The representation o : H, — GL(13, R) is
(3.35¢)
; 6, 0,
03(P) = <_; _2>,
01 0O,
* 0 0 0 0 0 0 *
* a4 0 a 0 0 0 *
* 0 a, 0 a, 0 0 *
* a, 0 a, 0 0 0 *
* 0 a 0 a 0 0 *
* a, 0 —a O ) —q *
* a, 0 -a O —q b *
a a
.= | * o 0 0 0 *
a, a,
* 0 0 0 0 - ?3 ?
a a
x 0 = 0 -4 0 0 *
t t
4a,a, 4a§ a,a, — Saﬁ — aﬁ + 3a,a,
P 0 - 2 0 £ £
P—; =0€ My,
- aﬁ + 2ta,a, - aj + Ztaz a,a,+ ta§ - la,a,— a,
2t 2t t* t
a a:
= | 0 e S R 0
2t 2t
a a
* 0 0 0 0 - —
2t 2t

¥ X X ¥ ¥ ¥ *
* X X X X ¥ X

*

O O O O OO

*

83
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1
7 0 0
1
=100
1
00 —
¢ : a+ a 2a,a, ¢ ¢
where PE Hy, t=a, + a,, p = s » 4= — . With respect to ), = b, -
t ¢
m; we have 2, = Q5 + 0, and we set @; = X Oje;, (i = 12,13, 14) then
(3.36¢) 65, = — w, 0,=w, 60,=w.

By taking the exterior derivative of (3.31c), and by using (3.14), (3.15b), (3.23¢)
and the Maurer-Cartan equation (1.8), we obtain the following equations:

du*0; = — 2¢, N u*6;, =0,

du* 65, = — 24, N U0, + 207605, A ¢, =0,

du*0f, = — 4¢, A w0, — 2u™0;; A ¢, =0.

(3.37¢)

Set u* 0 = x,¢, + y,¢, G = 12,13, 14) for some smooth functions ,, y, on M.
From (3.37c¢),

(3.38¢) Ty =— 2y, =2k, x,=y,=k' y,=0.
We consider orbits and local sections W, of the action of (Hj,, 03) on G, ,.
0 L I 0
i : t 0
1 0 0 t 0 1
0 1 t 0 1 0
1 0 0 — ¢ 0 -1
0 -1 t 0 1 0
1 0 t 0 1 0
1 0 0 0 0 0
Pl o o0 | = 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1
0 0 4z | lxlz . K alfz + %xn -5k
s g t to t
Iy, k 9 1
3 4
o K 2 i Lo -k —k
L ) 12 £ t
k 0 1 .
L — k4 0 J L —k 0 i
t3
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Thus we take

’

¢ 3 4
(3.39¢ W:ZHO 101 0 110000 032/f1 k”
0010 —-1000000-% kK 0
ie
(3.40¢) u 0l = — k¢, w0, =2k°p, + k'¢, w6, =k'p,.
Construction of fifth ovder frames of type (c)
The isotropy subgroup H, of Hy is equal to {I;}. For a basis of §; we take
-3 1 00 O 0

1 =300 0 0

oo a=| 3 5900
0 0 10 3 -1
0 0 10 -1 3

We set 25 = 6Oye;5 then

(3.42¢) 6, = w,.

Set

(3.43¢) u 6l = k'gp, + k',

(3.44c) k' = kig, + kyp, 1=1,2,3,4),

for some smooth functions k', k; on M. By taking the exterior derivative of
(3.40c¢), and by wusing (3.14), (3.15b), (3.23c), (3.31c), (3.44c) and the
Maurer-Cartan equation (1.8), we obtain the following equations:

dw™ 05, + K°¢) = ¢, A u 05, + 6K°u 05 A ¢, + ki A ¢, = 0,
dw™0f, — QK¢ + k'¢,)

=12k, N u™ 0, — 8K'ut 05 A ¢, + Rk — kD¢, A ¢, =0,
dw™6;, — k'¢) = 8k'¢, A w05, + ki, A ¢, = 0.

(3.45¢)

From (3.43c¢), (3.44c), and (3.45¢),
K+ 6k’ + K =0,

(3.46¢) 12k°K° — 8k'k* + 2k — k) = 0,
8K’k + ky = 0.

