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Abstract. The general n-point massless p-adic Feynman amplitude with arbitrary
parameters of analytic regularization for each line is calculated. This result is presented
in the form of a sum over hierarchies of a given graph. The structure of ultraviolet
and infrared divergences of p-adic Feynman amplitudes is characterized and the star-
triangle uniqueness identity in the p-adic case is derived.

1. Introduction

In the past four years p-adic analysis [4, 15, 21] was applied in quantum theory [1,
7-10, 12, 13, 16-20, 22, 27, 28]. Several approaches were used. Within each of these
approaches something was considered to be p-adic rather than real. For example, this
can be the world sheet of a string (see, e.g., [7-10, 17]), or, our space-time itself [28].
In a paper by Lerner and Missarov [16] a generalized Koba-Nielsen amplitude was
explicitly calculated and it was explained how an arbitrary one-dimensional p-adic
massless Feynman amplitude can be computed.

The purpose of this work is to calculate the general p-adic massless Feynman
amplitude with arbitrary parameters of analytic regularization in arbitrary space-time
dimensions. The result will be written as a sum over hierarchies of the set of vertices
of the given graph.

The paper is organized as follows. In the next section the main definitions of
p-adic analysis are given and basic integrals are listed. In Sect. 3 auxiliary vacuum-
type p-adic Feynman integrals are computed, and in Sect. 4 calculation of the general
massless Feynman amplitude is presented. In Sect.5 results of Sect.4 are applied
to simplest Feynman amplitudes. Furthermore, ultraviolet and infrared divergences
of Feynman amplitudes are characterized and the star-triangle uniqueness identity is
derived. Finally, in the Conclusion, the possibility of adelic formulae for massless
Feynman amplitudes is discussed.

* Supported by Alexander von Humboldt-Stiftung
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2. p-Adic Analysis and Basic Integrals

Let @ be the field of rational numbers, and p a fixed prime number. Any x € ) can
be represented as z = g'm/n with integer v, and integers m and n which are not
divisible by p. By definition [4, 15, 21] the p-adic norm is |z|, = p”. (A remarkable
theorem due to Ostrowski states that on () there are only two nontrivial versions of
the norm: |z|, and the absolute value |z| = ||..) The completion of @ in respect to
the p-adic norm gives the field of p-adic numbers (. Any = € (), can be represented

0 .
as p” Y a;p*, with a; integers, 0 < a; < p, a9 # 0.

i=0
To define the Fourier transformation the p-adic exponential [4, 11, 26] x(z) =
—-v—1 .
exp(2m{z}) is used. Here {z} = p* > a;p’ is the non-integer part of the p-adic

=0
number. The integration of functions on ), with values in the field of complex
numbers is presented in [11, 26]. Furthermore, in [26] the space of distributions in
the p-adic case is described. For example, the distributions |:c|1’,‘ and 6(z) are defined.
The corresponding Fourier transforms are

/ |lz[3x(gz)dz = T\ + 1) |g) >, / 6(x)x(gzydz =1,
Qp QP

where I'(A\) = (1 — p*~1)/(1 — p~>) is a version the p-adic I’-function [4, 11, 26].
The d-dimensional p-adic space Qg is defined with the norm |z|, =  max |Zi|ps
RS

z = (x,...,2xq) € Qg. The corresponding Fourier transform is defined with the
exponent x(qx) = x(qi1x; + ... + qqaxq) [26].

Feynman rules of a perturbative diagram technique are determined by a suitable
choice of a propagator which is inserted into the functional integral. A priori there is
no unique choice in the p-adic case. In [22] a p-adically natural propagator |g, mlzj 2,
with |g, m|, = max{|q|p, |m|q}, was proposed. In the d-dimensional case the Fourier
transform of the analytically regularized propagator looks like [22]

D(z,m) = / g, mPx(gz)dz = Tyh + dwima) (g% [pmP* . (1)
Q3

Here w(z) = 1 for |z|, < 1 and w(z) = 0 otherwise. Furthermore,

1— p)\—d
Iy =—— 2
=1 @
is a version of multidimensional p-adic I'-function. In the massless case without
analytic regularization (i.e. for A = — 2) we have
D(z) = I'y(d - 2) |zp* 3)

