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Abstract: We consider a compact invariant set 4 of an expanding map of a man-
ifold M and give upper and lower bounds for the Hausdorfl Dimension dimg(A),
and box dimensions dimg(A) and dimp(A). These bounds are given in terms of
the topological entropy, topological pressure, and uniform Lyapunov exponents of
the map.

A measure-theoretic version of these results is also included.

0. Introduction

It is well known that many self-similar sets, or fractals, can be realized as invariant
sets of smooth expanding maps. The purpose of this paper is to give estimates on
the box dimensions and Hausdorff dimensions of these sets.

Most of the known results on dimensions in dynamical systems are of the fol-
lowing types. Some are about the dimensions of invariant measures (see e.g. [L]
and [LY]). Some are about the dimensions of sets constructed via a sequence of
affine contractions (e.g. [F1] and [GL]). Others deal with subsets of the line. See
also [G,MM, BU ], etc.

At present, there are few known effective ways to calculate the box and
Hausdorff dimensions of sets (sets, not measures) invariant under nonlinear maps in
dimensions larger than 1. In this paper we consider invariant sets of uniformly ex-
panding maps. We give upper and lower bounds for box and Hausdorff dimensions
in terms of topological entropy, topological pressure, and uniform Lyapunov expo-
nents. Examples of self-affine sets show that these bounds are sharp (see Sect. 1,
Example 2). We will also give parallel results for dimensions of invariant measures.

We state our results.

Let M be an m-dimensional C* Riemannian manifold with Riemannian measure
v, and f be a C? map from M to itself. Let A C M be an f-invariant compact
subset, where f-invariance means fA = A. We also assume that f is expanding

* Part of this work was done when I was in the Department of Mathematics, University of
Arizona.
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on A, ie., there exist C > 0, x > 1, such that Vx € 4, n = 1,
IDf (|| = Cx"||ul| Yu € TM .

Without loss generality we can take C = 1.
We denote by |Df(x)| the Jacobian of Df(x) : TuM — TyM, by ||Df(x)|| the
norm of Df(x) and by [Df(x)] the minimum norm of Df(x), ie., |Df(x)]=
1D/l

infotuerm Tl
o1 .1
o, = lim —log||Df"|4]| and o_ = lim —log [Df"|[,
n—oo n n—oo n

where [[Df"| ]l = sup, 4 [Df")]| and [D/7|4] = infreq [Df"(x)] We call o
and o_ the largest and smallest uniform Lyapunov exponents respectively. Since
f is expanding on A,6_ > 0.

We also denote A, = A(f|4), the topological entropy, and P = P(f|4,—log
[Df(x)|), the topological pressure of f|4 for the function —log|Df(x)|. The
Hausdorff dimension, lower and upper box dimensions of A are denoted by
dimg(A4),dimg(A) and dimp(A) respectively. Their precise definitions are given
in Sect. 2.

Theorem A. Let f be a C? self-map of an m-dimensional Riemannian manifold
M, and let A be a compact f-invariant set. Assume that f is expanding on A.
Then

i) 52 < D(A4) < 7=, and

i)ym+ 2 D) <m+ L,
where D(A) is dimg(A), dimg(A), or dimp(A).

To prove the lower bound for D(A), we use part of the following theorem,
which is a measure-theoretic version of Theorem A.

For an ergodic measure y on A, we let A = h,(f) denote the measure-theoretic
entropy, A; and A; be the largest and smallest Lyapunov exponents, and 4 be the

sum of all Lyapunov exponents including multiplicities—all of them depend on u.
The definitions related to dimensions of measures are stated in Sect. 2.

Theorem B. Let f be a C* self-map of an m-dimensional Riemannian manifold
M, and let A be a compact f-invariant set. Assume that f is expanding on A and
I is an ergodic probability measure on A. Then

) £ <D < £, and

. A—h -
if) m— 228 < D(u) < m— it

where D(u) is dimg(u), dimg(u), dimp(p), dim; (1), or dimz(u).

Remark. Theorem B is a generalization of a known result that if f is conformal
then the entropy A,(f) is equal to the product of the Lyapunov exponent and
the Hausdorff dimension (see [R]). Also, it has been conjectured that the formula
of Ledrappier and Young for dimg(u) is true for invariant measures of smooth
expanding maps. The results in Theorem B are consistent with this conjecture.

