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Abstract. We consider analytic vacuum and electrovacuum spacetimes which
contain a compact null hypersurface ruled by closed null generators. We prove
that each such spacetime has a non-trivial Killing symmetry. We distinguish
two classes of null surfaces, degenerate and non-degenerate ones, characterized
by the zero or non-zero value of a constant analogous to the “surface gravity”
of stationary black holes. We show that the non-degenerate null surfaces are
always Cauchy horizons across which the Killing fields change from spacelike
(in the globally hyperbolic regions) to timelike (in the acausal, analytic
extensions).

For the special case of a null surface diffeomorphic to T* we characterize
the degenerate vacuum solutions completely. These consist of an infinite
dimensional family of “plane wave” spacetimes which are entirely foliated by
compact null surfaces. Previous work by one of us has shown that, when one
dimensional Killing symmetries are allowed, then infinite dimensional families
of non-degenerate, vacuum solutions exist. We recall these results for the case
of Cauchy horizons diffeomorphic to T® and prove the generality of the
previously constructed non-degenerate solutions.

We briefly discuss the possibility of removing the assumptions of closed
generators and analyticity and proving an appropriate generalization of our
main results. Such a generalization would provide strong support for the
cosmic censorship conjecture by showing that causality violating, cosmological
solutions of Einstein’s equations are essentially an artefact of symmetry.

I. Introduction

As is well known, there exist vacuum solutions of Einstein’s equations such as the
Taub-NUT solutions which contain smooth, compact Cauchy horizons. These
horizons separate globally hyperbolic regions (e.g., Taub space) from causality
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violating regions which contain closed timelike lines (e.g., NUT or Newman-Unti-
Tamburino space). The two parameter family of Taub solutions are all spacially
homogeneous and thus very special, but one can construct infinite parameter
families of inhomogeneous vacuum spacetimes with qualitatively similar proper-
ties [1, 2]. In [2] for example, we showed how to construct an infinite dimensional
family of vacuum spacetimes which each have a compact Cauchy horizon
diffeomorphic to T? with closed null generators and which in general have only a
single Killing vector field. One can extend this construction to obtain an infinite
parameter generalization of the Taub-NUT solutions for which the Cauchy
horizons are all diffeomorphic to S* and are always Killing horizons with closed
generators [3]. Each of these solutions has a single Killing vector field which is
space-like in the globally hyperbolic region, null on the horizon (and thus tangent
to its null generators) and timelike in the causality violating extension (where its
orbits become closed timelike curves). These families of extendible spacetimes with
one Killing field are rather large, having (roughly speaking) half the dimension of
the space of all solutions of the same symmetry type.

The existence of such large families of Taub-NUT-like solutions suggests the
danger of a counter-example to the strong cosmic censorship conjecture [4]. Can
one remove the symmetry restriction and construct still larger families of
extendible, causality violating spacetimes? Do there exist open sets of such
spacetimes within the space of all vacuum solutions? If so, then cosmic censorship

is false.
The purpose of this paper is to show that the assumption of a Killing symmetry

was crucial to constructing solutions of the type described above. More precisely,
we shall show that analytic, vacuum (or electrovacuum) spacetimes with compact
null surfaces ruled (in a local product bundle fashion) by closed null orbits
necessarily have a Killing symmetry. The Killing field implied by the theorem is
always tangent to the generators of the compact null surface in question. In the
non-degenerate case (a term we shall define properly in Sect. IIT) the null surface is
always a Cauchy horizon and the Killing field is always spacelike in the globally
hyperbolic region and timelike in the extension. In the degenerate case the null
surface need not be a Cauchy horizon at all. In Sect. IV we shall exhibit an infinite
dimensional family of degenerate solutions on T? X R which each have a compact
null surface through every event.

The assumption of analyticity is probably not crucial to the main argument
but is used here to simplify the analysis. More important is the topological
constraint that the generators of the null surfaces form closed orbits (with a local,
but not necessarily global, product bundle structure). However, we believe that
even this condition may be removable and that only compactness of the null
surfaces (and satisfaction of the field equations) is essential. We shall return to this
question briefly in the concluding section.

The plan of this paper is as follows. In Sect. IT we describe more precisely the
family of spacetimes we propose to study and introduce convenient coordinate
charts on neighborhoods of their compact null surfaces. In Sect. III we prove our
main theorem on the existence of Killing symmetries. In Sect. IV we discuss the
degenerate solutions for the special case of null surfaces diffeomorphic to T? and
characterize these solutions completely. We also show that the non-degenerate
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solutions on T? xR are precisely those constructed (in the sense of convergent
power series) explicitly in [2]. Finally, in Sect. V. we discuss some possible
generalizations of our result and their potential relevance to the cosmic censorship
conjecture.

II. Mathematical Preliminaries

A. Geometrical Assumptions

Let @V =M x R, where M is a compact three manifold (without boundary) and let
g be a Lorentz metric on “Y¥. We want to consider such spacetimes which are time
orientable and which have compact null embedded hypersurfaces diffeomorphic to
M with closed (null geodesic) generators. More precisely, we want to consider null
hypersurfaces which have a local product bundle structure in the following sense.
If N is such a hypersurface and v is a closed null generator of N, then there exists
an open set U, CV containing y such that

(i) U,nN is diffeomorphic to B, x S! for some two-manifold B, and some
diffeomorphism ¢, : U, nN—B, x St and

(i) there is a smooth, surjective map =, : B, x S'- B, such that, for any PEB,,
B,xS'~B, xn '(p) and the fiber ] (p) is diffeomorphic (via ¢ ') to a closed
null generator lying in U,nN.

In other words, ¢ ! embeds T, Y(p) as a closed submanifold of U ,AN
coinciding with a null generator of N for each peB..

We shall refer to submanifolds of the type U, "N as elementary regions of N.
By definition, each elementary region is a product bundle with fibers diffeomor-
phic to S! and coinciding with null generators of N. By compactness, N can be
covered by a finite number of such elementary regions.

These assumptions imply that if we introduce coordinates {x‘,x°} on B, x S'
such that {x“} = {x!, x?} are constant along the fibers and such that x? is a periodic
coordinate on the circle (with, say, period 2r), then we can use these (via ¢,) as
coordinates for U,nN with the property that the {x“} are constant along the null
generators of U,NN. Note that we do not require that the x* coordinate be geared
to any particular parametrization of the null generators lying in U, nN. Ultimately
we shall find that there is a “natural” parameterization of these generators defined
by the action of a Killing field on N. We shall then be able to “glue” the elementary
regions together in such a way as to regard N as a principal U(1) bundle over a
suitable quotient manifold. 4 priori, however, no such preferred U(1) action on N
is assumed to exist.

Several examples may help to clarify the range of possibilities covered by the
above assumptions. The simplest case is that in which N and its null generators
form a global product bundle, i.e., N is diffeomorphic to B x S* for some compact
two manifold B and there exists a smooth projection n:N—B whose fibers
coincide (as closed submanifolds ~S!) with the null generators of N. Examples of
this type were constructed in [1, 2] for the special case N~T*~T?xS*. More
generally, one can consider non-trivial circle bundles which only locally have the
product structure discussed above. For example, the horizons of the Taub-NUT
solutions are diffeomorphic to S* and their null generators coincide with the fibers
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of a Hopf fibration n:S*—>S? As we mentioned earlier, one can construct an
infinite parameter family of vacuum spacetimes with this topologically non-trivial
horizon structure [3].

