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Abstract. The ICAR theorem asserts that a local relativistic Fermi field is
necessarily a free field, if it satisfies the canonical anticommutation relations,
irreducibility of the fields at a fixed time, and certain regularity conditions. The
regularity conditions are slightly stronger than the requirement that the mass
renormalization be finite. It follows that an interacting Fermi field must violate
one or more assumptions of the ICAR theorem.

I. The ICAR theorem

We prove a theorem which demonstrates the intrinsic difficulties
associated with the construction of a relativistic quantum field theory
satisfying an irreducible representation of the canonical anticommuta-
tion relations. The theorem will be called the ICAR theorem. The ICAR
theorem asserts that a local relativistic Fermi field is necessarily a free
field, if it satisfies the canonical anticommutation relations, irreducibility
of the fields at a fixed time, and certain regularity conditions. The
regularity conditions are slightly stronger than the requirement that the
mass renormalization be finite. It follows that an interacting Fermi
field must violate one or more assumptions of the ICAR theorem.

A Fermi field will violate the assumptions of the ICAR theorem if
either the mass renormalization or field strength renormalization is
infinite. It is well known that the perturbation expansion for interacting
Fermi fields implies that the mass and field strength renormalizations
are infinite. The ICAR theorem suggests that the divergence of the
renormalization constants is intrinsic to interacting Fermi fields and is
not particular to the perturbation theory approach. This contention is
similar to but weaker than KALLEN’s contention [1], that one of the
renormalization constants in quantum electrodynamics is infinite.

Even if the renormalization constants are finite, a Fermi field may
fail to satisfy the assumptions of the ICAR theorem because the fields
at a fixed time are reducible. This means there are non-trivial operators
which commute with the fields at a fixed time. In this sense the ICAR
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theorem supports KLAUDER’s contention [2] that one should use reducible
representations of the canonical variables for the construction of inter-
acting fields. It may be that the difficulties encountered in perturbation
theory are a result of trying to solve the field equations in the context
of an irreducible representation of the canonical variables, when a
reducible representation would be more appropriate.

The ICAR theorem follows from assumptions I—1IV, as stated in the
next section.

II. Assumptions

(I) v is a local relativistic Fermi field in the sense of the WicHTMAN
framework [3]. Briefly, this assumption means the following: ¢ is an
operator valued distribution in a separable Hilbert space, &. The
smeared fields transform according to a unitary representation of the
inhomogeneous Lorentz group. There is a unique vacuum state, 2, € 9,
invariant under inhomogeneous Lorentz transformations and cyclic in
$ with respect to the smeared fields. The spectrum of the translation
operator is assumed to lie in the forward light cone. The field is local, i.e.,

{% (x)’ Ys (y)}+ =0
{w, @)*, p ()} =0

where {4, B}, = AB+ BA and ( — y)? = (4o — ¥o)? — (X — ¥)% 9 is
an m-component Fermi field. The components label the various types of
particles described by the field, and their spin components. We assume
the number of space-time dimensions, » + 1, is not less than three (i.e.,
n = 2).

(IT) vy satisfies the canonical anticommutation relations (CAR). If
this assumption is to have meaning, one must assume that the fields
make sense when smeared with test functions at a fixed time. We denote
by w(f,t) and y(f, t)* the smeared field and its hermitian adjoint at a
fixed time, ¢. The fields,  (f, {) and ¢ (f, t)*, are, respectively, linear and
antilinear operator functions of the test function, f. The CAR expressed
in terms of the smeared fields are

{w(f, 1), plg, )}, =0,

mo_____ 2
{’l/)(f, t)*> 'l/)(g> t)}+= (.f>g)=f2 fr(x) gr(x) VAD & ( )

r=1

if (x—y)?2<0 (1)

Because of the CAR, the smeared field operators at a fixed time are
bounded by the L?norm of the test function [4]. The norm of the
smeared field operators is given by the expression,

Iy, 0l = Iy 0¥ = V{EH =111 - (3)
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Therefore, we can assume, without loss of generality, that the smeared
fields, (f, ?) and (f, t)*, are defined for all square integrable m-com-
ponent test functions, f € Hp. The test function space, 9, is a Hilbert
space of test functions.

