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Abstract. The Doi kinetic theory for homogeneous flows of rodlike liquid crystalline polymers
(LCPs) is extended to inhomogeneous flows through introducing a nonlocal intermolecular potential.
An extra term in the form of an elastic body force comes out as a result of this extension. Systematic
asympototic analysis in the small Deborah number limit is carried out, and the classical Ericksen-
Leslie equations are derived in this limit. The Leslie coefficients are derived in terms of molecular
parameters, and the Ericksen stress emerges from the body force.
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1. Introduction. The Doi kinetic theory for spatially homogeneous flows of rod-
like molecules have been very successful in describing the properties of liquid crystal
polymers in a solvent [2]. This theory models the orientational distribution function
of the liquid crystal polymers and takes into account the effects of hydrodynamic flow,
Brownian motion and intermolecular forces on the molecular orientation distribution.
However, it does not include effects such as distortional elasticity. Therefore it is valid
only in the limit of spatially homogeneous flows.

On the other hand, for small molecule liquid crystals, distortional elasticity is
described quite well by the classical Frank energy. For hydrodynamics, the Ericksen-
Leslie theory is also quite adequate except for disclinations.

Attempts have been made to either extend the Ericksen-Leslie theory to flows
in the presence of defects such as disclinations, or to extend the Doi theory to in-
homogeneous flows. Ericksen [3] introduced an order parameter that describes the
local degree of orientation. Tsuji and Rey [16, 17] added distortional elasticity via
the Landau- de Gennes free energy to the kinetic equation of the Doi theory but did
not give a stress tensor. All these approaches are phenomenological in nature, and
the resulting theories are unsatisfactory in one way or another. First, they invari-
ably contain a large number of unknown parameters which in general are difficult
to determine using experimental results. This causes both conceptual and practical
difficulties when dealing with spatial distortions, especially the severe distortions near
defects. Secondly, the use of the Landau-de Gennes expansion is unjustified in these
theories. A third drawback of the phenomenological theories is the lack of consistency
with existing theories and among themselves. We believe that a molecular approach
would be more advantageous than a phenomenological one.

A molecular theory for distortional elasticity was put forward by Marrucci and
Greco [13] who proposed a nonlocal mean field nematic potential for LCPs which ac-
counts for spatial variations in the molecular orientation distribution. This is done by
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resurrecting the tensorial order parameter notion and adding a square gradient term
of this tensorial order parameter in the free energy. Feng et. al. [6] derived a mole-
cularly based constitutive theory for nematic LCPs which incorporates distortional
elasticity via the Marrucci-Greco potential. In the limit of weak flows and small dis-
tortions, they demonstrated that the theory properly reduces to the Ericksen-Leslie
theory.

As an extension of the Kuzuu-Doi [8] theory to hydrodynamics of inhomogeneous
liquid crystalline polymers, Wang [20] models the LCP molecules as spheroids of equal
shape and sizes, he derives an intermolecular potential which could be considered as
an extension of the Marrucci-Greco potential.

We intend to develop a theory for inhomogeneous flows of liquid crystalline poly-
mers with few adjustable parameters that could model a variety of configurations and
dynamics of polymeric liquid crystal systems. In the present paper, we will follow the
set-up initiated in [21]. We will give a quick review of that framework and then we
will focus on the problem of studying the asymptotic limit as the Deborah number
goes to zero. Our purpose is to derive the well-known Ericksen-Leslie equations from
systematic asymptotic analysis. Some initial ideas of this work can be found in [9)].

