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Abstract: We construct a realization of the quantum affine algebra Uq(s/ll\v) of an
arbitrary level k£ in terms of free boson fields. In the ¢ — 1 limit this realization

becomes the Wakimoto realization of sly. The screening currents and the vertex
operators (primary fields) are also constructed; the former commutes with U,(sly)

modulo total difference, and the latter creates the Uq(S/l]\V) highest weight state from
the vacuum state of the boson Fock space.

1. Introduction

Chiral algebras such as the Virasoro and current algebras play a central role in
conformal field theory (CFT) in two dimensional space-time. This theory is a quan-
tum field theory (QFT) of massless particles, in other words, a (massive) QFT at a
critical point (renormalization-group fixed point) [1]. Perturbing CFT’s suitably, we
get integrable massive QFT’s [2, 3, 4]. In these theories, the Virasoro algebra does
not exist any longer. In many cases the quantum affine Lie algebra plays a crucial
role instead of the Virasoro algebra [5]. This quantum algebra is, for a large part,
at the origin of the integrability. Moreover it can almost determine the S-matrix of
the theory, e.g. sine-Gordon model [5].

The Wess-Zumino-Novikov-Witten (WZNW) model is a fundamental example of
CFT’s; many CFT’s can be realized through a coset construction of WZNW models.
The WZNW model has been studied based on the representation theory of the affine
Lie algebra. Correlation functions of this model, which are vacuum expectation
values of vertex operators, satisfy certain holomorphic differential equations, what
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is called, Knizhnik—Zamolodchikov (KZ) equations [6, 7]. We expect that the “q-
WZNW model,” which has a symmetry of the quantum affine algebra, is a certain
massive deformation of the WZNW model. Correlation functions of the g-WZNW
model satisfy g-difference equations (¢-KZ equations) [8, 9]. Connection matrices
of solutions for ¢g-KZ equations are related to elliptic solutions of the Yang—Baxter
equations of RSOS models [9]. An application of g-vertex operators based on U,(sl,)
was performed in diagonalization of the XXZ spin chain [10].

Free field realizations of the Virasoro and affine Lie algebras were useful for
studying representation theories [11] and calculating correlation functions [12, 13].
It is expected that this is also the case for the quantum affine algebras. In fact, the
integral formula for correlation functions of the local operators of the XXZ spin
chain was found by using the free boson realization of Uq(;l;) and bosonized g-
vertex operators [14, 15]. To study higher rank versions of the XXZ spin chain, sine-
Gordon model, etc., we need free field realizations of the quantum affine algebras.

In this paper we construct a free boson realization of the quantum affine algebra
U,(sly) with an arbitrary level k. In the ¢ — 1 limit, it becomes the bosonized
Versign of the Wakimoto realization of sly [16, 17, 18]. Free field realiza/ti\ons of
U,(sly) with level 1 were constructed in [19]. Free field realizations of U,(sl,) with
an arbi/tr\ary level were constructed by several authors [20, 21, 22, 23] and that
of Ug(sl3) was obtained by the present authors [24]. We construct a free boson
realization of U,(sly) by affinizing the Heisenberg realization (g-difference operator
realization) of Ug,(sly) [25] and prove it by the OPE (operator product expansion)
technique. The screening currents and the vertex operators (primary fields) are also
constructed. They are necessary ingredients for calculating coEr\elation functions.
A certain integral of the screening current commutes with U,(sly) and the vertex

operator creates the highest weight state of Uq(s/l;) from the vacuum state of the
boson Fock space.

This paper is organized as follows. In Sect. 2 we fix our notations and recall
the definition of U, (slN) We construct a free field realization of U, (slN) in Sect. 3,
and the screening currents and the vertex operators in Sect. 4. Sectlon 5 is devoted
to discussion. The grading operator is also bosonized. In Appendix A we present
the Heisenberg realization of U,(sly). In Appendix B g-difference expressions of
our free field realization are given. In Appendix C, D we give useful formulas and
some details of calculations.

2. Notations

Throughout this paper, the complex numbers ¢ and k are fixed. g is assumed to be
a generic value with |g| < 1. We will use the standard symbol [x],

MEL -4 @.1)
7—q

and Y o, [P0« 1. Let @, 4 (1SiSN —1), (@)i<ij<v—1, be the
simple roots fundamental weights, the Cartan matnx of sly respectively. (-, ) is the
symmetric bilinear form; (&;, ;) = ay, (A, ,8;) = 6; . g stands for the dual Coxeter
number of sly, i.e., g = N.
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The g-difference operator with a parameter o is defined by [20]
def f(4°2) —f(g~"2)
S(z) = —— 22
0/ R ¢2)
The Jackson integral with parameters p € €(|p| < 1) and s € C* is defined by
f f@dyz E 5(1 = p) 2S " 23)
ne

These operations satisfy the following property:

§OO

[ 40:f(@)dyz =0 for p=g**. 2.4)
0
The deformed commutator with a parameter p € € is
[4,B], £ 4B — pBA . 2.5)

The quantum affine algebra Uq(slN) is the associative algebra over C with
Chevalley generators e,?t, invertible ¢, ({ = 0,1,... ,N — 1), and the following rela-
tions [26]':

