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ASYMPTOTICS FOR POLYNOMIALS SATISFYING A CERTAIN
TWIN ASYMPTOTIC PERIODIC RECURRENCE RELATION:
UNBOUNDED CASES*
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Abstract. Polynomials satisfying a certain twin asymptotic periodic recurrence relation are
considered. It is assumed that the coefficients of the recurrence formula are unbounded but vary
regularly and have different behaviour for even and odd indices. The asymptotic behaviour of the
ratio of contiguous polynomials is analyzed.
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1. Introduction. We consider the sequence of polynomials {B,,} generated by
the three term recurrence relation

Bni1(2) = (2 = Buy1)Bn(2) — ant1 2 Bna(2), nz1, (1.1)
with By(z) =1 and By(z) = z — 31, where
On>0, apy1 >0, n>1. (1.1a)

An important contribution on such polynomials is the paper [13] by Jones, Thron and
Waadeland. They show that the zeros of B,, are all positive, distinct and interlace
with those of B,,_1. Moreover, in order to solve the strong Stieltjes moment problem,
they also prove a Favard type theorem which can be stated as follows:

There ezists a distribution function ¢ with all its points of increase within (0, 00),
such that

/ x—n‘i‘an(x)dw(x) = pnén,su O S S S nu n 2 0' (1'2)
0

Uniqueness of 1) depends on the convergence of the associated T-fraction (M-fraction).

We recall that the original Favard theorem and interlacing properties of the zeros
are with respect to orthogonal polynomials, in which case the three term recurrence
relation is

Bni1(2) = (2 = Bus1)Ba(2) = dn1Bn-a(2), n>1, (1.3)

with f?o(z) =1 and 31(2) = 2 — [31, where 3, are all real and Gpnt1 > 0forn > 1
(see for example [10], [16] and [22]).

A Favard type theorem for the polynomials B,, in a somewhat more general setting
than (1.1a) were also studied by Hendriksen and Van Rossum [§].
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Three term recurrence relation of the type (1.1), with the restriction (1.1a) or with
other restrictions, are of considerable interest in many other contexts, including two
point Padé approximants, Szegd and para-orthogonal polynomials, and polynomials
defined by a two dimensional difference system. See, for example, [2], [4], [12], [14],
[17], [15] and [23].

In this paper we consider the asymptotic properties of the polynomials B, (z) as-
suming that recurrence coefficients «,, and 3,, restricted by (1.1a), are also divergent
asymptotically to a regularly varying sequence as defined below.

DEFINITION 1. A non-negative function f : IRT — IRT is reqularly varying (at
infinity) if for some real o and all t > 0,

lim f(xt)
e—oo f(z)

The constant o is called the exponent of reqular variation.
If f(z) is a regularly varying function with exponent o, then {\,}, where A, =
f(n), is called a regularly varying sequence with exponent o.

=17.

Specifically, we give information on the limiting behaviour of the sequences of
ratios {Bpn/Bn—2}, {B2n-1/Ban}, {B2n/Ba2n+1} and {B),/(nBy)}. We also apply the
results to some known families of polynomials By, (z). A previous study of this nature,
with recurrence relation (1.3), was done in [21].

Asymptotic behaviour of the ratios {B,,/Bn—2}, {Ban—1/Ban}, {Ban/Ban+1} and
{B},/(nBy)}, when the recurrence coefficients o, and , in (1.1) are bounded and
converge to finite limits, is considered in [1].

2. Preliminary results. Let K, (2) = B, ,(2)Bn(2) — B, (2)Bny1(2), n > 0.
Then from (1.1) one can establish that (see [13])

Kﬂ('z) = B’?L(Z) + an-i-lﬁnB?zfl(Z) + an+1anz2Kn—2(Z)u n > 2,

with Ko(2) = B2(z) = 1 and K1(z) = B}(2) +az1B3(2). Hence from (—1)"B,(0) =
8102 ... 0, and from (1.1a) it follows that the zeros of B,, are positive and distinct
and different from those of B,,_1.