For example, in four-dimensional space D(z) = ]a:L,‘
To calculate an arbitrary massless p-adic Feynman amplitude we will compute
a number of auxiliary integrals. First, reading the formula (1) from rlght to left,
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expressing the Fourier transform of the right-hand side as the integrand of the left-
hand side, and putting then ¢ = 0 and m = 1 we obtain

A by 1—p
/ |z[*dz = p L+ d) =g @

lz|<1
From now on we omit for brevity the index p in the p-adic norm. (As usual, the same
symbol denotes also the number of elements in the corresponding finite set, but this
should not lead to misunderstanding.) Using a suitable change of variables and linear
relations between involved integrals we have the following list of basic d-dimensional
p-adic integrals:

Mg = g+ 1—p 5
|$| z _p A+d 1 ) ( )
Jz|<pm P -
z|<p
|z} dz = p" M (1 - p9, ©6)
z|=p™
1 —p‘d
|a:|>‘da: = p”()“Ld)p———_/\_d —- @)
|| >p™

In particular, for A =0 and n = 0,

/ de =p¢, / de=1-p?. ®)
lz|<1 |lz|=1

Let us now take xz;, 2 =1, ..., k with z; € Qg and |z, —z;| = 1. Let us calculate

the integral S dz. It can be represented as
|lz—z,|=1Vi

k
/ dz - / dz .
lz]<1 =1 zg<1

Therefore, from (8),

dr=1-— kp_d. )
|lz—z;|=1Vi
Consider then the integral
= [ a, (10)
[xy—z, =1
Yu,ceV
where V is a finite set, £ = {z,:v € V},dz = [] d=,, and v is a fixed
veV,v#y

element of V. Choosing some other v; € V we have

I(V) = / I d= / da,, .

veV,v#v0,v|
[zy—2,/|=1 [y =y =1

v, €V\v; veV\y;
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Thus, by (9), we obtain
IV)=Q0=(V]=Dp HIV\{v}).

By repeated applications of (9) we come to the following result:

IV)=cV), (1)
with
cV)=1-pHA-2pH...(1 - (V|- Dp™9). (12)
Let now V; =V U{v}, and
I(V,0) = / d, (13)
[y~ r|=1
Yo, v €V

where dgz is the same as in (10) (i.e. written for the set V). Proceeding recursively in
the same fashion as for I(V) we obtain

1—|Vlp™®@

1Vyop) == 2 (V). (14)

Let us now define the domain
D(V) = {z:|z, — z,] is independent of v,v' € V},
and let us for z € (V) define py (z) = |z, — z,/|. Using (11) we have

/ dzpy @ = EMAVID vy (15)

[Ty =z, |=p™
Yo, v'eV

Furthermore, applying this formula, we come to

/ dzpy ()t

1 <py (Z)<pp
zeZ (V)

1 A+d(V]-1) _
= V) s = G Y, (16)

where p;, = p™2 for some integers n; and n,. In particular, for 4, = —oo and
[ = oo this, respectively, gives

1 _
/ d@uv(@,\ = C(V)IW_] NA+¢(|V| b an
ny(@)<p
zey(V)
1 _
/ dzuv(z))\ — c(V)Fm ﬂ’>\+d(|VI 1) . (18)
wy (2)>p

zeZ(V)
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Similarly,
1—|V[p~ _
/ dz:vuvl(zcvl)A=1—_IPI:%—C(V)M”‘“'V' v, (19)
by (@)=p
QVIE.(Z(V)
and
1—|Vip~@ 1 _
/ dzy pv, (zv,)* = | '_d V) —zqomme— w0V @0
1—p P -1
py(@)<p
zy, €4(V)
where

zy ={z,;veV}, Vi=VUu{u}, dzyv= H dz, .

veV,v#vy

By the same technique it is easy to calculate the following integral with v; a fixed
vertex:

1 _
/ dzpy @) [ao, + 0™ = Vg IV @
ey +nl<py @)=l
zeZ(V)

3. Partial Vacuum Feynman Amplitudes

Let us now consider some “partial” vacuum Feynman amplitudes which will be later
used in the next section when calculating the general Feynman amplitude. The first
of them is a d-dimensional version of the integral which is a generalization of the
Koba-Nielsen string amplitude

F7/~ = / dg: H |IU — "Evlla(v’vl) . (22)

Here 7 is a given vertex set. As before dz is the product of dz, except for some
fixed vertex vg. Due to translation invariance we may put z,, = 0. For d = 1 the
integral (22) was calculated in [16]. In the case of arbitrary dimension the following
result holds.