[4,]1=0, (2.6)
et = gtiet @.7)
_ t— ti_l
lef,e 1= 5yq_—q—‘1 , (28)
and
1 aex'
Z -1y {1 4 } (€)'~ e ey =0, 2.9)

where (4§")y<;; <y—; is the Cartan matrix of the extended Dynkin diagram of sly

def def
and [7] S il ! = I )
U, (slN) is isomorphic to the associative algebra over C w1th Drinfeld generators
EF (n € Z), H: (n € Z — {0}), invertible K; (i = 1,2,. — 1), invertible y, and
the following relatlons [27]:

y : central element (2.10)
[Ki, )] =0, KEF/K' = ¢*EF/ @.11)
. X 1 —
[H, 1] = L — v 2.12)
R R 1 .
[H!,EE/] = i;[a,.j-n]ﬁ%'”lE,ﬁ{,, , (2.13)

j

. o 5 Ly i N Y. i
[E;"_’I,Em’]] = q ) (,yz(n m)ll/-ll—,n+m_y 2 M)ll/i,n-km) > (214)

-9

! For the grading operator d, see Sect 5
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and

(B EET) oy + By EE] 2y = 0, (2.15)

[EXEX]=0 fora; =0, (2.16)

[ B B Nl HE (B B3 Ly g = 0
for a; = —1. 2.17)

Here y , are defined by the following equation:

S,z E K exp <i(q -gH Y H,iz‘”) : (2.18)
neZ +n>0
Let Hj be defined by
 def UG
K; = exp((q q )2Ho) , (2.19)

then Eqs (2.11)~2.13) hold for H; (n € Z)*. Equation (2.11) is derived from Egs.
(2.12), (2.13).
Defining the fields H'(z), E¥(z) and yi.(z) as

i | —n— i f i_—n—
H@E L H", EYo¥ YL ES ™,
n€Z n€Z

THOEDI e (2.20)

neZ

the above relations can be rewritten as formal power series equations:

Wi (@), Y (W)] =0, 2.21)
(z — gy~ W)z — ¢~ LY (W)

= (z = gyw)z — ¢~y WY (WL @) , (222)
(@ — ¢y T @ES (w) = (592 — yFIw)EF (Wi (2) , (2.23)
(z = gy TrWER WL (W) = (592 — yF i)l WET/(2), (2.24)

(g—g Dzw
—0" Wy (T Tw)), (2.25)

[EY(@), E~ ()] = CET VA

and

2 In the case of n =0, ,1,* should be understood as lim,,_,oi*. For example, limn_,o,ll[n] =

2lo . _yn . 1 210, . .
q_qg_‘{, llm,,_,oﬁ[aijn]"n YL =0, lim,_oL[aznlyT2" = ﬁa,f In the following, this conven-

9—q
tion is assumed
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(z — FYWEF (2)E* (w) = (¢5%z — w)EF (W)E*(2) (2.26)
EY@QEX (w) = EX¥Y(W)EL(z) for a; =0, (2.27)
EF @)EF (2)ET (W) — (g + ¢ HEF @)ET (W)EF (25)

+HEFI (WES (2)E* (22)

+(replacement: z; < z,) =0 for a; = —1, (2.28)
where d(x) is given by
S0 Y S (2.29)
neZ

Correspondence between Chevalley generators and Drinfeld generators are [27]:

i—K (i=1,.,N—-1), (2.30)
et EF (i=1,...,N-1), (2.31)
to— KKy (2.32)

e = BN LB AL LB R ET ) - ]y
x K7L LKy (2.33)

eo_ [and K] .. .KN_1
x[[...[EX L ES ™.
EFNT,,EFNTY, (2.34)

Uq(s/l;\v) has the Hopf algebra structure. We take its coproduct 4 as

AL) =691, (2.35)
AeH=¢ @1+1®e, (2.36)
Ae)=¢ @' +1®¢; (2.37)
and its antipode S is
Sty =1t", S =—t"ef, S(e)=—et;. (2.38)

An explicit coproduct formula for all the Drinfeld generators has not been obtained.

Let V(A) be the Verma module over Uq(s/l;) generated by the highest weight
state |4), such that

Hi|2)=E|[2)=0(@>0), (2.39)
E;' 1) =0, (2.40)
Hy| 2y =1¢"]2), (2.41)

where the classical part of the highest weight is 1 = Z?Sl/"/l_i.
Next we will introduce boson fields. For a set of bosonic oscillators a, (n € Z),
and zero modes p,,§, whose commutation relations are

2lo .
[ans @] = nPa(M)Snimos a0 = ﬁpa : (242)

(Pa> Ga] = Pa>  [an, 4,1 =0 (n=£0), (243)
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where p, is a constant and p,(n) satisfies

) ) 2loggq 2
(}l_l)T}Pa(n) = Pas r}%pa(”) = (q — q_1> a >

we define free boson fields a(z; «) and a.(z) as follows:

az;0) % — ¥ gl 4 g 4+ plogz
n=’=0[n]
def — — N
ax(z) i((q—q Y anz ”+p,,logq)
+n>0

= :I:(q—q_l)< > az "+ %a0> :

+n>0

(2.44)

(2.45)

(2.46)

(2.47)

We abbreviate a(z;0) as a(z) défa(z; 0). In the ¢ — 1 limit a(z;«) becomes the
free chiral boson field ¢(z) used in the string theory and CFT (but the mean-
ing of z is different). Correspondence between a(z; ) and ¢(z) = £ — /—1plogz +

VI3, 4optz ™" is
a0 = V=1y/pad@): ar— Ve Do — VBab
Go = V—1/pat .
Moreover let us define boson fields with parameters L, M as follows:
a(Ly,....Ly;My,....M, | z; &)
L..

