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Abstract. A rotating rigid body with ellipsoidal cavity filled with magnetic fluid
is considered as a pulsar model. Dynamical equations for the pulsar model are
derived and investigated, certain integrable cases are indicated. Three-
parameter sets of periodic solutions integrable in terms of elliptic functions of
the time variable are obtained. A formula is derived for the period of rotation
and magneto-rotational oscillations of the pulsar.

Introduction

It is now generally acknowledged [1] that pulsars (neutron stars) have a solid
envelope and a liquid core which has high conductivity (the liquid is plasma) and
strong frozen magnetic fields; the liquid core contains the dominating part of the
pulsar mass. “Starquakes” happen periodically in pulsars, and they can be
observed as glitches of the pulsar rotation period. Asynchronous rotations of the
pulsar core and envelope take place during the time intervals between two such
phenomena. The relaxation time for the Vela pulsar (PSR 0833-45) is 7~ 6 years,
while its rotation period is P =0.089 s. Therefore the viscosity effects are negligible
and an appropriate model of the pulsar core is that of the ideal incompressible
magnetic fluid.

The model of the pulsar rotation which is proposed in the present work takes
into account magnetic properties of the core and asynchronous rotation of the
core and envelope (Sect. 1). The model is applicable for a finite time interval ¢,
P <t<t, between two subsequent starquakes, where the energy losses to the
viscous friction and electromagnetic radiation may be neglected.

The dynamical system describing the rotation of the pulsar model is derived in
Sect. 2. It is a system of nine ordinary differential equations which are represented
in a simple vector form, Eq. (2.12). This system has four first integrals J,; J, is the
total energy of the pulsar, J, is the total angular momentum squared, J, defines the
magnitude of the frozen magnetic field, and J, is the scalar product of the curl of
the fluid velocity by the magnetic intensity vector (Sect. 3).
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The most important mathematical problem in the considered model is the
existence of periodic solutions, as actually the pulsar rotation is periodic and the
period is maintained with a high accuracy for a long time. It is shown in Sect. 4 that
in every manifold of the first integral level J;=k; k, =0 (for the domain of values of
constants k;) there are 12 closed trajectories of the dynamical system (2.12). These
trajectories have been integrated explicitly in terms of elliptic functions of the time
variable. Magneto-rotational oscillations for which the sign of the pulsar angular
velocity periodically changes have been found for the present model. Such
oscillations are in principle connected with the presence of magnetic fields. A
formula is derived [Eq. (4.12)] expressing the minimal period of rotations and the
magneto-rotational oscillations of the pulsar via its physical parameters. For the
real values of the parameters the predlcted period of rotation Ty~ 1 s, which fully
agrees with astrophysical data.

The dynamics of the pulsar model has some important mathematical
properties: the dynamical system described by Eqs. (2.12)is a special case of Euler’s
equations in the space L* which is dual to the Lie algebra associated with the group
E; x SO(3), where E; is the group of motions of the three-dimensional Euclidean
space. In the invariant manifolds corresponding to fixed values of the integrals
Jy=k,, Jy=ks, J,=k, the system considered is of the Hamilton type, and its
Hamiltonian is J,. Some integrable cases are indicated in Sect. 3.

1. The Model of the Pulsar Rotation

The model of the pulsar dynamics is based on the following assumptions.

A. The pulsar envelope is absolutely rigid. Its liquid core has a constant
density g, and the fluid fills an ellipsoidal cavity with semi-axes d,,d,,d5. The
chosen reference frame S is fixed to the envelope, the origin of the frame is at the
center of mass of the pulsar, and the coordinate axes are parallel to the principal
axes of the ellipsoid. The center of the ellipsoid 0 has coordinates r!,7%, 7% in the
reference frame S.

