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Asymptotic Behavior of Solutions to Certain
Nonlinear Schrodinger-Hartree Equations*

R. T. Glassey
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Abstract. The asymptotic behavior of solutions to the Cauchy problem for the
equation

iy, =34 —v(p)yp, v=r""syp?,
and for systems of similar form, is studied. It is shown that the norms

IO Z, x5+ 17RO 051 <1y
are integrable in time for any fixed R >0, from which it follows that

lm [[p(0)] v <r) =0 -
t— o0

Nevertheless, it is established that an L,-scattering theory is impossible.

Introduction
We consider classical solutions to the Cauchy problem for the equations

iy =34p—v(p)y (xeR3, 1>0)

(1)
v(p)=r""xlpl*= [ x—y"Hp@,oPdy  (r=[x|)
]R?:
and
N
iawj/atZ%ij— Z (leUk—WkUjk) (=12,...,N) (2)
k=1
where
Djk:r_l*lpjlpk_a vk:vkk:r_l*lwklz .

Equations (1), (2) are Coulomb-free versions of the time-dependent Hartree and
Hartree-Fock equations. In [2] we have treated the existence question for
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Equations (1), (2) with coulomb terms present, and have shown that global solutions
exist with the quantity [for (2)]

N
2 w013+ 17w 0133
j=1
remaining uniformly bounded. The notation here is

llw(t)l|2=( ﬁslw(x, t)IZdX) vz,

etc. A similar result is valid for solutions to (1).
In this paper we shall obtain the following results : Let y be a solution of (1) with
finite energy norm (as above). Then for every fixed R >0 we have

2]

| (w4 7pP)dxdt < oo

0 |x|=R
from which we conclude that

lim | [p/*dx=0.

7o |x]<R
For spherically symmetric solutions y; of (2) with finite energy, the same results are
valid for each y;, 1 £j< N. However, we also show that an L,-scattering theory for
non-trivial solutions of (1) is impossible. It is plausible that solutions to (1) do decay
uniformly to zero as t— oo, but if so, the rate of decay cannot be fast enough to
insure the existence of asymptotic free states.

The desired estimates follow from an identity obtained essentially through
use of the multiplier dy~/or [for (1)]. The resulting estimate is the exact analogue of
Morawetz’ estimate [5]. During the preparation of this work, the author learned
that this multiplier was found independently and, in fact, first, by Lin. In his thesis
[4], Lin studies the asymptotic behavior of solutions to equations of the form

iu, = Au—h(x)q(jul*)u
and shows that
[u(®)l,,=0("%?) as t—oo

under certain conditions on h and ¢*. In addition, decay of the “local energy norm”
is established, and a scattering theory is developed.

The reason for the restriction to spherically symmetric solutions of (2) involves
the use of a radial derivative as a multiplier; this will be evident from the proof.

Although we dealt in [ 2] only with generalized solutions, it is easy to see that in
the absence of coulomb terms [i.e. for (1), (2)], solutions will be smooth if the data is.
By induction on k we can show that the norms Zlal <k ID*p||, are finite for all t =0.
For k =2, this was done in [2]. For higher values of k, we write the potential v [in the
case of Equation (1)] as

v= | |7 fp(x—z 1) dz
]R3

! The restrictions involving h can be removed, e.g. h=1 is admissible (private communication from
Prof. Walter Strauss)
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and take successively higher derivatives of [ip|%. The induction suceeds easily when
we take into account the inequality

[ Ix=yI"loPdy <4 I3|V<plzdx (pe CF (R?))

and apply Gronwall’s inequality.

I. Time Decay

We shall work first with Equations (2); the corresponding results for (1) can be
simply deduced from this. The system to be studied is

N
iawj/at:%ij_ Z (ijk—kajk) (i=1,2,...,N) )
k=1
for xeIR3, t>0. Smooth initial values (x,0)=¢,(x) are given, which belong, say, to
.
Here

V= [lx=y " pwcdy, o= [lx—y" iy l*dy

so that v;,"=uv,;. From [2] we have that there is a constant M such that the energy
satisfies

J
for all t=0.

Let {={(r), r=|x|, be a smooth bounded real-valued function. We obtain our
estimates from the following identity:

2 w013+ 17,0131 =M

Lemma. Let y;,j=1,2,...,N, be solutions to (2) with finite energy. Then

d N _ N
—~ - Im S [ty owJordx=—Y [ loy,/or)dx
Jj=1 j=1

N N
= X [ 70 oy forP)dx =2 Y COw 0,0

N
+ 2 Jlp P A = Clx 72 #5340 Jdx
j=1

N
+ Z _fC[le‘lz(avk/ar)_Relpj_wkavjk/ardx 3)
kj=1

We sketch the derivation of the lemma. We begin by multiplying each of
Equations (2) by {dy;/0r (the use of { is an idea from [8,9]). The real part of the
resulting expression is then summed over j and integrated over IR®. The result can be
written as

I,=1,+1,
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We rewrite I, as

N 3
11=ij Z Z C|x|_1xl

j=11=1

9 —91&) _ 0 (0w —} dx
ax, \V7 Tar | " a\ax, Vi
and integrate by parts; in doing so we find that
N N
I, =(d/dt)Im| ij'(awj/ar)dx—Re(ij Y ([ +2x| 7)oy /otdx).
j=1 ji=1