def [Lln]...[Lrn] a, —aln|, — .Lr n n
Ly AT T el 2L (6 4 plogz)
oMyl [Myn] [n] My .., e T Pel082)

ar(Ly...,L; My,... .M, | 2)

def -1 (Lin)...[Ln]  _,  Li...L , )
=+{(¢- S g+ L o
<(q 1 )inZ;o[Mln].--[Mrn] § M, ...M,p 849

[Lin)...[Ln] Ll...L,l)
—_— —

_ -1
=g )<i,,z>o[M1n]...[Mrn]“”z My...M,2

We abbreviate these as

L L L def
(M%Ai...ﬁa)(z;a) = a(ly,Ly,....L; My, Ms,..., M, | z;0)

L L L def
(17111172217“*) @Y axly,La,...,L; My, My,..., M, | 2) .
Normal ordering prescription : : is defined by

move a, (n > 0) and p, to right,

move a, (n < 0) and g, to left .

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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For example,

a, ay

(q"“z)'”)e‘iazﬁ“exp(— > (q“z)—") . (254

n>0[n]

rexp(a(z; o)) : = exp (— >

n<0[n]

Al Al

For multicomponent & (a.,p,,q,), we treat them similarly; [@!,aj,]=
npa(n)dnimo, etc. We can easily verify the following:

ijneZ

1 , .. .
{52 >l pg M (myal: ,af;J = —may, (2.55)

where p; Y(n) is an inverse of pl(n), i.e., 3,0 (n)pa Yi(n) = o¥.

3. Free Boson Realization of Uq(;l]\v)

To construct the Drinfeld Uq(s/l;/) generators of level & in terms of free boson fields,
we need N2 — 1 free boson fields @' (1<i<N — 1), ¥ and ¢/ (1<i < j<N). Their
commutation relations are

o 1 N
[ay, @] = ;[(k + gnl[ayn]dnimos w2yl = (k+ gay , (3.1
.. ot 1 P - ! P
[b2,b7] = —;[n]zé" O Suimos  [PL,G,) 1=—0" o, (3.2)
. ot 1 PRy Yy .. )l Y
[ch, e/ = ;[n]Za" & Spimos P14 1=6"0", (3.3)

and the remaining commutators vanish. _
Let us define fields H'(z), Y (z) and E¥(z) (1Si<N — 1) as follows’:

iy def 1
ey

x (i:(lﬂi*l(q%+f-1z) — b{(q22)

J=1

@i+ 3 @Yt - b))
J=i+l1

— (replacement : x,(q%z) — x_(q~%z)for x = a,b), (34)

3 These operators are well-defined on the boson Fock space that will be defined in the next
section
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vi(g*iz) < exp< S (g D) — b))
=1

J
+dy(¢*72)

N . . . . .
LY (g b'f’«qﬂ“f-“z») . (3S)
Jj=it1

i Tl i i1
EY(2) = e q—l)z;‘exP((b+c)’ (¢"2)

X (exp(b’f“(qj “l2) — (b + Y (¢’2))

—exp(t”"(¢/7'2) — (b + YT (¢ %2))
X exp (’f &Y g ') - bf”;"<q’z)>) : (3.6)
/=1

N
E7'(2) :m
X (iil:exp (6 +c)j,i+1(q_(k+j)z))
j=1
x (exp(=b" (g=*z) — (b +c)j,i (g~ %+Dz))
— exp(=b (g~ z) — (b+ c)j,i(q_(k+j+l)z)))

cenp( 3 (640 (a4 s) = oY (g002)
=j+

() () -8 () )
{=i+1

+:exp((b + c)i,i+l(q—(k+i)z))

N N .
x exp(“i— (67 F2) + 3 (B (g *%z) —b’-*""(q‘("”‘”z))) :
¢=itl
—exp((b+ c)i’iJrl (q’““z))
i e N il ( k+t i+1,2 ([ k+e—1
X exp a+(q22)+/2 (B (¢z) =57 (7 '2)) ) -

=it1

- % :exp((b+c)i’j(qk+j‘1z))

J=i+2
x (exp (bfl’j (qk+j_lz) —(b+c¢) i (qk+jz))
—exp(6 (¢97'2) — (b4 <) (¢97%2)))

x exp( d, (q°7'z)

(=j

P ) - (1)) 67)
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where 5 % 0, ¢ & 0 and b+c)y ©f pii + ¥, These expressions are guessed from

free boson realizations of U,(sl) [20], Uq(;l;) [24] and the Heisenberg realization
of Uy,(sly) [25] (Appendix A). g-difference expressions of these fields are given in
Appendix B. In the ¢ — 1 limit, Eqs. (3.4), (3.6) and (3.7) become the bosonized
version of the Wakimoto realization of sly with level & [16, 17, 18].

From Egs. (3.4) and (2.19), H} and K; are

H = Z(b/';l“q—(%‘ﬁ-l)lnl _ bzn,:q—@ﬂ)lnl)

Jj=1
i —4ln| u if ,—(&+)ln| i+1,j , —(5+i—Dln|
+alg 2"+ Zl(b,,q 2 —bithig=2 ), (3.8)
J=it
i ..
Ki=a3 (7" ~p3) + 5o+ > (3 —pi). (3.9)
j= J=i+l

We obtain the following proposition:
Proposition 1. H',yi,E* in Egs. (3.4)<(3.7) satisfy the relations Egs. (2.10)—
(2.13) with y = ¢*, Eq. (2.28), and the following relations:

ET@)E Y (w) ~ ET/(W)ET(2)

k

oY Pk ;
~reg + (e - @) . 610

(g—q w \z—gw z—q~*w
(z — gFYWET (EH (w) ~ (%2 — wET (W)ET(2) ~ reg. (3.11)
EY()ER(w) ~ EXI(W)EY (2) ~teg  for a; =0, (3.12)

where the symbol ~ and ~ mean equality in the OPE sense (in other words
analytic continuation sense), and ~ means equality modulo regular parts.