The major work in this paper is to prove part ii) of Theorem B. Proposition 2
in Sect. 4 plays a key role for the proof.



Dimensions of Invariant Sets of Expanding Maps 309

1. Examples

We begin by looking at some examples.

Example 1. Let Ry be a unit square in R?. Take real numbers 1 < a < b. Put n
rectangles Rj,...,R, of width a=! and height »~! in an arbitrary way, as long as
they are separated from each other. Define a C2 map f on R? such that f maps
each of R; affinely onto Ry. The n inverses of f|g, : R; — R, i = 1,...,n, determine
an f-invariant set, or fractal, 4 C |J}_, R; in a usual way (see [H or F2]). In fact,
A=< fTI(RyU---UR,), which is an invariant set of f.

Clearly, f is expanding on A with expanding rates a and b in horizontal and
vertical directions, and the smaller and larger uniform Lyapunov exponents of
f are o_ =loga and o, = logb respectively. It is also easy to see that Ay, =
h(f|4) =logn. Since —log|Df(x)] = —loga—logh is a constant on A, P =
P(f|4,—1log|Df(x)]) = hwp(f|4) — loga — logb = logn — loga — logb
(see [W] Sect.9.2). By Theorem A we get that

logn logn —logb . [logn logn —loga
1 D) L ,1 . (11
max { logd’ + loga =D(4) = min loga + logb (1.1)

In this case all the terms in the bounds are explicit.
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Fig 1. Fig 2.

In Fig. 1, a=4.1,b=4.9 and n = 4. Theorem A gives 0.982--- < D(A) <
0.984 - - -, which is less than 1. In Fig. 2, we use the same a and b, but n = 5. By
Theorem A, we get 1.014--- < D(A) < 1.140- - -, which is larger than 1. (In these

figures the black rectangles form the set ﬂi:o UL R).)

Example 2 (Generalized Sierpinski carpets). Let Ry be a unit square in R?. Take in-
tegers 0 < p < gq. Partition Ry into p columns and g rows, producing pq rectangles
of size p~! x ¢g~!. Select a subcollection of these rectangles # = {Ry,...,R,}, and
generate an invariant set A in the same way as in the last example. (If we identify
Ro with a torus, then f is a C* map even though some of rectangles are adjacent.)
The dimensions of the set A were studied by McMullen ([Mc]) and Bedford ([B]).
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The box and Hausdorff dimensions of A are

. log p 1 1 £
dimp(A) = +—log|=> n;|,
2D = log p * logg g(p,; ’)
1 P log p
dimg(A) = lo nj)leq |, 1.2
)= g<,§(’) ) (12)

where n; denotes the number of rectangles selected from the j® column and p is
the number of columns containing at least one rectangle in #. (See also [F2].)
These results are consistent with our estimates.

Note that in these examples the dimensions of A depend not only on the number
n of selected rectangles but also on the configuration of the rectangles in £. This
shows that in general one cannot get an exact formula in terms of o_, 0., kg, and
P for either box dimensions or Hausdorff dimensions.

In fact, by choosing suitable configurations of the rectangles, the bounds in
Theorem A can be reached. Let us look at the following cases.

i) Take n; =0 or 1 for all 1 <i < p. Thus n= p. By (1.2) we get that

dimp(A) = dimy(4) = {22, which is one of the upper bounds in (1.1).

ii) For all 1 £i < p, put n; =k. In this case, n = kp. We obtain that

dimp(A) = dimy(A4) =1+ :%g—f;. This coincides the other upper bounds in (1.1).

iii) Choose p =1, i.e. all selected rectangles are in one column. Hence only
one n; is greater than O and n is equal to this n;. Equation (1.2) implies that

dimp(A) = dimg(A) = llggg;, one of the lower bounds in (1.1).
iv) Let n; be equal to either 0 or ¢. So n = p - g, and dimp(A) = dimy(A) =

14+ }%g—g, same as the other lower bound.

Example 3 (Similitudes). Let A be constructed as in Example 2 but put p =¢q > 0.
In this case f is called a similitude (see [H]). Since 6, = o_ = log p, the estimates
in Theorem A become equality. Thus, we obtain that

logn
logp’

dimp(A) = dimg(A) =

In general, for any invariant set A of a similitude f,

htop

dimy(4) = dimg(4) = o

2. Definitions and Notations

First we give the definitions of the various notions of dimensions. (See e.g. [F2].)
For a metric space X, its Hausdorff dimension is defined by

dimg(X) = inf {oc: lim inf Y (diam4)* = 0} ,
¢—0 diam ¥ <e Ac¥
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where % is a cover of X and diam% = inf{diam4 : 4 € €}. If v is a probability
measure on X, then the Hausdorff dimension of the measure v is given by

dimy(v) = inf{dimp(¥): ¥ C X, v¥ =1} .