Let 25,1 < 2n,2 < ... < 2Zn,n be the n zeros of B,,. Using the properties of chain
sequences (see, for example, [3, 11]), the following result is obtained in [19]. If

Br= sup fi, Pr= _inf [ and & = sup ay,
1<i<k 1<i<k 2<I<k

for k > 2, then all the zeros of the polynomials B;, 1 <[ < k, lie inside the interval
[dk, di], where

di = Br + 260 + \/(Bk +2605)% — B < o0, (2.1)

and

—1
N 1 2ay, 1 26\ 2 1
' {6k+6z+\/(5k+6,€) ﬁ,%} g
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For the partial decomposition

Bn—l(z) . Tn,r
— = ’ >1 2.2
B,(z) ; Z— zZny = (2.2)
we have
Bn—l(zn,r) - .
B YRR e 09

From (1.1) we also obtain the following three term recurrences for the polynomials
of even and odd indices

Bont2(2) = azn(2)Ban(z) — ban(2) Ban—2(2), (2.4)

Bany3(2) = azny1(2)Bang1(2) — bany1(2)Ban—1(2),
where

zZ— ﬁn+2
Z — Qpy2Zz,

(2 = Bnt1)(2 = Bnr2) — ang1 ﬁ (2.5)

S
3
—

N
~

Il

s —
6n+2 22.

Z_ﬁn

Finally, we will be needing the following lemma, for a proof of which we refer to
[21].

bn(2) = anani1

LEMMA 1. Suppose {0, j <mn, n=1,2,...} is a bounded triangular array of
complex numbers for which 6, ; — 0 whenever n — oo and j/n —t € [0,1]. Then for
any w with |w| < 1,

k
wk g Onjw 7 —0
Jj=0

whenever n — oo and j/n —t € [0,1].

3. Ratio asymptotics. From now on, we assume that there exists a regularly
varying sequence A, with exponent ¢ > 0 such that the recurrence coefficients of
(1.1), in addition to (1.1a), satisfy

lim Ban/Aan = 5, lim agn /Azn = o
(3.1)
Jim_ Boni1/Aon = B, Jim aont1/Aon = alh,
First of all, as n — oo and k/n — ¢t € [0, 1], we have
Ok _ Ok Aok (0)0  O2k4l _ 0241 A%k (10
A2n A2k A2n ’ A2n, Aok Azn ’ (3.2)
Dok _ Dok Dok goyyo Pokr _ Pkt Aok e

)\277, B A2k /\2n )\277, A2k /\2n
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Hence, from (2.1) and (3.2) we observe that for all n > 1 there exists a constant A > 0
such that

o<%<At°’, 1<j<k -<Z<t (3.3)

3

S|

SRS

THEOREM 1. Let the recurrence coefficients o, and By, in (1.1) also satisfy (3.1),
where A, is a reqularly varying sequence with exponent o > 0. Let A be a positive
constant such that (3.3) holds. Then as n — oo and k/n — t € [0, 1],

_ 1 Bk()\nz) __ 4120 —0o
Rin(z) = 2 Bra0) Ri(z,t) =t Ry (2t77),

uniformly for z on compact subsets of C\ [0, A], where

Ru(2) = £{(z = BO)( = B) = (@ + o))z

(3.4)
/(= BO)z = A0) = (@® +a)z)]2 — da@a)z2 }.

Proof. The theorem is clearly true if k/n — 0, when we obtain R(z,0) = 22

Thus we assume ¢t > 0. Let d > 0 and z € [A + d,00). Since z — zx j /Ay, > d and
2k (Mnz) < AJ/(A+d) for j =1,2,...k, then for 1 < k <n, from (2.2) and (2.3),

k
Bk_l()\nz) Tkj 1
O< \y————= = _— < = 3.5
Bk(/\nz) ]2 Z—ij/)\n d ( )
and
k
kal(/\nz) Tk,j A+d
0< Apz————+- = 2 <
Bz ; i d
z
Hence,
_ 1 _ A+d
0 < [Rag,2n(2)] < - and 0 < z[Rak 2n(2)] < B (3.6)

For the moment we use only the first bounding expression given in (3.6). However,
different to the treatment in [21], later we will also be needing the other bounding
expression.