2. Kinetic molecular theory for liquid crystal polymer flow. Our start-
ing point for the derivation of the Ericksen-Leslie equation is a molecular theory in
the form of a kinetic equation describing the position-orientation distribution func-
tion. The original idea of modeling liquid crystals using the orientation distribution
function goes back to Onsager [15]. Onsager was only concerned with the isotropic-
nematic phase transition, and did not include effects of fluid dynamics. Doi extended
Onsager’s theory to the case of homogeneous flows [2]. Inhomogeneous flows were
first studied in this setting by Marrucci and Greco [13], and subsequently by many
people [6, 20]. Instead of using the distribution as the sole order parameter, they
used a combination of the tensorial order parameter and the distribution function,
and used the spatial gradients of the tensorial order parameter to describe the spatial
variations. This is a departure from the original motivation that led us to the kinetic
theory. Therefore it is still desirable to set up a formalism in which the interaction
between molecules are treated more directly using the position-orientation distribu-
tion function via interaction potentials, and this was the motivation of the work of
Wang, E, Liu and Zhang [21]. Here we will give a quick review of that formalism.

2.1. The intermolecular potentials. We model the LCP molecules as rigid
rods of equal size. Let (2 be a material volume in which the solution of LCPs resides
and let f(x,m,t) be the number density function (NDF) in place of the probability
density function (PDF) for the number of molecules parallel to the m direction at
material point x and time t. We extend the free energy in the Doi kinetic theory to
include effects of nonlocal intermolecular interactions through an interaction potential
as follows:

A = kot [ [ mo ) In flom, )= fox,m, 0 5 Uk m ) o m, ),
Ja Jjm)=1 2ksT o)
2.1

where kp is the Boltzmann constant and T is the absolute temperature. The mean-
field intermolecular potential U(x, m,t) is defined by

U(x,m,t) = kBT/ / B(x,x;m,m’) f(x',m’, t)dm’dx’. (2.2)
0 Jjmj=1
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Here B(x,x’;m, m’) is the interaction kernel. It should be symmetric with respect to
the interchange of m and m’; x and x’. B is often translation invaraint and hence it
can be written in the form

B(x —x';m,m’).
Examples of B include the Onsager potential
B(x —x;m,m’) = ajm x m’
and the Maier-Saupe potential
B(x —x;m,m’) = ajm x m’|?

describing excluded volume effects. For spheroidal molecules, the excluded volume
with finite range molecular interaction was used by Wang [20]. We suggest a simple
potential

1 x —x'
B(x —x;m,m’) = ajm x m’|2gg < . ) :
where d is the spatial dimension, g is an approximate J-function that satisfies the
condition g > 0, [ g(r)dr = 1,g(r) = 0 if |r| > 1. This potential neglects the
interaction between orientation and position. But it is sufficient in many cases.
The number density of the LCP at a material point x is given by

p(x,t) = / f(x,m,t)dm. (2.3)
[ml=1
The chemical potential is given by
0A
= — 2.4
n=5p (2.4)
a simple calculation leads to
w=kpTln f(x,m,t) + U(x,m,t). (2.5)

2.2. Smoluchowski equation. We will treat the LCP system as being incom-
pressible. Accounting for effects of both the translational and rotational diffusion as
well as convection and following the derivation given in [2], we obtain the Smolu-
chowski equation for the LCP system as follows:

d 1

+k1;%7z. (fRu) — R(m x - mf), (2.6)

where DH > 0 and D, > 0 are respectively the translational diffusion coefficients

parallel and normal to the orientation of the LCP molecule, D, = ,;%T is the rotary

diffusivity, V is the gradient operator with respect to the spatial variable x, Vy, is
the gradient operator with respect to the orientational variable m, R = m x Vy, is
the rotational gradient operator. x = (Vv)T is the velocity gradient tensor, and %
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is the material derivative % +v-V. In (2.6) the first and second term at the right
hand side model respectively the translational and rotational diffusion of the LCPs,
the last term models the distortion caused by the velocity gradients.

Let Ly be the typical size of the flow region, Vi be the typical velocity scale,
Ty = ‘L,—g be a typical convective time scale. Another important time scale is the

relaxational time scale due to orientation diffusion: T, = kiTT. The ratio of these two
time scales is an important parameter called the Deborah number

&r
Do Lr _ %7 _ &V
Ty Ln  keTLy
0
Let

L

e=—
Lo’

where L is the length of the rods. We can then non-dimensionalize the kinetic equa-
tion, and obtain

%—I—V (v f):%V-{[Dﬁmm—l—Dj_(I—mm)]-(Vf—l—fVﬁ)}
+52 R (Rf + fRU) =R - (m x x-mf), (2.7)

//m| . B(x,x";m,m’) f(x', m’, t)dm’dx'. (2.8)

where
« L()De
= vz
and
L()De
D% = D
) e

are the respectively the non-dimensionalized translational diffusion coefficients parallel
and normal to the orientation of the LCP molecule.