The upper and lower box dimensions of X are defined by

dimp(X) = lim sup log N(¢)

log N(¢)
£—0 - IOg 1 -

loge

and dimg(X) = lim iOnf

respectively, where N(¢) denotes the minimum number of balls of radius ¢ which
cover X. dimp(X) and dimgz(X) are also called upper and lower capacities. 1If

dimp(X) = dimpz(X), then we simply call this number the box dimension, and de-
note it by dimpg(X). Similarly, we have

dimp(v) = é%inf{ﬁB(Y) (Y CX, oY > 1-6},

and
dimg(v) :;ir%inf{di_mB(Y) (Y CX vY>1-0}.

F. Ledrappier has introduced the following notions [L]:

gN (g, 0)

- e log N(e, 9) . oo
dlmL(v)—;l_rH)hm sup ————= and QI_IQL(U)—;E‘I’(I)III:’I_’IOHf ~loge

£—0 - lOg &

where N(g,0) is the minimum number of balls of diameter ¢ covering a subset in
X of measure greater than 1 — ¢.
The following inequalities are immediate:

dimp (v) < dimp(X), 2.1)

dim, (v) < dimy(v) < dimy(X),  dimy(v) < dmp(v) < dMp(X),  (22)
and o
dimy(X) < dimp(X) = dimp(X) . (2.3)
Moreover, L.-S. Young has proved ([Y]) that
dimgy(v) < dim,;(v). (2.4)

The local entropy of f at x with respect to u is defined as (see [BK])
1
hu(x, ) = lim lim sup —— log uB,(x,¢)
=0 po0 n

1
= lim lim inf —— log uB,(x, ¢) . 2.5)
—00 n

e—0 n

It satisfies hu(fx, f) = hu(x, ) and [hu(x, f)du(x) = hu(f), where hu(f) is the
measure-theoretic entropy of f. Since p is ergodic, we can write k= hy(x, f)
u-a.e. x.

Let

B(x,0) ={yeM :d(y,x) < a}
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and
By(x,0)={yeM:d(f'y,fx) <o i=0,...,n}.

B(x,a) and B,(x,a) are called the a-ball and (n,«)-ball about x respectively. If
I' C M, we denote

B(I',a) = | B(x,a), B,(I',o) = | Ba(x, ) .
xer xerl’

3. Preliminaries

We denote by f:(M,%) — (M,7) the inverse limit of f : (M, ) — (M, p). (For
a precise definition, see e.g. [P] under the terminology “natural extension.” Let
m: M — M be the projection defined by mi({x;}320) = xV{x;}2 € M. For any
%= {x}, f{x}={fx}. The inverse of f is given by F '{x;} = {y;}, where
Vi = Xit1-
Let R R
A={x={x}eM x; € AVi 2 0}.

Clearly, f/T = /T, and 7 is an ergodic measure on A. 1t is also easy to see that
with respect to cocycle {Df7 }, for fi-ae. ¥ = {x;} € A, the Lyapunov exponents
are identical to those in the system f : (M,pu) — (M, pn), ie. Ay > -+ > A

Take 0 < yp < mls.

Let ({-,-)) be the inner product on TM given by the Riemannian structure
which induces the norm | -||. Let (-, ) and || denote the usual inner product
and norm on IR™ respectively. For a > 0, let B(«) be the ball in R” centered at
the origin of radius a.

We now introduce the properties of Lyapunov charts {@; : X € //1\} for f. The
proof is similar with that in [LY].

Fact 1. Vy = 0, there exists a measurable function 1 A — [1,00] with l(filf) <
I(X)e’ and I(X) < oo for p-a.e. X € A, and a set of embeddings d~: B(I(X)™") —
M at each point X € A such that the following holds.
i) @:(0) = xo, and the preimages R,(X) = D® :(0)"(Ei(X)) of Ei(X) are mu-
tually orthogonal in R™, where i = 1,...,s.
il) Let Fr = CD;}l o f o @ be the connecting map between the chart at X and
X

the chart at ff Then V1 < i < s, u € Ri(%), [ule*™" < |DF3(0)u| < |ule .
iii) If L(g) denotes the Lipschitz constant of the function g, then L(F,]?i —

DFX(0)) < v, and L(DEX) < I(%).

iv) For all v,v' € BUR)™"),K~'d(Pz0, D20') < v — V| £ U(X)d(D50, Po1')
for some universal constant K = 1.