B. The rotation of the pulsar envelope is represented with an orthogonal
matrix Q,(t). The motion of the fluid in the cavity is described by magnetohy-
drodynamical equations [2] which are

odv/dt = —gradp+(rotH x H)/4n—g grad @,

1.1
divv=0, 0H/ot=rot(vxH), divH=0, (1)

where v is the velocity vector, p is the pressure, and H is the magnetic field intensity
vector; @ is the gravitational Newton potential inside the fluid. The motion of the
fluid is a motion with homogeneous deformation [3,4], and the transformation
from the Lagrange coordinates a* to the Euler coordinates x' is

X= % (Fd+Q)").  F=0,D0;. (12)

Here Q,(¢) is an orthogonal matrix, D;;=d,d,;; the Lagrange coordinates d* lie

within the unit sphere, (a)?+ (a?)? + (a <.
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C. The magnetic field H' at the point with coordinates (1.2), is

3
H'= Y Fihd, (1.3)
kj=1
where hf is a constant skew-symmetrical matrix.

D. The electromagnetic field has a discontinuity at the fluid-envelope inter-
face ¢,. On both sides of the interface the magnetic field is tangent to the ellipsoid
surface and frozen in the medium. Magnetic lines of force from the envelope are
closed in the surrounding vacuum.

We will show that all the necessary boundary conditions are fulfilled at the
boundary of the ellipsoidal cavity, that is the discontinuity surface. Let H,, H,, E,,
E., v,, v, be normal and tangent components of the magnetic field, electric field, and
the fluid velocity at the surface. The boundary conditions known in magnetic
hydrodynamics [2] are (thermal conductivity is neglected)

{E}=0, {E,)=4=0, {H,) =0, {H)}=4nc '(ixn). (1.4
{ev} =0,  {s,—(P-v)n+ouv,(e+v*/2)} =0, (1.5)
{ov,y—P-n—T-n} =0, (1.6)

Here {X}=X,—X_ stands for the discontinuity of the quantity X at the
interface, 6 is the surface charge, i is the surface current, nis the normal vector to the
surface, s is the vector of the electromagnetic energy flux density, P and T are
matrices with components P;;, T;;; ¢ is the internal energy density of the fluid.

From the Egs. (1.2), (1.3) we have v, =0, H,=0. In the approximation which is
adopted in magnetic hydrodynamics E= —(vx H)/c, so E,=0. Consequently,
conditions (1.4) are fulfilled and determine the surface current and charge density,
in the envelope H,=0, E.=0. Conditions (1.5) are fulfilled, as v,=0, s,=0. Since
v,=0, H,=0, conditions (1.6) lead to {p+ H?/8n}=0. The latter condition
determines the pressure from the envelope, thus it is also fulfilled in the case of the
absolutely rigid envelope.

The electromagnetic field has a discontinuity at the outer vacuum-envelope
interface ¢,. The clectromagnetic field in the surrounding vacuum may be, for
example, the field of a magnetic dipole. It is supposed that this field rotates together
with the pulsar; radiation of electromagnetic waves is not taken into account. The
conditions (1.4), (1.6) determine the surface current and the pressure in the
envelope at the boundary (the surface charge is 6=0, because due to infinite
electric conductivity of the envelope one has E=0 and hence E,=4n0=0).
Boundary values of the magnetic field, determined on two surfaces ¢, and ¢,, are
matched by some magnetic field H, inside the envelope. The Maxwell equations
inside the envelope lead to the condition that the magnetic field H, is frozen and to
the determination of the volume current in the envelope j=c(4n)~ ! rot H,, and no
other additional constraints arise.

The dynamics of the pulsar model is considered during time intervals for which
the fluid viscosity and the energy loses due to electromagnetic radiation may be
neglected.

ijo
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2. Dynamics of a Rigid Body with an Ellipsoidal Cavity Filled
with Magnetic Fluid

The equation of motion (relative to the center of mass) for a rigid body having a
cavity filled with magnetic fluid are equations of magnetic hydrodynamics (1.1)
combined with the conservation law for the total angular momentum. Let us
introduce the notations

Q1:Q1A, sz“BQZa 2.1)
and use the isomorphism between three-dimensional vectors and skew-
symmetrical 3 x 3 matrices in space R,

3
o V= = 3 v, 2.2)

where v* are the vector components and V;, are the matrix elements. Under this
isomorphism the vector product x x y is corresponding to the commutator of the
matrices, [X,Y]=XY—Y X. Skew-symmetrical matrices 4, B are mapped to
vectors with components A', B, i=1,2, 3.