The second term appearing here may be calculated by appealing to the Equation (2)
again. Integrating by parts several more times, we evaluate I, as

d N
Ii=—Im{ ) (yp; 0y, ordx
dt i1

N
+ X @427 Ow v — Rewp,0)dx

J,k=1
N
+3§ 2 (C+2x 0 Pdx
i=1
N
=3[ 2 P +2Ix7 1 ))dx.
j=1
Again integrating by parts, we calculate I, in a straightforward fashion and obtain
N
I=§ Zl [l ™t = {)low for|> + 5LV Jdx .
i=
Finally, since the matrix (vj,) is hermitean, I, can be written as

N3
Ii=—[ Y Y X" xw 0l |*/0x,)dx
k=1 151

N 3
+ Rejk Z . 121 Clel ™ x4 0p; — 1) /0x,dx
J=11=

We integrate by parts once more and find that

=] X LU + (o, +Lov orTdx

N
—Ref X w4 20 gk O O dx.
,i=1

When we combine these expressions we obtain the lemma.
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Following [9] we now choose { as

(r=1r+1)" 1 =1=—=2r+1)/2(r+1). 4)
Then {0, {'=—1(r+1)"? <0 and a direct calculation shows that

LA =U|x| 72 + 340 = (r + 4)/4r(r + 1)*>0.
We then have

Theorem 1. Let v, j=1,...,N, be spherically symmetric solutions of (2) with finite
energy, and let R>0 be arbitrary. Then for each j=1,2,...,N we have

i) Iy 0,0)*dt <0,
0
(5) J [|1P,-|2+|0wj/0r|2]dxdt<oo,

x

i) lim | Jyp,2dx=0.

1= x|SR

Proof. Let T>0 be arbitrary and integrate (3) over the interval [0, T]. We find that

t=T

N alp
Im Z J@r+127 r+1)" 1y, 8J dx

t=0

J o+ 1) 20y /ordxdt

0
%,|1P1|2("+4) “Yr+1)" *dxdt
Z

T
+[f¢ [ly |*0v,/0r — Rey 7, 0v,,/or]dxdt .

0 k,j=1
Let us denote by L the last term appearing here. If we could show that L =0, then,
since 1p; and dy;/0r are bounded in L,(IR?), conclusions i) and ii) of the theorem
would follow immediately. To accomplish this, we recall that in the spherically

symmetric case the potentials vy, v;, are expressible as

v, =4n|r

ot 0P+ T oyt r)Ist},

vy =4mn

rot S SZleU’k_(S’ t)ds+ § SY (S, t)ds}.
0 ¥
Hence we have

0v,/0r = —4mr™ 2 [ s, (s, 1) ds
0
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and
0v,/0r = —4nr™2 [ sy, s, 1)ds .
0

Thus the expression for L can be written as

T N N r
(477:)_1L=(§)f(—€r_2) Z lp,? Z fszlwk!zds— Z Re; wkfs Wy ds|dxdt .

J k=1

Recall that { 0. Let J be the expression in the brackets above. We show that J = 0.
We have by the Schwarz inequality

N N r
T2 Y Il X [5%edds
j=1 k=1

=Y m(y y st) f s2|wk|2ds)
0

J.k=1
N N r N r 1
> Y fszlwklzds—< T 2 IszlwklzdS) ‘
ji=1 k=10 J.k=1 0

N r 1
( S szlw,-lzdS)
J k=1 0

0.

1%

Hence L is nonnegative, which proves i) and ii).
It remains to establish iii). We put

QR[le(t)]'—"l I I‘Pj(xa 1)*dx.
x| £R
From [2] we have the conservation law

3 1 N _
ot /o=t 3. @/05) (7005, 6! ¥ 0,00,70%).
k=1

=1

We sum this over j and integrate over |x|<o:

N
£ 3 @000, [0 =3 Im mY [ s,

j=1 Ixl=¢

Im Z | vdv,jords, .
Jl=1 |x|=¢
The last expression vanishes identically since v; =wv,;. This relation is integrated
with respect to ¢ over R, <9 <R,, where R, >0; we get

N

3 @0 T QLo =Im Y. | pToyorkix.

j=1 Ri=|x| SRz
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Next, we integrate this with respect to t over t; <t <1, obtaining

N R,
5 (I 0, [ (v)]do J 0 [w,(mjdg)

=
= Z Imf I wi (0w, s)/or)dxds.
t; Ri=|x|=Ry

This is integrated once again with respect to 7 over ¢, <t =<t. The result can be
written as

R, N N R,
(t—l‘l)Rf Z Q,Lw(t;)]lde = 21 fRfQQ[le(T)]deT

—Im f t—s) Z I wi @y x, 9)/0r)(x, s)dxds

j=1 Ry=|x|=R>

which leads to the inequality

N
(t—1)(R,—Ry) Z, Og,[yi(t)]

=(R,—R,) JZ Or, Ly (1)]dz

ty j=1

n'[\/] =

L
2

t
j (t—=s) | (pl>+10w,/or]*)dxds.