Thus we take a local cross section
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0101 0 110000 0 2k3k“k‘”

t
(3.47¢) W;=H s )
0010 —-1000000 —FkK K" 0 £k

of the trivial adjoint action (H,, o) on G55, where k' are smooth functiors on M
that satisfy the conditions (3.46¢). By taking the exterior derivative (3.43c), and
by using (3.14), (3.15b), (3.23c¢), (3.31c), (3.40¢) and the Maurer-Cartan equation
(1.8), we obtain the following equations:

(3.48¢) dw 0 — (k'¢, + k*¢)) = (— 2Kk + K* + k) — kD¢, A ¢, = 0.
Then
(3.49¢) 2k’ — K =k, + K =0.

Thus the Lie frame of a Legendre map A: M— T153 of type (c) is the fifth order
frame field # along A with respect to W;. In this way we obtain the Lie frame of
type (c¢) in Theorem 3.1.

In precisely the same fashion as the case of type (c), we obtain the Lie frame
of type (d) in Theorem 3.1.

Type (e)
Let A:M— T153 is of type (e); i.e. there exists order frame field # along A
which satiafies (3.14), (3.15b) and the following equations:
w0 — w) = w0 = ¢, + ¢, u (W — @) =uT0 = ¢, — ¢,
(3.23¢) % 3 % nb
uw,=u 0 =0,
Construction of thivd ovder frames of type (e)
The isotropy subgroup H, of Hlb at a point of W, is

(3.24¢)
0 0 0 0 00 -
H ={exp|B 0 0 })exp{0 00 ;B=<bl _1b>,C€0(2)
0 ‘B0 C 00 o
The Lie algebra §; of H, is
00 O 5 B
(3.25¢) =118 0 0 ;B=< S >,r60(2).
t .Bz —182
r B 0O

We decompose E)’f =, + m;, and for a basis of mj; we take
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0 0 0 0 0 0
(3.26e) eg=|E;s 0 0 o =[E 0 0
0 ‘E, 0 0 ‘E, 0
0100 0 0
ooy [hene s
c—(00 0 ¢
“n t Gz 0000 0 0
00— 0000 0 —1
0000 —1 0
The representation o, : H, — GL(15, R) is
(3.27¢)
* 0 0 0 0 0 0 %0000
* 1 0 0 0 0 0 %0000
* 0 1 0 0 0 0 %0000
* 0 0 1 0 0 0 % 0000
o 0 0 0 1 0 0 * 0000
* b, -b —b —b 1 0 %0000
P)=| % b b, —b b 0 1 %0000 |
x  — b, b, b, bb 0 0 % 0000
* —bi—¢ 2bb, bi—c 2bb, —b, +b * 1000
* —2bb, bi—c¢ 2bb, b'+c —b, —b, ¥ 0100
x —b —b 0 0 0 0 * 0010
x = b b, 0 0 0 0 * 0001

where P € H,. With respect to E)’; =B, + m; we have .le = Q; + 6, and we set
0, = X 6/¢; (i=9,10,11,12) then

e __ 3 3 e __ 4 4 e __ 1 e __ 1
(3.28e) Oy, = w, — wi, 0,y = w, + w,, 6, = w, 0, = w,.

By taking the exterior derivative of (3.23e), and by using (3.14), (3.15b) and the
Maurer-Cartan equation (1.8), we obtain the following equations:
dw™6; — (p, + )
=@, A 0, — w65, — 3u™0) + (— w65, + u0f — 3uT6) A ¢,
20 N9, =0,
(3.29¢) d(u*ﬁf — (¢, + ¢,))
= ¢, A (— w0 — u™ 0, — 3u™65) + (— u™ 6, — u™ 6, + 3u™65,)
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/\ ¢2 = O’
¥ b * e * e _
du 0g=—¢, Nu 0,+u 0, \ ¢, =0.

Set u™ 0] = x,¢, + y,¢, (=9, 10, 11, 12) for some smooth functions z,, y, on M.
From (3.29¢),

oty T3y, T1=0, yo+x, =31, 1=0, 7,=y,

We consider orbits and local sections W, of the action of (H,, 03) on Gy, ,.