Let {k,} be a sequence of integers such that k,/n — t as n — oo. Since
|[Rak, 2n(2)] 7| are uniformly bounded for z € [A + d, 00), there exists a subsequence
{[R2k, 20 (2)] 7} that converges to a limit function.

We now show that the subsequences {[Rak,,2q(2)]7'} and {[Rok,+2,24(2)] "'}
have the same limit when d is taken to be sufficiently large. For this, from a formula
of Dombrowski [5] (see also[6] and [7]) applied to the recurrence relation (2.4), we
obtain
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B2, (Aonz) — Bogi2 (M2 2) Bak—2(A2nz2)
b2()\2nz)b4(/\2nz) ka(/\QnZ)

a2;(Aanz) — azj—2(Aanz)
_ 5 Ba;(Aanz)Baj—a(Aan
0+Zb2 Aonz)ba(Aanz) - - b2g(/\2n 2) 25 (A2nz) Baj 2(A2n2)

k

baj(A2n2) — baj—2(Aan2)
- Bsi(A2n2)Bai_4(Aanz).
;bz(/\gnz)b4()\2nz)...ij(/\an) 2J( 2 2) 25 4( 2 )

From this,

|[Rok+2,20(2)] 7" = [Rak,20(2)] 71|

<2 ba(M2n2)bs(A2n2) - - - o (A2n 2) |A3,.2|
=t AZE | Bart2(Manz) Bk (Aan2)] (3.7)
k ~ ~
bajt2(Aanz) - - - bar(Aanz) 2(n—3j)
+)\§n Z & \ 2(k—j) ’)‘gnzy ’ {Un,j(z) + Vn,j('z)}v
7=0 2n

By (A2n2)Baj—2(Aanz)
Bokt2(A2nz)Bak(A2p 2)

, With up, j(2) = |agj(Aanz) — agj—2(A2n2)|

and

where ng()\gnz) = byj(A2nz)/(03,22), Un (2) = un ;(2) ‘
By (A2n2)Baj—a(Aanz)
Vini(z) =v,4(2 J J
() () Bogy2(X2nz) Bag(Aan2)
and vn,j (Z) = |b2j ()\an) — b2j72(A2n2)|.
From (3.2), for our sequence {k,} the array {i)gj()\gnz)/)\%n; Jj < kp,on =

1,2,... } is bounded by a constant C. Also, for j < k, by means of the two bounding
expressions in (3.6),

Baj(Aan2) | _ ﬁ Bai—2(A2n2) < ( 1 )%_Qj
Bak(A2n2)| 20 | Bai(Aanz) A2nd
and
k k—
k—j B2j()‘2nz) _ H ZBQZ'*Q(/\QHZ) < <A+d) !
Bor(A2n2) i Bsi(A2nz) A3, d?
Hence, (3.7) leads to
1 a :
[[Rot2,2n(2)] 7 = [Rakan ()] 71| < g+t Y 26 (2w
i=1

where w =

C(A+d)? un,i(2)] | |vn;(2)
T ) = T

Now we choose d = D large enough so that w < 1. Thus, by Lemma 1 it follows
that for n — oo and k/n — t € [0,1], if z € [A + D, oo), then

|[Rok+2,2n(2)] 7" = [Rak2n(2)] | — 0. (3.8)
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Hence for z € [A + D, 0), if {[Rak, 24(2)] 7'} is a subsequence that converges,
then also {[RQkﬁ+212ﬁ(Z)]71} and they both have the same limit. Let this limit be

1/r(z,t).