If {x% x*} are coordinates defined on an elementary region U,NN of the type
described above, then there are many ways to extend these to coordinates
{t,x%,x*} on a neighborhood U,~Rx(U,NN) of U,NN such that UnN
corresponds to the level surface t =0 and such that the (locally defined) vector field

0 . ~ . . .
Fae] has closed integral curves on U,. A particularly convenient choice for such a
X

construction is defined in the following subsection.

Since N is compact, one can cover a full neighborhood of N in ¥ with a finite
number of such developments of elementary regions in N. In any such local
coordinate chart the Lorentz metric g has the properties that

933li=0=934i=0=0,

(2.1)
Gisli—o*0, a=1,2,

and that g,,|,_ o is positive definite. The first two conditions ensure that N is null

o] . . o
and that 6—5’ is tangent to its generators, whereas the last two conditions are
XN
needed for the non-degeneracy and Lorentz signature of g. Our basic analyticity
assumption is that
(ii1) g is analytic in a family of charts of the type described above which cover a
neighborhood of N in ®V. If Maxwell fields are considered, then the field tensor

F=F, dx" Adx" is also analytic.

B. Coordinate Conditions

Given an elementary region in N we wish to construct new coordinates on a
neighborhood of this region which simplify the form of the metric. We shall follow
a procedure somewhat analogous to the construction of gaussian normal coor-
dinates but adapted to the null character of N. Define a null vector field k|
throughout the elementary region by the algebraic conditions

kuk\,gyvlz‘:O =0’
kug;t3|t=0=1’ k‘lgua't=0’:0'

(2.2)

It is straightforward to solve these equations explicitly and show that E[N is
analytic, nowhere zero and everywhere transversal to the elementary region
(having k'|,_, nowhere zero). Now for each point p in the elementary region,
construct the unique, affinely parametrized, null geodesic through p with the initial
conditions (p, k(p)). Define coordinates on a neighborhood of the elementary
region by the requirements that the “spacial” coordinates {x*',x*} are constant
along the null geodesics so constructed and that the “time” coordinate ¢’ vanishes
on N and coincides with the affine parameter time along each of the transversal

null geodesics.
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In such a coordinate system the metric takes on the simplified form
g=2dt" dx* + $(dx> ) + 2B, dx” dx> + py dx* dx", (2.3)
where u,, is positive definite near ¢' =0, and where

Ply=o=Paly=0=0. 24

Because of their similarity to gaussian normal coordinates, we shall refer to such
systems as gaussian null coordinates.

An alternative construction which leads to the same metric form (and also
demonstrates analyticity of the coordinate transformation) is to regard the
coordinate conditions

o
gt’t’ -V or' atl gaﬁ’
ox* 0x*?
9f3:1=0—t,5x—3‘r%3, (2.5)
ox* 0x*

oy =0=—=—=—g_ .,
Yia at/ axu gaﬁ

as an evolutionary system for the new coordinate functions {t’,x3/,x"'} (t,x3, Xa).
O lv E (2 5) lgebraically for the ti derivatives *—'a, usin —a - —-6 .
ne soives S. (<.D0) algebraica or ¢ time 7

) and proves the local existence of analytic

a

- fax"'
-in terms o
Ox* 0x*

solutions of the resulting system by means of the Cauchy-Kowalewski theorem,
taking

=07, etc., to define

r(0,x% x) =0,
x%(0,x3, x)=x>, (2.6)
x7(0, x3, x*) =x",

as initial conditions.
Somewhat more generally one can take the alternative initial conditions

(0, x3,x=0,
x%(0, x3, x%) = h(x3, x%, 2.7
x40, %%, x4 = f4x"),
ofe
oxb

coordinate function (with period 27) on each null generator x*=constant (i.e., i
X

0 , . ..
where det *0, a—h3 +0, and where x*(0, x>, x%)=h(x3,x% is a new periodic
X

is non-vanishing and periodic in x* for each x® and h(x> + 27, x%) = h(x>, x“)+2n>.
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These more general initial conditions allow us to change the labeling of the null
generators and to change the parameterization of each null generator inde-
pendently in an essentially arbitrary (analytic) fashion.

One should keep in mind that gaussian null coordinates are geometrically less
“natural” than gaussian normal coordinates since they are non-trivially geared to
the choice of coordinates in the initial surface. Thus, for example, a change of
initial conditions from the form (2.6) to the form (2.7) will, in general, change the
family of transversal null geodesics along which the {x3',x*} are constant and
change the “time” function ¢’ defined by the construction.

C. Field Equations

We present here, for subsequent reference, the Einstein-Maxwell equations
expressed in a gaussian null coordinate chart {t, x3, x*}. The metric has the form

g=2dt dx>+ $(dx>)*+2p, dx"dx> + p,, dx* dx", (2.8)

where ¢ and f§, vanish at the null surface =0, and where p,, is [for each fixed
(t,x*)] a Riemannian two-metric near t=0. We shall follow the sign conventions
of Misner et al. [5] and, in addition, choose units such that G=c¢=1.

The components of the Ricci tensor are given by

1 ab 1 ,,ac, bd
Rtt_ 21 /“Lab,tt+4:u H 'uab,tﬂcd,t’

Ro=——|Vi(56.- 3%, )] V(58|
Yl P PP T AV e
2/1 ﬂabt3+4/‘ T .“abn“ca 3>
Rtb=ﬁ[l/ﬁ(§ﬁb,t—iﬂ“uab,z)]f‘”%eu“‘uab,,) @y, (2u g, ,>,
R33=i[l/ﬁ(1¢3+1¢¢,+1ﬂ“¢a—/3ﬂﬁa3—1ﬁaﬂa¢,)]
VulV 2% T %0 2T PPl

ﬂf (= e e

b, 1 1
lf f '“‘:“ *Hap, 33‘]'4“ U Py, 3Hea, 3

- {E(QS - ﬁaﬁa )tz H“cﬂbd(ﬁa b ﬁb, 2 (ﬁd,c - ﬁc,d)
+3UCB 20 4+ BBy = 28Bou— B = 2Ba, 3= BBuBa )}
1

Ravm Vi3 00+ 30, 3P0 3P 5 s

+(2)V[ Bop— By o)+ ﬁcﬁbﬂ' :“ “Map, 3

st
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V_[l/ﬁb t} —1 KDV (g, )

=3By, = Bttay, ) (&, — BB...)
é 'udc’qu z((»b + (f)ﬁd t ﬁ (,B a,d _ﬂd, a) - ﬁd, 3 ﬂaﬁaﬁd, t)
+3u 1B, = Hpe, 3 +PV8,)},

1 | 1 b i
Rab= _[‘/'E(_ _luab,3 + §(<2)Vbﬁa+(2)‘7aﬁb)+ Eﬂab,t— Eﬂ ﬂcl“ab,t)}
st

1/; 2
ol -],

+@R,— {3 (Ba,e= BHac,) (B, —p Hpa, o)
%.u'df,ufb t(— 2luad 3 + 2 (Z)Vdﬁ + (¢ - B ﬁg)/’lad, t)
i 1 g (= 20, 5+ 2PV (@ = BB ) 1, )} (2.9)
where " is the inverse of p,, f*=pup,, R, is the Ricci tensor of u,, and @V,
represents covariant differentiation with respect to this metric. In applying the

operator PV, one treats ¢, ¢ , ¢ , as scalars, B, B, » B, 5 as covariant vectors and
Hapr Hap,o Hap, 3 as second rank tensors respectively [e.g. PV,(B, )=0,B, )

—@rep. , where @I} are the Christoffel symbols of y,,]. Finally, u=det(u,,).
When Maxwell flelds are included, the field tensor, F= F, L Ax* A dx’, satisfies
Fu2=0, (2.10)
and
“”VMF““:O, (2.11)
where
G E = (P s+ (/R E) s+
ta/, t/,
Vi Vi Vi

LV (BB, — D) F, + BOF,5 + 1 Fy , + B*BPF,, + 1 BF, )] .
1 1 1
@Y F¥= () uFy) + —=(/ 1 BFy) + —=(/u u®F,) .,
i i i
1
(4)|7ﬂFal?= _[Vﬁ(#ach3 +ﬂacﬁdch+:uac(Bdﬁd_ ¢)Fct+ﬁaF3t+ﬁaﬁthc)],t

lf
1
[V F] s+ —= L) ot F g+ pBF, + BuF,)]1 ,
l/ 1/;7 2.12)

Finally, since the Maxwell stress energy tensor has zero trace, Einstein’s
equations become

—87‘CT

uy?