2.3. Constitutive equation for the the stress tensor. Now consider liquid
crystal polymer flows, the total stress is the sum of the viscous stress 7° and the
elastic stress 7¢,

T=7°+71° (2.9)

There are two contributions to the viscous stress, one from the solvent and the other
from the constraint force arising from the rigidity of the rod, derived in [2]

1
7% =2nD + §§TD : (mmmm), (2.10)

where D =

3(k+ k") = 3(Vv + (Vv)T) is the strain rate tensor, 7, is the solvent
viscosity, and

= If(x,m, t)dm
) /lml_l()f( )
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is the ensemble average with respect to the NDF f(x, m,t).
The elastic stress is derived through a generalized virtual work principle [2]. Con-
sider an infinitesimal displacement given by du = vdt, corresponding to a deformation

rate de = Vvdt. The variation of the free energy over the control volume §2 in response
to the infinitesimal deformation and displacement can be expressed as:

0A = / (0€ : 7° — du - F¢)dx, (2.11)
Q
where F¢ is the body force and 7° is the elastic stress.

F* = — (V). (2.12)

Therefore we identify the elastic stress as

7¢ = —(mm x Rpu) (2.13)
= 3kBTSa5 — (ma(m X 'R,U)ﬁ>. (2.14)
where
1
Saﬁ = <mamﬁ — §5aﬁ>
Since
éf = f =—R-(m x £-mf)dt. (2.15)
we have
1
0A = kBT/Q/m| » [(In f+ kB—TU)éf+ T T(5Uf— Udf)]dmdx

The first term on the right hand side can be written as

// = 6tdmdx-// (m x k- mf)]dtdmdx,
[Im]|=1 lm||= 1

/ / (m X k- m) fdtdmdx.
||m|= 1
—/ / (m X Rum) : k0t fdmdx
Q J|m|=1

Hence the elastic stress can be identified as

7¢ = —(mm x Rp).
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The second part of the right hand side reads

/Q/ - 1%(5Uf—U5f)dmdx

// %%f U f)étdmdx
||m|=1

_ ksT
= /Q /m| 1dm/m/ 1dm de f(x,m,t)
[(v (x t) —v(x',t)) - VB(x — x';m,m’) f(x',m’, t)dt

+B(x — x';m, m’)ﬁ (x',m’, t)dt]

dt
1// df (x, m, t)
— U(x,m,t)—" """ tdmdx
2 Ja Jjm)=1 ( ) dt

1
= —/ /m” 1 f(x,m, t)v(x,t) - VUdtdmdx

kBT/dx/ dm/ dm' [ dx'f(x',m’,¢t)
Q [|m||=1 [|m’[|=1 Q
v(x,t) - Vo B(x' —x;m’, m) f(x, m, )t

/ / f(x,m,t)v(x,t) - VUstdmdx
m|=1

= / / f(x,m, t)v(x,t) - Vudtdmdx.
m|=1
Thus we have the expression for the body force
Fe = —/ Vuf(x,m,t)dm
[[m|=1
=—{Vn). (2.17)

Note that this is not a gradient for inhomgenenous systems.

