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Abstract. We use the holonomic character of Feynman integrals to describe
their singularity structure explicitly in some simple cases. The results in §1 show
that under moderate conditions Feynman amplitudes can be locally expressed
essentially in terms of Legendre functions near the points where two positive-a
Landau-Nakanishi surfaces meet. Related topics such as hierarchical principle
in perturbation theory are also discussed in terms of holonomic systems
involved. In §4 we use the concrete expressions for Feynman amplitudes
obtained in § 1 to discuss the validity of Sato’s conjecture.

Introduction

The purpose of this paper and subsequent ones is to investigate the singularity
structure of the Feynman integral by making use of the systems of micro-
differential (=pseudo-differential) equations that it satisfies. In this paper we
confine ourselves to the case where all the relevant particles are massive. For
simplicity we also assume that they are spinless.

Since Sato [19] presented a very challenging conjecture that the S-matrix
should satisfy a holonomic system (=maximally overdetermined system) of micro-
differential equations whose characteristic variety is confined to the union of all
possible Landau-Nakanishi varieties’, many results have been established to
support his conjecture. See Kashiwara and Kawai [5], Kawai and Stapp [10], and
references cited there. Especially, Kashiwara and Kawai [6] has established the
fact that every Feynman integral satisfies a holonomic system of linear differential
equations whose characteristic variety is confined to the extended Landau-

*  Supported in part by NSF MCS 75-2333
**  Supported in part by NSF GP 36269
! Sato [19] implicitly assumes that there is no accumulation of the masses of relevant particles

0010-3616/78/0060/0097/$06.80



98 M. Kashiwara et al.

Nakanishi variety?. However, the utility of this fact, i.e. the holonomic character of
Feynman integrals has not yet been fully demonstrated in these articles. This is
mainly because the structure of the holonomic system involved is, in general, too
complicated to analyze it explicitly, at least at the present stage of the theory of
holonomic systems.

In view of this situation, we confine our investigation to rather simple cases in
this paper and show how the holonomic character of the Feynman integral can be
effectively applied to the investigation of the singularity structure of Feynman
integrals in such simple cases. More concretely, our plan is as follows: In §1 we
determine the singularity structure of Feynman amplitude near the points where
two positive-o Landau-Nakanishi surfaces meet. (See Theorem 1.1 for the precise
conditions.) Our results in this section and also in §3 will be of crucial importance
in the global study of Feynman integrals, such as the monodromy problem. (See
Speer and Westwater [22], §6. See also Regge [16,17] and Regge et al. [ 18] for the
related topics.) In §2 we discuss the hierarchical principle in the strict sense
(Landshoff et al. [11]) in terms of the algebraic structure of the holonomic systems
involved. The result in this section has a close connection with the result of
Kashiwara and Kawai [7]. As a by-product of the argument in this section, one
can understand the relationship between the hierarchical principle in the strict
sense and that in the weak sense in terms of the algebraic structure of the
holonomic systems involved. In §3 we determine the canonical form of the simple
holonomic system whose characteristic variety is the conormal set of the variety
which has the cuspidal singularity.

In the last section, we examine in some simple examples whether the
employment of the extended Landau-Nakanishi variety is necessary or not to
describe the characteristic variety of the holonomic system of micro-differential
equations that a Feynman integral satisfies. The result is dependent on the space-
time dimensionality. Our argument is closely tied with the results obtained in §1.

Throughout this paper we use the same notations as in Nakanishi [13], Sato et
al. [20] (hereafter referred to as S-K-K [20] for short), Kashiwara and Kawai
[6,7], and Kawai and Stapp [10] and do not repeat their definitions.

§1. Singularity Structure of a Feynman Amplitude at Some Positive-o Points

The situation discussed in this section is the following:

Let D be a (oriented and connected) Feynman diagram with n external lines, n’
vertices and N internal lines and let F(p) be the Feynman integral associated with
D, that is,

FD(p)zFD(plr 9pn)

n N
18> Uerlpo+ > [j:l]k,) N
ji=t =i =1 [T &%, (1.1)
(kK2 —m?+)/—10) '

This variety was introduced by Kashiwara and Kawai [6] and Kashiwara et al. [9] to describe the
singularity structure of the S-matrix and related functions. Hereafter, we will abbreviate it to “the
extended Landau variety” for short
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Here v denotes the space-time dimension [j:7] and [j:[] are incidence numbers
and ki =ki,— ) ki,. By our assumption, m/>0. Except in §4, we always
=1

assume v=4.

Though the integral is a divergent one in general, it is often the case that F(p)
makes sense as a microfunction, i.e. modulo regular functions (Sato [19]) and
actually it is well-defined in this sense in the case discussed in this section. In fact,
successive application of Corollary 2.4.2 and Theorem 2.3.1 of S-K-K [20],
Chapter I easily entails that Fp(p) is a well-defined microfunction near the
uniquely reversible points defined below. Note that Fj(p) has the form

fD(p)é“(Z [j :r]pr> if it is well-defined. The function f,(p) is called the Feynman

amplituc]ig.

Let D, be the Feynman diagram obtained by contracting exactly one internal
line of D, say the first internal line. We may assume that [j:[]|;_, ;,-, = —1 and
Uillj=z=1=1

4 4
1
1
D Dy:
2
2 3 3

Fig. 1. Example of D and D,

Let Z,(D*) be the positive-a leading Landau-Nakanishi variety, that is,
ZLoD)={(p; — ]/—u ]/_S*IR“" there exist strictly positive numbers o,
(I=1,...,N) and real four-vectors k; (I=1,...,N) and v, (j=1, ..., n') which satisfy
the following Equations (1.2a)—(1.2¢)}

; rlp, + Z [:00k,=0 (j=1,...,n) (1.2a),
U, = é [y, r=1,....n) (1.2b),
j:jl [j: o;=0yk, (I=1,...,N) (1.2¢),
kZ—m? = (=1,...,N) (1.2d),
2,>0 (=1,...,N) (1.2¢).

In order to simplify the expression, we introduce the following notation.

Definition 1.1. We define j(r) [j*(l), j~(l), respectively] as the index j such that
[irl=0([j:1]=+1, [ :[]= —1, respectively). We also define ¢, by [j(r):r].
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If we use this notation, (1.2b) and (1.2c) are simplified as follows:
U, =605, (r=1,...,n), (1.2b")
Visy— V- =0k, (=1,...,N). (1.2¢)

Similarly one defines (D) by the following equation:

Z (2 Usrtp,+ iz k) 0. (1.3)
r; [j:rp, + li [:0k=0 (j=3,....n), (1.3a)
U, =650 (r=1,....n), (1.3b)
jiilU:l]vj=a,k, (I=1,...,N), (1.3¢)
k2 —m?=0 (1=2,...,N), (1.3d)
>0, o,=0 (1=2,...,N). (1.3¢)

It is clear that #,(D™) is a subset of positive- Landau-Nakanishi variety £(D™)
associated with D. Recall that #(D™) is defined by

S Ut Y 006=0 (=1, (140
Uy =e,v, r=1,....n), (1.4b)
i Lj:v;=ok (I=1,...,N), (1.4¢)
o0 (K2 —m?) =0 (I=1,...,N), (1.4d)
%20 I=1,..N). (1.4¢)

We use the symbol #(D) to denote the variety defined by Equations (1.4a)

through (1.4d). We denote by (#(D))" its complexification. A point (p,; — I/ = 1ug)
of Z(D™) is called uniquely reversible after Kawai and Stapp [10], if and only if
the following condition is satisfied :

Equations® (1.4a) through (1.4d) supplemented by the additional
condition that Rea,>0 (I=2,..., N) define in a complex neighborhood

of (py; — |/ —1u,) a variety which has the form £, 0%, with non-
singular ¢, and ¥, crossing normally and whose defining ideal is
reduced.