(2.13)
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where
8T, =2F, Fyi”,
8nT,y=—2F;3)° +2F, F3f*+ 2F, Fyypu — S F, F*,
8nT,,=2F, F, +2F, F, u*+2F,F, ",
8nTyy=2F, Fyyu® — 3 QF, F*" — 4F3 Fy f*+ 2(F5)* (BB, — ),

8nT,,=2F,.F,(f'B,— ¢)+2F,,F, ,

—2F; Fy = 2F3 Fy B + 2F5 Fp ot = 5 B F, . F*,
8nT,=2F, F, +2FF, +2F,F, (fB.— ¢)—2F, F, p

—2F,F, B+ 2F, F, 1 — 5 i F  F* (2.14)

bt ac
in which
F, F*" = —2(F;)* +4F3F, f* + 4F3,F, 1 — 4F,, F, " B*
+ Fy F gy —2F, F, BB+ 2F, F,, (B f.— ¢). (2.15)

ITI. Existence of a Killing Symmetry

In this section we prove our main result: that analytic vacuum (and elec-
trovacuum) spacetimes with compact null hypersurfaces of the type defined in
Sect. IT always have a Killing symmetry. We shall be led to distinguish two
subclasses of such compact null surfaces, non-degenerate and degenerate surfaces.
The non-degenerate hypersurfaces are always Cauchy horizons which separate
globally hyperbolic open submanifolds of spacetime from their causality violating,
analytic extensions. The degenerate null hypersurfaces, on the other hand, need
not be Cauchy horizons at all. We shall characterize the degenerate solutions
completely for the special case “ ¥V ~T3 xR when we return to this question in
Sect. I'V.

To simplify the statement of the proof we shall discuss the vacuum case by
itself. We shall then describe the slight modifications that are needed to encompass
the electrovacuum case.

A. Local Arguments

A key step in the argument will entail a change of coordinates within an (arbitrary)
elementary region of N and the construction of a new (gaussian null) coordinate
system on a neighborhood of that elementary region. We shall distinguish the new
(gaussian null) coordinates and metric functions from the old by a supercript
“prime” (). Thus we shall write (¢,x*,x%), ¢',B., 11, etc. for the transformed
quantities. Furthermore, we shall (wherever convenient) designate the restriction
of a function to the null hypersurface ¢t =¢'=0 by an overhead “nought” (°) writing,
for example, fi,,, ¢ ,, etc., for p,l,_, and ¢ |,_,.
We first note that the Einstein equation R, =0 restricts to

1$33 =0=—[(n W) a3t %‘f’,:(ln W) 3t i”acﬂbdu“ab, 3feq 3dli= o> (3.1)
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where pu=det(u,). This is essentially Raychaudhuri’s equation for the null
generators of N. Since y,, must be smooth on each null generator, we may apply
the maximum principle [6] to Eq. (3.1) (regarded as an elliptic equation on S* for
In ]/;7) to prove that ji ;=0 and thus, again from Eq. (3.1) that 4, ,=0. Thus in
any gaussian null coordinate system on any elementary region of N, u, is constant
along the null generators.

Now restrict the equation R;,=0 to t=0 and use the fact that g, ;=0 to
derive the equation

(¢,tb—ﬂb,t3)lt=O=0‘ (3.2)

Integrate this equation with respect to x* and appeal to the smoothness of Bob’t to
show that

0 2n o
sl [ @8 =0, (33

2n
and thus that | dx¢ , is constant on an elementary region. Let us designate this
0

constant by 2zk so that

2n
| dx*¢ ,=2nk=constant (3.4)
(0]

throughout the given elementary region. We shall find later that k does not vary
from one elementary region to another.

We now show that one can introduce new coordinates on an elementary region
and corresponding new gaussian null coordinates on a neighborhood of this
region such that the transformed quantity ¢’, is constant throughout the
elementary region and has the value k defined above. To accomplish this consider
a coordinate transformation of the form

x¥ =h(x3,x9,
. (3.5)
x4 =x°,
and construct, as described in Sect. [IB, the associated new gaussian null
coordinates (¢, x*,x*) on a neighborhood of the original elementary region. In
general, this neighborhood will be different from that covered by the original
gaussian null coordinates (¢, x3, x%) though, of course, the two neighborhoods will
have the same intersection with N (at t=t'=0). By writing out the transformation

equations, one can evaluate the quantity ¢',|,_, in terms of the original metric
functions and the (as yet unspecified) transformation function h. The result is:
0 (oh oh\ o 0h\2 o
— = —¢ ,— =] ¢, =0 3.6
2 6x3<6x3) * (aﬁ)‘ﬁ'f <6x3> =0, 3.6)

o L . . Oh
which is a Riccati equation for the function Fael
X

Equation (3.6) can be derived in a slightly different way which illuminates its
geometrical significance. Recall that the acceleration a of a parameterized curve,
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defined in any coordinate chart by

d*x* . dx” dx?

M= — 3.7
G Ve (37
obeys the covariance relation
. ox*
at = ——xa a*. (3.8)
0x

In any gaussian null coordinate system (¢, x>, x“), a curve satisfying #(4)=0, x*%1)
=constant has an acceleration given by

a=a"=0, (3.9
a3__d2 X3 d‘; (dx3)2
T2 2 \aa

The covariance relation (3.8) therefore leads, for a transformation of the type
considered, to

(3.10)

di? 2

d>x? 3 ﬁgl_t dx3'>2_ ox¥
d. | ox?

d2x3 (j;,t (dx3)2
di? 2 '

Substituting the transformation x3 = h(x3, x%) into this equation leads directly to
the Riccati equation (3.6).
We wish to set ¢, =k=constant and show that Eq.(3.6) has an analytic

. oh . . . . . ,
solution u = —— which defines a new periodic coordinate function x% throughout

Ox

0
FPs h3 and rewrite Eq. (3.6) as
X

ou <£ k\ ,
o +( ) <§>u2—0, (3.11)

and recall that the value of k is given by Eq. (3.4).

We can solve Eq. (3.11) explicitly but we must distinguish the two cases, k=0
(the degenerate case) and k=0 (the non-degenerate case). First consider the non-
degenerate case and assume for definiteness that k> 0.