The angular momentum of the fluid in the cavity (relative to the center of mass)
is (the integral is over the cavity volume)

N . 3 .
Mj=gJ(xxv)dx'dx*dx*= Y ('—%8ijijk+(Q1);'I§')kAk)a
jk=1
M=m,(FF'—FF)=m,Q,(D*A+ AD*—2DBD)Q}, ,
3
Ij?k=m<5jk[§1 (r’)z—rjr">, m=4ngd,d,d;/3, my=m/5.

Here m is the total mass of the fluid, the superscript ¢ stands for the matrix
transposition, M, are elements of the matrix M.

The total angular momentum of the system (rigid body and fluid) has the
following components in the reference frame S:

3
M= Y I,A*—yB,
k —1,70 11‘= 1 2 2 (23)
Ly=g6; +my "y+1y), gi=di+d;, vy,=2dd,,
where I}, is the inertia tensor of the rigid envelope in the reference frame S, i, j, £
=1,2,3. The conservation law for the total angular momentum looks like

M=MxA. (2.4)

The last three equations of magnetic hydrodynamics in (1.1) are fulfilled
identically because of the definitions (1.2) and (1.3). Turning to transformation of
the first equation in (1.1), note that in the case of the ideal incompressible fluid,
gravitational forces are equivalent to a redefinition of the pressure, p; =p+¢®, so
they do not influence the dynamics of the model in view. For the motion with
homogeneous deformation the effective pressure p, is a quadratic function of the
coordinates, s

Pi=po(+ X . (p:i)d'a’ +p(t)a),

LJ=
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where p;;(t) are components of a symmetrical matrix P(t). Using this form of the
pressure and substituting Egs. (1.2), (1.3) in the first equation in (1.1) we conclude
that this equation is equivalent to the following equations, a matrix one and a
vector one,

of = —(F~')Po+((F~ ") hF'Fh+Fh?)/4n,
pO== 5 FHQ).

2.5)

Introduce the notation K,=F'F—F'F; evidently, K,=FF—F'F is the anti-
symmetrical part of the matrix F'F. The symmetrical part of this matrix determines
the matrix P(t),

2P, = —o(F'F + F'F)+(2n) " 'hF'Fh+(4n)  Y(F'Fh*> + h*F'F).  (2.6)
Because of Eq. (2.5) we have
oK, =(4n)" Y(h*F'F — F'Fh?). 2.7
Using the definition (2.1) we get
K,=05K0,, K=D?B+BD>-2DAD, F'F=Q,D*Q,. (2.8)
By means of these formulae, Eq. (2.7) is transformed to an equivalent form,
K=[K,B]+«[Q,h?*Q,,D*], «x=(4m)" 1, (2.9

where the square brackets stand for the matrix commutator. With the notation
u=0Q,hQ5, we get, because of (2.1)

i=[u,B], [u* D*]=[u,uD?*+D%u]. (2.10)

The isomorphism (2.2) maps the skew-symmetrical matrix u to the vector with the
components u', u?, u3, and the matrices K and w are mapped to vectors with the
components

Ki=g,B'—y,A', w=xgu', ij,k=1,2,3 (2.11)

(no sum over i!). Equations (2.4), (2.9), and (2.10), rewritten in the vector notations
(2.3), (2.11), are the complete set of equations describing the dynamics of a rigid
body with an ellipsoidal cavity filled with the magnetic fluid,

M=MxA, K=KxB+uxw, ua=uxB. (2.12)

The above equations determine completely the time evolution of the matrix F, so
Eq. (2.6) and the second equation in (2.5) enable one to get the matrix P,(t) and the
coefficients p,(t), that is to say, to calculate the pressure inside the fluid (up to an
inessential additive constant).