From the recurrence formula in (2.4) we have

a2k, (A2nz)  bog, (A2n2)
A3 A%

Rok, +2,24(2) = [Rak, 20 (2)] " (3.9)

Hence, in the limit,

b(z,t)
r(z,t)’

r(z,t) = a(z,t) —

(3.10)

where a(z,t) = (z — BOt7)(z — BV17) — (@ + aM)t72 and b(z,t) = a(WDaDi2722,
From this, also with the observation lim,_ oo Rag, 27 (2) = 00, it follows that

r(z,t) = Ry(z,t) = % {a(z,t) +/a2(z, 1) — 4b(z, t)} .

Note that, from (3.8) and (3.9), every convergent subsequence {[Rak, 24 (2)] '}
has the same limit Ry (z,t). Thus we conclude that, for any z € [A + D, 00),

Rok, 2n(2) — Ri(z,1),

as n — oo and k,/n —t € [0,1].

However, {[Rak, 2(2)] 7'} is a sequence of analytic functions on C\ [0, A]. Let
K be a compact subset in C \ [0, A]. Let § be the distance from K to the interval
[0, A]. Since 0 is strictly positive, we also have from (3.5) that

1
’[R2kn,2n(z)]_1’§5_2 for z€eK.

Hence, by the Stieltjes-Vitali theorem (see [9]), {[Rok,.2n(2)]7'} converges to
1/R1(z,t) uniformly on compact subsets of C \ [0, A].

Now if we repeat the same reasoning with the sequence {[Rak, +1,2n(2)] 71}, we
find that this sequence also converges to 1/R1(z,t) and this completes the proof. O

From the recurrence relation (1.1) we obtain

1 Bopg1(Aonz) <z B 52k+1) 1 Bor(Aen2) 2kl

A3, Bar—1(M2n2) Non ) don Bak—1(A2nz)  Aan

and

1 Bakya(Aanz) _ ( B 52k+2) 1 Bogy1(Aonz) Q2k+2
)\%n B2/€()‘27l2) )\271 )\271 BQk ()\an) )\Qn ’
Letting n — oo and k/n — ¢, then from Theorem 1 we have the following result.

THEOREM 2. With the conditions of Theorem 1, asn — oo and k/n — t € [0,1],

By (A2n2) (0) z— O
Aop "~ — R ,t) = ) 3.11
2 Bapt1(A2n2) — Ry (z1) Ri(z,t) + a®toz (3.11)
Bok—1(Aanz) 1) 2 — Bge
Aon————— — Ry '(2,1) = , 3.12
" Bor(Aanz) - R (20) Ri(z,t) + aWtoz (3.12)
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uniformly on compact sets of C\ [0, A].

Now the initial part of the proof of the next theorem is exactly as in Theorem 3
of [21]. To complete the proof, from

2R (2,t) = 2% — uit7z + ust® + \/[22 —utoz + u2t2‘7]2 — 4ust2922 |

where u; = O + 31 4 O 4+ oM uy = OFM and ug = a@a®), we observe
that

2 t20’
Ri(z,t) {22 —uyt? — s Z}

Rl (Z, t)

0
—Rl(Z,t) = .
\/[,22 — Uitz 4 ugt?9)? — dugt?o 22

0z

With the use of (3.10), this leads to

(0/02)R1(z,t) 1 1 22 — uyt??
—_— Y = Rg (Z, t) = — -— .
2Ry (2, t) 2z 22 \/[2% — w7z + uat?7)2 — 4ugt2o 22

THEOREM 3. Suppose that the conditions of Theorem 1 hold. Then, as n — oo,
we have

1 0 1 (3.13)

1 22 6(0)6(1)t20
= [ ls+s -
0 -4% z \/(2 —at?)(z — at?)(z — bt?)(z — bt7)
uniformly on compact subsets of C\ [0, A], where 0 <a < a < b < b are such that
a+b = O+ 0 4 a0 a4 2Va0al),
a+b = BO 40 1o o - 2¢/a@a®

and ab = ab= pBOAL),

}dt

4. Integral representations and Quadrature rules. First of all, to be able to
obtain the results given in Theorems 4 and 5 of this section and the results associated
with case 2 of section 5, we require the two lemmas given below.