Defining

the elementary region. We therefore set d), =k, u=

p(x3, x%) =exp( j ax3 ¢ ’(x x“)) (3.12)

and recalling Eq. (3.4), we see that
p(x®+2m, x%) =exp(—nk) p(x3,x%, Vx3eR, p(0,x9)=1, (3.13)
where we regard qb (x3,x%) as a periodic function of x* (with period 2r) defined for

all x*eR.
We claim that the appropriate solution of Eq. (3.11) is given by
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oh(x3, x%
3 ay 4
u(x®, x)=—7> 35—
2 p(x®, x%
=+ E 2n
[ dypy. x|
0
L N g | a
—— g Y(p(y, x?)
2n
5 | dy(p(n.x)
0
=———In|——— — N . 3.14
Pl (f) dy(p(y, x*) (3.14)
To justify this we verify directly that
. 3 Oh(x>,x%) . . o .
(1) w(x”,x%)=—-—=—is an analytic, nowhere vanishing solution of Eq. (3.11)
ox?

for all x3eR,
... Oh(x3,x)
0o
h(x®+2m, x%) — h(x3, x%) =27

The proof of (i) is facilitated by noting that the quantity

is periodic in x* with period 2n and has the integral property

27
[ dy(py,x) |
D(x?,x%)= O—IT’T— — | dy(p(y, x%) (3.15)
- 0
satisfies, by virtue of Eq. (3.13),
D(x3+2m, x%)=e~ ™ D(x>,x%), (3.16)
Vx*eR and thus never vanishes for all x3eR (since clearly D(x3,x%)>0,
Vx3e(— oo, 2n]).
o Oh(x?, x°) s :
The periodicity of o =u(x>, x%) follows from (3.13) and (3.16), which
x
give
2 p(x*+2m,x7) 2 p(x3, x9)
k D(x3+2m,x%)  k D(x*x%

u(x®+2m, x%) = =u(x?,x9. (3.17)
To complete the proof of (ii), in view of the periodicity of u, it suffices to note that

2n 2n

[ dy(p(y,x?)

h2m, x) = h0, x)= — 7 In O——e_—k— ~ £ dy(p(y, x))

1- 0

=——%ln[e"""]=2n. (3.18)

These results show that any transformation of the form

x* =g(x)+In[D(x*, x4 7], x¥=x°, (3.19)
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where g(x°) is analytic defines an analytic change of coordinates on the elementary
region for which x*" is a new periodic coordinate (with period 27) along the null
generators. Furthermore, by construction, the new gaussian null coordinate
system generated by this new chart on the elementary region leads to the desired
condition ¢’,=k=constant. The above argument was given for k>0, but the
same solution applies equally well for k<0. In fact, these two cases are essentially
equivalent since a coordinate transformation of the type t— —t, x>*— — x>, x*—>x*
preserves the gaussian null form of the metric but changes the sign of ¢ .
For the degenerate case we set k=0 in Eq. (3.11) and solve directly to get

ah 3 a 2 3’ a
u(XS’ xa)z (x » X ) =5 np(x X ) , (320)

a 3
x J dytp(y, x

where p(x>, x%) is defined by Eq. (3.12) as before. It is straightforward to verify that
this solution has all the properties (i)—(ii) given above for the non-degenerate case.
Thus, any coordinate transformation of the form
x3
2 { dz(p(z, x“))
x> =g(x*+ %—#—, X
[ dy(ply, x*)
(0]

=x", (3.21)

generates a new gaussian null coordinate system for which <£’ +=0 on the
elementary region.

Some insight into the significance of the new coordinate x*" can be gained by
studying the geodesic equations for the null generators of N. Recalling Eqgs. (3.9)
we see that they now reduce to

d*x¥ k(dx*\?
sl o o

where 1 is an affine parameter. Solving this explicitly we get, for k=0,

, ) k. dx*(0)
3 = 3 I - AT .
() =x¥(0) klnll S } (3.23)
and, for k=0,
, R ()
P h=x 0+ 2O (3.24)

dA

Thus in the non-degenerate case the null generators are complete in only one
direction, whereas in the degenerate case they are complete in both directions.

become

Note also that when q§:,,=k>0(k<0) the closed integral curves of Py

closed timelike curves for small negative (positive) values of ¢, since g;.5. =¢’ is

negative in that region. This accords with a result on compact Cauchy horizons
given by Hawking and Ellis [7].
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Returning to the main stream of the argument we now have, in the new
gaussian null coordinates, j, 5 =0 (since this holds in any such coordinate
system) d) +=k=constant and thus, from the analogue of Eq.(3.2) in the new
coordmate system, ﬁb,t .5»=0. Henceforth, to simplify the notation, we shall delete
the primes on the new coordinates and metric functions.

With this notational change we now consider the equation R, =0 restricted to
the null surface t=0 and reduced through the use of gb =k=constant, {,, ;=0
and ﬁb 3 =0. The result is

.(3.25)

¢
= {_(/’lab,l),3+ Tt'uab,t+ E(ﬂa,tb—‘—ﬁb,m_zﬁc t(Z)Fb)+(2)R - 7ﬂa tﬁbt

Differentiating this equation with respect to x* and using the invariance of qﬁ’t, /?a’ o

0
and f1,, with respect to — 73 e get
x

k.,
K 626)

0= _(l&ab,t),33 )

Integrating explicitly and demanding smoothness on the closed null orbits (or
appealing to the maximum principle) leads to (4, ) ;=0.

To summarize, we have now derived the existence of a new gaussian null
coordinate system on a neighborhood of the original elementary region for which
the transformed metric functions satisfy

(]r;:ﬂoazlaab,3:0’
¢ ,=k=const, (f,) ;=0
(ﬂab,l),3:0

Thus all the metric functions and their first time derivatives are independent of x>
on the initial surface t=0.

We can now proceed inductively to show that all higher time derivatives of the
metric functions ¢, B, y,, are independent of x* at =0, and thus that any analytic

(3.27)

. 0 ! - .
solution of the field equations has Fae] as a (locally defined) Killing vector field
X

throughout the gaussian null coordinate region considered.
Assume, as an inductive hypothesis, that ¢, f,, 1, and all their time derivatives
up through order n (with n>1) are independent of x* at t=0, ie. that

L), -
t=0/,3 atk t=0/,3 atk

ot*
for all k such that 0<k<n. Differentiate the equation R,;=0, n—1 times with

) (3.28)

in terms of
t=0
x’-invariant quantities. Differentiate the equation R, =0, n—1 times with respect

n+1
respect to ¢, and set t=0 to derive an expression for ((%"—“ d))

in terms of x3-invariant
t=0

n+1
to t, and set t =0 to derive an expression for (W Bb)
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quantities. Now, differentiate the equation R, =0, n times with respect to t, set

an+ 1
and (atn+ 1 Bb)
those of Eq. (3.27) to derive an equation of the form

, together with

n+1
t=0 and use the above results for (6t”—“ qb)

o" ot positive\ ¢ , ("1
0= G Ra =0 ((%"“ Ha tZO),3 * (constant) 2 (6 i u"") -
+ {terms independent of x3} . (3.29)

Differentiate Eq. (3.29) with respect to x* and apply the maximum principle to the
an +1
to show that (6—t”+_1 ,uab) is independent of
t=0

x*. Thus ¢, B, u,, and their time derivatives up through order n+1 are all
independent of x3 at t=0. This completes the inductive argument and shows that
any analytic vacuum solution is independent of x* in the specially constructed
gaussian null coordinate chart introduced above,

Notice that in the non-degenerate case (qb =k=0), one can now solve

n+1
Eq. (3.29) for (gt"““ uab) in terms of x3-invariant quantities whereas, in the
t=0

degenerate case, Eq.(3.29) does not determine this quantity. Thus in the non-
degenerate case we can systematically recover the entire power series expansions
for the metric functions from their values and that of their first-time derivatives at
t=0 whereas, in the degenerate case, we cannot in general do so.