Lemma 1.
Fpr=Y ][ «vorewy, (23)

A VeA
where the sum goes over hierarchies on 7', A' = {V € A:|V| > 1}, V. = {V' €
A:V] =V}, Vi is the minimal element of A incuding given V € A,
r0)=1/@" =1, bV)=aV)+(V|-1d, 24)

and [16]
aV)y=aV,V), aV,V)= Y a(v). (25)

vevV,'eV/’
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We recall the definition of the hierarchy (see, e.g., [16]). A set A of subsets V' of
a given finite set 7 is an hierarchy on 7" if i) 7" € A and {v} € A for each v € 7
ii) for any V,V' € Aeither VNV' =0, or VCV',or V' CV.

Proof of Lemma 1. We use a multidimensional generalization of the technique applied
in [16]. Let us first decompose the integration domain in (22) into subdomains (sectors)
Y4 associated to hierarchies on 77

D ={z:|Ty — Ty| < |Tyy — TYr| Ve, 0’ € VW'EV,V € A} (26)
If we use the notation [16]
MV) = max {|z, — zv|}, 27)
v, eV

then |z, — z,/| = M(V"), where V" is the minimal element of A including both v
and v’ [16]. The sets &4 form a partition of Q;‘d [16], i.e.

IanZp =0, |JZa={zeQ.
A

Thus,
Fy/-:ZFA, FA = / dz H |2y — |2 . (28)
A . v e?
TEYA
|lzy]<1

Let us in &4 introduce the new (sector) variables

§: {§V}VeA'; §V = {ft‘;’}V’GV_,V’;So(V) .
Here o is an arbitrary function o:V — o(V) € V_. Thus, there will no variable
5},’(‘,). However it is convenient, formally, to put £Y,,, = 0. Now, we define the new
variables by
QJU:ZfV:f{U}—I—f{,U}Jr-I-.... 29)

Vav

Let us define
o =o(o(...(c(V))...)).
N——

n

Clearly, YV 3p(V') such that |¢@Y)(V))| = 1. Let us introduce the function 0@")(V) =
7(V). For example, 7(?") = {vo}. With this notation it is easy to derive that

&v = Tr(vy — Tr(vy) - (30)

Note that the above partition of the integration domain and introduction of the
new integration variables resembles the well-known procedure used for real-space
Feynman amplitudes. For example, in the a--representation technique one uses sectors
and auxiliary sector variables to resolve the complicated structure of ultraviolet and
infrared divergences — see, e.g., [5, 23, 24, 29].

The sector &4, in the new variables looks like

Dy = {6 € DV*):py€) <pyn ) VW C ViV, V € 4. (31

Here V* = V/V_. However, for the sake of brevity, let us omit this asterisk. There-
fore, £ € Z(V) will mean that [£ys — &yn| is independent of V', V" € V_.
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By expressing the integrand in (28) in the new variables we thus obtain

FA = / d¢ T w»™, (32)
tevy VeA’
€y |<1VV

where
s(Vy= > a(V',V").
v/ \v'ev_
VI#V”
The integration is performed with the help of the formulae of the previous section.
We begin with minimal elements of A’. If V' is such an element we apply (17) to
obtain

1
Vv Viys(V) _ _— Vi ya(W+(V|-1)d
d§ NV(§ ) - C(Vpa(v)+(lv'_l)d _ 1 IU’V_;_ (§ ) .
py(EV)<py, (€V+)
Then the integration is performed “at the next level,” i.e. for those V' which contain
in V_ only minimal elements of A’ and elements from A\ A’. Here it is necessary to

take into consideration contributions to the power of py from the result of previous
integrations. Using the formula

s(V)+ D @V)+ (V'] = d) = a(V) + (V|- d - (V| - Dd
VieV_
we finally come to (23).
Suppose now that V; is a minimal element of A’. Another partial Feynman ampli-
tude which will be later necessary looks like

FAVosHo Bkl — / dz H |z ——xv,la(v,u’)’ (33)
o v,w'€7”
po <M Vo) <. M(Vi)<pig
where /" = {Vi}iz1,. k = {Vi C ... C Vi = 7} is the nest of elements of A
including V. The following assertion is valid.