Equations (2.12) are a generalization of the classical equations describing
motion of a body with a cavity filled with the ideal incompressible fluid [5]; in the
present work they are derived for the first time. The classical case corresponds to
the absence of the magnetic field, it is obtained from (2.12) if u=0.
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3. First Integrals of the Dynamical System.
The Integrable Cases

I. The most important first integral of the dynamical system (2.12) is that
corresponding to the total energy E (with the constant gravitational energy
excluded). It is the sum of the fluid kinetic energy E,, the internal energy of the
magnetic field E,, and the kinetic energy of the rotation of the rigid body E;,

3
E, = [3evdx'dx*dx®=3m Tr(FF)+} ¥ I3A'A",
i,k=1
1 1
Ey= [ o - HPdx'dx*dx’ = 35 Te(WF'Fh)dydads G.1)

3
E3=% > IileiA", E=E,+E,+E;.
ij=1

Writing these formulae in the notations of Sect. 2, we have
2H=2E/m;=(M, A)+(K,B)+(u, w)

3 . . .+ . .
= ¥ (I, 4'A"=29,A'B'+ g(B")* + kg{(u)) ,

Lk=1

gi=d2+d2, y=2dd,, ijk=123. (3.2)

Evidently, M'=0H/0A', K'=0H/0B!, w'=0H/0u'. It is easy to verify directly that
the function J,=H is the first integral of the system (2.12). Other three first
integrals of the system are

J,=M,M), Jy=@u), J,=Ku). (3.3)

The integral J, is, up to a factor, the total angular momentum squared, J; is the
magnetic field intensity in the Lagrange coordinates, squared, and J, is the scalar
product of the fluid velocity curl vector by the magnetic field vector h. All three
integrals (3.3) in combination determine the six-dimensional manifold .#° = T(S°)
x §2, which is the product of the bundle tangent to the two-dimensional sphere by
the two-dimensional sphere S2.

The system (2.12) is a special case of Euler’s equations [6] in the space L* dual
to the Lie algebra L which is the sum of the Lie algebra associated with the group of
motions of the three-dimensional Euclidean space, E;, and the Lie algebra of
SO(3). The manifolds .#° are orbits of the co-adjoint representation of the Lie
group G = E; x SO(3) in the space L*, so the symplectic structure is determined in
these manifolds in the standard manner [6]; in .#° the system (2.12) is of the
Hamilton type, and its Hamiltonian is H.

In the case of a spherical cavity (d, =d, =d;) the magnetic field produces no
effect on the system dynamics, and equations (2.12) are reduced to the usual Euler
equations describing the rotations of an effective rigid body. In the case where the
rigid body and the cavity have an axial symmetry,

d1=d2, ri=(0,0,r3), Iikzliéi‘c, 11212,

Egs. (2.12) have an additional first integral Js= M?+ K?; they are invariant under
simultaneous rotations in the planes (M!, M?), (K*, K?), and (u',u?). Therefore
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the system (2.12) at the common level of the first integrals, given in Egs. (3.3), and of
the additional integral J s, is reduced after the factorization by this one-parameter
group to a Hamiltonian system in a four-dimensional manifold, and the latter
system is not integrable in general.

II. Let us consider the important case where the total angular momentum of the
system is zero, J, =0. We suppose that the center of mass is at the center of the
ellipsoid (+'=0), and the tensor of inertia of the rigid body is diagonal, I}, =1I,6".
Then because of Eq. (2.3) we have A'=y,B(g;+m 'I,)"*, and the system (2.12) is
reduced to

K=K xB+uxw, u=uxB,
3

Bi=0H/0K,, w=0H/ou', 2H= Y (f 'K?+xgu?), (3.9
i=1

fi=gi—vHgi+Imi ™.

Equations (3.4) are analogous to the classical Kirchhoff equations describing the
motion of a rigid body having three symmetry planes in the ideal incompressible
fluid. It is known from the theory of the Kirchhoff equations that under the
Clebsch conditions [7],

f1(92—93) + f2(935—91) + f3(9:1 —92) =0, (3.5
the system (3.4) has the additional first integral
J=Ki+ K3+ K3+x/f(9:—93)u3 +xf1(9:—93)u3, (3.6)

and is therefore completely integrable.