The above argument may be readily generalized to encompass electrovacuum
solutions. To see this one first applies the maximum principle argument to the
equation (Ry; —8nT;;)l,-, =0 to show that

fip 3 =F3,=0. (3.30)

Next, one restricts the Maxwell equation WP, F?=0 to t=0 and uses (3.30) to
derive F3[ 3=0. Combining these results Wlth the equation F, 3l,-o=0 yields

ab’3—0 In view of these results, we find that Tj,|,_,=0 and thus that Eq. (3.2)
holds without modification. We can, therefore, repeat the argument which
transforms the metric to new gaussian null coordinates in which ¢ =k =constant
and ﬁb .3 =0 without disturbing the foregoing results. In the new coordmates we
find immediately that T, ,|,_,=0. Therefore, differentiating the equation
(R, —8nT,)l,—o=0 with respect to x> leads back, without modification, to
Eq.(3.26) and thus to (i, ) ;=0. Finally, from the Maxwell equations
@V, F?, _,=0and F; -, =0 we derive, after differentiation with respect to x>,

(_d) Fct 3+2Ft 33)lz O“O (3-31)

Recalling that qg,, =constant and integrating this explicitly (or using the maximum
principle), we get F, ;=0.

To summarize, we have shown that, in a suitably chosen gaussian null
coordinate system, the initial data satisfy

¢ ﬁ =fp 3 =F3,=F, 3=F;3 3=F, 3=P, 3
=fy,3=0, ¢ =constant, (3.32)

n+1
resulting equation for (0—t"+_1 uab)
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and thus are all independent of x>. We can now repeat the inductive argument to
show that all the successive higher time derivatives of the field variables are
independent of x* at the initial surface t =0. To see this suppose that, for any n>1,
we have, in addition to (3.22),

o- (28 ) (B ) (%] )
ot* |, _ ot* | _ o |_,) 5’
t=0/,3 t=0/,3 t=0/,3 (333)
(5.
0=|—2
atl t=0,3,

for all k and [ such that 0=<k=<n, 0<I<n—1. Taking n—1 time derivatives of the
equations, (R,; —8nT;;)=0, (R,,—8nT,)=0, F,, ,=0, and F_; ,=0, and setting

n+1 an+1 o

t=0, we find immediately that |—¢ oren sl N | I ) O

ot" - 0 t" (= ot"

" . o

( P Fa3) are all independent of x*. Taking n—1 time derivatives of the
t=0

an
equation ¥, F*# =0 and setting =0 then shows that (ﬁ Ft3)

, and
t=0

is independent
t=0

of x3.
Using these results we next compute the n'® time derivative of the equation
(R,,—8nT,)=0, set t=0 and differentiate the resultant expression with respect to

n+ 1
3
x°. The source term |———=T
(atn 0X3 ab)

0" .
derived above and the fact that the coefficients of the quantity ( P a) , which
t=0
has not yet been proven invariant, vanish at t=0. Therefore, we can repeat the
maximum principle argument given in the vacuum case to show that
is independent of x>.

(an+1
)
at +1 b -0

Finally we compute the n'* time derivative of the equation 7, F* =0, use the

drops out by virtue of the invariance results

t=

n+ 1
* time derivative of F,; ,=0 to reexpress (6#'—“ Fa3), and thus derive, at t=0, an
equation of the form
o" positive 0"F,
7], eomsn 7]
" 20/ 5 \constant ot" JI,=
= {quantities independent of x3}. (3.34)

Differentiating this with respect to x* and applying the maximum principle
o" L
argument, we find that ( P ) is independent of x>.
t=0

This completes the inductive argument in the Einstein Maxwell case. Note that
if ¢> : =k =0, then all higher order time derivatives are determined in terms of F "
Haps d) o ﬁa »and i, .. Thus the power series expansions of g and F can be umquely
recovered from this initial data in the non- -degenerate case.
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B. Global Arguments

The above results show that, in each suitably constructed gaussian null coordinate
system (t, x3, x%), the spacetime metric g and Maxwell field F are invariant with

0
respect to the (locally defined) vector field PR We wish to show that these locally
X

defined vector fields patch together naturally to give an analytic (Killing) vector
field on a full neighborhood of the null surface N. Suppose that (t,x3,x% and
(t, X3, % are any two such coordinate systems whose elementary regions overlap in
some open subset N of the null surface N. Then these charts will overlap on some
neighborhood of N_ in “V, and we wish to show that the two locally defined

0 ~ 0 ..
Killing fields Y= Fae and Y= FRE] coincide on their common domain of definition
X X
O0x

(i.e., that their components satisfy the covariance relation Y*= 7% i"‘). To
X

accomplish this we shall show that Y and Y coincide when restricted to N_, and
then appeal to the uniqueness of solutions of Killing equations to show that they
coincide throughout their common domain of definition. N .
By construction the two coordinate systems have ¢ |,_,=k and ¢ ;|;_, =k for
33

~ X . .
some constants k and k. We may assume that FRs] >0, since otherwise we could
~ ~ X t=0
achieve this by the transformation t— —t, X3— — %3, ¥*—>X“ By relating the two
coordinates x> and X3 to an affine parameter along each null geodesic generator
L ~ ox? . . .
lying in N_, we shall show that k=k and that Frei i 1. This in turn will establish
x|y,

the desired equivalence of Y|y and f’lNﬁ .
Let y be an affinely parametrized null generator lying in N (with affine
parameter A). Then t(1)=t(1)=0, x%(1), and X%(4) are constant and, from Eq. (3.22),
3k (dx3)2_ %k <d5c3)2

T A 2\dh a2 2\d) (339

N ) -
~3

. . . . X ~ )
If y is complete in only one direction then, since Fae] >0, k, and k are either both
x|y,

positive or both negative. If y is complete in both directions, then k=k=0.
Consider first the non-degenerate case for which we have the solutions

2 k _dx3(0)
30— w300 2 _
x>(A)=x(0) kln[l 2/1 FTIRE
2 k , d%*(0) (330
BN =%30)— Zqnl1— £
X*(AH)=x°(0) kn[l 2/1 o
and the covariance relation
ax30) ox3 dx3(0)
a0 i (3.37)



Symmetries of Cosmological Cauchy Horizons 403

dx3(0)

Tak
ake —

>0 for definiteness and let 4, be the value of 4 after » full circuits

so that
x*(4,)=x*0)+2nn,

(3.38)
%3(4,)=%3(0)+ 2mn,

and allow n to be either positive or negative. Equations (3.36) and (3.38) give

1-%@6123;0) R

. (3.39)
. 51 ax30) .

27 4y

Combining these equations with the covariance relation (3.37) gives, for all integral
n=+0,

0¥ k(e

= 3.40
x| o) K (1—e™) (340

However, the left-hand side of this equation is independent of n, whereas the right-

hand side is independent of the initial condition x*(0), which can be chosen
%3

arbitrarily within N . Equality is possible only when k=k and 536—3 =1
XN

It follows that the two overlapping systems of coordinates are related at
=t=0 by a transformation of the form

F=x 4o(x9), X=f4xb), at r=t=0, (3.41)

0 . .
where f%(x’) and o(x?) are analytic and det( 8£”) #+0. Using this result to reexpress

in terms of the coordinates (z, %3, X9), we get

t=0
_ ((’)fc"‘ 0 )
im0 \0x3 0%
which establishes the equality Y|y, =Y|y.. A completely analogous argument
applies in the degenerate case k=k=0.
In their common domain of definition Y and Y both satisfy Killing’s equation
and restrict to a common vector field on N . It follows that X =Y — Y is a Killing

field defined on this domain which vanishes on N . However, this implies that X
vanishes throughout its domain of definition, since the Killing equations

X, ,+X,,~ 29X =0 (3.43)

0
the vector field ——
X

0

:—~—3
=0 0%

0

o (3.42)

9
=0

determine X uniquely from data X|,_, and have only the trivial solution X =0 if
X|,_,=0.