2.4. Hydrodynamic equation. The velocity field satisfies Navier-Stokes-like
equation expressing conservation of mass and momentum:

o
(8—Z+v VV) = ~Vp+ V. 7+F° (2.18)
V.v=0. (2.19)

Let ny =&, n=ns +10p,y = %S, we can non-dimensionalize the above system

ov 1-
8_+V Vv——Vp—i-—Av—l-WV (D : (mmmim))
1 €
DeRe (V 7¢ 4+ F°), (2.20)

where Re is the Reynolds number.
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2.5. Energy dissipation. Let p be the density. When the external force is
neglected, the rate of energy dissipation can be calculated as

—%[/ Ly vdx + A(f)]

dv d 1
= - — -vdx — kgT —[fInf - f+ ——Ufldmdx
/det 5 /Q/|m|-1dt[f £+ U

= /( Vp+V . -7°+V . 7¢4+F°) - vdx
1 df
—kBT//ml 1 2k: T(dtf Udt)dmdx
:/( Vv +7¢: Vv —F°- v)dx

—kBT//ml B kBT [Dymm + D, (I — mm)] - Vuf

k FR- (fRu)} = pR - (m x - m f)dmdx

kBT/ dx/ dm/ dm’ [ dx'f(x,m,t)
Q [|m|=1 [|m’||=1 Q

(v(x,t) —v(x',t)) - VB(x — x';m,m’) f(x',m’, t)
= / (e Vvdx—i—/(Vu- [Dymm + D, (I — mm)|Vy + DRy - Rysydx
Q Q

&

_ / [2nsD: D + 5<(mm : D)?)]dx
Q

+ /Q<Vu -[Dymm + D (I — mm)|Vu) + D (Ry - Ry)dx.

This is non-negative definite provided that

775207 57‘207
DHmm—I—DL(I— mm) > 0,
D, > 0.

2.6. Equilibrium distributions. Let fy be the equilibrium distribution func-
tion. It satisfies the Doi-Onsager equation

R - (Rfo+ foRUs[fo]) = 0, (2.21)

where Uj is the Maier-Saupe potential, then such a potential is necessarily invariant
with respect to rotations around a director n € S?, i.e., it is axially symmetric. The
number of stationary solutions of the Doi-Onsager equation on the sphere depends
on the intensity parameter o. There are two critical values for a: o ~ 6.731393 and
a4 = 7.5, the nematic phase will be appeared after @ > af, the isotropic phase will
lose stability after o > o5. All solutions are given explicitly by

fO = ke_n(mvn)i
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where n € S? is a parameter, n = () and k = [47 fol e~"2"dz]~! are determined by

« through
3e " 4n?
Tij__G_%+ﬁJ:0
fo e " dz o

Axial-symmetry and explicit formulas for equilibrium distribution function was es-
tablished in [10, 5]. See also the related work in [1].

The work that follows resembles the hydrodynamic limit for the kinetic theory of
gases, where Deborah number plays the role of Knusden number. In particular, we
will refer to fo(m - n(x)) as local equilibrium distribution function.

3. Frank elastic energy. In classical continuum theory of liquid crystals, the
elastic energy density due to the distortion of the average orientation of the liquid
crystals is given by the Frank energy density:

F = Ki(V-n)?+ Ky(n-V xn)?+ Kz(n x V x n)? (3.1)

Here n is the so-called director field: n(x) gives the preferred orientation of the liquid
crystal molecules at the position x. K;, Ko, K3 are the elastic constants.

Several attempts have been made to evaluate these elastic constants from mole-
cular models of the Onsager type, using either the Onsager potential [18] or the
Maier-Saupe mean field potential [13].

We will make the local equilibrium approximation. In the case when the system is
subject to a weak ordering field that varies slowly in space, this amounts to assuming
that the response of the liquid crystal to such a field is that the preferred orientation
aligns everywhere along that field, and the relative probability of a molecule at x
having orientation m is fo(m - n(x)), where n(x) is the local preferred orientation.
The extra free energy due this variation of n(x) can be calculated as

kBT
\/S‘l /m|| 1dm/m’|| 1dm de fO(m n( ))
B(X—Xamvm)[fo(m ‘n(x) = fo(m' - n(x))] (3-2)

We will now evaluate (3.2) to second order in the derivatives of n(x). The slow
spatial variation of n(x) allows us to write

folm' - n(x)) — fo(m' -n(x)) = fm' - n(x){(x' %) V(m' n(x)
+5[6¢ %) V(m’ - n(x))) (33)
5 A (I %) - Vi - n()] 4

then we have

kBT /de/m” 1dm/m,” 1dm de fo(m - n(x))