(III) The smeared fields at a fixed time act irreducibly on &. This
assumption implies that every bounded operator, 4, on £ which com-
mutes with the field operators, y(f, f) and p(f, t)*, at time, ¢, for all
f € 91, is a multiple of the identity. Since the fields at time, ¢, are related
to the fields at time, {=0, by a unitary transformation, (p(f,?)
= U(t) p(f, 0) U(t)~1), irreducibility of the fields at time, { = 0, implies
irreducibility of the fields at all times.

(IV) The time derivatives of the fields can be applied to the vacuum
and to single particle states. Explicitly we assume that the expressions,

lim (LEIE— 0O 0, — 3,7, 0% 2, )
t—0
lim (PLOZZ 2RO ) 3 (g, 02, = @up (/0 plg, 0% 2, 6)

converge strongly to a limit as ¢ — 0, provided the test functions, f and
g, are in Schwartz’s space, €, of infinitely differentiable functions of fast
decrease. The notation, v (f, {)*, stands for either v (f, ¢) or w(f, t)*.

The question of whether the limit (4) exists can be expressed in terms
of the two-point vacuum expectation function. We consider, for an
example, a Fermi-Dirac field which is invariant under charge conjugation.
The two-point function can be written, using the Lehmann spectral
representation, in the form [5],

(20, p (@) YY)t Q) =
[ dm? {o,(m?) (= i8D (& — g m) + 0y (m?) i4 (& — y; m)
0

with 2m g, (m?) = g,(m?) = 0 and p+ = yp* 0.

The expressions, p, (m?)dm? and p,(m?)dm?, are positive measures.
Since the field satisfies the CAR, the spectral measure, p,, satisfies the
condition,

[oi(m?)dm?=1.
0

A straightforward computation shows that limit (4) exists if and only
if,

[ m?; (m?) dm?* < oo
0

This condition is stronger than the requirement that the mass renormali-
zation be finite. The mass renormalization is finite if the first moment of
m is finite, with respect to g, (m?)dm?.

11*
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The question of the existence of limit (5) can be determined from the
properties of the four-point functions.

II1. Proof of the ICAR theorem

Theorem. If y is a Fermi field satisfying assumptions I—IV, then v is
a free field in the sense that vy satisfies the linear differential equation,

atW(f’t)z_w(Tlfrt)‘i_w(T2f’t)*: ng, (6)
where T, and T, are, respectively, linear and antilinear operators defined
on €. The time derivative of the field exists in the sense of strong conver-
gence, t.e., the limit,

(it — () o

extsts for all Q € 9.

The theorem will be proven in steps by the following lemmas.

It is clear that equation (6) implies the field is non-interacting. It
follows from this equation, that the fields at time, ¢, are related to the
fields at time, ¢ = 0, by a Bogoliubov transformation, i.e.,

v(f, 8) = p(8:(0) 1, 0) + w(S, () /, 0)* , ()
where S;(t) and S,(¢) are, respectively, bounded linear and antilinear
operators defined on the test function space, $p. The Bogoliubov trans-
formation defined in equation (7) propagates the fields in accordance with
the field equation (6). These Bogoliubov transformations are the one-
parameter group of transformations generated by the infinitesimal
operators T and Ty, i.e.,

T, = lim 510 =1

t—0 t ’
Ty =lim S50 .
t—>0 ¢t

We do not take on the problem of characterizing the form of the
operators, T, and T,. Clearly, this problem is equivalent to the problem
of characterizing all possible relativistic free field equations which are
consistent with the CAR. We remark that for a gauge invariant theory
of a Fermi-Dirac field, equation (6) is simply the statement of the Dirac
equation, i.e.,

T,=—i(e-p+ fm), Ty=0.

‘We now proceed with the proof of the ICAR theorem. The heart of
the proof is contained in lemma 1. For the proof of this lemma we only
assume that the field is local and that the field satisfies the CAR.