We define /: A — [1,00] by I(x) = inf{I(¥) : X € m; '(x)}. There is no am-
biguity between /(x) and I(x), because the domains are different. Clearly, I(fx)
=< I(x)e’.

For any / = 1 let
Ai={xeA:lx)<I}.
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Proposition 1. If x € A; for some | = 1, then Vn > 0,
B(x,ee "M+ © B, (x,6KI) and By(x,e) C B(x,eKle "3y |

provided 0 < ¢ < 31722,

Proof. Take z € B(x, ee”"A1+2)),
Since /(x) < [, we can choose X € 7 !(x) such that / > I(X). Denote v = @;\1 Z,

then by Fact 1. iv),
o] < I@)d(x,z) £ 1(X) + e ") < gle™nh+2)

Write F}(\") =Frngo-- o 350 Fp By Fact 1. ii) and iii) we have

]F}(\n)vl < | < M) L gl — g < %l(f)“e‘z'” < l(fn&\)—l )
So F{"v € B(I(f"%)~"). Again, by Fact 1. iv),

d(f"x, f"z) < K|IF{ 0| S K - el = &Kl .
It means z € B,(x, eK!).

The second inclusion can be proved similarly. [J

Recall that A is a compact subset in an m-dimensional Riemannian manifold M
and v is the Riemannian measure.

Lemma 1. 3K, = 1, ¢ > 0, such that V0 < & < ¢, x € A,
Kl_ls’" < vB(x,¢) £ K"
Proof. This is clear. O
Lemma 2. 3K, =2 1, & > 0, such that V0O < e < g, xe€ A, n =0,
Ky 'e™ < vBy(x,8)|Df"(x)| < K™ .

Proof. Use distortion estimates J~! < |'g;:f§;|| < JVy € B,(x,¢) and Lemma 1. O

Lemma 3. Va > 0,
. 1 o 1
lim sup —— log uB(x,e ") and lim inf —— log uB(x,e™ "),
n—o00 na n—00 na

as functions of x, are constant for u-almost every x in A.

Proof. There exists k£ > 0 such that Vx € A, fB(x,e” %) C B(fx,e "% for all
large n. So uB(x,e™™) < uB(fx,e“"=®). This implies both limits are f-invariant
and therefore are constant almost everywhere. O

Lemma 4. J¢; > 0, such that V0 < ¢ < & p-a.e. x € A,

1
h= lim —-loguB,(x,¢). 3.1
n—oo n
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Proof. Note that f is expanding on A. If &3 is sufficiently small, then 34 > 0
such that for any 0 < ¢’ < ¢ < &3, Bi(x,¢) C B(x,&') C B(x,¢) Vx € A. Therefore,
for any n > 0, B,i(x,&) C Bu(x,&") C Bu(x,¢) Vx € A. Hence, we have

. 1 . 1
lim sup —— log uB,(x,&) = lim sup —— log uB,(x,&') Vx € A.
n—oo n n—oo n
This means that the above limit is independent of ¢ provided 0 < ¢ < &3. So, by
(2.5) h =limsup,_, ., — ilog uB,(x,¢) y-a.e. x € A.
Similarly, we also have that # = liminf, ., — %k)g UBy(x,e) p-a.e. x € A. The
result then follows. [

4. Proof of Theorem B

Proposition 2 is essential for the proof of the second part of Theorem B. It says
that, up to factors e, the measure of an ge "%-ball is greater than e~ ("4 —4+h),
and the measure of an ee~"*1-ball is less than e ™™~k The idea of the proof
comes from the following observation.