(x —x;m,m’) fo(m’ - n(x))[(x' — x) - V(m - n(x))]

"/d"/m| 1dm/m/| ldm/dx X' —x) - V(m-n(x))]

folm - n(x))B(x = x'ym, m’) fj(m" - n(x))[(x" - x) - V(m’ - n(x))]. (3.4)
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We assume that the first term vanishes. Otherwise the liquid crystal must be a
“cholesteric” with a finite twist in the equilibrium state. The Frank elastic energy
can then be written as

Ep = kBT/de /||m||—1 dm /|m/||—1 dm’ fo(m - n(x)) fo(m’ - n(x))
B(m,m’) : [V(m - n(x))V(m’ - n(x))]
~ / [K1(V-n)? 4+ Ko(n-V xn)? + K3(n x V x n)?dx (3.5)
Q

where
1
B(m,m’) = —5/ xxB(x;m, m’)dx = (B;;(m,m’)).
Q

By restricting this expression to special configurations, we obtain the Frank elastic
constants:
Splay: i+ yj,

K, = k:BT/ |\ dm/” H dm' fj(m - i) fi(m’ - i) Bag(m, m’)(m - j)(m' - j).
ml|=1 m’||=1

Twist: i+ zj,

Ky = kBT/ - dm/” - dm' f{(m - i) fi(m’ - i) B3z (m, m')(m - j)(m' - j).

Bend: i+ zj,

Ko=kuT [ dm [ dmd gD o’ B (') ) '),
[m|=1 [[m’ =1

4. The Ericksen-Leslie Theory. The classical Ericksen-Leslie theory describes
the hydrodynamics of small liquid crystal molecules. The configuration of the liquid
crystals are described by a director field n(x). The hydrodynamic equation takes the
form

ov B y 1—7
E—FV'VV——VP—FﬁAV-FWV'U (4.1)

in which stress is modelled by the phenomenological constitutive relation:
o=cl 40", (4.2)

where ol is the viscous (Leslie) stress,

ol = ay(nn : D)nn + aynN + a3Nn
4+a4D 4 asnn - D + oD - nn (4.3)
N=n+Qn (4.4)
The six constants aq,- -, ag are called the Leslie coefficients; o is the elastic (Er-

icksen) stress:

o = ~(Vn)7T, (4.5)
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The dynamics of the director field is governed by

nx (h—’le—FygD-n) :O, (46)
Y1 = @3 — @2, 72 =0 — Qs,
(4.7)
where h is the molecular field
6EF aEF a-EF
h=— =-V- — . 4.8
on v d(Vn) on (48)

As a consequence, we have the energy dissipation relation for the Ericksen-Leslie
equations

d Re 9
_E[/ﬂ S v+ B

gl 73
= —/ |Vv|2dx + (a1 + —2)/ |D : nn|?dx

+a4/D Ddx + (a5 + ag + Ay2) /|D n|2dx

/|n><h| dx.

5. The small Deborah number limit. Our aim is to derive the Ericksen-
Leslie equation from the microscopic molecular theory represented by (2.7) and (2.8).
We will consider the limit when ¢ < 1, De ~ O(g?).

5.1. Dynamics of the director field. We start with the mean-field potential:
U(x,m,t) = Uy + DeU*, (5.1)

Uo = / / B(X - X,S m, m,)f(x7 m,7t)dm,dx,
m’ =1
_ / Bo(m, m')f(x, m’, t)dm’, (5.2)
||lm’||=1

~ De / /m’H L (x —x'sm,m’)[f(x',m’,t) — f(x,m’,t)]dm'dx’, (5.3)

where
Bo(m, m’) = / B(x; m, m’)dx.
Q
We make the following ansatz

f(x,m,t) = fo(m - n(x)) + Defi(x,m,t) + o(De), (5.4)

where fy denotes the equilibrium distribution function and f; is the first order per-
turbation. Define

Sp =R - (Ré + foRUo[4] + ¢RUo[ fo)),
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then f; satisfies

d 2
—-Sf1 = % — %V [Djmm + D (I — mm)|(V fo + foVUo)

+R - [(m x & - m —RU°[fo]) fo)],

Solvability condition gives:

De
+R - [(m x 5 -m = RU[fo]) fo)]} = 0,

/ dfo  €* i} )
=1 1/10{% - —V- [ ||mm—|— DL(I — mm)](vfo + foVUo)

where the 1y’s are non-trivial solutions of

Sy = 0.