We shall show that for any magnitude of semi-axes of the ellipsoidal cavity, d,,
d,, ds, there exists a two-parameter family of values of the rigid body inertia tensor
I, for which relation (3.5) holds; that is to say the system dynamics is integrable at
the level J,=0. Put d;>d, >d,, and introduce the following notations:

Bi=14+mi g ' >1, x,=dd;', x,=dd;', x,<x,<1,
a1=2x2(1+xf)71, 0‘2:2x1(1+x§)*15 a3=2x1x2(xf+x§)_1.

We get from Eq. (3.4) that f;=g,(1 —a?B ). After substitution of (3.7) and a simple
transformation, Eq. (3.5) is reduced to the form

t(1=x1) | X33 -1) | xIx3(x3—x3)
B(1 —I—xf) Bl(’é"' 1) ﬁ3(x%+x§)

In view of this equation, we have f, >0 for two arbitrary parameters f3,, f; >0 and
at0<x, <x,; <1. The solutions of this equation admit the transformation f5,— Lp,,
so we get the two-parameter solution with ;= Lp;> 1 if Lis large enough. Then
the corresponding components of the inertia tensor of the rigid body, I;, are found
from Eq.(3.7). In particular, Eq.(3.8) has solutions for which x;~x,~1 and
1~ B, ~ B3, and the necessary conditions I;<I;+ I, are also fulfilled in this case
for large L.
The familiar integrable case found by S.A. Chaplygin [8] for the Kirchhoff
equations does also belong to the system considered. Under the conditions

fi=H=2f5, 93=%(91+92)= J,=0, (3.9

(3.7)

(3.8)
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Egs. (3.4) have an additional first integral,
Js=((K3—KDf3 ' +x(di—d3)u3)* +4fy °KIK3,

and the system is therefore completely integrable. After substitution of Egs. (3.4),
(3.7) it is not difficult to see that Egs.(3.9) have a three-parameter family of
solutions d;, I, satisfying all the necessary conditions.

4. Periodic Solutions

I. For periodic rotations in the pulsar model the matrices Q,(t), Q,(t) are periodic
functions of the time variable which have identical periods. Closed trajectories of
the system (2.12) are corresponding to such solutions; inversely, if the closed
trajectories of the system (2.12) form a three-dimensional set, it has an everywhere
dense subset corresponding to periodic rotations Q,(t) which leads to periodic
variations of the external electromagnetic field of the pulsar.

It will be seen that under the conditions I;;, =(g;+I,); and J, =0 there are 12
closed trajectories of the system (2.12) in the open set of the level surfaces for the
first integrals J,=k;.

For I, =(g;,+1,) 0, the integral J, =H is

3
2J,= 3 (a;M}+2¢;M K;+bK? +Kgu?),
=1

- 4.1
a;=9g;8;, =78, bi=(+1)s;, s=0g:+1)g;—y)) .

At the level J,=0 the system (2.12) has three invariant submanifolds
Vit iu=M;=M;=K;=K;=0 (i,j,k=1,2,3). In the manifold V;* Egs. (2.12) and
the integrals in Egs. (3.2) and (3.3) are written as

K3=K(g2—g1)u1u2, iy =u,By, i,=—u;B;, M3:0,
2J; =a3;M35+2c3M K5+ b3 K3+ kg u? +kg,ub, 4.2)
J2=M§, J3=u%+u§, B3=C3M3+b3K3.

The level surface for the integral J,=k, contains two components M ;= ¢k3/?,
e¢= +1. In each component the manifold given by the integrals J, =k, J;=k5 is
the intersection of an ellipsoid (J, =k,) and a cylinder (J; =k;) having a common
axis K5; it either consists of two closed trajectories of the system (4.2), or is empty
(the number of these closed trajectories is equal for both components of the
manifold, M, =ek}/?). The total number of closed trajectories in three invariant
submanifolds ¥;* depends on the relation between the quantities J,, J,, J5; this
number is 12, 8, 4 or zero, and there are exactly 12 closed trajectories for
2J,>J, - max(a;—c?/b;)+xJ; max(g;).