The volumes (i.e. the v-measure) of each se~"%-ball and each (n,¢)-ball are
roughly e="* and e " respectively. Therefore an ce~"%-ball can be covered by
ge"m4=4) (p,¢)-balls. Since each “nice” (n,&)-ball gives a contribution of mea-
sure at most e~™ a “nice” ge ™s-ball should not contain measure more than
e—n(ml_g—)&h)~

Similarly, by comparing the volumes of an ge~"*1-ball and an (,¢)-ball, we get
that an (n,¢)-ball can be covered by e"™*1~% balls of radius ee~"*. Therefore, a
general ge~"*1-ball should contribute measure at least e "4 —4+4),

The proof for the proposition carries out the above idea. However, since con-
vergences in (2.5) and (3.1) are not uniform, we have to choose some “nice” sets
on which the above argument can be applied. Also, we consider all ee~"*-balls and
(n, €)-balls which cover the “nice” sets simultaneously.

Proposition 2. Ler 0 < y < §;min{yo,h} and 0 < ¢ < §;min{e;, &, e3,1}. Then
u-a.e. x € A,

A—h+Q2m+3)y e 1 (e
_ < f_ 1 e "Us=2)
m =27 hnm in s —27) og uB(x, e ),

A—h—Qm+3)y

log uB(x, ce "M*)y <y —
g uB( ) = T2

limsup —————
n—>oop n(4 + 2y)
Proof of Proposition 2 (The First Inequality). Write A_ = A; — 2.
Suppose this inequality is not true. Then by Lemma 3, for some small y and e,
u-a.e. x €A,

A—h+(2m+3)y
'l .

lim inf —% log uB(x, se_”i‘) <m-— 4.1)

n— 00

Fix / > 1 such that KI™' <1 and ua; > 0.
Put

A = {x € A: uBy(x,el2e=#) < exp[—k(h — )] Vk = n} .
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By Lemma 4 lim,_,, ud, = 1, because uBy(x,el2e %) < uBi(x,e) Vk = 0.
Put
Al ={x e A:|DfY < expk(A+7y)Vk = n}.

By the fact that A = lim,_, % log [Df"(x)| p-a.e. x € A, lim,_,oo pd) = 1.
Put

A4 = {x € A: uB(x,ee ™~ ) Z exp[—n(mi_ — A+ h—(@2m+3))]}.

By (4.1) u(U°,y 4") =1 VN > 0.
Put 4, = A, N A4} N4}’ N A;. Since both {4} and {4/} are increasing, we get
w2y An) = pA; >0 VN > 0. So we can find an n > 0 with pud, > 8" I*"K Kye™™.
On the other hand, from the following three claims we get

/.I.A,, < en(m}t_ —A+h—(2m+3)y) , SmZZmKIKzen(—ml_+).+(2m+1)y) . e—n(h—y)
= 8"IP"K Kye ™ .
This contradiction means that (4.1) is not true. [

Claim 1. The set A, can be covered by "™ ——A+h=Qm+3W) pyjls B(x,2ee™ ")
with x € A,,.

Claim 2. Vx € 4,,, B(x,2ee"*~ )N A, can be covered by 8" [*" K, K,e"(~mi—+4+@m+1))
(n,el~2e=2)-balls B,(y,el"2e=") with y € A,.

Claim 3. Vy € 4, B,(y,el™%e=2") has measure less than or equal to e=""~") j.e.
UB(y,el72e72m) < ek,

Proof of Claim 1. Since A, C A", each ee"*~-ball about x € 4, has measure

n o

greater than or equal to exp[—n(mi_ — A+ h — (2m + 3)y)]. So there are at most

expn(mi_ —A+h—(2m+3)y)

disjoint balls of radius ge~"— about points in A,. The same number of balls of
radius 2ee~"*— about points in A4, can cover 4,. O

Proof of Claim 2. Since 4, C A;, by Proposition 1 and the fact

)

gl—ze——Zny . Kle—n()@—3y) — gKl—le—n(is—y) < 8e—n(ls—y) < Ee—ni_

we know that B,(y,il7%e7?")C B(y,ee "~ )Vy €4,. So, if ye€d,nN
B(x,2ee~"*~) for some x € M, then B,(, %l'ze'z’”’) C B(x,4ee™"~).
Since 4, C A4}/, Lemma 2 implies that for any y € 4,,

e m
VB, (y, zl—Ze—Zny> > K2—1 (;) l—2me—2nmy . e—n(1+y)

— 8m2—m1—2va2—le—n(/l+(2m+1)y) )