Proof. A straightforward but tedious OPE calculation shows this proposition. We
give the useful formulas in Appendix C and how the poles cancel each other in
Appendix D. For Eq. (2.28) some explanation is needed. Let us denote OPE of
each term of E+#(z) as follows (see Appendix D for notation):

EHDEXB) () ~ f148(2, ) EF D) ERIE)(w): (3.13)

For i = there are three cases:

— W w—2z
SiAB (7 ) = 72—& and fiBA(y,z) = ——qﬂ— (3.14)
4 w) = ’1;—;}” and f{P(m,z)=¢, (3.15)

/qﬁw —Z

iiAB — 4 iiBA —
f£PEw)=q" and fi"(wz)=g¢q Wiz

(3.16)
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where £ € Z depends on i, j, A, B, +. For a; = —1 there are two cases*:
'JAB q:FIZ — W jiBA om
(zw) = ;_—qqﬂ; and fi (W;FZl)—q , (3.17)
ijAB _m JiBA _ m4 W—z 3.18
ew =" and D) =" (3.18)

where m € Z depends on i, j, A, B, . These OPE equations can be translated to
formal power series equations:

EXDQEE O (w) = gi% (2, w) : EHD@EX B(w): . (3.19)
Equations (3.14)—(3.18) are translated to
w
g8 =4~ X (¢ )

n>0
and  gB4(w,2) = ¢’ (w — 2)— z( izi)", (3.20)

W20 w

e =¢ @z -l T (¢22) and Pz =g, G2

Zpz0

gew) =g and gPm) =g -2 T (¢22), (322)

Wr>0

e =™z D () md =g, 623)

PP w)=¢" and ¢ (w,2) = ¢"(@T'w - 2)— Z(*li)", (3.24)

W20 w
respectively. A product of three E’s can be expressed as
Eﬂ:,in(Al)(Z )E:t,iz(Az)(Z )E:I:,is(Aa)(Z3)
glllelAz (Zl Zz)g’]’3A1A3 (21,23)g’2'3A2A3 (22’23)

x: B (7 \ET2A) (7)) EFiU3) (75). (3.25)

We remark that this is a consequence of the bosonic realization. Using this fact,
we obtain

B0 E= @)= w) — (g + g~ HEHU @) EHIO(n)EHUD ()
BRSO () EEIAD) (7 \EEiAD) (7,
= g (21, 22)(g%" (21, W)g " (22, )
— (g + 97 Vg @1, Wy (w, 22)
+ g2 (w,21) g (, 22)
x: B (2 ) EHUD (2 ) EEIB () (3.26)

In each case, this coefficient is antisymmetric with respect to z; and z,. Therefore
Eq. (2.28) holds. |

4 For E~, there are extra poles. However, we can discard them because they cancel each other
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We remark that Egs. (3.10), (3.11), (3.12) imply Egs. (2.25), (2.26), (2.27)
respectively. Therefore we obtain our main statement:

Corollary 2. H', yi, E¥' in Egs. (3.4)~(3.7) realize the quantum affine algebra
U,(sly) in the Drinfeld realization with y = g*.

4. Screening Currents and Vertex Operators

To calculate correlation functions and investigate the irreducible representation, we

need screening operators, which commute with Uq(gll\v). Let us define the screening
currents S'(z) i = 1,...,N — 1) as follows:

Siz) ¥ exp (— (kL-i-gai) (z; k ; g)) :§@), 4.1

&, def -1
T

N

x > rexp((b+ c)i+1*i(qN_jz))

j=itl

x (exp(=b"(¢"7z) — (b+ c)i’j (" 7*'z))

— exp(=8 (¢ 72) = (b+ )" (¢"77'2))
cep( 3 (67" (@) ). @

We remark that S’i(z) is nothing else but E+*N~i(z) with replacement biijn—>

—BNHENHIT (4 o) s (b + )V IV These screening currents have the
following properties.

Proposition 3. S, § in Egs. (4.1), (42) and H', E** in Egs. (3.4)~3.7) satisfy
the following relations:

[H, ()] =0, 4.3)
EM @) (W) ~ S (WE(2) ~ reg., (4.4)
E~ @) W) ~ S(WE™(2)

~ reg. + &Y k+g0w
U ol (g (0 59,
x(z_w.exp( (k+ga’)<w, ! ))) @>5)

=g WSS W) = (g2 — S WS @) ~ reg.. (4.6)
§'@8 w) ~Fw)§'(z) ~reg. for a; =0. %))

and
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Proof. Straightforward (see Appendices C, D). d
Equations (4.3)—(4.5) can be expressed in the commutator form.
Corollary 4.

[H,§@)] =0, (4.8)
[E:.8@]=0, 49)

(B8 @)] = &40 (z": exp(— < Z i gaf) (z; —’%) ) :> - (410)

From this we get the desired property of the screening charges.