Lemma 1. Suppose f, g, h € Hp are square integrable m-component
functions of X = (x4, . . ., x,). And furthermore, suppose the functions f and
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g are bounded functions of X, so that |f,(x)| £ O, and |g,(x)| £ C, for all

xand r=1,...,m. Then, if p is a local relativistic field satisfying the
CAR, the following inequality holds:
1T (h, OFF, {p (g, OFF, w(f, 6}, 1] = KCLColi*[A]

where K is a constant dependmg only on the integers, n and m.
Proof. We define Z (h, g, f; t) by the relation,

Z(h, g, 15 1) = [w(h, OFF, {w(g, 0%, v (f, ¥}, 1_ .
Since the anticommutator of y(h, 0)* and (g, 0)* is a c-number (a

multiple of the identity) the expression for Z is antisymmetric under the
interchange of v (k, 0)* and p(g, 0)%, i.e.,

Z(h, g, f; 1) = — [p(g, 0%, {p (B, OFF, p(f, ¥}, 1. (la)

We denote by supp (f; ¢,) (the support of f on the time, ¢ = ¢,, plane)
the set of space-time points, (X, ¢), such that ¢ = £, and f,(x) ¥ 0 for some
r=1,...,m. Since y is assumed to be a local field, the anticommutator,
{w(g, 0)¥, v (f, ty*},, vanishes if the sets, supp(f; {) and supp(g; 0), are
space-like separated. Therefore, Z (%, g, f; t) vanishes if the sets, supp (f; £)
and supp(g; 0), are space-like separated. And from equation (la) it
follows that Z (%, g, f; ¢t) vanishes if supp(f; ) and supp (k; 0) are space-
like separated. We will use this result to estimate the norm of Z.

Consider the time, ¢, occurring in the definition of Z to have a fixed
non-zero value. We consider subdividing the ¢ = 0 plane into cells of
edge length, £. The cells are labelled by lattice vectors, k, with integer
components,

Sp={x|th;=ax, <tk;+1); i=1,...,n}.

The points, tk = (tk,, . . ., tk,), lie on the corners of the cells, Sy. Let Ey
be the hermitian projection onto the space of functions with support in
Sk, i.e.,

(Ekf)r(x) = fr(x) X ESk s
=0 XQSk.

Since Z (h, g, f; t) is linear or antilinear in each of its arguments, %, g, and
f, it follows that

Z(k’g’f;t =Zklr Ekh’ Elg?Erf;t)’
“Eklr k l I‘

The sum converges in norm because the field operators are bounded by
the L2norm of the test function. We define the hermitian operator,
R, g, f;t), as follows:

. . o:Z(k,g,f,t)+0—1Z(h,9:f§t)*
Qh,g,f50) = 3

where |a/=1 (1b)
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and
QUL 1) =5 (@2 (k, 1, 1) + @Z(k, 1, 1)%) .
We will estimate the norm of §?2, using the equation,

=2 wsrs @y, ko, Kg) Qlly, 1, 1)

Two lattice vectors, k and 1 are said to be adjacent if |k; — ;| < 1 for
each ¢ =1, ..., n. Every lattice vector has 3" adjacent lattice vectors,
including itself. Due to the way the cells, Sy, were defined, the sets,
supp (B f; t) and supp (Eg; 0), are space-like separated if k and 1 are not
adjacent. Hence, we have

{y (B f, O, p(Erg, 0¥}, =0, (1c)

if k and 1 are not adjacent.
Therefore, Q (k;, Ky, ky) == 0 only if k, and k; are adjacent and k, and
k, are adjacent. Then, the sum for @* can be written,

h g, f; t)z = er Zgl)kz ngl)z Q(kl’ k2: l‘) Q(lh 127 S) ’
where Y1) ik, is the sum over all k; and k, adjacent to r.

It follows from relation (lc) that @ (k;, k,, k;) anticommutes with
@1, L, L), if none of the k’s are adjacent to any of the I's, i.e.,

{Qky, ko, ky), Q(L3, 1, 1)}, =0, (1d)

if k; is not adjacent to 1;; ¢,7 =1, 2, 3.
Therefore, many of the “off diagonal’ terms in the sum for @* cancel.
The terms which survive are of the form,

Qh, g, 5= Drs 2{:,)](3 Zl(,sL (ky, Ko, 1) @1y, 1, 8) (le)
where )1, is the sum over all r and s such that |r; —s;| < 2, for
t=1,...,n If [r, — 5] > 2 for some 7, then

20k, 200 Qky, ko, 1) QU Ly, 8) + X0k, X0, Q kg, Ky, 8) QL I, 1) = 0

because of equation (1d).
It follows from the fact that the field operators are bounded by the
L2-norm of the test functions (equation (3)) that