The closed trajectories describe the pulsar rotation around a fixed axis. The
maximal number of such trajectories (4 for every one of three axes) is associated
with two possible directions of the pulsar total angular momentum and two
possible directions of the rotation of the liquid core with respect to the envelope.

After the substitution K =(B3;—c3M3)/b;, Egs. (4.2) acquire the form of the
classical Euler’s equations,

By=—wuju,, t;=u,By, t,=—uB;, 4.3)
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where w =xkb;(g, —g,)- Let us calculate the period of the closed trajectories for the
system (4.2) and (4.3). The integrals of the system (4.3) are
{=Bi+oul, Jy=ui+ul. 4.9

Letd,>d,, then w=1xb;(d3 —d?)>0. Expressing B; and u, via u; by means of (4.4)
and substituting them into (4.3) we obtain

thy =((J3—u3) (/ —oui))'"? . (4.5)
Solutions of the equations of this type as known [9] are
u; =/o)*sn(1), t=(wJ;)'?*(t—1t,), (4.6)

where snt is Jacobi’s elliptic function corresponding to the parameter
k*=¢/(wJ ;). Putting the result (4.6) into Eq. (4.4), we get
By=¢Y?c¢cnt,  u,=J}*dnr. 4.7

The period of the elliptic functions presented in Egs. (4.6) and (4.7) is given by the

expression /2

T=4(wJ3) ? | (1—k*sin?x)”*2da. (4.8)
0

This is the period of the closed trajectorics for the system (4.2) and (4.3).

II. Let us find the magnitude of the period, T, which appears in the models of the
real pulsars, that is for d; ~d, ~d; ~ R and at constant J 5, I, 9. The function T in
Eq. (4.8) attains the minimal value, T,, at k=¢/=0; in other words, for small
oscillations taking place in a vicinity of the axis u,(B;=u,=0), thereby
T,,=2n(wJ ;)" '/2. Asymptotically, such oscillations are (£ <1)

u =" sin(@ud(t—ty)), Biy=({w)?cos(@*ud(t—ty)), u,=u3. (4.9)
After the substitution of Egs. (4.1) and (2.3) into Eq. (4.7) we get for k<1,
T,,=2n(4n0/J3)'*K(dy, dy, 1),
K=(di+d3+15) "2 (d3—di+15(di+d3) (d3—dD)™)'"?,  Li=m '(I5+]13).
The function K attains its maximum K,, at
d3—di=(I(di+d3)'"?, K, =2"*(I3(d}+d3)""*(d} +d3+15) % (4.10)
Hence we obtain the minimal value of the period
To=4n>2(20/J3)'* (I5(d} +d3) " * (di +d3 +15) 12, (4.11)

For the real pulsars we have [1]: d, ~d, ~d;~ R~ 10° cm, the matter density
in the liquid core is ¢~10'* g/cm?®, the matter density in the envelope is
01~ 10® g/cm?, the envelope thickness is r ~ 10* cm, the magnetic field intensity at
the pulsar surface is |H| ~ 10'? Gs (all the numerical values are presented with an
accuracy up to an order of magnitude). According to the definition in (1.3), the
maximal magnitude of the magnetic field intensity at the surface of the ellipsoidal
cavity is given by the formula |[H|=R|h|. The definition u=Q,hQ, leads to
Jy=ul*=|h|*, so J3*=|H|/R. If r<R the interia tensor of the envelope is

Iilk = %”R4VQ15ik .
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It is natural to assume that the center of mass of the pulsar is near the center of the
ellipsoidal cavity, and || <R(2rg,/Re)*'?, then |I%|=7|I}%|, where y<1 [cf.
Eq. (2.3)]. Putting into Eq. (4.11) the corresponding expression for the relevant
component of the interia tensor,