LEMMA 2. Let 6, di and da be such that 0 < § < dy < dy. Let g be the probability
distribution function defined on [d3,d3] by

x /d2_ / _d2
g(l’,dl,dg,é):X/ 2 v 1du7

_ 52
d? u 6

(d3—8*)' 24 (d3 =) /22 oy

2
where X == (dZ—d?)?

/dg dg(z;dy,dz,0)
d

2
2 Z-73 7= 0% —[(d3 = 62)(d} = V2 + /2 — i)z — d3
2 [z — 8% — (B — 82 (&2 — 62)]V2 — Sz — Bz — d%]

(@3 = 62)172 = (& = 52)12]" (= = 52)
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A proof of this easily follows from a lemma given in [20].
From Lemma 2, one also obtains

/”@ dg(w;di, dp,0)  2[—dids + 6% +[(df — 6*)(d} — 6H)]/?] 1
d2 z

z—x [d2 — d1]?
L1 - 9772 - (df - e i /dg dg(; di, ds, )
[da — dq]? 2z S z—w '
(4.1)

Now let 3, by and by be such that 0 < 3 < by < by. Then there exist unique real
numbers d; and ds such that

0<di<dy and di =+/b;—B/Vbs, i=1,2.

Here the (one to one) relation between b; and d; is such that (z — b;)(z — 8%/b;) =
(z — B)? — d?=.

Let Ig(g,p,b,) be the indicator function of the set E(,b1,b2) = [3/ba, 5%/b1] U
[bl, bg] That iS, IE(B,bhbz)(x) = U(I - ﬂz/bg) - U(I - 62/1)1) + U(CC — bl) — U(.CC — bg),
where U(z) is the Heaviside function

1, x>0,
Ulw) = { 0, z<0. (4.2)

Then we can state the following lemma regarding the Stieltjes transforms of the
distribution functions F' and G supported on E(/3, b1, b2).

LEMMA 3. For the probability distribution function F defined by

|U — Bl(u+6)/u
F(x;8,dy,d2) = 27r/ \/d2u e \/(u S d%uIE(u)du (4.3)
holds
N F(x;67d17d2)_i 1 2?2 — 32
o= /vabhbﬂ smw 22 VE=8? -diz\/(z =P - d3z

2 [(d3—52) ;;+s§;;62)1/2]2 and if § and T are such that 0 < 6 < d;
1

and %/by <1 < bl, then for the probability distribution function G defined by

Moreover, if x =

G('r;ﬁvdlde;av T)

VB (=B —B) —Bu (u—P)u—) (44)
= X/ e fa pla o
holds
. . dG(l’;ﬁ,dl,dg;é,T) _ . .
S(Gi2) = /(ﬁ . oL = L(2: 8, dy,d5; 6, 7)

B 2(z—1)
[(z = B)% — 6%2] — [(d3 — 6%)(d} — 02)'/22 + \/(z — B)2 — d32\/(z — B)2 — 3z

The proof of this lemma follows from Lemma 2 as shown in [1].
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THEOREM 4. Suppose that (3.1) holds with 381 > 0 and o(Da > 0. Then

for the functions Réo)(z,t), Rél)(z,t) and R3(z,t) obtained in Theorem 2 and Theo-
rem 3,

Réo)(z,t) = t_URéo) (2t79), Rél)(z,t) = t_“Rél)(zt_”) and R3(z,t) =t R3(2t™7),
where, fori=20,1,

R () = 1= amin/a  amin / dG(x; B, du, dg; 6, 1))
2 PRI @ Jps.00m o

)

and

R(Z)_/ dF(‘T7ﬁud17d2)
’ E(B,b1,b2) £oT ,

with  min = min{a(®) oM}, 32 =030 52 = (,/p0) — VBW)?,
(Vor = 8/V1)? = di = 8% + (Va® — vValh)?