Corollary 5. If the Jackson integrals of the screening currents Eq. (4.1),

s00
bf S'(2)dyz, p=q"*o, (4.11)

are convergent, they commute with Uq(s/l]\v) generated by Egs. (3.4)-(3.7).

Next we will construct the vertex operators (primary fields), which create the

Uq(s/l;/) highest weight states from the vacuum state of the boson Fock space. The
vacuum state of the boson Fock space, |0), is defined by

a,|0) = 5}|0) = ¢J|0) = 0 (n20) . (4.12)
Let |pg,pp,pe) be
(NS i 1\a i gl
Paspp.pe) =exp| o par——dat 2 p(-Ddp+ > pedc |10),(4.13)
ij=1 k+g 1Si<<N 1Si<<N

then |p,, py,p.) is the highest weight state of the boson Fock space, i.e.,

@, |PasPbsPe) = b2 |PasPbspe) = € |pasppope) =0 (n > 0), (4.14)
PalPasPvsPe) = DalPasPbse)s PilPasPbsDe) = PLIPaspbspe)  (x = b,c) . (4.15)

The boson Fock space F(p,,pp,pc) is generated by oscillators of negative mode on
the highest weight state |p,,ps,pc)- EF change p, — p. only, Si changes p, and
P» — Pe, H,, does not change p,, pp, pe- |Pa,0,0) has the following property:

Proposition 6. H', E*' in Egs. (3.4)~(3.7) act on |p,,0,0) as follows:

X,|pa,0,0) =0 (n > 0;X = H ,EY'), (4.16)
E{"pa,0,0) =0, (4.17)
Hé[pa,050> =Pilpa, 0,0) . (4.18)

Proof. Straightforward. X, (n > 0) annihilate |p,,pp,p.) With pp + p. = 0, and Eg' 4
annihilate |p,,0,0). O

This property is just the highest weight state condition of Uq(S/l]\v)‘
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Corollary 7. Using the highest weight state |p,,0,0) = |(£!,...,¢"™1),0,0), we get
the highest weight left module of U,(sly), V(4),

V()= @ F((¢,....N Y -r), (4.19)

reZNW—112

where the classical part of the highest weight is 2 ={'A; + -+ N1y =
«,...,N .

As is well known in CFT, this module is reducible.
Let us define the vertex operator with a weight 4 = (/',...,/V~") and a param-
eter o, ¢*(z; ), as follows:

I, .\ def Nl 0 min(,j) N — max(i,j) \, .\
Do) exp(iJz::l( FTa W 1 a’)(z, a)>. . (4.20)

The highest weight state of Uq(ﬂ;), I(ZY,...,£V~1),0,0), is created from the vacuum
|0) by this operator with any parameters o and f3,

I(Z%,...,N"1),0,0) = lin‘éqﬁz(qﬂz; %)|0) . 4.21)

Moreover this vertex operator has the following properties.

Proposition 8. qu in Eq. (420) and H',E*' in Egqs. (3.4) — (3.7) satisfy the fol-
lowing relations:

[H], ¢7(es )] =~ [Onlg™ (DM s, 422)
[E, ¢*z0)] =0, (4.23)
and
@~ ¢ WET @) (w; —’—‘—;—g) ~ (¢z - wy¢ <w; —%) E~()
~ reg. (4.24)

Proof. Straightforward. We use the g-analogue of the inverse of the Cartan matrix:

Nil [airn] [min(r,/)n][(N — max(r,j))n] _
=1 [n] [Nn][n] B

5 . (4.25)

We remark that Eq. (4.24) can be rewritten as

[En‘ 4, ¢t (Z;—ki—g)] =—z [dﬂ_ <z;—kﬂ),EJ_i1] - (4.26)
2 & 2 p

From ¢’T(qﬂz; o) with appropriate o and , we can construct the g-vertex operator
&(z) [9], which has an intertwining property. We will discuss this problem in the
next section.
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5. Discussion

In this paper we have constructed a free boson realization of Uq(s/b\v). We can also
bosonize the grading operator d. d is defined by the property for the Chevalley
generators,

[d,t]1=0, [de]==Ldnef, 5.1

or equivalently, for the Drinfeld generators,
[d.H) =nH., [d,Ef')=nEF . (5.2)

Using Egs. (2.55) and (4.25), let us define the g-analogue of the Virasoro Ly operator
[17, 18] as follows:

n’ (min(,)n][((N — max(i,j)n] ;

&

f

1 p—
Ly == ta_, @,
°72 {3 f?z [21[(k + )] [Nn)ln]
o
+ -z U ~'
ij=1 k+g
1 1
oy saenZHil v o
21<1<j<Nn€Z [ ] 21<l<j<N
—+—l e —20” +l > B (53)
21<iGennez P 2l<z<j<Npc ’ ’

where ' =1, ie., p=(1,1,...,1) = 25\1:—11 A; is the half sum of positive roots of
sly. Then d = —L, satisfies Eq. (5.2) on the representation space given in Corollary.
7. The Ly eigenvalue of |(£1,---,¥71),0,0) is giy/ia; ' (& +2p) = (A A+
2p).

We have also constructed the screening currents and the vertex operators. Using
these, we can start the representation theory and calculation of correlation functions.
Like sly [28, 29], it is expected that the projection from the boson Fock space to
the irreducible U,(sly) representation space can be done by BRST cohomology
technique. In fact, recently, this procedure has been worked out for Uq(gl;) [30].
The BRST operator is constructed by using the screening current.