[0 0 ] [ 0 0 W
1 0 1 0
0 1 0 1
1 0 1 0
0 —1 0 —1

oa(P) i —11 = i —11

0 0 0 0
Ty Y, —2ct+zx, —2b +y,
Lo Yo —2b,t >y, —2c Tty
Ty Yu —btx;, —btuyy

L Lz Typ - - b Ty, b, + x, -

Thus we take

0101 0 1 1 000 3k+1 k‘H.

t
(3.30e) sz[[ ,
0010 —-11-1000 —3kK—1k

ie
u 0y =0, w6 =0,

(3.31e) 4 . 1 3 % e 1 2
wo,=Q@k +D¢,+ (—3k—1D¢,, u 0,=ko¢, + k¢,

Construction of fourth ovder frames of type (e)

The isotropy subgroup H, of H, is equal to {I;}. For a basis of §; we take
000O0O0O 0 0 0 0 00
000O0O00O 0 0 0 0 00O

¢ _ 110000 e_[ 0 0 0 0 00
19 b1s 000000 | % 1-10 0 00
(3.32¢) 001000 00 0 1 00
001000 0 0 0 —100
0 00
e.=10 00
E 00

—
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We set 2, = 2 6/¢; (i = 13, 14, 15) then

(3.33¢) 6, = w., 6, =w, 6=w,.
Set
(3.34e¢) dk' = ki, + ki, (i =1,2).

By taking the exterior derivative of (3.31e), and by using (3.14), (3.15b), (3.23e),
(3.34e) and the Maurer-Cartan equation (1.8), we obtain the following equations:
du™0; = — 24, N w05, + 2u™ 05, A ¢, =0,
du 65, = — 2¢, A w6, + 2005, N ¢, =0,
(3.35¢) d@* 6, — (Bk' + D¢, + (— 3> — 1 ¢,)
=— ¢, A0, +u 05, N ¢, + Bk, + 3k p, A $, =0,
dw™ e, — (K'¢, + k°¢,)
=—¢, A0, — ut 0, N ¢, + Uy — KX+ 2k + 2K + AK'KD) ¢, A @,
=0.
Set u*0f = x,¢, + y,$, G = 13, 14, 15) for some smooth functions z,, y, on M.
From (3.35¢),
Zys = Y5 = ks’ Lys = Y1s = k6’
(3.36¢) PR 2.2 1 2 .3 1 2\ 2 1 2 4
=k + k) + 2k, + ki =k, x,= 0k +Kk) —k,+2k =k

Thus we take a local cross section
(3.37¢)
t 1 1 5 4 6
We_H0101 0 1 1 000 3k+1 Kk K k k”
L=
0010 —-11-1010 —3&—1KFK KK
of the trivial adjoint action (H,, p3) on G5, ; i.e.
(3.38¢) u"0f, = Kk’¢, + k°p,, u’0:, =Kk'¢, + k°p,, u 0], =k’¢, + k’p,.
By taking the exterior derivative of (3.38e), and by using (3.14), (3.15b), (3.23e),
(3.34¢) and the Maurer-Cartan equation (1.8), we obtain the following equations:
du™ (65, — (K¢, + k°$,))
= (6k'K’ + 4k°K° + 2K° + 3K+ k) — kD ¢y A ¢, = 0,
(3.39¢) du” (6}, — (k'¢, + k°¢,))
= (4k'K° + 6k°k" + 2K° + 3k + ki — kD¢, A ¢, = 0,



90 TAKAYOSHI YAMAZAKI AND ATSUKO YAMADA YOSHIKAWA

dw™6!, — (K¢, + k°¢,)
= (—4Kk°k° — 4k'K° — 2K — 2K° + k) + k) gy A ¢, = 0.

Then

6k'k’ + 4K’k + 2k° + 3K° + ky — k) = 0,
(3.40¢) 4k'K° + 6Kk + 2k° + 3K + ky — k] = 0,

— 4k°K® — AK'E° — 2K° — 2k° — K + Ky = 0.
Thus the Lie frame of a Legendre map A: M — T153 of typy (e) is the fourth order
frame field # along A with respsct to Wf. In this way we obtain the Lie {rame of

type (e) in Theorem 3.1.
We have thus proved Theorem 3.1.