and

(Vo2 = B/v/B2)? = &8 = 5 + (Va® + Va2

Proof. From (3.11) and Theorem 1 we obtain that Rg) (z,t) = t“’Rg) (zt79),
where

; 2 — 3@

Ré )(Z) = Wfoﬂ)z
2(z — pY)
(= B2 =822l + a0 — a0 s+ /= PR - Ben/G:— PP - B2
From this we find that
|a(17i) _ a(i)| — (a(lﬂ') — a(i))
- 2a0) (z — pOD)
(1= 4 o) — |o1=) — o)
" 2000

Hence the first result of the theorem follows from Equation (4.4) in Lemma 3.

Finally, since R3(z) can be written as

RY(2)

L(Z7ﬁud17d2767ﬁ(l))

1,1 il
2 %o B - e/ - D - B2

the last result of the theorem is obtained from (4.3) in Lemma 3. O

R3(z) =

Note that one can also write
RY(s,0) = L Cminf@l am / G, dr, d2; 0,87
z — 6(1 Z)td Oé(l) E(B,bhbz) z — xt?

1- amin/a(i)

o — ﬁ(l—i)ta
Amin / dG(ZZ?, 6tg, dltg/z, dgtg/z; (Stg/z, 6(Z)tg>
Oé(i) E(ﬁt“,blt“,bgt“) Z—X ’

(4.5)
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for : = 0,1, and

Ry(2.1) / dF(x;3,dy,do) / dF (x; Bt dit7/2, dat?/?)
3%, = - . =

E(Bbiby) 2Tt E(Bt7,b1t7 byt7)
(4.6)

THEOREM 5. Suppose that (3.1) holds with 031 > 0 and o(Da™) > 0. As
n — oo and k/n — t € [0,1], for every continuous function f on (0,00), we have

zZ—X

2k+i ot =D _ g . )
ZT2k+i,jf( " ) — Wf(ﬁ t7)
Jj=1 "
s [ )G s by, das 50,
A=) Jp(8,b1,02)
fori=0,1, and
1 — Zn.i !
~Y M5 - / / f(@t?)dF (2 B, dy, d2) dt,
ni3 An 0 JE(B,b1,b2)

where (3, b1, ba, d1, do and § are as in Theorem /.

Proof. Consider the discrete distribution functions

k
G () = ZTkJ—U(x — Zk,5/An) (4.7)
and
Fo(z) = %ZU(I — 2nj/ M), (4.8)
j=1

where U(z) is the Heaviside function (4.2). Since

k
/\anfl(/\nz) _ Z Tkﬁj

(d/dz)Bp(Anz) 1 1
Bi(An2) z = 2k5/An Z

1
d —_—_ = —
e B, (An2) n

J=1

the Stieltjes transforms of these distribution functions are

S(Gui) = [ 20y, B (1.9
and
[T dFy(x)  1(d/dz)B,(\n2)
S(Fn,z)_[m e = BT (4.10)

The asymptotic behaviour of these Stieltjes transforms is given by Theorems 2
and 3. Now, by Grommer-Hamburger theorem, the limits have to be the Stieltjes
transforms of the weak limits of the distribution functions Gy, x(x) and F,,(x). The
identification of the limits of (4.9) and (4.10) can be done by using (4.5) and (4.6). O
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5. Special cases. We now consider some especial cases. Note that, even though
the coefficients f3,,, any1 are positive, any of 39, o 31 and o)) can assume the
value zero.

Case 1. First we consider the case «® = a() =a >0 and 0 =30 =3 > 0.