To calculate the Jackson integral formulas for the correlation functions, which
are solutions of the ¢-KZ equation, we must first prepare the g-vertex operators

®. We will restrict ourselves to the type I [10] vertex operator @ZE;))V‘(Z): V() —

V(i) ® V. diggl?)m (z) can be constructed from q’)'i(qﬂz; o) with appropriate o, f. From
Eq. (4.24), we choose a = —*¢ . This choice agrees with refs. [31] (Uq(.;l;) with
an arbitrary level k) and [32] (vector representation of U,(sly) with k = 1). Starting

from ¢'(z) & ¢ ( ; k+g> , we define ¢} ; (2) as follows:

i def J = ol
l{ll: ,in(z) ; [ ity sn— l(z) E "] » X = (l - Zaij’ain> . (5‘4)
7 j=1



Free Boson Realization of Uq(.\:/l';) 75

To determine f, we must specify the finite dimensional representation of Uq(.;i;/).
Results of refs. [31, 32] suggest § = k + g. Once the finite dimensional represen-
tation is obtained and B is determined, we can construct the g-vertex operator

582)'/‘(2) from our ¢“ ,,.n(qﬂz). Then, we can calculate correlation functions of
the g-vertex operators in the standard way. These problems are now under investi-
gation.

To extend our results to arbitrary quantum affine Lie algebras, it may be im-
portant to consider the geometrical interpretation of the free boson realization. For

g =1 case, the f—y system is suitable for the geometrical interpretation [17]. For
g=*1 case, we define the quantum f—y fields, g 1 (z) (x = £1), Y (2), as follows:

Bra) L exp(ba(@) — (b + Mgt 1, (55)
G—q ")z

Bors) ™ (——‘;—1)  exp(—b2(2) — (b+c)g*'2) (5.6)

y(z) def cexp((b+0)(2) :, (5.7)

where we suppress the superscript ij. They are not free fields any longer. They
satisfy

= I W@ ) = (672 =) usWBos@) (5,8 = £), (58)

Bi1,+@Bx1,:W) = Bx1,W)P1,£(2) , (59

z — T W1+ )W) = ((ﬁlz = w)yW)B11,+(2) , (5.10)
@ — g7 Wy@PL1zW) = (@7 'z = W1 (W) , (5.11)
YE@y(w) = y(w)y(2) . (5.12)

Our free boson realization of Ug(sly) is reexpressed by these quantum f—y fields. In
the ¢ — 1 limit, B, 4(z) — Bu—(z) and y(z) become usual B(z) and y(z) respectively.
These B+, 7 fields are the affinization of g-oscillator (aat — ¢g*'ata = ¢*V);a —
9, a' — PBu+ — Bu_ (see Appendix A). We expect that our realization in terms of
the quantum f—y system acts on the g-deformed semi-infinite flag manifold [17].

Our free boson realization may also be useful to analyze the g-analogue of the
Virasoro and W algebras by the Hamiltonian reduction, and the representation at
the critical level k£ = —g.
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Nakayashiki, M. Noumi, and Y. Yamada for helpful discussions.

Appendix A

For the reader’s convenience, we give the result of [25], the Heisenberg realization
of Uy(sly) with the weight 4; € C. Let us consider variables x; and derivatives

% (1=i < j=N). Their commutation relations are

I:%,x,'/j/] = 5,’,’/51']'1 5 others =0 . (Al)
i
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Standard Chevalley generators of U,(sly), e,?t,ti =gl =1,...,N — 1), are realized
as follows:

def i N
W= =30 (G = Op) +di— 35 (i — Vi) » (A2)
j=1 j=it1
def 1 SVl
S L [90] g S, a3
Jj=1"" Xji+l

3

i—1 i N
o & ijmi [9,] q2,=j+;(v,,i+l—19f,,»)—z,+2/=,-+1w.,,—v,w)
j=1

j= Xji

N
F X | — D (191',;—19141,/)]

¢=i+1
N 1 N
A— _ (O —Viy12)
= 5wy [Biy) g2 (A4)
j=it2  Xit+lj
def 9 def def
where ’!9,] = x,-jaj,x,-,- = 1,’[9,',' = 0.

Our free field realization of Uq(s/l;) is obtained by the following replacement
with suitable argument:

x — e®t9@) (ALS)

-9 — +bi(2), (A.6)

A tai(z), (A7)
A _ (@)

A@Z)]—» ——— A8

e - S5 A9)

Appendix B

In this appendix, we reexpress Egs. (3.4), (3.6), (3.7) and (4.1) by using the g-
difference operator. These expressions are not unique and we give one of them.
Using the following formulas:

% (a+(q%2) — a_(g7"2)) = 10;a(z; &) = Ez ang~Mz7m 0 (BU)

1
G—a % (exp(£b+(2) — (b + ¢)(g2)) — exp(xbx(2) — (b +c)(g ™ '2)):
=11 0-(exp(—c(2))) - exp(—b(z; F1)): , (B.2)

1
mi (exp(Fa(g*z)) — exp(+a_(g~"z))) :

=0, (exp (i (Aila) (z; cx)) )-exp (:F (Alla) (z; o —M)) 1, (B3)
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m: (exp (b(g"2)) — exp (b (¢7*2))) :
=0 % p M—a, : B4
=y Z(exp((ﬁ )(z)))-exp(( % )(z))., B4
( )(z):l:(l )(zia+1)~<ail >(z 1), (B.5)