By Lemma 1,
VB(x,4ee ") < 4"K gMe A
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Hence, there are at most

g=mom lZszen(/l-!—(Zm-H)y) . 4mK-1 Sme—nml- —gm l2m1<1 Kzen(—m)._+/1+(2m+l)y)

disjoint (n, £1~2e~*")-balls about points in 4, contained in B(x,4se~"*~). So the
same number of (n,e/~2e~2")-balls can cover B(x,2ee™"*-). O

Proof of Claim 3. This is because 4, C 4,,. O

Proof of Proposition 2 (The Second Inequality). The proof is analogous to that
for the first inequality. We only give an outline here.
Write A4 = 41 + 2y. Suppose for some small y and ¢,

A—h—(Q2m+3)y
Ay

1
lim sup - log uB(x, ee ") > m— p-ae.x € A.

n—oo  MAy
Fix / = 1 such that K/~' < 1 and uA; > 0. Put
A, = {x € A: uBi(x,¢) > exp[—k(h+ )] Vk = n},
Al ={x € A:|DfY| > expk(i—1y) Yk = n},
A" = {x € A: uB(x,el 2"+ WY < exp[—n(miy — A+ h+2m+ 3]},
and put 4, = 4, N4} N4’ N A;. We can find an n > 0 with pd, > 8mlme1K2e;”V.
However, the following three claims give that
A, < D) L gmPmE K i =2t Qme 1) | (i =+ (2m+3))
= 8" 1K Kye ",
a contradiction. [

Claim 4. The set A, can be covered by "**7) (n,2¢)-balls B,(x,2¢) centered at
points x € 4,.

Claim 5. Vx € 4,, B,(x,2¢) can be covered by 8"1*"K K,e""'+—4+Cm+10) pgj]s
B(y,el"2e "O+*2)) with center points y € Ap.

Claim 6. Vy € 4,, the ball B(y,el~2e"+*2)Y) has measure less than or equal to
e—n(ml+-/1+h+(2m+3)y).

Proof of Claim 4. Since A, C A, there exist at most e""™) disjoint (n,¢)-balls
By(x,¢) with x € 4,. Hence the same number of (n,2¢)-balls about points in 4, can
cover 4,. O

Proof of Claim 5. Since A, C A;, by Proposition 1 we have B(y, %1 2e™"(*++21)
C Bu(y,ee72) C B,(y,€) Yy € 4,. So if y € A, N B,(x,2¢) for some x € S, then
B(y, £172e~"*++2)) C B, (x,4¢).

Since 4, C AY, by Lemma 2 we get vB,(x,4¢) < K)4"e"e "~ Vx € 4,. By
Lemma 1 vB(y, £172e "4+ +2)) > K lgm2—m]~2me=mm(7++21) S there are at most

] l2mK1 Kzen(m}.+ —A+(Q2m+1)y)
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disjoint balls of radius £/72e~"*+*2) contained in B,(x,4¢). Therefore, B,(x,
2¢) can be covered by the same number of e/ ~2e~"*++2) palls. [

Proof of Claim 6. This is because 4, C 4)'. U

To prove Theorem B, we also need the following fact, a version of which is
in [Y].
Fact 2. Suppose v is a Borel probability measure on a manifold M. If there is a
sequence of positive real numbers {r,} with lim,_, 7, = 0 and lim,_, liﬁgr"r: L=
such that

log vB(x,ry) log vB(x,ry)

0 < liminf < lim sup <9
n—0o0 logrn n—oo logrn
for v-a.e. x € M, then
IS D) £9,

where D(v) is dimy(v), dimg(v), or dimp(v).

It should be pointed out that by (2.2) and (2.4), D(v) also can be dim,(v) or
di_mL(v).

Proof of Theorem B.

i) Take / > 0 such that uA; > 0. By Proposition 1, for p-a.e. x € A}, if 0 <
¢ < min{es, 2/7%}, then

log uB(x, e~ "1+4))

. . . . _ —2"'}1
llnrglcgf log ee—"C1 77 = h;r_l)gcl)f ——n()tl @) log uB,(x,eKle™"")
= liminf log uB,(x,¢) h
= _— X,6)= ——.
=R (i dy) R PR

Since y is arbitrary, by Fact 2 we have D(u) = /{’—1 The upper bound D(u) = :’—S

can be obtained similarly.
ii) This follows from Proposition 2 and Fact 2. [

5. Proof of Theorem A

Take » > 0 such that for some 1 < k' < x, | Df(Y)u| = «’||lu|| Vy € B(A,r)
Vu € T,M. This is possible because f is uniformly expanding on 4.