(UR)

3 Here we consider the complexified equations in that every quantity is allowed to be complex
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Note that condition (UR) is satisfied for a point (py;— |/ —1uy) in
ZLo(DT)NZ (DY) if the diagram D is external in the sense that at least one
external line is attached to each vertex of D*.

n N
Now recall the well-known fact that 64( Y Li:rlp,+ Y, U:l]k,) and 1/(k}
r=1 =1
—m} + |/ —10) satisfy a holonomic system of (micro-)differential equations whose
characteristic variety is confined to {(p, k;u, w)e P*(C*"*4N);

S Girlp+ X Usllk=0,
U=y, ..oyty, ..o y)=c([i:17, ..., [iorl, ., [ind)?

and

w=Wg,...,w,....wy)=clj:11, ..., ....,[[ :N]) for ceC—{0}}

and
{(k,, wy)e PHT4); k2 =m?, w,= ggradk,kf —ck, for ceC— {0}},

respectively. Combining this fact with Proposition 4.2.4 of S-K-K [20], Chapter II,
§4, one can conclude that F(p) satisfies a simple holonomic system of micro-
differential equations in a neighborhood of (p,, — |/ — 1u,) whose characteristic
variety is confined to (D), if (p,; — |/ —1u,) satisfies condition (UR)°.
Furthermore, its order on (Z,(D ™)) and (Z,(D;))* are given in this case by «(D ™)
3 1
=2n'— EN and a(D{)=2n"— EN — 5 It is also easy to see by the same reasoning
that Feynman amplitude fp(p) satisfies a simple holonomic system of micro-

differential equations in a neighborhood of (p,, — |/ —1u,) whose characteristic
variety is confined to (Z(D))%, if (p,; — |/ — 1u,) is uniquely reversible. Since f,(p)

n
is well-defined only on M= {p =(py,....p)eR™; Y g,p,:O}, the Landau-
r=1
4 The assumption that D, is obtained by contracting out only one internal line of D is crucial here. If
several internal lines of D are contracted out simultaneously, we should pay some additional attention
in connection with renormalization procedure. Note also that condition (UR) is satisfied in simple
contraction case if the following rank condition (J) is satisfied.
Define aj(j=1,...,7), b(r=1,...,n), ¢(l=1,...,N),d(l=2,...,N), e, and f,, resp. by

Y Urdp,+ Y Ok, u,— 6054, [ o;— gk, (k2 —m}), oy and (kI —m?), resp. Then )
; 1 i
rank (M) =4n'+4n+8N+1
op,,u,)

holds if Rea(I=2,...,N)>0

5 Here [ : ] stands for the four-vector ([j : 7], [j: 7], [j : ], [j : ¥]). This abbreviated notation is used
below, if there is no fear of confusions

6 See Sato [19] for the explicit calculation for external diagram D
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Nakanishi variety (D) should be regarded as a subvariety of |/ —1S*M by
introducing following convention (1.5) in considering Equation (1.4)

(p;u)=(';uw) ifand only if p,=pl(r=1,...,n)
and u,—u,=¢,c hold for some celR*. (1.5)

It is clear that the order of the simple holonomic system that f;(p) satisfies is
3
smaller than that for Fj(p) by 2, i.e. it is 2n' — %N- 2 on (Zy(D*)® and 2n' — EN
5
~3 on (ZDE.

In order to determine the singularity structure of Feynman amplitude, we first
prepare the following general theorems on the structure of (solutions of) holo-
nomic systems of micro-differential equations.

Theorem 1.1. Let M=6&7/¢/=67f" be a holonomic system of micro-differential
equations defined in a neighborhood of {(x;no0)e P*(C"); x=0, n=(1,0,...,0)}.
Assume that the characteristic variety V of W is the union of conormal bundles V,
and V, of two non-singular hypersurfaces H, and H,, respectively. Assume that H
and H, are tangent mutually exactly to the second order along non-singular
submanifold of codimension 2 in C". Assume furthermore the symbol ideal o(¢) of M
is reduced. Let e, and e, be the orders of the generator f of W on V|, and V,,
respectively. Then, for a suitable coordinate system x=(x,,...,x,) on C", M is
isomorphic to the following system R, , by the correspondence g=Uf with an
invertible micro-differential operator U of order 0.

1 1 3
XlelJr EXZDXZ-F E € +e2+ E g=0

1
me1,ez: ((Xszl + %sz) sz+ (‘32“‘91 + 5) Dxl)gzo (16)

ijg=0 j=3,...,n.

Proof. First we choose the local coordinate system so that H, and H, are defined
by x, =0and x, =x3, respectively. Then by the assumptions of the theorem we see

. 1 1
that o(¢/) is generated by x‘m1+§x2n2,<x2nl+~112)n2,113,n4,...,n,, because

2
Vi={(x;n0)e PXC"); x,=n,=...=#,=0} and sz{(x;r]oo)eP*((E"); X, — X3
1 .
=X,1, + M=M= =11n=0}. Then 9t is of the form

M:P(x,D)f=0, i=1,...,n

7 Here &’ denotes the sheaf of micro-differential operators of finite order



Feynman Integrals 103

with micro-differential operators P,(x, D) satisfying

1
o(P)=xn, + Exz’h,

o(P,)= <x2’71 + %’72) M2, (1.7)

o(P)=n;, j=3,4,...,n.

Here o(Q) denotes the principal symbol of Q for any micro-differential operator of
finite order Q. For simplicity we will use the notation D; in place of D, (=0d/dx;).

Since we can find an invertible micro-differential operator U,(x, D) of order 0
so that U;P U3 ' =D, (see Theorem 2.1.2 in Chapter II of S-K-K [20]), we may
assume P, =D, by a transformation of the generator f of M. Moreover we can
choose P{x, D) so that they have the form

1 LI .
P,(x,D)= (xlD1 + ixzDz) + > Ri(x,,...,x,, DD},
i<0

1 Lo .

P,(x,D)= (xle + §D2>D2+ Y Ry(xy, ..., %, DD},
i=0

, (1.84)

P(x,D)=D j=3,....d,

i’

1
P(x,D)=D,+ > Ri(x,,...,x,,D)D5, k=d+1,...,n,
i=0

for d =3 by using the same argument as in the proof of Theorem 5.1.2 in Chapter II
of S-K-K [20] by the aid of the preparation theorem of Weierstrass and the
theorem of Spith for micro-differential operators.

If we assume P;’s have the form (1.8,) with d=3, then we shall find

[D,RI=0, i=0,1; j=3,..,d; I=1,2,d+1,...,n, (1.9,)

with d=3. In fact, if [Dj,R,O] or [Dj,R}] were not to vanish, we should have
1
a([D;, P])= Y x5, .00 5 X, )05 With a non-zero pair (r,,r,) of analytic func-

i=0
tions. On the other hand, since [D;, P,] belongs to /, its principal symbol vanishes
on V,uV,. Here we find (r,,7,;)=0. This is a contradiction.

Thus we see that P, depends only on (x,, Xy, ..., X,, D, D,,D,). Therefore we
can find an invertible micro-differential operator U,(x;,X,,X4,...,X,,
D,,D,,D,,...,D,) of order 0 so that U,P,U;'=D,. Since U,D,U;'=D,, we
may assume that P; equals D, for j=3,4 by a transformation of the generator of 9t
and, moreover, that (1.8,) holds also for d=4.

Repeating this argument we finally find that (1.8,) and (1.9,) may be assumed.
Furthermore Theorem 3.2 in Oshima [14] shows the existence of an invertible

. . . 1
micro-differential operator U,(x,, x,, D;,D,)sothat U, P, U ' =x,D, +§x2D2 +o
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with a complex number «. Hence we may assume

1
P(x,D)=x,D,+ —2—x2D2+oc,

2
P(x,D)=D;, j=3,...n

J

1
P,(x,D)= <X2D1 + ~D2)D2+R5(x2,D1)D2+Rg(x2,D1), (1.10)

Since the order of R}D, +RY is not larger than 1, it has the form

RiD,+R3= ) afx,)D;’D,+ Z bx,)D} 7.
j:() J_
Then we have

[P17P2]+P2=

< (1 0a 1 .
= i — . —J
gl

b;
+Z(x26 +Jb>Dlj

1
D+ ExzDz,RéDz-l-Rg} +RID,+ R

Since the operator [P, P,]+ P, belongs to /, we can prove that it must be zero by
the same argument as that employed in the proof of (1.9).
Therefore we have

{(Xza/axz (2j+ 1))“ (x,)=0
(x,0/0x, +2j)b(x,)=0

for j=0,1,2,.... This immediately implies that b,=2f with a complex number f3
and that ay=a,=a,=...=b,=b,=... =0.
Thus we have proved that 9% is isomorphic to the system

(xlDl-l— 5

1
~x2D2+oc>g=O

1
N: ((XZD1 + EDz)Dz +2ﬁD1)g=0
Dg=0, j=3,....n
by the correspondence g = Uf with an invertible micro-differential operator U of
order 0. Since the correspondence of the generators of the system keeps their order
. . . 1
invariant and since the order of g on ¥, and that on V, are o — ff — 5 and o+ f—1,

respectively, as is shown by the direct application of the definition of the order (see
Definition 4.2.3 in Chapter II of S-K-K [20]), we obtain the theorem, Q.E.D.
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The canonical form 9, ,, found in Theorem 1.1 can effectively used to find the
concrete form of the solution of the system I, as we see in Theorem 1.2 below. In
order to simplify the presentation of our results, we first prepare the following
notations:

oc(el,ez):%(el+e2+%>, (1.11)
ﬂ(el,ez)———%(ez—el—ké), (1.12)
Gloo 590 = o F(a 732, (1.13)

Here and in the sequel F(o, 8,7 ; z) denotes the hypergeometric function, i.e.