Egs. (3.4), (3.6), (3.7) and (4.1) are rewritten as follows:
i d ji+1 k . st k i
H'(z)=10.{ > | V" zi=+j—1)=b'z; - +)
= 2 2
if,.9 T LI Y S
+d (2 2) + §1 (b <z,2 +]) b (z,z +ji-1)) ), ®6

B =~ e (b + Vg ™'2)

j=1

x 10, (exp (—e*! (¢/12)) -exp (b9 (715 -1)
=1, _
X exp (E (bi”“ (¢'z) — b (qu))> L (B7)
/=1
E~(z) = —iijl: exp ((b+ Y (g~ *z))
j=1

x 10; (exp (—¢” (q’(’”'j)z))) -exp (—b” (q"(k+j)z; 1))

X exp ( i (b‘j"“ (q—(k+t’—1)z) s (q—(k+t’)z))
£5+1

v (52 + 3 (B (g 40) -5 (q_(k”’_l)z))):

(=i+1

+:k+gaz<exp <<.]]:+Li(b+c)i,i+l) @)+ (kj_ga,-) (z;k;:g>
N z/) . _( 1 l+1t’) ) B )))
v 3 () v o= (g ) ke
g—i ii+1 AR _k+g
xexp<(m(b+c) +)(z) <k+ga> (Z, : )
_ ]Zv: ((L[yt) (z;¢ — g) — ( 1 bz-H/) @l—g— 1)))‘
c=im \\k + ’ k+ ; :
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N
+ 3 cexp ((b+0)¥(¢"'2))
j=it2
X 10,(exp (_Ci+1,j (qk"'j_lz)))- exp (__bi+1,j (qk+j—lz; _1))

N o, .
X exp (a’; (ql#z> +3 (b’f (¢"*z) — B (qk+/'lz)>> :,

(=j

(B.8)

S'(z) = —:exp (— (ﬁ;a’) (z; ?))

X % exp ((b+ o)t (gV 7z))

Jj=i+l

10, (exp (- (¢72)) )-exp (-1 (¢ 1))
X exp ({él (bi_H’l (¢"~/*1z) — b’ (qN—[Z))> :. (B9

These expressions are adequate for taking the ¢ — 1 limit, because there is no
denominator ¢ — ¢g~!. In this limit ,,, (AL?‘I e 1%4’7 ) (z; ), (IfTI. e A%ai) (z) become

o0y, ALA ﬁ,;’ a(z), 0 respectively. Equations (3.4), (3.6) and (3.7) become the bosonized

version of the Wakimoto realization of s/l; with level k [16,17,18]; B¥(z) and y¥(z)
are expressed in terms of b¥(z) and c¥(z) with ¢ = 1 as follows [33]:

BY(z) = —: 0, (exp (—c¥(2))) exp (b (2)) : , (B.10)
YW(@) =:exp ((b+)(@): . (B.11)

Appendix C

In this appendix we give useful formulas.
First we give formulas for a boson a in Sect. 2 (see the footnote below Eq.
(2.19)).

[4, Blcommute with 4, B = [4,e®] = [4,B]é®, (C.1)
elef = BB (C2)

L Lin]---[L, .
o (5 s ) @] = 060 > 00g — g L g

Li L N, = Lanl[Ln] n —alnl n
h(m Ma“d_WMWMMMMW w8
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L, L, L} L,
G E) - be) o

—12 s Lin] - [Ln] [Lin]---[Lin] w\"
@ S i g i w0 (3) €9

[(16/111 Ea> @ “)’(Lll AL7I;“ )(w)]

—1 Lln] [Lrn] [Lin] [L/n] n o wAn
=@ S it o 01— 0 1”9 ()

Ll
L 1%4 o M,palogq, (C.6)
1 s r
(- Jon (5o
_« L] [Ln] [Lin]---[Lin] n pa(m)g— P (E)"
FolMin] ] Dt (M) TP P

Ly---L, L}---L

MM M’ alog (C.3)

where 9(P) is a step function, 6(P) = 1(0) when the proposition P is true (false).
These are formal power series equations. _
Next we give specific formulas often used in proofs. For calculation of [H, %],

o 1
(@, @4 (2)] = £0(Fn > 0)(q — q_l);[(k + gnllaynlz",  (C9)

[ai;, ( ler ga’) @ a)} = %[ai,-n]q‘“‘”'z”, (C.10)
1

(b b1.2)] = FOGFn > 00 — g )- [n2", €11

[0, b(z)] = —%[n]z” , (C.12)

where we suppress the superscript of 5Y. For OPE calculation,
exp(ab . (2))exp(fb_(w))

RV ap
:( (2~ %) ) exp(Bb_ ())exp(eb (2)) , C13)

@ - ¢*w)z — q7%w)

AN
exp (ab+(2)): exp (Bb(W) : = (f] - _"::) ;exp (Bb(W):exp (abi(2) ,  (C.14)
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z—qw b
rexp (ab(2)) : exp (fb_(w)) ~ < qz——w_) exp (Bb_(w)) : exp (ab(2)):

«f
— (Z — qw) q*: exp (ab(z) + Bb-(W)): , (C.15)
qz — w

exp (a; (q’#z)) exp (@ (4% w))

N 7 — qa,-jw 7 — q—a,-j-—2(k+g)w kg
T z—q%w z— qa,-j-—2(k+g)w exp (a]_ (q ’ W))