1@, g, 150l = 4[] lgll 1] -

Since f and g are bounded functions of X, so that |f,(x)] = C; and
|9-(x)] = Oy, the L2-norms of E\ f and E,g are bounded by the expressions,

|Exf] = CYmllr, |Bg| < CyYmltl» .
Therefore, it follows that
[Q (ky, ko, kg)| = 4C,Com |t | By B . (1)
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Using relations (1e) and (1f) we estimate the norm of ?:
Q2] = Sty X5, S50} 160303m |10 | B,h] | B,h]
= 51,16 3% C3CTm2 f2n | Byh| | Byh| =
< 5716 - 34 C2C0%m2 |t 3L | B R? .
Since @ is hermitian we may conclude that
lQl = 4-9%-5"2C,Cym| 4] .
Recalling that @ = Q(«) depends on « (equation (1b)) we note that
Z = Q(1) — ¢Q(3). Therefore the norm of Z is bounded by the expression,
1Z(h,g. ;0] = 8- 9%+ 52mC, Cyli 1] .
Hence, the lemma is proved.
Lemma 2. Suppose v is a relativistic field satisfying assumptions

I—1IV. Let ®, be the linear manifold obtained by applying all polynomials
in the smeared fields at ttme, t = 0, to the vacuwm stale, £, i.e.,

9y = {Q’ Q=pyt, 0)#’ v e 0)#)90} .
Then, if f, g €<, the operator,
5 4 H*— > 0 #
B(g, 10 = {p(g, oy, LEDT 0B OTY
converges strongly to a c-number on Dy as t — 0.

Proof. Clearly, we have p(f, 0)* ©,C 9, for all / € Hp. Since the
field operators, v (f, 0)*, act irreducibly on $, D, is dense in $.
From lemma 1 it follows that

Iy (B, O, B(g, f; )1] = Cli»—*|4] , (2a)

where the constant, C, depends only on the functions, f, ¢ € <.
It follows that if P = p(y(f,, 0%, ..., v (/s 0)¥) is a polynomial in
the smeared fields at time, ¢ = 0, then
1P, Blg, ;)] = CK(p) |t (2b)

where K (p) is a constant depending only on the polynomial, P. Since by
assumption, n > 1, the right hand side of the above inequality converges
to zero as ¢ — 0. Therefore, B(g, f; ¢) converges on every vector, 2 € 9,,
if it converges on the vacuum, since

IPB(g,f;t) 2o~ Blg, };¢) P2 >0 as t-0.

However, assumption IV assures us that B(g, f; t) 2, converges strongly
as £ — 0 and, hence, B(g, f; f) converges strongly on ®,. We define the
limiting operator, By(g, f) on ®, with the relation,

By(g. N2 =lim B(g, f;0)Q all 2€9,.
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Since B(g, f;t)* has the same form as B(g, f;t) (when expressed in
terms of the fields, ), B(g, f; t)* also converges strongly on 9, as
t — 0. Let By(g, f) be the linear operator defined on 9, by the relation,

Bi(g, N2 =lim Blg, f; 9+, all Q€9,.
It follows immediately from the definition of By and Bj that
(2,4, By(g, ) $25) = (By(g, /)21, 2,), all £;,02,€9,.

Hence, the adjoint of By(g, f) is densely defined, (in fact, By(g, /)*D
DBO g, 1)) so By(g,f) has a unique extension to a closed operator,
By(g, ). From inequality (2a) it follows that By(g, By(g, f) commutes with
the fields at time, § = 0 , on 9,, i.e.,

By(g, ) (k, 0V 2 = p(h, 0YF By(g, /)2 for h€Hp and LQ€9,.

This equation can be extended to all vectors, 2 € $), which are in the
domain of By(g, f), since By(g, f) is closed and v (h, 0)* is a bounded
operator. Since the fields, v (f, 0)¥, act irreducibly on $, it follows from
the generalized Schur lemma [6] that By(g, f) is a c-number. On 9,
B(g, f; t) converges strongly to B, (g, f) ,s0 the lemma is proved.