Iy=m'(I3+13)=10(1+y)Rro /o,
we obtain finally
To=8m2(5(1 +7y)/4) *o*?RH ~'(rg,/Ro)"/*. (4.12)

Besides, we have d,=d, [1+4(5(1+7)rg,/Ro)*'*] because of Eq. (4.10). Using the
numerical estimates presented above, we get d,=d,(1+(5(1+7)*107%),
T, =5s. The obtained value of T is a reasonable approximation of the period
T =3.75 s that is known for the pulsar PSR 0527. Having in mind the inaccuracy in
numerical magnitudes of all the quantities presented in Eq. (4.12), this estimate for
the minimal period of the pulsar rotation may be considered as being in a
satisfactory agreement with the available astrophysical data. Putting, for instance,
H=5-10"2 Gs (this estimate is quite likely) we get T, ~ 1 s; this value of the period
is fairly close to the data for a number of pulsars, e.g. PSR 0628 (T=1.245s),
PSR 1133 (T'=1.195) and others [1].

ITI. Trajectories of the system (4.3) satisfying the condition
@+d) " Jo>JT3>(d3+d3) o, Jo=QJ—(as—c3/43)T )}

are encircling the u, axis (B;=u, =0), as well as the trajectories of Eq. (4.8). For
such trajectories the matrix Q is invariable for the period of a single oscillation, as
0,=—ByQ,, and § B3dt=0, while the matrix Q,(t+T)Q; *(¢) determines the
rotation around the x; axis by the angle 4¢ = TM;/I;. The condition 4¢ =2np/q
(where p and g are integer) determines the magnitude of the angular momentum,
|M|=m,|M,|=2npm,1,/qT, providing the exactly periodic pulsar rotation (with
the period of ¢T).

If J3xmin(g;) <J, <J3kmax(g;) and J, <1, there are 8 closed trajectories at
the surface J;=k;, and the quantities K5, By, 43 =a3;M;+c;K; have alternating
signs along the trajectories. Trajectories of this type describe nonmonotonous
pulsar rotations around the x; axis, in the process of which the angular velocities of
the envelope and of the internal rotation of the fluid change their signs periodically
[a particular case of this type are the oscillations described by Eq.(4.9) for
IM;| < (wf)'?csy(azh;—c3)~']. Motions of this kind are possible only in the
presence of an internal magnetic field and for d, +d,.

Magneto-rotational oscillations of the incompressible fluid in the case of the
cylindrical symmetry (the object is infinite in the x5 direction) have been
investigated in [10]. The existence of some periodical trajectories for the system
(2.12) can be established using the results obtained by Novikov [11]. For J, =0 the
system (2.12) is reduced to the Kirchhoff equations, so there are at least 2 closed
trajectories for every level of the integrals J5, J,, J,>E(J5,J,), J,=0, as it is
shown in [11].

IV. Important solutions are also those having the minimal total energy J; in the
manifold .#° corresponding to fixed values of the integrals J,=k,, J;=k;,
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Jo=k,. As the energy J, is positive definite, such solutions do exist for any
manifold of levels of the integrals J,, J5, J,; they correspond to stationary points
of the system (2.12). At the stationary points one has

A=M, B=ou, w=oK+fu. (4.13)
After substitution of Egs. (2.11) these conditions are reduced to

w=alzM;,  Ki=(xgi—p)AzM;,  z;=y((&*—1)gi+p) ", 4.14)

3
i_lMi= > JuMy, Jik=Iik'_yia22i5ik'
k=1

Thus to find the stationary points one has to calculate the eigenvalues and
eigenvectors of the matrix with elements J;,. The rigid-body rotation (x=0) and
the purely internal rotation of the fluid (A =0) take place only for a degenerate set of
the singular points lying in a two-parameter set of the manifolds .#°. In the general
case of Egs. (4.13) and (4.14) the matrices Q,(f) and Q,(t) describe periodic
rotations with the periods T; and T,. If the periods T, and T, are commensurate,
the solution is exactly periodic.
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