Lemma 2.
FAYRomert = TTeVo) T r®OV) f(uo, ki), (34)
VeA! VeA”
k k
f=mt, { [Tr®0 +>° o/pxsr)r(=b) ] ror - bn} (35)
1=0 1=0 V£l

with A" = ANA", b, = b(V}).

Proof. Let us use the same change of variables as in the above proof of Lemma 1.
We thus obtain

FAVOosBRs1 — / d§ H NV(§V)S(V)- (36)
ey VeA

H0<I‘V0(§V0)<w<#k+l



630 V. A. Smirnov

The integration over the variables {£",V € A"} is performed as in the case of the

integral (32). The “first” integration connected with the nest ./ is over £"0. Using
(16) with V' = V;; we have (for u = pg)

de¥ uv (€)™Y = (V) {pv. €)Y — ™ }r (V).
p<pyEV)<py, €VF)
The rest of the integrations over ¢Vi fori = 1, ..., k — 1 is also performed by use

of (16), and the last integration over £V¢ by (18). To prove the explicit result (35) it
suffices to use induction on the number £.

4. General Feynman Amplitude

Consider now an arbitrary n-point massless Feynman amplitude

Fr@= [ T] fow ol 37
v €7
where £ = {z,:v € 7}, dz’ = [] dz,, Z(Z™) is the set of external
ye7/int
(internal) vertices of the given graph with 7 = Z"**' U " In the p-adic case it is
explicitly calculable for arbitrary values of dimension and regularization parameters
a(v,v").

Theorem . Let Ay be a fixed hierarchy on 7" If x € D, then

Fr@=[[ e > II «vo I r@wvy

veA, ACA{7"Ag} VeA! Vear
x [ £ v, MV, (38)
VEAO

where the first sum is over the set A{7"; Ao} of hierarchies A on 7" such that the
family {V :V = V\Z7"™ V' € A} coincides with Ay, the function f“-z /v s given by
(35) with the nest Vo = V /V_, Vi = V. /V_, V is the minimal element of the hierarchy
Aincluding the set V € Ay, A" = A\ U Sv , and Ny are the nests generated by
elements V.,V € Ay. VeA

Proof. We shall restrict ourselves to the cases n = 2 and n = 3. Then it will be
clear how the arguments are generalized for arbitrary n. In the case of the general
two-point Feynman amplitude (n = 2), (38) is rewritten as

Fo(x1 —x0) = / dz H |y — xv,|a(v,v’)

v’ €7

—dre Pyrd(| 7~ V)
=(1-p d) ! le - xOla(Z/H—d(VI & Z H —QWV) _1° 39)
A ved p
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where dz =[] dz,, 77 = 7\{wn1}, ' = {zy:v € 77}, V) = = (V) if
veV,v#yg |
VcVoaoVnVy =0 20V)=67)-bV)if Vo CV C 7, and Vy is the
minimal element of the hierarchy A including both external vertices.
We first decompose the integral in (39) into subintegrals associated with hierarchies

on the set 77
Fr=3%" / dz J[ lzo -z, (40)
A

ley”
2/E_(/A v,V €7

Second, let us apply the following partition (which was introduced in [16] for another
purpose):

{meQit=J2", 9¥=9"uvz’ @1
vea
with
@1V={$1€Qz3|$1_$v|=M(V) Yo €V}, (42)
%Vz{xlng:M(V)<|x1—xv|<M(V+) Vv e V} (43)

and M (V) given by (27).
Consequently, the Feynman amplitude is represented as

Fr=32 > & (44)

A Ved =12

Observe that the fixed element V of the given hierarchy A on Z” generates the
nest /4 of elements of A including V. Let us enumerate them in the natural order:
V=wvicV,C...CcVy =7, and let V,, be the minimal element including both V'
and wp. It is easy to show that M(V,,) = |x; — zo|. Then, as in the previous section,

we turn to the variables {§V’}V/€ ar, by use of (29, 30), and obtain

N
AV ! / 4 —a(V:
> = / d§ H .UV’(gV )S(V) H u%(§%)a<%’1) a(Vi_, 1} (45)
=2 VieA’ =1
(E]G.(/lv

For FZA 'V in the corresponding representation it is necessary to substitute the factor
for ¢ = 1 in the integrand by |y, +n|*V0D with n = &y, + ... + &y, — (@1 — Z0).