Then in Theorem 4, § = di = 0, d» 2y/a, B = by and by = S+ 2o +
V(B + 2a)? — 32. Thus, for example, the results of Theorem 5 can be stated as

k
2k o |
;Tk,jf(X) — /E( f(xt?)dG(x; 3,0,2v/a; 0, 3)

B,8,b2)

1 b2 4 — — 2
- Flapry) Yoz — @ = OF )

2T B2 /bs T

n

1 Enidy 1 xt? x; «
S - [ f o T (30,0.203)

n
ey
_ 27r/0 /2/b2f(:vt S

j=1
Case 2. Another important case, not covered by the previous theorems, is when
one of 3 or 31 is equal to zero. That is, for r equal to 0 or 1,

o >0, o™ >0, g =0and g4 =35> 0.
All the explicitly given examples which are known to us so far belong to this case.

It follows that 8 = 0, 6> = (3, by = d® = B+ (Va©® — vVaM)? and
by = d2 = B+ (Vo +vVaM)2, Hence, with d = [(d2 — §2)(d? — 62)]"/2,

1 Qmin /a9 L Omin 20z —3)/z
z a(l_i)z—ﬁ—ci—l—\/z—d%\/z—d%
~ Vb = B+ al7) — 1 /‘72 L Vo —ava—br
x

20(1=1) » + 2ral=9 J,  z—x

1—1
RYV(2)

if i=7r, and

o 1- amin/a(l_i) Qmin 2

+ - —
z—p al=) o _f_d4 /o — A2\ z—d2

L= apin/a™) 1 /“ L Vb —ayo—b
_ . = x
z—pf 2ral=9 [, z—x z—p3

RY(z)

ifi=1—r, for ¢ =0,1. Moreover,

R(z)—i+ 1/2 —i+i/b2 ! ! dx
TR i@ B 22 o)y r—ava-bivh—a

The integral representations are derived from the results given in Lemma 2 and (4.1).
Hence, the results of Theorem 5 can be given as
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pax Z2k+z “2k+i,5 \/m - 6 + a(l R a( 2
Z T2k+wf )

j=
1 Vby —x/x —b .
toan f( N2 da, ifi=r,
yiye b1
Ry Z2k+z a(l—z) — Omin =
Z Tongig F (L) — Tf(ﬁta)
j=1 n
1 b2 Vhs —avT — b
+ . f(xt?) 27 IVE Yde, ifi=1-r,
2 (1—1)
T b T — ﬁ

for : = 0,1, and

ba
Zk
(2t?)————=dx dt.
ZTkﬂf //b1 S bz—x\/x—bl *

If o© = a® and 3 = 0 then by is also zero.

Case 3. We assume that one of a(?) or a!) is equal to zero, that is, for 7 equal
to0or 1,

o™ =0, a7 >0, M >0 and ) > 0.

In this case, again not covered by the previous theorems, au,in, = 0, di = ds and
0 < B < by = by. Hence the results of Theorem 5 should be given as

2k+i (B9, if i=mn,

ZQk
Z Tkt (S )

(1—1) 2 . _ (1—1i) . .
BB (B2 )t + B f(bat), i i=1—,

for i=0,1, and
%Zf(z’“ / {F((B2/b2)t7) + F(bot®)} dt.

6. Examples. We now consider some examples of polynomials that satisfy the
recurrence relation (1.1) for which the coefficients satisfy the properties (3.1).

Example 1. Consider the monic polynomials B, defined by

/ " BH ()2 1/%¢ e —0, 0<s<n—1, n>1,
0

where ¢ > 0. These polynomials are related to the Hermite polynomials through a
transformation given in [18]. The associated recurrence relation is given by

B\ (2) = (z — B (2) —nzBl (), n>1,

where B (z) =1 and BH(2) =z —c.
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Since B0 = g = (0 and

Condition (3.1) is valid with A\, = n (¢ = 1).
a® = oM =1, we are then in case 2 of the previous section with b; = 0.