Let Y now designate the Killing field which has thus been shown to exist on a
neighborhood of N in (“V, g). Since the quantity k, defined originally only locally,
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has now been shown to have a constant value over N, we can meaningfully speak
of degenerate versus non-degenerate null surfaces. The non-degenerate null
surfaces are always Cauchy horizons as we shall now show.

Define a real analytic function { by

(=Y -Y=g,Y"'Y", (3.44)
and note that, in any gaussian null coordinate chart,
{=gs;=¢. (3.45)

Since (3,{)],~=(k,0,0,0) and since k #0, by assumption { has no critical points in
some neighborhood of N and has N as a level surface corresponding to the value
{=0. It follows that the surfaces {=constant are, for sufficiently small |{|,
diffeomorphic to N and foliate a neighborhood of N in V. One proves this by
introducing a Riemannian metric § on a neighborhood of N and dragging N along

g*of

L =

the flow of Z (g“ﬁ @00, C)) to generate the nearby {=constant surfaces.
Suppose for definiteness that k>0 and thus, from a straightforward com-

putation, that

w9 0 _ =0,
9*0,0(0,0l =0 (3.46)

o, . o
Swe000| =-w<o.

t=0

It follows that 0,{ is timelike for all sufficiently small >0 and thus, since

0 .

6_5 =k>0, for all sufficiently small {>0. In other words, for some constant
t=0

{0 >0, the level surfaces {=constante (0, {,) are all spacelike.
Introduce { as a new time coordinate on the region of (¥V, g) foliated by the

level surfaces of { with values in the range (0,{,), and write the metric as
g="g,(dx'+ N"d{) (dx/ + N’ d{)— N* d(?, (3.47)

where g, is Riemannian on each {=constant surface, and where N>0. Let a
and b be any two constants such that a<b and [a,b]C(0,{,), and consider the
compact subset of spacetime foliated by the surfaces { =constante [a,b]. Let y be
any inextendible timelike curve in this region parameterized by proper time s, so

that
ac\? dxt dC) (dx’ dC)
2(22) 1B, Ni N/ 3.48
N (ds) + g”(ds NN T 4 (348)

Since ®'g,; is Riemannian and N is bounded (and bounded away from zero) on this
. acy .
compact region, we see that (d—C) is bounded away from zero, and thus that y
s

cannot avoid intersecting each surface {=constante [a,b] precisely once. Since
this holds for any [a,b]C(0,{,), it follows that the spacetime foliated by the
surfaces {=constante(0,{,) is globally hyperbolic and has these surfaces as
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Cauchy hypersurfaces. Since the surface { =0 lies at the boundary of the globally
hyperbolic region and is null, it is necessarily a Cauchy horizon.
We have thus proven:

Theorem 1. Every analytic vacuum or electrovacuum spacetime (‘PV,g) with a
compact null hypersurface N ruled by closed null generators in the sense of Sect. I1
has an analytic Killing field Y defined on some neighborhood of N in PV, and Y has
closed integral curves in this neighborhood. Furthermore, Y|y is null and thus tangent
to the genmerators of N. In the non-degenerate case (characterized by
(@ Y-Y)ly=*0) N is a Cauchy horizon, the region {=Y-Y>0 is, for sufficiently
small {, globally hyperbolic and the region { <0 has ( for |{| sufficiently small) closed
timelike curves through every point. If Maxwell fields are present, then the field
tensor F is invariant with respect to Y (i.e, ZyF=0).

We remark that the closure of the integral curves of Y follows from its
. ) 0 . .
construction locally as the vector field FPs of a gaussian null coordinate chart.
X

These closed curves are timelike in the region { <0 since Y- Y ={ is negative in this
region.

One can actually extend the Killing field defined near N to a Killing field
defined on the maximal Cauchy development of the globally hyperbolic region
described above. The techniques for doing this are discussed (for the vacuum case)
by Fischer et al. in [8]. One propagates Y to define a vector field on the maximal
Cauchy development by solving a certain second order, linear hyperbolic equation.
Next one shows that h=.%,g satisfies another second order linear hyperbolic
equation and that h vanishes everywhere provided its Cauchy data vanishes. In
our case, the Cauchy data vanishes since h vanishes near N. A similar argument
can be given for the Einstein-Maxwell equations.

It is worth noting that the Killing field Y satisfies the equation

k

7 R S (3.49)

. k\ . .
which shows that the constant (— E) is the analogue, for cosmological Cauchy

horizons, of the surface gravity defined for stationary black hole event horizons

[9].

1V. Degenerate and Non-degenerate Solutions on T3 x R

In this section we specialize the spacetime manifold to PV =T3 x R and take {x'}
= {x3, x%} to be periodic coordinates (with period 27) on the three-torus. As in the

0 ) .
conclusion of the previous section, we find 3 to be a Killing field of (‘*PV, g) with
X

closed null orbits on the surface t =0. For this case we shall be able to characterize
the degenerate and non-degenerate vacuum solutions completely. Presumably one
could treat the electrovacuum case with the same techniques but, except for
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displaying a class of degenerate electrovacuum solutions, we shall not pursue that
question here.

It is easy to guess a large family of degenerate solutions on T? X R. The plane
wave metrics

ds?=2dt dx> + p,,(t) dx* dx® 4.1)
satisfy the vacuum Einstein equations, provided u,(t) satisfies
Ryy= = 5 U Mgy, o+ G Wty ibheq, =0 (4.2)

These are clearly degenerate since ¢ =g, , vanishes everywhere. One gets a class of
degenerate Einstein-Maxwell solutions by taking F,; =F,, = F,; =0, and replacing
Eq. (4.2) by

=2F, Fyi®. 43)

l’;’i) of u,(t) may be specified
u
arbitrarily as functions of ¢t with 1/; then determined by Eqgs. (4.2) and (4.3). Since
¢ =0 these solutions have a compact null surface N,~T? through every spacetime
event.

In this section we shall prove that every degenerate vacuum solution on T> x R

In these solutions F, (t) and the “conformal part” (

with simply periodic null orbits (i.e., with null generators tangent to a periodic

0
coordinate vector field pe ) is diffeomorphic to a plane wave solution. Presumably
X

a similar result holds for the electrovacuum case but we shall not attempt to prove
it.