I'y) & Tle+ml(B+n) 2"
r@rp),=o  I'y+n)  n!

ey, ) =(x, + \/Tlor“(e*»w( oerre) By, er). 5

2

1.14
e S
uy(ey, e))=x,(x, + |/ —10)7*ere =%

(fx(epez)+ ﬁ(el,e2)+1 °. %5 ) (1.15)

27 x,+ )/ —10
0
it (e, e,)= g&l =—(x;+ /- 10)~ 12 Jog(x, + ] Y 10)
L x
F(a(elsez)»ﬁ(epez),za—ﬁ)

+(x, + /= 10) e eZ’G(oc(el,ez), Bley, e, (1.16)

2
2’ X+ = 0)
(epez)—h xz(xl-}-]/ 10)~ €€~

2
3 X5

1
dog(x; + ) —1O)F(oc(e1,ez)+ §’ﬁ(81’82)+ 5,5; x—+—“]/:—1—0>
1

+x,(x, + |/~ 10)"Hen e~

1 13 x2
G(rx(el,eZH— 5,/3(917@2)“' 5,5;—2~), (1.17)

xi+ |/ —10

r(a(el,em %)

(e, e,))
I(Ble,,e,))

us(ey, e))+
21 (Bleren+ )

ey, ;)= ey, ey), (1.18)

8 We consider the analytically continued function outside {zeC; zeR, z=1}
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ey, e,)= exp(oc(ell, eli l/——l) iiy(eq, ;)
2r (ﬂ(el,ez)—l— E) I'(—ofe;,e,)+1)
I’((x(el,ez)-l—%
+ muz(q,ez), (119)
1
exp ((oc(el, e,)+ —) n ]/—_1)
5(315‘32):%_*”1(31:32) + - iiye,e,).
o1 (plewea)+ 5 Ferseal (= steren +3)

(1.20)

Before stating the theorem, we list up some important properties of hyper-
functions u,(e;,e,) etc. First we examine analytic solutions of M, , . The
equations

1 1 3
(xle1 + —2—x2Dx2+ 5(81 +e,+ §)>g=0
ijgz(), j=3,....,n
entail that g is of the form
g=x; "h(1)

with t=x2/x,. Since
1
x3 ((xszl + ED’“2> D, + 2ﬁDx1> X7 *h(t)

1
=x7* (x% ((}CZD,C1 + —2—Dx2) D, + 2ﬁDx1)> —axy * 73D, +2x3)h(1)

X
= % ((xsz2)2 - (xszz) + 2(x§Dxl)(x2sz)

+4Bx3D,, —20xy 'x3(x,D, ) —dafixy ' x3)h(t)

> —2(tD,)+4t(—tD,)(tD,)+4pt(—tD,) — 4ot(tD,) — 4o ft)h(t)

=2x;"‘t{(1 —1)D? + (% —(+ B+ 1)1:) Dt—ocﬁ} ht),

the function h(z) is equal to

CIF(oc,ﬁ, )+Ct2F(oc+1ﬁ+;; )

with constants C, and C,. Hence u,(e;,e,) and u,(e,,e,) are hyperfunction
solutions of 9t

ey,ez’
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If —xe N={0,1,2,...}, then u,(e,,e,) is an analytic function. Therefore the
microfunction

Sp (“1(81(0C + t) ﬂ)s ez(oc + t’ ﬁ))_ ul(el(as ﬁ): ez(o‘> ﬁ))) ?

t

. . . ou - .
is a solution of M, ,+¢ 4 s p Lhis proves that a—;(el,ez)zul(el,ez) s a
microfunction solution of 9

e1,e2”
ou, - . . .
In the same way we can prove 6—(e1,e2)5u2(e1,e2) is a microfunction
o

solution of 9t when —o— 3 eN

€1,€2

In passing, if we set 4, ={(x, |/ —Inw)e |/ —1S*(R"); x, =x2, , +2x,1, =0,
n, >0, x, <0}, then in a neighborhood of A5, we have

1
L,
_ TG+ p—Y) 5
smm@xw-wm+y—mﬂ et @fﬁ+vfm)
1 1 3 X3\ TOIrE—a—p)
R B e e

2

~ Ly <\ _TQIe+p=y) -3
F@&wﬁ+f1xﬁ_ rorg

1
. _ay /g 1 b .3 e X
sp{(x1 x5+ 10) F(Z oc,2 ﬁ,z a—f;1 x)}

1

and
L
Sp(uz(ep 62))=pr2(x1+ l/ —10) 2
{n%ru+ﬁ—a(L_ x3 )%—rﬂ
Ie+Prp+3) x;+}/—10
3 X5\ TOIG—a—p)
L R At =

1 1 1 x2 I'&r+p—3) _
.F + = - T ) — 2 2 p—1
("‘ pPrzoethtsil xlﬂ Tt Hrgsy 1

2 i—a*ﬁ 3 x%
spl(xy —x3+ |/ —10)? F 1—@,1—ﬁ,—2~-o¢—ﬁ;1—x—

1

=

:F@Ww+ﬂ—%xxmdg%‘
L+l B+ """ \x,

1 2
—~a—f 1 1 3 X
-Sp((xl—xg—l/ —10)? F(E—a,z—ﬁ,z—a—ﬁ; —f))

®  Here sp denotes the map from % to 7, %. See S-K-K [20], Chapter I, § 1.5 for details
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_

2\ 75 1

. 1 (X 2 -5 . . _

Since x,x4 ! (x—z) = —x; 2 in a neighbourhood of 4, we have
1

(S.S.v(ey,e,))nA; =0

if —20¢N. The hyperfunction @(e,,e,) [#e,,e,), resp.] also enjoys the same
property when —ae N (—a—3e N, resp.).

Note also that sp(v(ey, €,)) can be extended to a microfunction with holomor-
phic parameters e; and e, (e, e,€C) so that it coincides with sp(i(e,,e,))
[sp(D(e,,e,)), resp.], if —ae N(—a—3e N, resp.). We surmise that this property of
v(e,,e,) would be closely tied with the renormalization procedure of the Feynman
amplitude: in fact, hyperfunction v(e,, e,) cannot enjoy such a property and it
means that some “infinite regular function term” appears if —ae Nor —o—1eN
We hope to discuss this point somewhere else.

We have so far confirmed that sp (u,(e,, e,)) etc. are microfunction solutions of
N, ., On the other hand, a suitable quantized contact transformation (S-K-K
[20], Chapter I, §3.3) transforms N, , into the following system 9t near

(0; ]/ — ldx, c0): ’
(x,D,,+e,+3)h=0
R, e, (62D, —2B(ey, )+ h=0 (1.21)
ijh=0, j=3,...,n.

e

Since it can be shown by the aid of the results of Kashiwara and Kawai [5] that
the dimension over € of the microfunction solution  space
HorkRy, s C)oiy=1amm Of M., considered in a neighborhood of
0; V——ldxloo) is equal to 2, we can easily find that sp(u,(e,,e,)) etc. form the
basis of Hom(N,, o, C)0:y=14x,0) More precisely, we have the following:

If —20(e,,e,)¢N, then sp(u,(e;,e,)) and
sp (u,(e;, e,)) form the basis of
%m(mehez’ (g)(o;\f—_[dxwo) . (122)

If —aley,e,)e N, then sp (i, (e;,e,)) and
sp (u,(e;, e,)) form the basis of
Hor( R, o C)0sy=Taxsoo - (1.23)

If —ofe,e;)~3€N, then sp(u,(e;, e,)) and
sp (ii,(e;, e,)) form the basis of
%m(mex,ez’ (g)(o;l/?fdxloo) . (124)

By the same reasoning we also find that the dimension of the space of
microfunction solutions of 9N, . with the additional condition that their support
is disjoint from A; is 1 and thatsp (v(e,, e,)) (sp (¥(e;, €,)) and sp (&(e,, e, )), resp.) is its
basis if —2o(e,, e,)¢N [if —afe,,e,)e Nand if —afe,,e,)—3e N, resp.].

Now we state our main result.