Proposition 3. For any ¢ < min{r, J&},
1
P(f,—1log|Df(x)|) = lim ;log vBy(A,e) = 0.
n—oo

Proof. Denote ¢(x) = —log|Df(x)| and S,p(x) = >, ¢(fx) = —log |Df™(x)|.

Take 0 <75 < e Since f is expanding, there exists £ > 0 such that if
x €A,y € B(A,r) satisfy d(f'x, fiy) < eV0 £ i <k, then d(x,y) < 1. So B,x
(A,8) C By(A,n)¥n = 0.



318 H. Hu

Take an (n,7) spanning set S for A. We have

Buir(A,8) C By(A,m) C | Ba(x,21) .
x€S

By Lemma 2, vB,(x,21) < K22"n™|Df"(x)|~! = Ky2"n"eS"¢™. Thus,

VBnik(A,€) = Z VB, (x, 277) = K22”’;1'”Z eS"¢(x) .
x€S xeS

So, with the same notation as in [W] Sect. 9.1, we get
VBn+k(A7 8) é K22m’1an(fa ¢7 ’7) s

1 1
lim sup " log vB,(A,¢) < limsup - log O.(f, d,1) -

n—oo n—oo
Since the left-hand side is independent of #, we have
msup ~ 10g B,(4,2) = P(/,4) .
The opposite inequality can be proved in an analogous way. [
Before proving Theorem A, we give the following estimates.

Proposition 4. With the notations as in Theorem A,

D wgmorm = P = gy and

.. P Lt
i) m+ g7 = D(A) = m+ gy -

Proof. Note that for any invariant measure y on A, log ||Df|4]| = 4, and log |Df]|4[

< . Therefore the lower bound D(A) = ﬁm in Part i) follows from (2.1),

(2.2), Theorem B and the fact that Ay, = sup{h.(f): p € (4, 1)}, where &(A, 1)
is the set of all ergodic measures of f on A.
By using the facts that P = sup{h,(f) — [ log |Df(x)|du(x) : u € &(A, f)} and
A= [log|Df(x)|du(x), we can obtain the lower bound D(A) = m + @Elg—flﬂ'
Now we prove the upper bounds in both parts. By (2.3) we only need prove
that

T . htop P }

(1) S mi { B Y T | oD

For any 0 < B < [|Df|4l— 1, there exists & > 0 such that Vy € B(4, &),
IDf() = 1Dflal— B and [[Df(»)I| < IDf]all + B. Denote

x— =log([Df|40—p) and x4 =log(IDf|all + B) . (52)

We assume 0 < ¢ < min{r, &, %82, %80} so that Lemma 1 and Proposition 3 can be
applied to this ¢ as well.
We have that Vx € B(4,¢),Bu(x,¢) C B(x,e( [Df|a]— B)™™) = B(x,ee~™-). So,
if S is an (n,¢) spanning set for A, then {B(x,ee”"~):x € S} is a cover of A.
This implies that
N(ee7™=) £ N(n,¢),



Dimensions of Invariant Sets of Expanding Maps 319

where N(n,¢) is the smallest cardinality of any (n,¢) spanning set for A, and
N(ee™"*~) is the minimum number of balls of radius ee™"*~ which cover A. By
the definitions of dimg(A) and topological entropy,

_ log N(ge "%— log N h
dimg(A) = lim supi(ge——) < limsup M = %

53
n—o —logee ™"~ n—0 ny— - (53)

By Proposition 3, there exists N > 0 such that if » > N, then vB,(4,¢) <
e"P+B)  Any ge~"+-ball about a point in A must be contained in B,(A,¢). Every
such ge~"*+-ball has volume larger than K~ lgme=nmit So B,(A,€) contains at most
Kie~"e"mi++P+B) disjoint ee~"*+-balls centered in A. This implies that

N(QQee "+ < Ky me"mit+P+h)

Thus low N(2s0-1 p
LA+
dimp(A) < limsup()g(;se_2 Sm+ Lﬁ .
n—oco — log2ee "+ L

Since f is arbitrary, (5.1) follows from (5.2)—(5.4). This finishes the proof. [

(54)

Proof of Theorem A. Since h(f"|1) = nhyop and P(f™|4,—log|Df"(x)|) = nP,
we can use f" instead of f and then take limit to obtain Theorem A from Propo-
sition 4. O
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