The integration over ¢¥' with V' € A’\J{ is performed as in the proofs in
the previous section. It results in the factors c(V))r((V')) and the corresponding
contributions to the powers of py,. In the case [ = 1 the integration over §Vl is

performed with the aid of (20), and the integrations over § Vi, i =2, ..., n with the
aid of (19). For [ = 2, all integrations over £ Vi.i=1, ..., n are performed with the
aid of (21). The integration over §v; i=mn+1,..., N is the same in both cases

and is performed by use of Lemma 2 with po = |z} — 0.
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Eventually, this gives

Fr(m) — o) = |z — 0|V H4I7 12 Z H c(VD)
A VieA

X { Z H r(b(V")) H r(b(V; U {1}))hA//v

VeA:|V|=1 VieA”

+ 10 <b<v'>)[ 'V LA (b(V»]

VeA VieA”
X H T(b(V U {1}))h7///v } (46)
=1
where
hy = [ r=bv). (47)
VIV

Finally, the sum in (46) is rewritten as a sum over subsets V,, and over hierarchies
including V,, on the whole set of vertices 7. (In fact, {z,,v € 77} € P, and
z € z@lvz for some V € A if, and only if {z,,v € 7'} € Y+ with a certain
uniquely defined hierarchy A* on 7".) Consequently, this yields (39).

In the case n = 3 we have four hierarchies Ay on the set of three external
vertices. The corresponding domains of external coordinates are |zo — x| < |zo —
Z2| = |z — z2], the other two domains of this type, and the second-type domain
|Zo — 21| = |zo — 22| = |1 — 22| = M. For the first type the result (38) is written as

—dy-2 7yd(|77]-3
Fir(xo,21,2) = (1 — p~4) 72|z — o277

x> ] ey IT revn

AcA{7 Ay} VeAl VeA”
X Flia v (%0 = @11/ |20 = 2], DA v, (48)

where Vp; is the minimal element of the hierarchy A including the external ver-
tices vy and vj, and Vi, is the minimal element of the hierarchy A including all
the external vertices. Furthermore, f{%u /Vor is given by (35) with the nest 1 =

Vor)+ /Vot, -+ 5 Vor/Vor.
For the second type the result looks like

Fy(zo,x1,20) = (1 —p~ )~ (1 = 2p~%) ! MetI+71=3)
(V- )
X Z H —-Q(V) (49)
A VeA’

where (V) = —b(V)if V C Voo or VN Vo2 = 0 and (V) = b(7) — b(V) if
Vo CV C7.

A proof can be achieved as a generalization of the proof of the corresponding
result for n = 2. The integral (37) is first decomposed into subintegrals associated
with hierarchies on the set 77 = 2™ U v,. Then partition (41-43) is used both
for ¢ = zp and x = ;. Consequently, the Feynman amplitude (37) is represented
as a sum over Vi, V5. If V;, is the minimal element containing vy and Vi we have
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M (V1) = |1 — zo|. Then one turns to the variables {§V/}Vr€ 4 by use of Egs. (28,
29).

In the case of the first-type domain A is represented as A = A” U/ with ./ the
nest of elements Vi, ..., Vor, ..., Voiz, ... , 7. The integration over £V’ with V' €
A'NA" is performed as in the proof of Lemma 1. For V = Vi, ..., Vy the integration
procedure is the same as in the case n = 2. Then, for V.= (Vy)4, ..., Voio, it is
necessary to apply Lemma 2. for V = (Vo12)+, ... , 7”7, one uses the same lemma
(the final integration is with ugy; = 00). In the case of the second-type hierarchy
the integration is the same as for n = 2. Finally, the obtained results are naturally
rewritten as sums over hierarchies on the whole set of vertices 7.

As was demonstrated in [22] by simple examples one can introduce various renor-
malization schemes: analytic [24], dimensional [5, 25] and BPHZ-renormalizations
[2, 3, 14, 30]. However, in the massless case, we have the explicit result (38). It is
easy to observe that the divergences manifest themselves in the factors r(b(V)) =
1/@"Y) — 1), where V generally takes the form of a reduced graph V'/V". If the
subgraph generated by the set V' does not involve isolated vertices, then w(V) =
—b(V) = —a(V) — d(|[V| — 1) is nothing but the (ultraviolet) degree of divergence
wy . Therefore the amplitude does not contain ultraviolet and infrared divergences if
the degree of divergence of each reduced graph of the form V'/V" is not equal to
zero. In other words, the p-adic Feynman amplitudes can possess only logarithmical
ultraviolet and infrared divergences. (The infrared degree of divergence of a subgraph
v in I'" can be naturally defined as minus ultraviolet degree of some reduced graph —
see [23].)