Theorem 1.2. Let f(x) be a hyperfunction defined near the origin of R". Assume that
its spectrum sp(f) satisfies a simple holonomic system I of micro-differential
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equations which satisfies the conditions imposed in Theorem 1.1. Assume that the
hypersurfaces H, and H, used there are real. Assume furthermore that S.S(f is
confined to the union of

Ay ={(x; )/ —1noo)e |/ = 1S*(R"); x, =0,n,= ... =7,=0,, >0}

and A5 ={(x; |/ —1poo)e )/ —1S*R"); x,=x3, n,+2x,m;=n3=...=n,=0,
1, >0, x,>0}. Finally assume

—2Pey, e,)¢N. (1.25)

Then f(x) has the form described below for some analytic functions
@(x)(j=0,1,2,3) with ¢,0)=0:
Case I. - 2a(e;,e,)—2¢IN,
Subcase (Ia) 2o(e;,e,)¢Z=1{0, +1, +£2,...}
Jx)=pq(x)ule;, e,)+ @ (xX)vle; — 1, e,) +@,(x),
Subcase (Ib) a(e,e,)=%
JX)=po(x)uler, er)+ @ (x)B(e; — 1, e,) +@,(x)
(= @o(X)vley, —e; —3)+ @, (X)ile; — 1, —e, —3) +@,(x)),
Subcase (Ic) —ua(e;,e,)eN 4
JG)=0o(x)iley, e,) + ¢, (x)ile; — 1, e5) + @,(x),
Subcase (Id) —a(e;,e,)—3eN
J)=0(x)i(ey, e)+ @, (x)i(e; — 1, e5) + @,(x).
Case II.  ofe,,e,)e N*={1,2,3,...}
J(X)=po(x)uley, e))+ @ (XJole, — 1, ;) + @4 (x)0( — Pley, e,) — 3, Bles, ex)—1)
+ @,(x).
Case III.  ofe,,e,)—3e N*
Jx)=0(x)v(ey, e,)+ @ (x)vle; — 1, e,)+ (P3(x)5( —Bley,e;)— 1, ler, e2)—73)
+ @,(x).

Remark. Assumption (1.25) is imposed to eliminate the trivial case where the
singularity spectrum of f(x) contained in A,.

Proof of Theorem 1.2. First we prepare the following:

Lemma 1.3. Let g be the generator of the system N, . (cf. (1.6)) and let P(x,D,) be

an arbitrary micro-differential operator defined in a neighbourhood of

{(x;00)e PX(C"); x=0,4y=(1,0, ...,0)}. Then P(x, D,)g has the following expression

with analytic functions (x), ,(x) and p,(x) according to the classification used in

Theorem 1.2.

Case I P(x,D,)g=v,(x)g +y,(x)D,,Dg.

Case Il P(x,D,)g=1o(x)g+w,(x)D, D g+, (x)D; "y,

Case I P(x, D )g =po(x)g+v,(x)D D g+1p,()D, D2 "
Before giving the proof of Lemma 1.3, we show how Theorem 1.2 follows from

Theorem 1.1 combined with Lemma 1.3. Since the arguments for Cases I and III

are the same as that for Case 11, we shall discuss Case II. (Actually, the argument

for Case I is a little easier, technically speaking.)
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By virtue of Theorem 1.1, we know that U(x, D )sp(f(x)) is a microfunction
solution of 9N supported by A,uA;. Therefore we can find a non-zero

e1,ez

constant C, such that
sp(f(x))=U""(x,D,)Cosp (vle;, €,))
holds. On the other hand we have the expression
U™ '(x, D,)g=po(x)g +v,(x)D,, D g +p,(x)D 71 g (1.26)

by Lemma 1.3. Furthermore D_ /g (resp. D, D_ 'g) is a generator of the system
N, e, (resp. N ). Therefore we have

U~ (x,D,)Cysp(v(ey, e,))=1y(x)Cq sp(vley, e,))+ 1, (x)C, sp(v(e; — 1, ey))
+,(x)C, sp(ile; —aley, e,), €, —ley,e,)))

e;—1,es

for some constants C; and C,. This implies that the hyperfunction f(x)—1y,(x)
-Covley, e,)—p(x)C v(e, — 1, e,) —,(x)C,0(— Pley,e,)—3, Bley,e,)—1) is ana-
lytic, because its singularity spectrum is empty. Hence f(x) has the required
form. Moreover we note that y,(0)=%0 in (1.26) since U(x,D,) is an invertible
micro-differential operator of order 0. This completes the proof of Theorem 1.2.

Now we prove Lemma 1.3. Again we give the proof only for Case II. The proof
for Cases I and III are the same. By the Spath-type division theorem for micro-
differential operators (S-K-K [207, Chapter II, Theorem 2.2.1) we have

P(x,D)g= Y ad(x,,...,x)D77g + Y bl(x,,...,x,)D,D; 7 Ig. (1.27)
. A

i=0
Here a})(x) and b;.’(x) are analytic functions satisfying
ad(x), bY(x)<C7 Nl r—x, — ... —x,) ! (1.28)

with positive constants C and r. Here 4 > B means that A4 is a majorant series of B.
Using the equations

1 o o 1 i
(xlD1 + §x2D2> D’:,(Dl"‘fg_—_D’ZDI"‘_J(XID1 + §x2D2+ 3 +j)g

= (% +j—oc) DiD{i g

and
D3D{ ' ig=(—2x,D,D;’—4fD;)g,

we can inductively determine analytic functions a’;(x) and b’;(x) in Case II as
follows:

( i ai(x)D77 + i b¥(x)D,D 1"j)g= (a’é(x)%-afj(x)Df“
. o~

j=0 j=

_ . _ 1 .
—l—b’{,(x)Dlel—i- Z a?(x)(l—“) 1<X1D1+“X2D2)D1]

j*0,a 2
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-1 1 ;
+ Z b"(x( +j— oc) <x1D1+§x2D2)D2D1‘1‘1>g

_ (ao(x)+a§<xw1 CGBED,DT Y (-, ()
0<j*a—1
1

1 .
(XD +2x2D D—l—)+ Z( +j— oc) by (x)x, DDy

0

-1
( #a] B0y 20,07

E i( Fi=a] B 3%~ 4HD; g

Y dF DT+ Y b'}“(x)Dszl_j)g,
j=0 j=0
where

de" Hx)=ap(x)+ (1 =0, Nl —0) tai(x)x,,
ay* M) = al(x) + a4  (x)x; —4Bb(x)x,,
a’;+1(x):(1—5j+1,u)(j+1—0()_1a§+1(x)x1
—4B(1+2j—2oc)"1b'f(x)x2 for j=+0,a,
bt (x)=bG(x)+ 5 (1 8y =)t ()x, (1.29)

+2(3—20) " 'Bi(x)(x; —x3),

B = 3 (10,0, )+ 1) s (s

+2(3+2j—0) " thh,  (x)(x, —x3) for j=1.

Hence there exists a positive constant M such that if formal power series c’;(x)
satisfy

{u+ D1 ()3 M(x, +x, + 33k () + )

> Il r—x;— ... —x,) 7! (1.30)
for j=1,2,... and k=0,1,2,..., then
N @
Define cf(x) by
CHljlxey + . +x)e—x;— ... —x,) "1 7F (1.32)

for a positive number ¢. Then we have

G+DE)=C G+ D e+ +x) T e—xy— .. —x,) 27
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and
M(x; +x, +x3)(ch () +5x) = M(CTT2(G+ 1)1+ CT 7Y
XXX, + LX) e—x, — o= x,) T R
Now we fix a positive number ¢ so that e<r and that
(Xi+ o x)e—x;— . —x,) "> M(CH+1)(x, +x, +x3).

This implies that c%(x) defined by (1.32) satisfy (1.30). Here we note that c(x) are
analytic functions on

V={(xy,....x,)eC"; x|+ ... +|x,] <¢&/3}

and satisfy

sup |ck(x)| = iZ”‘Cj“j!.

xeV 28

Hence it follows from (1.29) and (1.31) that a¥(x), a’(x), a¥(x) (1 Si%a), bi(x) and
b;f(x) (1=)) converge to analytic functions py(x), ,(x),*0, yp,(x) and 0 on V,
respectively, as k tends to infinity. Thus we have

P(x,D)g=v,(x)g+p,(x)D, D 'g+yp,(x)D; g,

This completes the proof of Lemma 1.3.

§2. Strict Form of the Hierarchical Principle
and the Structure of Simple Holonomic System

As Kashiwara and Kawai [6] has shown, the holonomic system of (micro)-
differential equations that a Feynman amplitude satisfies will, at least in principle,
determine the analytic structure of the amplitude at the point far away from the
physical region, e.g. its sheet structure. In order to exemplify this expected
principle, we discuss the strict form of the hierarchical principle formulated in
Landshoff et al. [11] (see also Eden [3], Landshoff et al. [12], and Branson [1])
from the view point of the algebraic structure of holonomic system involved. See
Kashiwara and Kawai [7] for some related topics.

We first recall the strict form of the hierarchical principle: originally it claims
that the discontinuity attained by encircling any higher-order singularity does not
contain the lower-order singularity (Landshoff et al. [11], p. 446). In view of the
micro-local discontinuity formula (Kawai and Stapp [10]), we reformulate this
property in terms of holonomic systems as follows:

Let (py; — V:—Iuo) be a point in Lo(D)NL(D'"), where D' is obtained by
contracting out some internal lines of D. Consider the holonomic system M, of
micro-differential equations that the Feynman integral F(p) satisfies near (py;
- ]/—_1u0) and that is the strongest one at (py; — ]/tiuo) in the sense that M, is a
collection of all the micro-differential equations that F(p) satisfies in a neigh-
borhood of (py; — [/Tluo). Then I, admits a quotient Module whose characteris-
tic variety is contained in (Lo(D*)").
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Note that this formulation needs no reference to the codimensionality of the
Landau-Nakanishi variety projected to the base manifold.