In (3.3) we can also choose, for example, A = 4y/1 + c.
Thus, Theorem 1 should read. As n — oo and k/n — t € [0, 1],

1 Bk()\nz) 2

———F—-1— — Ri(2,t) =t"R t

R Bea(haz) 0 =)
uniformly for z on compact subsets of C\ [0,4+/1 + ¢, where

! 22— 22 4 222 — 42},
2

Rl (Z) =

From case 2 we have
1 /4 1 Vi—z
dzr
0

i 2
R(l i) P — e [ S—
2 =) z4+/z2(z—4) 27 z—x T

for ¢=0,1, and
1 1/2 1 1/4 1 1

Ry(z)= -+ ——=F7—=+5 | ———F—F—du.

3(2) 2z zv/z—4 2z 27 Oz—x\/fs/él—:vx

Hence, as n — oo and k/n — ¢ € [0, 1],

Qkiiﬁm- F(EE) i/4,!"(11710 S
=1 7 AQn 2 0 \/E ’

for : = 0,1, and

i 1 4
Zk,j 1 1 1
;Tk,jf(x) —>§f(0)+%/0 /0 f(xt)md:cdt.

Example 2. We will now have a look at an example of polynomials with different
o0

limits for odd and even indices.
Van Assche [21] considered the two systems of orthogonal polynomials {C, ()},

and {D,(z)} ~,, with recurrence formulas given by
Cn+1(w) = xcn(w) - dg+1cn,1(w),

Dy y1(w) = 2Dy (w) — &r?Jran*l(w)a

with
dgm = (2m - 1)27 dQCerl = (2m)2"€27
Al = (2m —1)%k2, dQDmH = (2m)?,

Qo =
where k is any positive real number. These are the famous Stieltjes-Carlitz polyno-
mials connected with the Jacobi elliptic functions (see for example Chihara [3, Ch.

V, Sec. 9]).
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As in [18], applying the transformation w = v/z — 1/4/z on the systems {C,, (w)}
and {D,(w)} one can obtain two systems of polynomials {BS(z)} and {BP(2)},
respectively, which satisfy three term recurrences relations of the type (1.1). Here, we
will only consider the system {B2(z)}, for which we have

BP1(2) = (= = 1)BY(2) — o128 (2), (6.11)
D _

where o = aP. Clearly these polynomials can be given by (1.2) with respect to
some distribution function 1 defined on (0, 00). From results provided in [21] one can
show that if 0 < k < 1 then

b(z Z 5 Uz — ),

= 1+q211—|—:c3

whete 7; = [/GTRGENEFA + j/K()P/4, oy = 1jz; for j 2 0, q =
e KO=r)/K() and K(k?) = Oﬂ/z(l — k2sin®0)~1/2dh. Again, U is the Heavi-
side function.

For the coefficients of the recurrence relation (6.11) condition (3.1) holds with
A =n2(0 =2), a® = k2 o) =1 and O = (1) = 0. Hence, again we are in case
2 of the previous section, with b; = (1 — k)2 and by = (1 + K)?

n (3.3) we can also choose A = A(k) to be equal to 4 if 0 < x < 1 or equal to
4k if Kk > 1.

Thus, in Theorem 1, we have as n — oo and k/n — ¢t € [0,1],

1 BP(n%2) 1 {
-k 7
n* BP ,(n%z) 2

22— (1 ROz 4+ /22 — (k+1)222 /22 — (k — 1)21522}

uniformly for z on compact sets of C \ [0, A(k)].
From case 2 we have, if 0 <k <1,

R Ry e /(S O (S
(

21k2 Jagye 22— x v
and
R(l)(z) B 1— k2 +i (+m)* V(1 + k)2 —x\/x— 1— k)2 d
2 n z 2T (1—k)2 zZ—X ’
and if x> 1,
R(O)(z) 7/12—1+ 1 /(1"_”)2 1 /(1 +k)? —x\/x— 1— k)2 g
2 K22 27K% Ji—wye 22—
and
2
RV == /(HH) SRR R (R
2 2 (1—k)2 Z—X xZ '
Moreover,

(k+1) 242 1
Rs(z) = / / dxdt.
3(2) z 271' 1—r)2e2 z—x\/x_ —k)2 2 /(1+K)212—2
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