191

(5.6)

The solutions to this equation were characterized by Kuzuu and Doi [8]. They take

the form:

to(m) = © - eqg(0),

(5.7)

where © is an arbitrary constant vector, e, is the unit vector for the spherical coor-

dinate ¢ and g satisfies

1 i(sined_g> _ 9 dUs[fo]dg _ _dUo[fo]
sin 6 df do sin? 0 dg do de
Let Q@ = (k7 — k)/2, So = 3(3(cos? ) — 1),
25,
<gdU2éf0]>

The terms in (5.7) can be described as follows:
dj .
/ ¢0£dm = / Yo fo(m - n(x))m - ndm
[m|[=1 [m[j=1
=nxn- / ’lﬂoRfodm
[m|j=1

:nxfr(Rq/;@:@-(nxﬁ)%,

/ wOR-(mXﬁ-mfo)dmz—/ Ripo(m x K - mfy)dm
lm|[=1 |lm[|=1
=k: (m®m x Rip)
=0 -nx (SQD'H—%Q'H),
/ '(/JQR : (foRUe)dm = / R(foR’lﬁo)Uedm
lm|[=1 |lm||=1

-0 / R foU’dm
Im]|=1

d(EF)

=0 -nx(— n )

=0 -nxh,
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where h is the molecular field,

Using (2.21), and the fact that po = In fo + Uy is independent of x, we get
/ YoV - [Djmm + D (I — mm)|(V fo + foVUp)dm = 0.
l[m||=1

Therefore we have

®~(nxfl)%—®~(SgD~n—%Q-n):@-nxh.

Since this is true for all ®, we have

nx(%N—SQD-n):nxh, (5.8)

where N =n + - n.

5.2. The viscous stress tensor. We will see that the viscous stress tensor can
be expressed by the second and fourth moments of m only. Let

Q2 = (mm — %I),

multiplying mm — %I to both sides of (2.7) and integrating over the unit sphere, we
get after some manipulation

0
D

62

1 . .
=52 /ml_l(mm— 3DV - A{[Djmm + D (1 — mm)] - (fVpz)}dm

+i /ml_l(mm — %I)[R (Rf+ fRU) — DeR(m x k- mf)]dm. (5.9)

Straightforward calculation gives
1 -
/ (mm—gl)R~(Rf+fRU)dm:<meu®m+m®meu>
[m=1

1
/ (mm — gl)R (m x k-mf)dm, =2D : (mmmm) — D - (mm) + 2 - (mm)
[m]|=1
—(mm) - D — (mm) - Q.
Noting that pg is independent of x, we have

Q2
ot

—D - (mm) + Q- (mm)

—(mm) - D — (mm) - ]. (5.10)

MmMXxRu@m+mem X Ru) = De| + V- (vQ2) + 2D : (mmmum)
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The polymer stress

TP = 7<mmmm>:D—<m®me,u>

D 1
:{(mmmm):D—§<meu®m+m®meu>

1
—§<m><R,u®m—m®m><Ru>. (5.11)

Using the symmetry of (m ® m X Rug),

P = %(mmmm> :D— %[% + V- (vQ2) + 2D : (mmmm)

—D: (mm) + Q- (mm) — (mm) - D — (mm) - ]
De

—— [(m © mRU®) — (m x RU © m)). (5.12)

the notation of mm is not consistent. By definition,

<m®m><RUe>:/ (m®m x RU®) fodm
[mll=1

:/ m-VmUem@)mfodm—/ m® Vy,U°fodm,
lm]|=1 lm]|=1
we have

(m®m x RU®) — (m x RU® ® m) :/ (ViU® @ m —m ® Vi, U°) fodm

[lm[[=1
= <m X UVimfo—UVmfo® m)
= (fo(m - n(x))U°(m ® n(x) - n(x) ® m))