The hierarchical principle formulated above can be most neatly dealt with by
following.

Theorem 2.1. Let M =& )/ be a holonomic system of micro-differential equations
whose characteristic variety V satisfies the following conditions :

V=V,uV,, where V{(j=1,2) isnon-singular. 2.0
Vi, =V,nV, isnon-singular and of codimension 1 in 22)
V), and V,, respectively.

Vi and 'V, crossnormally along V,,, ie. 23)

1.V, =T V0TV, holds forany p* in V,.
Here T,.V denotes the tangent space to V at p*.

The symbol ideal o(/) of / is reduced. (2.4)
Let e, (e,, respectively) be the order of M on Vi —Vi, (Vo—Vis,
respectively). Then following three claims are equivalent mutually.
There exists a quotient Module I, of M whose characteristic variety
is contained in Vy, that is, we have the following exact sequence

M, 0, (2.5)
where the characteristic variety of M, is contained in V.
There exists a subModule M, of M whose characteristic variety is (2.6)
contained in V.
1
e;—e,—-eIN={0,1,2,...}. 2.7

2

Remark. We can also re-formulate the hierarchical principle in the weak sense
(Landshoff et al. [11]) in terms of holonomic structures as follows (cf. Kashiwara
and Kawai [7] and Regge [16]):

There exists a subModule M, of MM whose characteristic variety is confined to
V,, that is, we have the following exact sequence

0-M, -,
where the characteristic variety of I, is contained in V.

In fact, this property of 9 is equivalent to the property that there exists a
micro-differential operator Q(p, D) which transforms the generator of 9t to that of
M, . In other words, the Feynman integral associated with the daughter diagram
of D can be expressed as Q(p,D,)Fp(p). This is the version of the hierarchical
principle formulated in Kashiwara and Kawai [7].

Now, in view of Theorem 2.1 we see that the hierarchical principle in the strict
sense formulated in terms of holonomic structure is equivalent to the hierarchical
principle in the weak sense formulated above on the condition that the symbol
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ideal of M is reduced. Of course, the hierarchical principle in the weak sense does
not necessarily imply the strict one, if 9% has a multiplicity (Kawai and Stapp [10]
and Kashiwara and Kawai [8]).

Proof. By a quontized contact transformation, we may assume I is

1 1 3
(xlel + §x2Dx2+ §<e1 +e,+ 5)) gle;,e,)=0

1 1
Rever ((xszl + §Dx2> D,,+ (ez —e+ 5) Dn) gley,e,)=0 (2.8)
ijg(elaez)zo j=3,...,n.
Now we set
5= (xszl + %sz) D}
2 2.9)
t=D, D_*.

Then we have the following lemma by direct calculation.
Lemma 2.2. 1) R, ,, and N, ., ,, ., are isomorphic under the correspondence
gle; +1,e,+ 1)=Dx1g(ela e,).

1
2) If ez—el#i, then M, ,, and N, ., ,, are isomorphic under the cor-

respondences gle, +1,e,)= sD;l%g(el, e,) and
Nt
g(el’e2)= <€1—62+ E) thlig(el_’_l’eZ)'

. 1
Assume (2.7). Then it follows from Lemma 2.2 that we may assume e; —e, =

In this case the surjective homomorphism 2
mi:,e;*% - %, (xlel—I—el—F%)g(el):O
gle,,e,) > g(wel) D, gle,)=0 j=2,...,n

implies (2.5).
Conversely assume (2.5) or (2.6). Then we have an exact sequence
0—-Mi,—»M—-I, -0 (2.10)

with a suitable system Wi, or Mi,. Hence both condition (2.5) and condition (2.6)
hold, as the multiplicity of 9t along V; is one, and is equal to the sum of that of M,
along V; and that of MM, along V; (j=1,2). On the other hand, by making use of
another suitable quontized contact transformation, we may assume 9% is equal to

1
(xlel +e,+ E) g'(ey,e,)=0,

, A
Nee, (xszZ—e1+ez+§>g(e1,ez)=0, (2.11)

ijg/(el,ez)=0, j=3,...,n,



Feynman Integrals 115

where
i={(x;no0)e PHC");x, =n,=n3= ... =n,=0}
and
V,={(x;n0)e P*(C");x,=x,=H3=...=n,=0,n,+0}.

Let f:C"—C be a map defined by the correspondence (xy, ..., x,)—x;. We de-
note by @ the canonical projection of C'XP*C to P*C. Set

C
N, =@ Homg (Ecne-Iy). Then N, is a system of micro-differential equations
with one variable whose characteristic variety is the conormal bundle of the origin.
Then Theorem 5.3.1 of Chapter II in S-K-K [20] claims that

Him g (W, G ) = Hon g (R, 6,). (2.12)

Since the right hand side is clearly non-vanishing at (0; |/ — ldx, o), there exists a
non-zero microfunction solution g(x) of 9t,, which is also a microfunction solution

of M, ,, whose support is contained in {(x; |/ —1nw)e |/ —1S*R"; x, =1,

=#3=...=1,=0, #,>0}. On the other hand, any microfunction solution of
9, . has the representation

e, ez

{Cilx,+ )/ — 101727 %+ C,(x, — I/ — 10y 72~} D " %5(x,)

with constants C; and C, at (0; )/ —1dx, ) in |/ —1S*(R") if e, —e, — %é Nand
{C1x;1~er%+szezl;ez_%}D;;e‘_%é(xl)

. 1 . . T
ife,—e,— € IN. Therefore the existence of g(x) with the support property implies

1
=€ 5€ N, Q.ED.

§3. Structure of a Simple Holonomic System whose Characteristic Variety
is the Conormal Set of a Hypersurface with Cuspidal Points

An important result due to Chandler and Stapp [2] and Pham [15] asserts that
the positive-a Landau-Nakanishi surface (=the projection to p-space of Landau-
Nakanishi variety) enjoys a nice manifold property. Especially, it ensures that
there is no cuspidal point in n(Z£,(D™")) for any Feynman diagram D. Here =
denotes the projection from the cotangent bundle to the base manifold. However,
it is also known that cuspidal points are really present in n(Z,(D)) if positive-a
assumption is omitted. See Westwater [23] and references cited there. Note that
(% (D)) may contain singular points even if #(D) is non-singular. For example,
Zo(D) is non-singular if D is external, although n(%,(D)) is known to contain a
cuspidal point for the crossed square diagram:
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Fig. 2

In view of the physical importance of such cuspidal points in connection with
the study of Madelstam representation (Eden [4] and Landshoff et al. [12]), we
show the following:

Theorem 3.1. Let M be a simple holonomic system of micro-differential equations.
Assume that its characteristic variety V is non-singular and that its order is e.
Assume  furthermore that n(V), the projection of V to the base manifold X by
7:P*X X, is of codimension 1 and that x°en(V) is a cuspidal point in the strict
sense of Westwater [23], i.e. n(V) can be described by the equation x}=x3 for a
suitable choice of local coordinate system in a neighborhood of x°. Then M is
isomorphic to the following system N, :

2 3

5] (3

D, f=0 j=3,..,n=dimX.

|
(ﬁDxl+ﬁDxZ+e+ §>f=0

Proof. First note that the characteristic variety of the system 9 is given by

1 1 . .
{(X;”IOO)GP*X§§X1’71 + 3 %22 =(1,/3)* = x,(n,/2)* =13 = ... ZW;IZO} in a neigh-
bourhood of the point (0;(1,0,...,0)c0) if we use a local coordinate system
(x5 ..., x,) of X such that n(V) is defined by x?=x3. Then the rest of the proof of
Theorem 3.1 is given in the same way as in the proof of Theorem 1.1. We leave the
details to the reader.

§4. Discussion on the Extended Landau Variety

The purpose of this section is to examine whether the extended Landau variety is
the smallest possible one as a characteristic variety of the holonomic system that a
Feynman amplitude satisfies. Since this problem is too subtle and difficult to
discuss in general, we content ourselves here with examining some simple cases
where we can determine the singularity structure of the Feynman amplitude
explicitly by making use of the results in §1. Our results suggest that the extended
Landau variety should be the smallest possible one for generalized Feynman
amplitude (Speer [21]) but that it might not be the case for the true amplitude
considered in the 4-dimensional world. Note that the space-time dimension plays
an important role in our discussion through the order of the holonomic system
involved. Note also that the irreducible component of the extended Landau
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variety we are interested in here is Lagrangian (i.e. involutory variety with
maximal codimension) and intersects with positive-a Landau-Nakanishi variety
along a subvariety which has codimension 1 in that component. Hence the
investigation of this component is crucially important from the view point of
holonomic systems.