Lemma 3. There exist a linear operator, T, and an antilinear operator,
T,, defined on € such that, for all f, g €, the operators,

a0 ={p( o, (PLITED) mg,0) - (7], 0,
B(l) = {p(g, oy, (LLLZEOT) (Tlf,O)*—w<T2f,0)}+

converge strongly to zero on D, as t — 0.
Proof. We define the operator, T';, by the relation,
(0, Tof) = Tim (0, [y (g, oy, LLATLEO} o)
t—0

From assumption IV it follows that this limit exists, provided f € €, and
furthermore,

(g, T11 = llw(g, 0)*] (10, (f, 0) Q20| + 9,3 (f, 0)* 2]
= gl (19:3 (f, 0) Q24| + 10,3 (£, 0)* L20])) -

Then, (g, T,f) is, for each fixed f €%, a norm continuous antilinear
functional in g. Hence, by a theorem due to F. RiEsz [7], there is a unique
vector, h €9y, such that (g, T,f) = (g, k), so T,f=h. Clearly, T,
defined in this way, is a linear operator from € into 5. The antilinear
operator, Ty, is similarly defined by the relation,

(Taf,9) = lim (@, fp(g, 0), LLAZ2EDY g),
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T, is an antilinear operator from € into 9. It follows from lemma 2
that A (¢) and B(f) converge strongly to a c-number on 9, as { - 0 (since
A (¢) and B(¢) differ from B(g, f; t) by a c-number). From the definitions
of T, and T, it follows that the expectation values, (2,, 4 (t)2,) and
(24, B()$2,) converge to zero as {— 0. Hence A4 (f) and B(t) converge
strongly to zero on ®, as t > 0. And the lemma is proved.

Remark. It follows from the CAR and the translation invariance of
the vacuum, £2,, that the vacuum expectation of odd monomials in the
smeared fields vanishes [8], i.e.,

Qoy fp t1)# (fn, t,,)#.QO) =0, for n odd .

Therefore, the mapping, v(f, {)* - —u(f, {)¥, is a symmetry trans-
formation of the field. Since the CAR and vacuum expectation values
are preserved under this mapping, there exists a unitary operator, Uy,
which implements this transformation. The unitary operator, U, has
the properties,

U, = 2,

UI"/)(fl t)#UI_1 = *%U(f, t)# .

Since U% commutes with the fields, vy (f, {)¥#, it follows that U} = «l.
And the fact that Uy leaves the vacuum invariant implies that « = 1.
Therefore, Uy is hermitian. We will make use of the operator, Uy, in
the following lemma.

Lemma 4. Let ®, be the linear manifold obtained by applying all
polynomials in the smeared fields, v (f, 0%, with f €, to the vacuum, i.e.,
91 = {‘Q’ -Q = p(w(fh 0)#1 L] w(fra 0)#) 'QO’ fl’ L] f‘r Eg} .

Let Ty and T, be the operators defined in lemma 3. Then, tf v is a fleld
satisfying assumptions I —1V, the operator,

V)(}l’ t) —W(f’ 0)
Q(f, 1 = LA VED).

converges strongly to zero on ®; as t - 0.

Proof. Let U; be the unitary operator discussed in the preceeding
remarks. We will show that the operator, U;Q(/f, t), converges strongly
to a c-number on 9,. The commutator of U;Q(f, t) with the smeared
fields can be written in the form,

[1/’(9: 0)#7 UIQ(f’ t)}_: —Ul{w g7 Q(f t}+

It follows from lemma 3 that this commutator converges strongly to
Zero on @0 as t— 0, provided f, g €%, i.e.,

lw(g, 0y U1Q(f, ) 2 — UrQ(f, ) w(g, 0¥ 2| -0 as t—->0, (4a)
if!?é@o)@landf,geci

— (111, 0) — »(T,f, 0)*,
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By assumption IV, U;Q(f, t){2, converges strongly to a limit as
t — 0. It follows from equation (4a) that U;Q(f, t) ¢ (g, 0)*Q, converges
strongly as ¢ — 0. Using equation (4a) by induction, one sees that the
expression,

UIQ(f: t) 1/)(91, O)# R /‘P(gr? O)#‘Qm s -+ > Gr ég ’

converges strongly to a limit as ¢— 0. Hence, U;Q(f, ) converges
strongly on ®;. Proceeding as in lemma 2, we define the linear operator,
A(f), on D, by the relation,

AN =1lm U;Q(f,)Q2, 2¢9,.
t—>0

Next we argue that the operator, (U;Q(f, t)* = Q(f,)* U, con-
verges strongly on ®, as ¢ — 0. Clearly, we have U;®,C 9,. The commu-
tator of (U;Q(f, t))* with the fields at time, ¢ = 0, can be written

[y (g, OFF, (U1Q(f, )*1_ = {w(g, O, Q(f, *}, Ur .