= (Sf—nFGQn(x)—n(x)@?—HF
=-h®n(x)+n(x)®h.
Therefore,
P — %(mmmm> :D— %[% + 2D : (mmmm)
—D - (mm) + 2 - (mm) — (mm) - D — (mm) - Q]
_%[n(x) ®h—h®n(x)]. (5.13)
We define

Qaapyu = (Mampmymy, — ?(mamﬁ‘sw + Mymyubas + Mamq g, + mamuday
1
F1Mamyudsy + mamydap) + %(&lﬁ&w + Sary0pp + 0apdpy ),
then we obtain

(mmmm) :D=0Q,: D+ %D s (mm)T 4+ %((mm> D+ D {(mm))— %D

1 2 2
=Qu:D+ =D (mm)I+=(Q2-D+D-Qs) + D.
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Hence the viscous stress tensor can be expressed

De /5 8
= 2°12(@: D 4D Qo) + 5D - Qy: D~ 1D Qs
d D
—2-Q2+Q2- Q—%]—Te[ (x) ® h — h®n(x)]. (5.14)
In the equilibrium state, the order parameter tensors can be written as
1
Q2ap = S2(nans — 30ap), (5.15)
Quapyu = S4[”anﬁnynu - ?(nang(%u + 1y Np0as + Naly08, + 1aN 00y
1
F1anu0py + npnybap) + %(&wéw + 0oy 0pu + Gaudpy )], (5.16)
where
Sy = (P2(m - n)),
and

Sy = (Py(m-n)),

and P;(m - n) and Py(m - n) are the Legendre polynomials of second- and fourth-

order.
Substituting (5.15) and (5.16) into (5.14), we have

De 8 10 2
P _ - _ Bk S
T ) —[—=S4(D : nn)nn (D nn)I — S;(nN + Nn) + (15 5152~ 38 S4)D

+(?Sg+?54)(nn-D+D-nn)]—%(nh—hn). (5.17)
5.3. The Leslie coefficients. Using (5.8), we have
h=7yN+v%D -n+Cn (5.18)
where y1 = %,72 = —S5,, C is a constant. Substituting (5.18) into (5.17) we have

P = D;[ S4(D : nn)nn — —(D n)I — (14 = )SQHN
—-(1- —)SQNn—i- (1—85 - —Sg - 554)D
+(?S2+?S4+SQ)HH'D+(?SQ+ %S4—SQ)D-nn]. (5.19)
Comparing (5.19) with (4.3), we obtain the Leslie coefficients:
ap = —%5'4,
ag = —%(1 + %)SQ,
ag = —%( - %)52,
ay = %(18—5 - %52 - 32554)),
a5 = (25, + 254+ 52)
ag = %(282 + %5‘4 — S2)
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We see that Parodi’s relation
Q2 + a3 = g — Qs,

is automatically satisfied. We also have

So

= Q3 —Qy = —
a! 3 2 N
V2 = g — a5 = —Sa.

5.4. The elastic stress tensor. The body force induced by the long range
(nonlocal) molecular interaction is given by

F¢=—(Vu) = —/ (Vxp) fdm. (5.20)