The examples we shall discuss are the Feynman amplitude Jo(p) (G=1,2, resp.)
associated with the diagram D; (j=1,2, resp.) given below:

Fig. 3. D,: The mass associated with L, may be arbitrary. D,: 3m=2M. The masses associated with
L, and L, are arbitrary

Because of the energy-momentum conservation J-function at the vertex V,,
/p,(p) has the following form:

151 P )P = [ 1> P2) (= (1 +P2))s 4.1

where D and D’ are specified below:

P1
M
%
D D" —f“©_<“‘ P3
M
M
Fig. 4 Do

Note that p,+p,=p; holds due to the over-all conservation of energy-
momentum. It is also clear that f, (p) has the form f5(py, p,)f)(p;) with D specified
below:

Fig. 5
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It is well-known that the positive-o Landau-Nakanishi variety projected to the
p-space takes the following form described in Figure 6 below, near (p, -+p,)*
=4M?, for a suitable choice of local coordinate system x =(x,, ..., x,). (See Eden et
al. [4] for example.) ‘

XQP

X-ﬁ)(%

X1

~
~——

Fig. 6. The (x, ..., x,)-axes are omitted

Here n=2v, where v stands for the space-time dimension. In Figure 6, the
hypersurface {x=(x,x,,...,X,); X, =x3, x, >0} corresponds to n(Z,(D)) and
the hyperplane {x;x, =0} corresponds to the lower order singularity of D,, i.e.,
the part of positive-o Landau-Nakanishi variety projected to p-space correspond-
ing to the contraction of L,. The hypersurface {x;x, =0} also corresponds to
(¥ D'")). Note also that the extended Landau variety associated with
D, considered near (p,+p,)’=4M?> consists of the union
(Zo(DNEU(FH(D' ) uAS, where AS is the complexification of Ay={(x;
V:Tnoo)e ]/-——18*IR”; x,=x,=0, n;=...=n,=0}. Having this geometry in
mind, we first prove Theorem 4.1, which we will use to assert that the component
A$ mentioned above does not appear in the characteristic variety of the holonomic
system of micro-differential equations that is satisfied by Feynman amplitude
fp,(p) considered in four-dimensional world.

Theorem 4.1. Define A and A5 by {(x; I/:Tnoo)e VTIS*R"; x, =0,
Ny=...=1,=0, n,>0} and {(x; |/~ 1Inoo)e |/ —1S*R"; x, =x2, 1, +2x,1, =0,
ny=...=n,=0,n, >0}, respectively. Denote their complexifications by A{ and A,
respectively. Let M=¢&7// (W=E&7 /¢, respectively) be a simple holonomic system of
micro-differential equations whose characteristic variety is contained in ASUAS (AS,
respectively). Let f (g, respectively) be a hyperfunction such that spf (spg,
respectively) satisfies M (M, respectively). Assume that SSfCATUAT, SSf AT
and that S.8.g= A . Then sp(fg) satisfies a holonomic system 3 of micro-differential
equations whose characteristic variety is confined to the union of three components
AS, A and AS, where AS is, by definition, the complexification of

Ay={(x; anw)e ]/—_IS"‘]R";X1 =x,=0,y3=... =1,=0}.
Furthermore, it is contained in ATUAS, if

—(ord,, (M) +ord, (F)+1)e N 4.2)
holds.
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Corollary. Consider f, (p) in the four-dimensional world. Then f}, (p) satisfies a
holonomic system of micro-differential equations whose characteristic variety is
confined to (Zy(D*)T U(Z(D' ).

This corollary immediately follows from Theorem 4.1 with the aid of the
formula given in Kawai and Stapp [10], §2.

Proof of Theorem 4.1. First we prepare the following.
Lemma 4.2. The hyperfunction g in Theorem 4.1 has the form:

Case (1): |g=wo(x)(x; + Vjo)_f_eo+w1(x) if eo= %géz’

g=po(0)x; + )/ =10) 7 “log(x, + )/ =10) +p,(x)
if —ey— % eN,

Case (il): g=yo(x)(x; + [/ =10) 2“4y, (x)+p,(x)log (x, + |/ = 10)
if eq— %E]N.

Here ey=ord 4, g and y(x) (=0, 1,2) is an analytic function and 1,(0) +0.

Proof. First we note following two facts a) and b):
a) There exists an invertible micro-differential operator V(x, D,) of order 0
such that the system 9 is transformed into the form

1
m . (XID1+§+e0)g/=0
Dig'=0, j=2,...,n
by the correspondence g=V(x,D,)g’ [cf. (4.2.3) of Chapter IT in S-K-K [20]].

b) For the generator g’ of N, and any micro-differential operator Q(x, D) of
order 0, Q(x, D,)g’ has the form

Case (i): Q(x,D)g' =vy(x)g,

L —e
Case (ii): Q(x,D,)g'=w(x)g' +,()D,.> g’
In fact, by the application of Spéth-type division theorem for micro-differential
operators we find

0

Q(x,D)g'= Y a(x)D.q".

j=0
Then, for example, in Case (i) it suffices to set
© J 1 -1
Polx)= Z (n (V+ 2 "eo) )aj(x)~
j=0\v=0

Hence the rest of the proof of Lemma 4.2 is the same as that of
Theorem 1.2, Q.E.D.



120 M. Kashiwara et al.

Lemma 4.3. Let WU(A) be a system of differential (micro-differential, resp.) equations
with a holomorphic parameter 1. Assume that the characteristic variety of W(4) does
not depend on A and denote it by V. Let f(x, A) be a hyperfunction (micro-function,
resp.) solution of () with the holomorphic parameter A. Then (0 f[0A)(x, A) satisfies
a system of differential (micro-differential, resp.) equations whose characteristic
variety is contained in V.

Proof. The assumption implies that f(x, 1) — f(x, u) satisfies a system (4, u) with
the characteristic variety ¥, where A and u are holomorphic parameters. Therefore
(0f/0A)(x, A) satisfies the system (4, 4), Q.E.D.

Lemma 4.4. Set e,=ord, (N), e,=ord, (M) and e,=ord, (M) and set
1 3 1 1 1
oczi(e1+e2+ 5)’ ﬁ=§<ez—el+§) and y=—e0—§. Let f(x) be the hyper-

Junction solution of M, . (cf. (1.6)) whose singularity spectrum is contained in
A,ud,. Then h(x)=(x, + |/ —10)" f(x) is a hyperfunction solution of the system

1
(xlDX1+ ‘2‘x2sz+O(_'))>h:0,

((x,D, +2(a+p)) <>62Dx1 + %sz) D,
—(B+v)D2,+4upD, )h=0,

D, h=0, j=3,4,..,n

Do, B,7): 4.3)

with the characteristic variety ASUASUAS.

Proof. The lemma immediately follows from the following equations:
1
0=(x,+ |/ —10) (xlD1 + §x2D2 +<x) (x;+ )/ —10)"h(x)
1
= x1D1+§x2D2+oc—y h(x),
1
O0=(x,+ ]/ —10)x, (()CZD1 + §D2> D, +2ﬁD1)(Xl + |/ —10)""h(x)
1
= (X1 (xle + EDz) Dy—yx,D,+2px,D, ‘2137’) h(x)
1 *
= ((x2D1 + EDz)Dle Yx, D, +1)—(y+1)x,D, +2px,D, —2[3))) h(x)
1 o 1
=|{|{x,D,+ EDZ D,D{ | — zxzDz—oc+y+1 —(y+1x,D,
1
~2p(35:D; 403 | =261

1 1
=— §<x2D2 (>c2D1 + EDZ) D,D{ ' —(y—a)DID] '+ 2(e+ B)x,D, +4ocﬁ) h(x).
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Proof of Theorem 4.1. The results in §1 and Lemma 4.2 show that fg has the
representation

N

o= 2 {0+ [+t s+ 1/ =07 b
(b‘z(x)+b’ )x1+1/_0) "‘F(aﬁ
(bg(x)+b (x) )(x1+ 1/—_10)*“‘7
orfor b L)
’ 27 22 +)/=10

with analytic functions a@i(x) and b(x). We note here that

1
(_eo“ 5) —7€N

e

a=ai, f=p,7=7,

and that
1 3 1 1
5(61 +e,+ 5) —o,eN and f;= §<e2—e1 + 5)
or
1 3 1 1 1 1
E(e‘ +e,+ 5) — 0 5 eN and f;= -i(ez—e1 + 5) + 5
Moreover,
ai(x)=0 if y¢N,
bi(x)=0 if —o¢N
and

. 1
by(x)=0 if —o;— §¢]N.
Hence the theorem follows from Lemmata 4.3 and 4.4 and the following lemma.