5. Examples

Let us apply the general formula (39) for the graph shown in Fig. 1. There are 24
hierarchies on the set of four vertices. For a(0,1) = 0 and a(i,7') = — 2 elsewhere,
and arbitrary dimension d = 4 + §, we have

F(z) = |z — mo|®)+2 {0 —2p (A =3pH (1 —pHA—2p%

1 s 2 2
% p2—25_1+p2+5_1 'p2—6_1+p2+26_1

TR ) — R
(p26__1)(p2+6_1) (p226_1)(p26_1)

6 ! 2
+(p2+25 — P>t —1) =(p2—26 —D(p*s —1) Tl(p2+5 — 1)2]}' (50)

Consider now the star Feynman diagram with three external {1,2,3} and one
internal {4} vertices with a(i,4) = X; and a(:,7') = O elsewhere. Using general
results (48, 49) we have

F(z) = B\, \) |21 — oMt gy — 5|3
+ B + A, Aa) [y — za Mt Aatd (51)
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for the domain |z; — z,| < |2 — 23| = |21 — 23], (here B\, A\2) = '\ +d) '+
d)/T'(\1 + Ay + 2d)), and

F(z) = |xl _ x2|)\1+)\2+)\3+d

1 1
x [1 — 3t (1 —pY) (p S 2 T 1)] (52
2 —1 g

for the domain |z; — z3| = |22 — z3] = |2; — 23]. For d = 4 and \; = — 2 in the first
case we have

F(z) = |y — 23] {(1 +ap T+ pH+ A -p™h logﬁ‘—_—”“y , (53)
tz) — 2|

and in the second case
F(z)=|z1 — 3| 21 +4p 2 +p ). (54)
Let now z Ai = —2d. Using the above explicit results (51, 52) we obtain the

following ide;ltity:
F(z) = [ Tuni + dler — 22| 57 oy — s M7z — 274, (59)
v

which is generalization of the corresponding star-triangle identify for the real-space
Feynman amplitudes [6].

6. Conclusion

In four-dimensional space we obtain a simple and symmetrical expression for the
graph of Fig. 1:

Fig. 1. The master two-loop diagram
1
F,= e 1+ 10p2+20p 4 +10p ° +p7®). (56)
p

(We now restore the index p as well as explicit dependence on p.) In the real space
this diagram is not calculable for arbitrary values of the analytic regularization. In the
absence of the regularization the corresponding result is

Foo = 63) (57)
|z2,

with ((z) the Riemann zeta-function.
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In [IOj it was discovered that the product over all prime numbers of N = 4 p-adic
string amplitudes A, times the real-space string amplitude A, is equal to one (see
also [1, 8, 20]). Thus, the adelic string amplitude A,qejic Seems to be very simple at
the tree level. Attempts to generalize this adelic formula to other string amplitudes
did not lead to such simple identities (see, e.g., [17]).

Let us now return to Feynman amplitudes. It is tempting to multiply the result (57)
and the results (56) over all prime numbers p. The simplest product formula [4, 15]
11 # = ((z) seems to be insufficient for this product to be calcualted. Never-
P
theless, this product is convergent. This fact allows one to suppose the existence of
product formulae of adelic type. Perhaps, they are not so simple as the simplest adelic
formula for strings. To guess what kind of adelic formulae can exist a calculational
experience based on the derived explicit result for the general Feynman amplitude
could play a decisive role. As a consequence of such adelic formulae one could obtain
new calculation methods for real-space Feynman amplitudes.

Acknowledgements. The author is grateful to Professor W. Zimmermann for kind hospitality at the
Max-Planck-Institut fiir Physik and to the Alexander von Humboldt-Stiftung for support.