X exp (aiL <q¥z>) , (C.16)
exp | ' ke cexp | — ! @ W'I—cﬂ :
pla, (g7 z)|:exp P ;> :
— % —(k+g) 1 . k+
~FT97 7w _ y KGN,
- q“"f'z—q‘("+9)W'exP< <k+ga ) (W’ 2 )) '
X €xp (a; <q'#z>) , (C.17)
I . b
o (= () (555) ) o (4 (7))

Z— ajj— (k+g)w ( 4g )
_T

ol
XexP( <k+g )( 2)

~

- q“uz —q~ (k+g)

2
_ z — qav (k+g)w i 5 .+_ g
- qauz —q- (k+9)w 2
+d ( “*’w) ): : (C.18)

where o and f are parameters and ~ means equality in the OPE sense (analytic
continuation sense).
exp(b + ¢)'s commute each other because pp(n) + p.(n) =0

Appendix D
In this appendix we give how poles cancel each other in OPE of E*i(z) and

E~/(w),E~#(z) and E~/(w), ET#(z) and S/(w). Let us denote each term of Egs.
(3.6), (3.7), (4.1) as follows:’

i

EYi(z) = z (ETUD(z) + EVUA(2)) (D.1)

5 For example, E+/09(z) = Ly rexp (b +¢)(¢/~'2)) x (~Dexp (b’i*‘(qf-‘z)

-+ c)f”“(qf”zz)) xexp (37} (B9 (@12 - b7 (¢°2))) -
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. i—1 I, .
E~ @) = 3 (E700@) + EZ0)())
J=1 .

L i N .
+ E_"(”l)(z) + E_”(”2)(z) + Z (E_"(”l)(z)
J=i+2
+ E~U2(z)), (D.2)

Si(z) = % (SUD(2) + §UA()) (D.3)

Jj=i+l

L. EH(2)E~I(w).
For i = j, OPE E*#(z)E~Y(w) has poles at z = ¢*w and z = g *w. They come from
EHEDE—I0D(w) and EH(12D(2)E~/(LD(w) respectively.

Some terms of E*(z)E~(w) have other poles but all these poles cancel in pairs.
We give these poles (z=g*w) and pairs (EHWDEE/®(w) and
EHO@)E~/O)(w)).

o 4) (B) ©) (D)
G j=i —k—2¢ 1 ¢,2) (¢+1,2) (£+1,1)
1<¢<i—1
() j=i+1 —k—20+1 (£1) (¢.2) ¢,2) A
1</<i
(i) j=i—1 k+1 (i-1,1) G+21) G1) (,2)
k+1 i-1,1) (G+22) G2 (.,2)
k+1 @i, 1) G+2.2) @,2) G+2,1)
(iv) j<i—-2 k+i—j G, 1) (+1,1) G+1,1) @G1)

k+i—j G, i+12) (G+1,2) G
k+i—j G+1L,1D) (G+1,2) (+1,2) @G+1,1).
II. EZ*(2)E~Y(w).

E~(z)E~/(w) has poles at z = g~ %w. Some terms of this OPE have extra poles.
But these extra poles (z = g*w) cancel in the following pairs (E~®(z)E~/&)(w)
and E~O)E~/P)(w)) .

o ) (B) ©) D)
@O j=i-1 2k+i+j ((-12) (,2) G1) (G+2,2)
() j<i—2 2%k+i+j (p2) G (G+L1) (+1,2)

%k+it; (L2) G2 (+12) (+1.2)

Ye+it; G+1,2) G1) (G+L1) G2)
1L EH(2)S/(w).

Poles (z=g*w) cancel in the following pairs (ET@(z)$®B(w) and
EHO2)SP)(w)) .

a @ &3 ©) (D)
G j=i N—-i—j G1) (+1.2) @2 G+1,1)
() j<i—-1 N—i—j (G,1) G2 G+1,2) (+1,1)
N—i—j (i) (+12 (.2 (+1,1)
N—i—j (i,2) (G,2) G+1,2) (i+12)

IV. E=i(2)S (w).
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For i =j, OPE E~#(z)§(w) has poles at z = ¢**%w and z = ¢~ **9w. They come
from E~*™D(2)§™2(w) and E~ED(2)S0UHLD(w) respectively.

Some terms of E () (w) have other poles but all these poles cancel in pairs.
Poles (z = g*w) and pairs (E~"@(2)§®B)(w) and E~#C)(2)SP)(w)) are

o @ B (© D)
G j=i k—N+2i+2 (2) (+12 (+22 (+21)
k—N+2¢ 1D (2 ¢+1,2) ¢+11)
i+2</<N -1
G) j=i+1 k—N+22-1 (£1) (£2) ¢.2) ¢,1)
i+1</<N

(i) jSi—1 —k—g+i—j (1) G+L1D) (G+L1D) Gl
—k—-g+i—j (,2) @1 (5,2)
—k—g+i—j (.2) G+L1D) G+L1) (@2

Note Added. To ensure the intertwining property of the vertex operators for
more general finite dimensional representations than vector representation, we must

slightly modify ¢*(z;) in (4.20) as follows:

‘ N-1 £ min(i,j)N—maX(i,j)‘ &i. k+_g :
'CXP<'¥1<k+g N I d ) |zq”; — 2 s

j=

I

¢*(2)

where

i—1 .
ktg+ L0 - Z(ﬂ+1)—z<N —j =D+ - 2p,
Jj=1 J=i+l

<

with an arbitrary constant u € C.
This vertex operator defines the type I vertex operator <DI’;EL))V‘ @: V(W= VM

V,, with the finite dimensional representation ¥, of Uq(slN) of [34].
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