Lemma 4.5. Set

ol Br7:2)= e, + /=10 (i
e

and

2
h1(°‘,5,)’;x (X +‘/—0) (o(-[-l ﬁ_{.l;#lo)
1 —
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Then the following hyperfunctions (1)—(iv) (j =0, 1) all satisfy holonomic systems with
the characteristic variety ATUAS.

(@) hjfo, B,y;x) for y—a+PeN,
(i) oh;/oy(e, B,y ;x) for y—o+BeN,ye N,

(iii) Oh/00(o, B, 7;x) for y—a+PeN, —a— ]—ie]N,

(iv) 0%h;/000(er, B,y ;%) for y—o+ e N, —o— JE eN,yeN.

Proof. Since hjo, B,7;x)=h(B,0, 7 —a+f;x)= X} P (B,0,0;x) and hyf,,0;x)
is a solution of M_, _; . [cf (1.6)], the hyperfunctlon (i) satisfies a holonomlc
system with the characteristic variety ATUAS.

By direct calculation we have

1
<x1D1+5

xzD2+a~y)%—};j(a,ﬁ,v;x)=hj(oc,ﬁ,y;X)

and
((x2D1+%D2)D2+2ﬁD1)<C h+C, oh; )(oc B.1;x)
=(C,1+C,+C,llog (x, + |/ = 10)x\1(x,D, +2B)h (2, B,0; x)
=(2ﬁ+§)(<clz+c)h +c16i)(a B+1,1-1;x)

for C,, C,eC and leNN. Hence the hyperfunction (ii) satisfies the following
holonomic system with the characteristic variety AU AS.

1
(X1D1 + E

(11 (0. 30.J, 430490

2
x2D2+oc—y> w=0,

( ‘ﬁ”((xsz + %DZ)D2+2(O(+i)D1)>W=O,
i=0

Dw=0, k=3,..,n

Combining the above result with Lemma 4.3 and the equations

Ohjoa+t,B+1,y;x)|
6t |t=0

oh.
__—J N

P (fx,ﬁ,v,XH ap (oc B.y;x)
and

o*h, s
J(a+at;§'y+t’y X){I:O 00661 (o, B,7;x)+log (x, + 1/4_0) (OC B,y;x),

we obtain the rest of the lemma because 0h;/df(x,f,7y;x) is analytic if

—o— %e N, QE.D.
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In order to discuss the necessity of the conditions given in Theorem 4.1, we
suppose the following conjecture of ours should be true in order to avoid some
technical difficulties. We hope our results could be obtained without resorting to
this conjecture.

Conjecture. Let M=&7/ ¢ be a holonomic system of micro-differential equations
whose characteristic variety has the form V,OV, (V,, resp.), where V, and V, are
non-singular and intersect normally along non-singular variety V, ,. Assume that M is
simple both on V,—V,, and on V,=V,, (V|=V,,, resp.). Then M is isomorphic to a
system &7/ ¢ with (') reduced.

All the results given below depend on this conjecture at the present stage. The
results depending on the conjecture stated above are indicated as C-Theorem etc.

C-Theorem 4.6. Assume the same conditions on f and g as in Theorem 4.1. Suppose
the following conditions :

ord,,, (M) +ord,,, (M) + %¢Z={o, +1,+2,...} 1°. (4.5)

Assume that (4.2) is not fulfilled. Then sp (fg) never satisfies a holonomic system of
micro-differential equations whose characteristic variety is confined to ATLAS.

Proof. The result in §1 and Lemma 4.2 show that the hyperfunction fg has the
representation

J9=0,()(x; + 1/———10)yw(e1,e2)+(p2(x)(x1 +l/——10)yw(e1 —1,e,)
+@5(x)(x; + l/ji())v + o (x)wley, ;) +@s(xIwle; —1,e,)+ @g(x),

where ¢ (x) are analytic functions (j=1,...,6), and w(e,,e,) and w(e; —1,e,) are

hyperfunction solutions of 9, , and N, _, . of (1.6), respectively, and
1 . . .
p=— (5 +ord,,, (‘R)). Moreover ¢,(0)+0 and S.S.w(e,, e,) is not contained either

in A, nor in A,. In this situation we have the following lemmas:

Lemma 4.7. There exists a linear differential operator P(x,D.) such that
P(x,D){p,(0(x; + 1/~ 10)'wle,. e;)
+@,(x)0x, + )/~ 10)'wle, — 1,e,)}
=(x,+ ]/—:IO)yw(el,ez).

19 Here ord,, (M) denotes the order of MM on the generic point of A,. Conditions (4.4) and (4.5) are
imposed here to avoid technical difficulties. See Remark 4.10 below
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C-Lemma 4.8. The system of micro-differential equations M(o(e,,e,), Ple;,e,),
y(ey,e,)) in Lemma 4.4 has no quotient module whose characteristic variety is equal
to ASUAS if y—a+ P¢EN and y¢N.

First we show how Theorem 4.6 follows from these two lemmas.

Suppose sp (fg) satisfies a system of micro-differential equations whose charac-
teristic variety is equal to AfuAS Since sp((x, + VTIO)V), sp(w(e,,e,)) and
sp (w(e, — 1, e,)) satisfy systems of micro-differential equations whose characteristic
varieties are contained in AYUAE, so does

sp (@, (x)(x, + |/ = 10)"w(e,, ;) + @,(x)(x, + [/ = 10)"w(e, — 1,e,)).

Therefore Lemma 4.7 proves that sp ((x; + ]/TIO)Vw(eI, e,)) also satisfies a system
of micro-differential equations whose characteristic variety is contained in AU AE.
Then the system is a quotient module of the system (a, B, y) and the assumption
that S.S.w(e,, e,) is not contains either in A, nor in 4, entails that its characteristic
variety should coincide with ATUAE This contradicts to Lemma 4.8.

In order to prove Lemma 4.7 we prepare the following.

Lemma 4.9. Let O be the ring of the germs of analytic functions at the origin of C".
Set X =2x,D, +x,D, . Let # be an ideal of O satisfying X # C ¢ and let ¢ be an

element of #. Then, if ¢ has the form ) ¢; withXd;=j¢;, ¢, is contained in ¢ for
j=0

any j.
Proof. Assume that ¢;=0 for j<k and that ¢, +0. Set

! i j—k—1)!
o= 1+ -T)o=ry 5 I

;— j=k+l+l(j—k—l_1)!l!
Then ¢® uniformly converges to ¢, in a neighbourhood of the origin as I tends to
infinity, because (j—k—1)!/((j—k—1—1)!1' <2/, Since any ideal of O is closed, ¢

containes ¢,. By the same argument for ¢ — ¢,, we have ¢, , ;€ #. Hence we can
inductively conclude that qu is contained in ¢ for j=0,1,2,....

¢;.

v=1

Proof of Lemma 4.7. Since ¢,(0)+0, we may assume ¢,(x)= 1. In this case we have

X 4200 —29)((x, + ]/—_IO)Vw(el, e,)+ @,(x)(x, + ]/—710)"’w(e1 —1,e,))
=((X + D)), + |/ = 10y wle, — 1,e,)
and
X, (x))x, + ]/—_IO)VW(e1 —1,e,)
=X + 20— 2y — D, (x)(x, + |/ = 10)"w(e; — 1,¢,))
for X=2x,D, +x,D, . Set

8

I= ( : (OXj(X+1)(p2(x)).
1=0\j=0

[
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It is clear that ¢ is an ideal of ¢ and that X _# C #. Set ¢,(x)= Z oY with X W
j=0
=joY. Since (X + 1)p,(x)= z (j+1eY¥e ¢, Lemma 4.9 proves that ¢Ye ¢ for
j=0 1
any j. Therefore ¢,(x)e #, because # is closed and because ) @' converges ¢,(x)

as [ tends to infinity. Thus we have proved the existence of a linear differential
operator
0(x, D)= ) a(xX/(X+1)

j=0
m

such that Q(x, D )¢,(x)=¢,(x). Thus the differential operator 1— ) a ()X + 20
— 2y —1)J(X 4 20.—2y) is a required one, Q.E.D. =0

Proof of Lemma 4.8. Assume (o, f,7) has a quotient module 9 whose character-
istic variety A%uAS. Since the multiplicity of Mi(a, B,7) along A%, that along A%
and that along A§ are 2, 1 and 1, respectively, either one of the following two cases
happens:

Case 1. The multiplicity of it along A% and that along AT are 1.

Case 2. The multiplicity of 9 along A is 2 and that along A¢ is 1.