In general a degenerate solution has, in appropriate coordinates, d) =0 and
9uv,3=0. The equation R ,=0 thus reduces to

{E(ﬂa,tlb + Bb,tla )+ (Z)Rab— 5ﬂa, tﬂb,t}|t= 0 =0, 4.4)

where we have adopted the notation |a for ®V,. Taking the trace of this equation,
integrating over any x> =constant two-torus and appealing to the Gauss-Bonnet
theorem, we get

ﬂa,z|z=o=(2)Rab|r=o =0. (4.5)
Thus /1, is flat. It follows immediately from the 13,3 =0 equation that ¢ ,[,_,=0.
. . R .
Next we consider the equation at‘”’ =0 and note that, since @R,
t=0

=1p, PR and fi, is flat, we have

0@R b 1 (6 )
a J (2)
—=l =sh, - (4.6)
ot =g *\ot t=0
This leads to
d (2)
ﬁa,tt|b+ﬁb,n|a+/’tab5¥ R :0’ (47)
t=0
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which shows that 8, |, is a conformal Killing field of j,,. However, this implies
that (B, )= =0, as follows from taking the divergence of the conformal Killing
equation and using the flatness of fi,,. Thus we now get

=0. (4.8)

t=0

0
B0 = (5;(2) Ra,,)

Furthermore, the }itb=0 equation reduces to

{ﬂb, nt (:uacluab, t)lc - (iuactuac, t)lb} It =0~ 0. (4.9)

Contracting this last equation with ﬁ“bB)a,n, integrating over T2, and appealing to

the covariant constancy of 8, ,, we get
(ﬁa, tt)|t= 0= {(luac'uab’ t)|c - ('uacuac’ t)[b},t= 0= 0. (4 10)
0@
Thus i, , must satisfy this last equation as well as o @l =0.
t=0

Using standard elliptic theory, we split h,, = f,, , uniquely into L* orthogonal
components

hab:ﬂab,tzh:zz—’_(v:zlb—!_ V;)la)’ (411)

where h'Jl®=0. Substituting this expression into Eq. (4.8) however, we find that h'
must be covariantly constant. Therefore, we write

h,,=h+ Va“,-I—V,, 4.12)
where h¢¢

¢a=0, and further split V,=V"+ 4, where V"*=0. Substituting this
expression for h,, into Eq. (4.10) leads to Vjj, =0, so that h,, reduces to

Py = fap, =y + 2215 (4.13)

a>

with hgy ,=0 and 7 arbitrary.
We can remove the “gauge” term 24, from fi, , by making a coordinate

transformation in the initial (null) surface of the form

x¥=x3 - AxY, x¥=x°, (4.14)

and generating (as discussed in Sect. II B) the new gaussian null coordinate system

determined thereby. Since =1, this transformation will preserve the

x3

0x? 1=0
explicit symmetry (ie., give g, 5, =0) and all the results derived above since the
latter hold in any gaussian null coordinate system adapted to the symmetry. To
establish the desired result, we need only evaluate y;, |, _, in terms of the original,
unprimed metric quantities. A straightforward calculation gives
Haple =0 = Hali=0 > @.15)

’ _ _ _ JycC
'uab,t’lt’=0_lu’ab,tII=O 2)V]ab—hab'

We now work in the new coordinate system but, to simplify the notation, delete
the primes on the new coordinates and metric functions.
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Summarizing the above results, we have shown that, after a suitable change of
coordinates,

O=q§z(g,t:qg,zzzéa:ﬁoa,tzﬁa,n’

. . (4.16)
Iy 1s flat and g, . =0.
Assume as an inductive hypothesis that, for any n=2,
b= =..=—dh=0
b=§.=.=5:9
9 o an o
= = = — :0
ﬂa ﬁa,t 8[" ﬁa >
n—1
iy, s flat and f,, ,, ""at"—‘lﬁ“b are all covariantly
(4.17)

constant with respect to fi,,.

. . L . ot . .
Taking n—1 time derivatives of R ;=0 gives (73?"7?) =0. Taking n—1 time
t=0
derivatives of R,, =0 leads to
0= {0+ (sl — ()} = 0 » (4.18)
nt+1
where we have adopted the notation "V = Py B, etc. and used the inductive

hypothesis to simplify the result. In a similar way we get from the n'™ time
derivative of R, =0 the equation

, (4.19)

t=0

an
0= {(ﬂf,"* Do+ B Nt v 5z mR}

where we have used the inductive hypothesis in various ways, in particular to show
that
. 0 o,
(Z)Rabza_t(Z)Rab:"': WRabzo' (420)

Arguing as before we get that
an+ 1
<6t"+1 ﬂ )
b
In view of the inductive hypothesis, the latter equation reduces to the condition

n

that the first variation of ? R, about /i, in a direction given by P iy 18 zerO. As

an
=0, —@R, =0. (4.21)
ot "li=o0

=0

before, this leads to a splitting
uj;;,>—h;§,+zi,a,,+ Vi + V,;,:,, where A% ,=0, and Vie=0.  (4.22)

Contracting Eq. (4.18) with ,u“”ﬂ"‘“) and integrating over T2, we get [from
covariant constancy of f* Y, cf, Eq. (4.21)], that
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an+ 1[3
< ot 1a) o = {(#acﬂz(zr;})lc - (:uac:ug?)lb}’t: 0~ 0. (423)
t=
Substituting the splitting (4.22) of 4% into this last equation leads to f/;(b=o, and
thus to

anluab

P =& +2 - (4.24)
t=0
Finally, taking n—2 time derivatives of R, =0 and using the above, we get
fihes + 27,1 = constant, (4.25)
where the right-hand side is a complicated expression constructed from
faps flgp, o - 0 V. Since ®h% is also constant, this equation implies that
~ 0" . .
A=constant and thus that ( 8t"ab) is covariantly constant. One can always
Lit=0
satisfy Eq. (4.25) by adjusting (4°°h¢) appropriately. We have thus shown that
an(ig o, an—l
=—f ===, =0 4.26
atn al” ﬁa <atn— 1 'uab)k 4 ( )

which completes the induction.
Thus every analytic, degenerate vacuum solution on T? x R is diffeomorphic to

an
one for which ¢=f,=0 and ( )

o Hao is covariantly constant with respect to

t=0
the flat i, for all n>0. Without disturbing the explicit symmetry or the vanishing
of ¢ and f,, we can perform a coordinate transformation of the form

f=t, ®=x3, %=fox} 4.27)

to bring fi,, into a canonical form with constant_components. In this gauge

covariant constancy of the time derivatives of fi,, at =0 reduces to the condition
0 o"fi . . L ..

that (5; 6/;:b> =0 which, for an analytic solution, implies that fi,, =i, (¢).
X i=o0

Thus we have proven:

Theorem 2. Every analytic, degenerate vacuum solution on T* xR with simply
periodic null generators is diffeomorphic to a plane wave solution. These spacetimes
have compact null hypersurfaces through every event.

To complete the discussion of vacuum solutions on T? x R, we recall some
results from [2] which demonstrated the existence of a large class of (non-
degenerate) solutions on T3 x R by means of a slightly extended version of the
Cauchy-Kowalewski theorem. The metric form considered there was given by

e 24

ds*=— =~ (N?—e*)di® + (e~ %G, + te*?f B,) dx® dx”

26 24 S -
+ eT k2(dx3)? + % kdx® di+e2kef, dxe dx® +e*f, dxedr, (4.28)
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where k is a positive constant, where ¢, ﬁa, d.» are analytic functions of {¢, x*} with

|/ Pg. Again {x'}={x3x°} are

. . T
. positive definite, and where N = ( )

]/”Tg t=0

periodic coordinates on T3 (with period 2n) and

683 is a Killing field of g,,,.
Actually, we have slightly generalized the metric form given in [2] by letting
x*>—kx?, where k is a positive constant, since the previous form (with a fixed
period for x*) was unduly restrictive. The coordinates {t, x*, x*} here correspond to
the primed coordinates defined in that paper. Furthermore, the metric functions ¢,
B Jup and N were there written without the overhead “twiddle” (7). The main
result of [2] was

Theorem 3. Any analytic data ((;3, ﬁa, 3.,)(0,x°), specified over T* (with g, a
Riemannian metric) determines a unique, analytic, extendible solution of the vacuum
Einstein equations on some neighborhood of the (compact, null) initial data
hypersurface t=0. The solution covers a neighborhood of a smooth Cauchy horizon

0
at t=0 and has — FRs] as a global Killing vector field. This Killing field is spacelike in

the globally hyperbolic region t >0, null on the horizon and timelike in the acausal
extension t <0.