[m]|=1

Giving a virtual displacement field v(x), the work done by the body force is

/Fe-vdx:—// v - Vpfdmdx.
Q Q Jim|=1

Since g is independent of x, we have

/ F¢ . vdx = —De/ / v - VxU* fodmdx
Q Q J|m|=1

= De/ / U®v - Vy fodmdx
Q J|lm|=1

= De/Q/m_1 U fim - [v- Vn(x)]dmdx

= De 0L [v - Vn(x)]dx. (5.21)
Q on
For the Frank elastic energy, we have
dEr  OEp _v. OFEp
Sn On d(Vn)’
Therefore
. B OFEp OEp
/QF vdx—De/Q[E—V 6(Vn)] [v-Vn(x)]dx
. 8EF a-EF . 2
~ De /Q (G v+ Vnlo)] + ot [v- Vn(o)]bix
OFER T
+D€/Q[(’“)(Vn) -(Vn)']: Vvdx
= De/ v-VEp(n Vn)dx+De/[ OFr (V)7 : Vvdx
a Q e o 0(Vn) .
— 9Er .
= De/Q[(?(Vn) (Vn)*] : Vvdx. (5.22)
From this we obtain
ok~ OEr (V)T (5.23)
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6. Energy dissipation in the small Deborah number limit. When the
external force is neglected, the energy dissipation relation becomes

d d DeRe
__E:—— “a/1 N ' d A
- g, a0 )v vdx + A(f)]
. DeRe dv // N mdx
01—~ dt = ot
=T [ e Ay RV (D (mmmm))) v

+/(V-78+F8)~vdx—// ua—fdmdx
Q QJjml=1 Ot

= De’y V2 & mm : 2 X
= [ Vv + 5 (mm D)

82 * * 1

where F is the total energy and
A(f) = Ao(fo) + DeEp.

Using (2.7), we have

Dey 2 De mm : D)?)]dx
[ 9V + 5 (D))

g2 1
— p(=—V-[Dimm+ D} (I —mm)|Vy+ —R - fRu)dmdx
L ey Ip LT — mm)) Ve + R fRy)

= [ rov + %«mm D)?)Jdx

/Q/m| N —+R (m x £ - mf)|dmdx

= Dey v|? D— mm : D)?)]dx
= [ 10w + 5 ((mm s D))

_//m| lu-%dmdx—i-/s)[—(mmx’l%m:Vv-i—(Vu)-V]dx

Using (5.11), we obtain

d Dery 2 dA(f)
——F = Vv|*+ 7P : Vv +(Vpu) - vdr — ——=
It /Q[l Vv (Vi) x It

_/[1[)67 V|2 77 Vv 4 (V) - Vdm—DeddEtF
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Using (5.19), (5.20) and (5.23), we have

d
——F =De [L|VV|2+O'L Vv + 0P Vv]dx
OF
+De [ | 5nF (v-Vn)+h-nldx

Q

= De/ [1L|Vv|2 +h-njdx + De/ [a1(nn : D)nn 4+ asnN
Q'+t Q
+asNn + ayD + asnn - D + agD - nn] : (D + Q)dx

= De/ [T|VV|2 +ai(nn: D)? + ayD : D + (a5 + ag)|D - n|?dx

+De [ [1o2N-D-n+ = (hn nh) : Q + h - njdx
Q

= De/ [1—|Vv|2 +ai(nn: D)? + 4D : D + (a5 + ag)|D - n|%dx
ol—

+De | [12N-D -n+ h-N]dx.
Q

Using (5.8), it is easy to see

/[WQN-D-n—l—h-N]dx:/[Wg(nxN)-(nxD-n)+(nxh)-(n><N)]dx
Q Q

1
= |n><h|dx /(nxh)-(nxD-n)dx
’71 B!

+72/(n><N)-(n><D-n)dx
Q
1 2
= —/ |n><h|2dx—7—2/ In x D - n|?dx
7 Ja 7 Ja
1
= —/ In x h|2dx + \ys / (|D-nf> — D : nn|?)dx
71 Ja Q
Finally, we get
2
E De / —|VV|2 + (1 +-2)D:nn)?> + 4D : D
T
1
+(as + ag + Ay2)|D -nf? + 7—|n x h|?]dx
1

7. Conclusion. In this paper, we extended the Doi theory for homogeneous LCP
flows to inhomogeneous systems. One important consequence is that a term in the
form of body force resulted in this extension. In the small Deborah number limit, we
recover the Ericksen-Leslie equation in which this term becomes the Ericksen stress.
In addition, the Leslie coefficients are expressed in terms of three parameters: the
order parameters S; and Sy and the parameter .
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