Ri=|x| =R,

We now choose t; =t—1 and apply ii) to conclude that iii) is valid.

We remark that the assumption of spherical symmetry was only needed to show
that the last term in the expression (3) was nonnegative (for { <0).

For the single Equation (1) no such assumption is necessary. In fact, in this case
we have the following identity:

Lemma. A solution v of finite energy of (1) satisfies the identity

—(d/de)Im | Sy, dx = — [ {'lw,|2dx

= [ CIxI™ (P l* =, |*)dx — 2L (0)p(O, 1)

+J I PLEACN ™ =Xl ™2 + 340 1dx

— @)~ [ IPdx —(dm) ™t [ (x|~ ) (0v/or)?dx, )
for { as above.

Now again choose (<0 as in (4). Since {'<0 and since by direct calculation

{xl™! == = @r2+2r+ 1)/2r(r+1)* <0

we conclude, as in ii) of Theorem 1, that for any R>0,

o9}

[ [wl?+|0w/or|*1dxdt < oo . (6)

0 |x|]<R
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To bound the gradient of p, we put {= —1 in (5) and obtain
—(d/dt) Tm [y, dx = [ |x|” (V> —[w,1*)dx + 27 (0, 1)
+ @)~ [ |x|” v, 2dx.
Thus by (6), | [ |Wpl|*dxdt is finite. Hence we have
0 |x|=R

Theorem 2. Let v be a solution of (1) with finite energy. Then

o]

i) | [w©,0)*dt<o0,

0

i) [ [ [l + 7l ldxde < oo.

0 |x|ZR

0
i) | | IxI7 "0, 2dxdt< o0,
0 R3

iv) lim Qg[w()]=1lim | [p|*dx=0.

1= x|SR

Of course, iii) is the direct analogue of Morawetz’ estimate [5] (cf. also [6]).
Conclusion iii) seems to be very weak here. In fact, it is not difficult to show, by
considering the spherical means of v that iii) implies

I Q2Lw(H]dt < o0

which is a trivial result in view of ii), iv) above.

I1. Nonexistence of Scattering
Consider again the equation
i0w/0t= Ay —v(w)y (1)
where
o(p) = x— 1™y (v, ) *dy

and where we have changed the coefficient of Ay to unity for simplicity. We call a
solution y of (1') asymptotically free if there exists a free solution y, (a solution of
the linear Schrédinger equation) satisfying

lp() =, ()],~0 as t—-o0.

We assume the solution p itself has data in L, and that the free state i, has data in
L.nL,.
Following [3], [7] we then have

Theorem 3. The only solution of (1') which is asymptotically free is p=0.
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Proof. Suppose that =0 1is a solution of (1") which has an asymptotic free state .
We form the expression
H()=Im | yy  Tdx
and calculate directly
H(t)=Re | v(yp)py  ~dx
=J oy Iy Pdx+ [ [y, P0p)—o(p.,)dx
+Re [y, o) (p—p.)dx . (7
Put
Ji={ @) —olp,)dx
Jy=Re [y o) —p,)dx .
As is well-known, vy, satisfies the estimate
19, (O], =0("2) as t—co0.
Hence we have, for t>1, say,
Vi S Hw I3 [l 1*7 o) — vl )ldx
<const.t ™ [ p3 (Ol 32 o) —v(w )l 5

sconst.t™ iy (OIF llw(t) —w . (0l

where we have used a Sobolev-type inequality from [1] to estimate the L;-norm of
the expression v(p)—uv(yp ). Thus

[Jl=o0(t™") as t—o0.
Similarly we have
ol S e OIZP § o 'R o)y —w ., dx
<const.t™ 2 Olls o) Ol 511w —w O],
sconst.t™ !y (O [p@l, [p(©) =w . ()] 5
=o(t™") as t—o.
Hence from (7) we have
H@O= [ vy )y [Pdx—o(t™) @®)

for all t>1, say. Now let k>0 be arbitrary. Then

v )= Ix=yI 0 0Pdy= [ Ix=y"y . 012dy .

[yl <kt

Hence for |x] <kt we certainly have

o )ZQk) |, (0)lPdy .

[yl <kt
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It follows that

fop Dl Pdxz | oly )iy, [2dx

|x] <kt

g(zm“l( f |w+(x,r)|2dx)2.

| x| <kt

However, from [7] we have the result

im | lp,? dx= | lp, (&)Pde

t=o |x|'<kt 1€ <k/2

where ¢, denotes the Fourier transform of the initial data ¢, of . Since y was
assumed nontrivial, there is some value of k for which this limit does not vanish.
Then from (8) we have that there exists a positive constant ¢, such that

H(t)Zz ¢/t

for all sufficiently large t. Since the left-hand side here is integrable in time, we have a
contradiction, which proves the theorem.

We remark finally that for solutions of Equation (2), a simple corresponding
theorem does not seem to be readily available. This is due to the fact that the
dominant term in the proof of Theorem 3 vanishes identically in equations (2), i.e.
when k=j in Equation (2), the resulting nonlinear term disappears.
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