We wish to prove that every non-degenerate solution is obtained by this
construction. To do this we need only transform the metric form (4.28) to gaussian
null coordinates with a transformation generated by
=x3, x¥|_o=x% {]-,=0, (4.29)

x3l't=0

which will preserve the explicit symmetry of the metric. A straightforward
computation gives

qs,lt’:ozoa ﬁ;'z’:ozoﬂ d)/t’lt’:O:ka

Bcle—o={—20 ,+2B},=0- (4.30)

_2~~
Hply—o=e ¢gablt=0 )

where ¢', f,, u,, represent the usual gaussian null coordinate functions in the
primed coordinate system. Since qb ﬁ and g, may be specified arbitrarily at t=0
as may the positive constant k, it’s clear from Eq. (4.30) that we may achieve any
allowed initial values of the functions ¢> v ﬁa - and [,. However, for a non-
degenerate solution the initial value of y, . is determined from the Einstein
equation Rab—O and all higher time derivatives of the metric functions ¢', f5, and
W, are determined from successive differentiations of the field equations as shown
by the proof of Theorem 1. Therefore, we see that every non-degenerate solution
(with k>0) is diffeomorphic to one constructed according to Theorem 3. The
corresponding solutions with k<0 may be generated by the transformation
t'——t, x> —x%, x“->x% Thus we have:

Theorem 4. Every non-degenerate vacuum solution on T3 x R with simply periodic
null generators is diffeomorphic to one constructed according to Theorem 3.
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It follows as a corollary to Theorems 3 and 4 that the power series expressions
constructed for ¢', f§,, and ,, in the proof of Theorem 1 necessarily converge. The
reason is that for each allowed choice of free initial data qb (=positive constant),
ﬁa " and j,, there exists a corresponding choice [via Eq. (4 30)] of analytic data

(6,8, J.) for a solution determined according to Theorem 3. Transforming this
solution back to gaussian null coordinates by the appropriate analytic diffeomor-
phism, we must recover the original formal (but now necessarily convergent) series
since these expressions were uniquely determined by the field equations. We thus
get

Corollary 5. For any constant q,’) =k=+0 and any analytic one-form ,B
Riemannian metric i, defined over T?, the formal power series expresswns for
(¢, B, 1) constructed in the proof of Theorem 1 are always convergent to a vacuum
solution of Einstein’s equation in some neighborhood of the initial surface.

It is worth remarking that the correspondence given by Eq. (4.30) is not unique
since the coordinate system employed in [2] is less rigid than the gaussian null one
used here.

V. Conclusion

The most artificial hypothesis we have made is that the generators of the compact
null surfaces considered all be closed curves. We believe, however, that one should
be able to eliminate this assumption and still prove the existence of a Killing
symmetry in the (compact, analytic) electrovacuum case. A key first step in the
needed generalization has already been provided by Hawking and Ellis [10], who
show that the null generators of a compact, Cauchy horizon always have zero

expansion. This corresponds to our result that (]/fz), =0, and leads, via
Raychaudhuri’s equation, to the vanishing of the shear of the generators (1, ;=0
in our case). The acceleration and rotation of these curves already vanish by virtue
of their being the normal, geodesic generators of a null hypersurface.

These remarks suggest the intuitive picture of a congruence of “parallel” rays in
the null surface N which must “almost close” because of the compactness of N and
which locally have all the differential properties of the closed generators con-
sidered in this paper. We expect that continuity considerations should allow us to
extend the arguments given here to such almost closed congruences. The main step
one will have to generalize is the construction of the “surface gravity” constant k.
The induction arguments (except for the use of the maximum principle) are
essentially local and should follow the same pattern given here for the closed orbit
case.

Analyticity is another artificial assumption, though a very convenient one. We
would conjecture, however, that non-degenerate, non-analytic solutions with
compact null surfaces of the (closed orbit) type considered here must also have
symmetries and that the null surfaces must always be Killing horizons as in the
analytic case. One might try to prove this by taking a completion (in say, a Sobolev
topology) of the analytic, globally hyperbolic spacetimes considered here and
showing that the non-analytic solutions in the completion also have non-singular
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Cauchy horizons at their future boundaries. Even if this procedure works,
however, it should not be expected to produce acausal extensions of the type
described here for the analytic case. The reason is that, for metrics with a Killing
symmetry which changes type from spacelike to timelike across a null surface N,
Einstein’s evolution equations change type from hyperbolic to elliptic, degenerat-
ing to a parabolic system on N. Thus one expects from standard elliptic regularity
theorems that only the analytic solutions are extendible across their horizons
unless the symmetries are broken at the horizons. This symmetry breaking would
presumably be possible since uniqueness of the evolution is lost in crossing a
Cauchy horizon.

The main question though is not what happens beyond the horizon but rather
whether the existence of a horizon implies the existence of a symmetry in the
globally hyperbolic region. This, we conjecture, should still be true in the non-
analytic case.

The reader has undoubtedly noticed that the main arguments of this paper are
“global” only along the null generators of N and are essentially local in the
transversal directions. Thus we were able to prove the existence of a symmetry on
some neighborhood of an (arbitrarily small) elementary region of N and only later
did we patch the local symmetries together to prove the existence of a Killing field
on a full neighborhood of N. This remark suggests the possibility of a significant
extension of our results.

Suppose that (¥, g) is an analytic, vacuum spacetime but that ¥ is no
longer necessarily a product. Let (M xR, gl,,.g) be a globally hyperbolic, open
submanifold of (*YV,g), and suppose that there exists an elementary region in
(¥, g) which lies at the boundary of (M x R, g, g)- The picture we have in mind
is that there might not exist a compact null surface N in (¥V, g) because of the
occurrence of curvature singularities along a portion of the boundary of the
globally hyperbolic, open submanifold. Arguing as in this paper, we can construct
a (gaussian null) neighborhood of the elementary region and prove the existence of
a Killing field on this neighborhood. However, we can now appeal to analyticity
and “propagate” this vector field to get a solution of Killing’s equations
throughout (“V, g).

At first glance we seem to have vastly increased the set of analytic, vacuum
spacetimes which are forced to have Killing symmetries by virtue of having three-
dimensional submanifolds of closed null geodesics (no longer necessarily com-
pact). There is, however, another logical possibility which we believe to be more
likely — that all such analytic spacetimes necessarily have a compact null surface N
which contains the given elementary region. In other words, the elementary region
can always be “completed” to yield a non-singular compact null surface in (*V, g).
This conjecture (which is certainly false in the C® case) is suggested by the study of
examples (certain Gowdy models [11]) which we shall not review here. If true, it
represents a certain rigidity property of analytic (electro-) vacuum spacetimes.

Even though the corresponding rigidity conjecture is false for C® spacetimes
[12], its validity for analytic spacetimes would apparently help one to show that
non-analytic, globally hyperbolic spacetimes which have partially non-singular
boundaries to their maximal Cauchy developments (containing, for example,
elementary regions as mentioned above) are, in a suitable sense, always unstable.
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The reasoning would entail an argument that such “locally extendible” spacetimes
could be approximated arbitrarily closely only by those analytic spacetimes which
are inextendible (even locally) beyond their maximal Cauchy developments.

We believe that the conjectures mentioned above, unlike most speculation
concerning the cosmic censorship conjecture, are directly amenable to analytical
attack. It seems to us that a proof of these conjectures would provide strong
support for the cosmic censorship idea by showing that causality violating,
cosmological solutions of Einstein’s equations are (at least in the electrovacuum
case) essentially an artefact of symmetry.
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