First consider Case 1. Then the conjecture and Theorem 1.1 show that 9t is
isomorphic to %, ,, of (2.8) with constant numbers ¢; and ¢,. We use the same
notation as in the proof of Theorem 2.1 in the sequel. The assumption implies the
existence of a micro-differential operator P(x,D,) such that the correspondence
g(e}, &5)=P(x, D )h defines a surjective homomorphism of Yi(x, 8, y) onto

5 1
Set Q(x, D,)=D? *P(x,D,)Di¢*¢2* Dand v= 5(3'2—‘3'1 +

eq,es”

1
5) Then the correspon-

dence h(o, 8,y)=Q(x, D )w(v) defines a surjective homomorphism of the system
1
(xle1 + EXZD)Q) h(O(, ﬁa 'y):()

ijh(a,ﬁ,y)=0, j=3,...,n

to the system

2
N,y g (st 20w(v)=
ijw(v)-——O, j=3,...,n.

1
(xlel + —xszZ> w(v)=0

Here s and t are operators defined by (2.9).
We may assume Q is of the form

0(x,D )= ZQL (X)SDLTE Y 0 (DL TR
ik
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by the theorem of Spith for micro-differential operators. Here Q; ,(x) and Q’ ,(x)
are analytic functions with the variables x, ..., x, and 4 is a complex number. The
equations

[D,,0(x,D)Iw(v)=0 (I=3,....,n)
and

x,D, ., + lx D,,,0(x,D,)|w(»)=0
entail that
0=[D,,Q(x,D,)]
—Z Q”‘ (x)s'DL+ Z Q’k(x tDErE
and that

0:

1
xD, + EXZD"Z’ O(x, Dx)]

——(g(z+k>Qi,k )sDETE+ ZQ (wa“")

1
because [D,,Q(x,D,)] and |x,D, + 'Z‘xszz’ Q(x, Dx)} are of the same form as
Q(x,D,). Hence Q(x, D, )w(v) is of the form

0(x, D Yw(v) = ( i Cs'+ _io c;ﬂ) Ww(v)

i=1

with constants C; and C) such that either C, or C,, is different from zero. If

—2v¢IN (2v—1¢ N, resp.), we may replace v by v+ Q;— +2 (v— %, resp.) and
Q(x,D,) b

m’ ji—1
Cism’+2+i+ Z C;Sm’+2—j l_[ (—2V—k)

M=

ll

1
m i—-1
(Z C,tm! n( v+ 1+k)+ Z Cim e, resp)

because N is isomorphic to

—ypy—41 -—
v—4,v—1

N oom s w0 (R m 1 om , rESD
v 2—2,\’+2 -V 2,\‘ 2

by the correspondence w(v)=s""?w (v + i;— + 2) (t"‘w (v— %), resp.) (cf.

Lemma 2.2). Hence we may assume from the first that

O(x,D,)= % C;st 4.6)

i=my
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or

0(x,D )= mz cip, 4.7)

j=mi

where m; 22 and C,, #0, C,,=*0, C,,,+0 and C,,, *0.
Suppose (4.6). By the equation

((s - % t) tst— (B +7)% + 2(c+ B)st + dap)s'w(v)

=— %(st3 —2s*—(B+y+ )t* =2+ 2B + 1)st — 8aB)s‘w(v)

=— %(si+ L (Bis' — 2(s — (B+ 7+ D)) + (Bili— )5

A2 — (B y+ 1))isi =204 2B+ s D)+ (ili— 1)(i—2)s 2
— 2= (B4+y+ 1)i(i— 1)s' ™2 — 220+ 2 + 1)is' — 8afs)w(v)

= ((i —2v420)(i—2v+2f)s' — %(—- 2v2v+ 1)(2v+2)+3i2v)2v+ 1)
+2(B+7+ 1D)(2v)(2v + 1) = 3i%(2v) — (4B + 4y + 1)i(2v) + i3 — 3i% + 2i

+2B+y+ 1D)i2—=2(B+y+ )i)s'~ 1) w(v)

= ((i — 2y 4 20)(i—2v+2f)si— %(i + 2B+ 29— 2v)(i—2v)(i—2v—1)s~ 2) w(v),
we have
0= ‘ rf Ci{(i+2a— 20)(i+2B—2v)st

— %(i—l— 2B+2y—2v)(i—2v)(i—2v—1)s'~ 2} w(v).

Hence we have
{sz(m2 +200—2v)(m, + 25 —2v)=0,
C,,(my+2B+2y—2v)(m; —2v)(m, —2v—1)=0.

Here we note that m, —m, is a non-negative even integer. Therefore it follows from
the assumptions C,, #0, C,,#0, y¢ Nand f+y—o¢ N that

m,+2f—2v=m;—2v=0 or m,+2f—2v=m; —2v—1=0.
In this case, since 2v is a positive integer and
122 w(v)=st(st +1) ... (st +2v)w(v) =0,

we have s'w(v)=0 for i=2v on A$— A where ¢ is invertible. Hence Qw(v) vanishes
on A%— A%, which contradicts the fact that h(e, f,7)=Qw(v) defines a surjective
homomorphism of 9i(e, f,7) to N

—v—dv-1
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On the other hand, suppose (4.7). Then by the same argument as in the case
where (4.6) holds, we have

mh 1 .
Y C’J.{Etz(j—2ﬂ—2y+2v)+(j—2(x+2v)(i—25+2v)} tw(v)=0,
j=m
and
{C;,,,Z(m’2 —=2p—2y+2v)=0,
Gy (m'y — 2004 2v)(m'; — 2+ 2v)=0.

This contradicts the assumptions C,, 0, C,,+0, y¢N and f+y—a¢N because
m’, —m’, 18 a non-negative even integer. Thus we have proved that Case 1 does not
occur

Next study the possibility of Case 2. Then the kernel 9t of the natural
homomorphism from 9M(e, f,7) to I is a simple holonomic system whose
characteristic variety equals AS. Hence the same argument as in Case 1 proves that
there exists a micro-differential operator Q(x, D,) of a fractional order such that
the correspondence w=Q(x, D )h(a, $,y) defines an injective homomorphism of the
system

x,w=0
%//: 1
{Dx]=0, j=2,....,n

to the system 9i(x, f3, ) and moreover that we may assume Q has the representation
Q=(8,(s)+ T (1) —(S,5(s)+ TL(t)s't',

where S; and T; (i=1,2) are polynomials with one variable satisfying T,(0)
=T,(0)=0 and where s’ =x,D} and ' =D, D_* Then the equation

S{US () + Ty () + (S () + Th(t)s't'}
=8,(s)s' +(Ty(¢)/1)s't + T, (t)/¢ — dT,(t)/dr’
+S,(8)s's't +(T(t")/t)s't's't +(T,(t)/t)s't
—(dL,t)dt)s't

and the equation

1
Sts'the, B,y)= (— 3 25t 4+ (y— o+ D2 =2+ p)s't' — 4ocﬁ) h(e, B, 7)

entail that
§'S,(s)=0
(L)1) = dT,())dr’ +(y —a+ DT (1) — 4apT,(t')/t' =0
§'S,(s)=0

(Ty(e)/1)— % T (1) = 2o+ P ()1 + T/t — dTy(t)/dt’ =0,
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because s'Qh(a, f,y)=0. Hence S, =S,=0 and
(rdjdt — )T, (t) +(dof—(y—a+ D'?) T,(¢) =0,

1
T,(t)— (t'd/dt'—l— {(2oc+ 28— 1)+ Er’z}) T,(t)=0.
Therefore we have
1
3 (0d/dr’ + 20— 2y = 3) 2 T() + (Cd/dt' + 20— V(¢ dfdt' + 2B = DT,(¢)=0.
Since T, has a representation

Tz(t,)z z Cit/m+2i
i=0
with constant numbers C; satisfying C,+0 and C,, %0, we have
{m+2m’+2+2o¢—2y—3=0,
(m+2a—1)m+2p—-1)=0.

Therefore

1-20eN, 7yelN (4.8)
or

1-2peN, p+y—acNN. 4.9)

This contradicts the assumption.
Thus we have proved Lemma 4.7 on condition that our conjecture is true.

C-Remark 4.10. We consider the case when Condition (4.5) does not hold in
Theorem 4.1. In §1 we proved that the hyperfunction f is a sum of an analytic
function and multiplications of hyperfunctions of the forms (1.14)~(1.16) and (1.17)
by analytic functions. If f is represented as a sum of an analytic function and
multiplications of hyperfunctions of the forms (1.14) and (1.15), then Theorem 4.6
holds without Condition (4.5) because the same proof as that of Theorem 4.6 with
Condition (4.5) is valid.

C-Corollary. The characteristic variety of any holonomic system of micro-
differential equations that the Feynman amplitude f}, (p) considered in two-
dimensional world contains AS as its components. The same statement holds for
Ip,(p) considered in four-dimensional world.

This corollary immediately follows from Remark 4.10 for f;, (p) or from
Theorem 4.6 for f), (p). Note that the formula of the order «(D) of the holonomic
system in question (Kawai and Stapp [10]) must be changed to

v, 1 v
5“(5“5)]\’

in the v-dimensional world.
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