4. Classification of Legendre maps in 7S *in view of curvature spheres

Let us consider the classification of surfaces obtained in Theorem 3.1 in view
of curvature spheres. The curvature sphere of A: M’ — Tlss of type (a) is [K] =
[Y;], which has multiplicity 2. The curvature spheres of A of type (b), (c), (d) and
(e) are

(4.1) [K,)] = [Ys() + Y1, [K®]=I[- Y@ + Y@l

CoroLLARY 4.1. (1) A Legendre map of type (a) is a oriented hypershpere.
(2) A Legendre map of type (b) is a cyclide of Dupin.
(3) A Legendre map of type (c) (type (d)) is a canal surface if the function y = 0 (x = 0).

Proof. (1) [K] is constant since d¥; = 0, so A is a oriented hypersphere.

(2) Let X,, X, are the principal vectors corresponding to [K,], [K,] respec-
tively; i.e. X|, X, are vectors in T,M such that ¢,(X,) =0, ¢,(X;) = 0. If A is of
type (b), then

dK, = 2¢,Y,, dK,= — ¢,Y,,

and hence dK (X)) = dK,(X,) = 0. Thus along every line of curvature in M the
corresponding curvature sphere is constant; i.e. A is a cyclide of Dupin.

(3) Let A be of type (c). We change the functions &', k* in (2.3) so that k' =
4k1, h* = 2k’ Then

(4.2) dK1 =2[¢1YB + (h“l;_—zﬁbl +%2¢2>Y5+ <hl4;2¢l +%2¢2)Y6}
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ak, = 2~ g¥, + (= L g~ g ) v+ (B

o6+ i)Y,

Let A be of type (d). We change the functions kl, K in (2.5) so that W=— 2k1,

h® = — 4k Then
Fo)xok (g e 5 0
+ + 2

MY+( b+

ak, = 2{p,¥, + (g, + "
(4.3)

ak, =2~ g ¥, + (= g -

i #)n)

Thus if A is of type (c) and k= h’ =0, then only [K] is constant along X, and
if A is of type (d) and k' = k' = 0, then only [K,] is constant along X, ; such 2 is
classically called a canal surface. il

Let A be of type (¢). We change the functions k', k* in (2.7) so that n=
—2k' — 1, K" =2k + 1. Then

ak, = 2{p,%, + (o, + X7 L ) v, + (o, + 52 ) )
(4.4)

ak, = 2(~ gy, + (- 251

5.~ o) ¥+ (ML g+ )y,

Hence we can distinguish the type of a given Legendre map A : M,— T153 which
has two curvature spheres [K,], [K,] with multiplicity 1 in the following way. Set

K, = 2¢,Y; + (A¢, + Bp,) K, + C¢,K,,

4.5
.o dK, = — 2¢,Y, + D¢, K, + (E¢, + F$,)K,,

where A, B, C, D, E, F are some smooth functions of M. If C =0, D = 0, then
A is of type (b); i.e. a cyclide of Dupin. If C =0, D # 0 (C # 0, D = 0), then A
is of type (¢) (type (d)); moreover if B =0 (E = 0), then A is a canal surface. If
C# 0, D+# 0, then A is of type (e).

Finally we obtain the necessary and sufficient condition that two surfaces are
Lie equivalent by virtue of Theorem 3.1 and the theorem in Section 2.2.

CoROLLARY 4.2. (a) All oriented spheres in TPS‘3 are Lie equivalent.
(b) All cyclides of Dupin in T, S * are Lie equivalent.
(c) Let A: M— Tlsz, A:M— TIS2 be smooth swrfaces of type (c), (d) or (). Let K,
k' be the smooth Sunctions which are defined i Theovem 2.1 with rvespect to A, A re-

spectively. Surfaces A and A are Lie equivalent if and only if there exists a one-to-one
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correspondance ¢ - M— M such that k' = go*lgl for all 1.

(C]
(CC]

[Gri]

1
(M]

(P]
[SY]

(Y]

[YY]
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