By assumption IV we know that (U;Q(f, 1))* 2, = Q(f, 1)* 2, converges
strongly to a limit as ¢t — 0. And from lemma 3 we know that the above
commutator converges strongly to zero on 9, as ¢ — 0, provided g € <.
Therefore, by the argument used previously, the operator (Uz(Qf, t))*,
converges strongly on ®,. We define A4’(f) on 9, by the relation,

A'(H2 =1im (U;Q(f, 6))*2, L2¢9;.
t—0
From the definition of A (f) and A’ (f) it follows that

(Qp A (f)gz) = (A’(f)glv Qz): Qv -Qz € ©1 .

Since the adjoint of 4 (f) is densely defined, 4 (f) can be uniquely ex-
tended to a closed operator, 4(f). From relation (4a) it follows that
A(f) commutes with the fields, w(f, O/, with f €E. Due to the facts that
€ is dense in )y, the fields, y(f, 0)*, are bounded by the L2-norm of the
test function, and 4 (f) is a closed operator, it follows that 4 (f) commutes
with the fields, y(f, 0)*, for all € $y. Since the fields, (f, 0¥, act
irreducibly on §, it follows from the generalized Schur lemma [6] that

A(f) is a c-number. On ©;, U;Q(f, t) converges strongly to A4 (f), so
U;Q(f, t) converges strongly to a c-number on ®;. To evaluate this
c-number we consider the vacuum expectation,

Sinf; (20, UrQ(f, 1) £2) zthn(} (L4, Q(},)2¢) = 0.

The limit is zero since the vacuum expectation of odd monomials in the
fields vanishes. Hence, U;Q(f, ) converges strongly to zero on 9, as

t - 0. Since U; is unitary, Q(f, t) converges strongly to zero on 9®,. And
the lemma is proved.
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Lemma 5. If y is a Fermi field satisfying assumptions I—IV, then g
satisfies the differential equation,

O (f, 1) = w(Tif, &) + p(Tof, 0)*,
where T and T, are, respectively, linear and antilinear operators defined

on €. The time derivative of the field, 0,y (f, t), exists for all f €Z, in the
sense of strong convergence, t.e.,

lim ¥t + ’2—"’(”“ Q=09 0)Q, forall Q¢9.
h—0
Proof. Suppose f € £ is an m-component function with support in the

half space, {x; X n < C,n = 0}. Let Q(f, t) be defined as in lemma 4.
We know from lemma 4 that

1@ 2] >0, as t-0. (5a)

We will make use of the transformation law of the fields and the
invariance of the vacuum under the action of the time translation
operators, U (f);

Uty w(f, &% Ut)t = i b+ t)¥ (5b)
U@$)Qy=Q,, foralli. (5¢)
It follows from relation (5a) that

123
I tfdtU(t)Q(f,k)Qol]—>0, as h—>0.

Using equations (5b) and (5¢) and the definition of Q(f, A), we can
rewrite this relation in the form,

h
(1 C[ dt(p(fita+18) —p(f. 8, +0) —
i,
— tf at(p(Ty(f, ) + p(Tof, 1)¥) 2] =0 as 2—>0.

Since U (¢) is strongly continuous in ¢, we obtain in the limit of 2 — 0 the
equation,

t,
(w(f b)) —p(f, &) — tf dt(p(T,f, t) + W(Tzf; t)*))-Qo =A40,=0.

Clearly, A is a bounded operator associated with a space-time region,
©. By assumption, the function, f, has support in the half-space,
{x; x-n < C}. The range of integration is finite. Therefore, the set O’
of space-time points which are space-like separated from every point of
O, is non-empty. Since 4 annihilates the vacuum, it follows from a
theorem due to REEH and ScHLIEDER [9], that 4 = 0. Hence, we have

t+h
)t ’ - ,t 1 ’ , ,
vl +2 ol )27 fdt ((Tof, V) + p(Taf, £)*) .
t
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for all f € € with support in a half-space. This equation can be extended
to all f € E, due to the linearity of this equation in the test function, f.
The right-hand side of the above equation converges strongly to
w(Thf, t) + p(T,f, t)*, as h — 0. Hence, the lemma is proved.
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