References

1. Aref’eva, 1.Ya., Dragovi¢, B., Volovich, [.V.: On the adelic string amplitudes. Phys. Lett. B 209,
445-450 (1988)
2. Bogoliubov, N.N., Parasiuk, O.S.: Uber die Multiplikation der Kausalfunktionen in der Quan-
tentheorie der Felder. Acta Math. 97, 227-266 (1957)
3. Bogoliubov, N.N., Shirkov, D.V.: Introduction to the theory of quantized fields. 4th ed. Moscow:
Nauka 1984
4. Borevich, Z.I., Shafarevich. L.R.: Number theory. New York, London: Academic Press 1966
5. Breitenlohner, P., Maison, D.: Dimensional renormalization and the action principle. Commun.
Math. Phys. 52, 11 (1977)
6. D’Eramo, M., Peliti, L., Parisi, G.: Theoretical predictions for critical exponents at A-point of
Bose liquids. Lett. Nuovo Cim. 2, 878-882 (1971)
7. Frampton, P.H., Okada, Y.: p-adic string N-point function. Phys. Rev. Lett. 60, 484-486 (1988)
8. Frampton, P.H., Okada, Y., Ubriaco, M.R.: On adelic formulas for the p-adic string. Phys. Lett.
B 213, 260-262 (1988)
9. Freund, P.G.O., Olson, M.: Non-archimedean strings. Phys. Lett. B199, 186—-190 (1987)
10. Freund, P.G.O., Witten, E.: Adelic string amplitudes. Phys. Lett. B199, 191-195 (1987)
11. Gel’fand, .M., Graev, M., Pjatetski-Shapiro, I.I.: Theory of representations and automorphic
functions. Moscow: Nauka 1966
12. Gracey, J.A., Verstegen, D.: The O(/N) Gross-Neveu and supersymmetric o-models on p-adic
fields. Mod. Phys. Lett. A 5, 243-254 (1990)
13. Grossman, B.: p-adic strings, the Weyl conjectures and anomalies. Phys. Lett. B 197, 101-106
(1987)
14. Hepp, K.: Proof of the Bogoliubov-Parasiuk theorem on renormalization. Commun. Math. Phys.
2, 301-326 (1966)
15. Koblitz, N.: p-adic numbers, p-adic analysis and zeta-functions. 2nd ed. Berlin, Heidelberg,
New York: Springer 1984
16. Lerner, E.Y., Missarov, M.D.: p-adic Feynman and string amplitudes. Commun. Math. Phys.
121, 35-48 (1989)
17. Marinari, E., Parisi, G.: On the p-adic five-point function. Phys. Lett. B 203, 52-56 (1988)
18. Meurice, Y.: Quantum mechanics with p-adic numbers. Int. J. Mod. Phys. A 4, 5133-5147 (1989)
19. Parisi, G.: On p-adic functional integrals. Mod. Phys. Lett. A 3, 639-643 (1988)
20. Ruelle, P., Thiran, E., Verstegen, D., Weyers, J.: Adelic string and superstring amplitudes. Mod.
Phys. Lett. A4, 1745-1752 (1989)



636 V.A. Smirnov

21. Schikhof, W.H.: Ultrametric calculus. Cambridge: Cambridge University Press 1984

22. Smirnov, V.A.: Renormalization in p-adic quantum field theory. Mod. Phys. Lett. A6, 1421—
1427 (1991)

23. Smirnov, V.A.: Renormalization and asymptotic expansions. Basel: Birkhduser 1991

24. Speer, E.R.: Analytic renormalization. J. Math. Phys. 9, 1404-1410 (1968)

25. ’tHooft, G., Veltman, M.: Regularization and renormalization of gauge fields. Nucl. Phys. B 44,
189-213 (1972)

26. Vladimirov, V.S.: Distributions over the field of p-adic numbers. Usp. Mat. Nauk 43, No. 5,
17-53 (1988)

27. Vladimirov, V.S.., Volovich, L.V.: p-adic quantum mechanics. Commun. Math. Phys. 123, 659—
676 (1989)

28. Volovich, 1.V.: p-adic space-time and string theory. Teor. Mat. Fiz. 71, 337-340 (1987); p-adic
string. Class. Quant. Grav. 4, L 83-L 85 (1987); Number theory as the ultimate physical theory.
Preprint CERN-TH 4981/87

29. Zavialov, O.L: Renormalized quantum theory. Kluwer Academic Publishers 1990

30. Zimmermann, W.: Composite operators in the perturbation theory of renormalizable interactions.
Ann. Phys. 77, 536-569 (1973)

Communicated by K. Gawedzki





