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THE UNCERTAINTY PRINCIPLE

BY CHARLES L. FEFFERMAN!?

ABSTRACT. If a function ¥(z) is mostly concentrated in a box @, while
its Fourier transform {b({) is concentrated mostly in @', then we say v is
microlocalized in @ X @' in (z, £)-space. The uncertainty principle says that
Q@ X @' must have volume at least 1. We will explain what it means for ¢
to be microlocalized to more complicated regions B of volume ~1 in (z, £)-
space. To a differential operator P(z, D) is associated a covering of (z, £)-space
by regions {Ba} of bounded volume, and a decomposition of L2-functions
u a8 a sum of “components” uo microlocalized to B,. This decomposition
u — (uq) diagonalizes P(z,D) modulo small errors, and so can be used to
study variable-coefficient differential operators, as the Fourier transform is
used for constant-coefficient equations. We apply these ideas to existence and
smoothness of solutions of PDE, construction of explicit fundamental solutions,

and eigenvalues of Schrodinger operators. The theorems are joint work with
D. H. Phong.

CHAPTER I: THE SAK PRINCIPLE

The uncertainty principle says that a function v, mostly concentrated in
|z —o| < bz, cannot also have its Fourier transform 1 mostly concentrated in
|€ — &o| < b¢, unless 6 -6 > 1. This simple fact has far-reaching consequences
for PDE, but until recently it was used only in a very crude form. The
most significant classical application concerned the eigenvalues of a selfadjoint

differential operator
AzD)= 3 a (a:)(l 9 )a
- o -5
’ o< 10z

with symbol A(z,¢) = EM <m 0a(Z)€®. According to the uncertainty prin-
ciple, each box -

B= {(l‘, f)l |z~x0| <4, |§— €0| < 6—1}

should count for one eigenvalue, so the number of eigenvalues of A(z,D)
which are less than K should be given approximately as the volume of the
set S(A,K) = {(z,¢) | A(z,€) < K}. If A is elliptic and K — oo, then
this “volume-counting” is asymptotically correct (see Weyl [41], Carleman [5],
Hormander [23]). However, volume-counting can also produce grossly inac-
curate estimates for systems as simple as two uncoupled harmonic oscillators.
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We can do much better by taking the uncertainty principle more literally:
Instead of measuring the importance of a subset E C R™ X R™ by its volume,
we use instead the number of distorted unit cubes B which can be packed
disjointly inside E. We shall see many examples in which no distorted unit
cubes can be packed inside E = S(A, K), even though E has large volume. In
this case E counts for no eigenvalues, even though the classical approximation
assigns it many. Packing distorted cubes into S(A, K) rather than taking the
volume amounts to a sharper form of the uncertainty principle. We shall call
it the SAK principle.

Now the SAK principle is also important in questions of existence and
regularity of solutions of PDE. For, these questions may be reduced by stan-
dard functional analysis to a priori estimates which take the form

Q) c||P(z, D)u|| < ||Q(z, D)u|| + small error,

where P and @ are differential (or slightly more general pseudodifferential)
operators. We would like very much to know whether a given estimate of the
form (1) holds for u € L2. The most naive idea is to compare the symbols
P(z,¢) and Q(z, £) and guess that (1) holds if

(t1) |P(z, )| < Q(z, &) + small error.

This is true, although the proof is hard. However, the SAK principle suggests
that we do not need (tt) in order to have the estimate (1). Indeed, a function
u can be localized in (z, £)-space no further than to a distorted unit box B,
and therefore the necessary and sufficient condition for (1) will be

cméax Ip| < mgxq + small error for each B,

which is weaker than (1t). From these results we will give a unified discussion
of some of the main results in linear PDE.

The application of SAK to differential equations goes beyond a priori
estimates. Our real goal is to diagonalize a variable-coefficient differential
operator modulo small errors. Clearly this will give a powerful hold on
existence, regularity, and a priori estimation of solutions, and on eigenvalues
in the selfadjoint case. Moreover, it should make possible the construction of
explicit approximate solutions.

Now the approximate diagonalization proceeds by cutting phase space
R™ X R™ into suitable distorted boxes {B,} of volume ~1. We shall write
an arbitrary u € L? as a sum of pieces, u = Y u,, so that u, together with
its Fourier transform 4, are somehow “localized” inside B,. Since the given
differential operator L, acting on each piece u,, is approximately multiplica-
tion by a scalar A,, our decomposition will approximately diagonalize L.

To illustrate the ideas we make a first crude attempt to diagonalize

Lz, D)= 3 aa(z)(li)a.

|alSm 19T
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Let L(z,€) = > |a|<m @a(z)§* be the symbol of L(z,D). The operator L is
made up of two ingredients: differentiation; and multiplication by smooth
functions. To construct an approximate eigenfunction v of L(z, D), we want
to come as close as possible to diagonalizing these operators simultaneously.
Now (1/1)(9/9zx) is approximately multiplication by ¢3 if the operators act
on a function u with Fourier transform concentrated near ¢° € R™. On the
other hand, u — a(z)u is approximately multiplication by a(z°) if the operator
acts on a function u which is concentrated near z°. So our approximate
eigenfunction u should be concentrated near z°, while its Fourier transform
% should be concentrated near ¢°. The uncertainty principle tells us how well
we can succeed in realizing the two conflicting goals. Basically, the best we
can do is take ¢((z — z)/6)e¢"=, with ¢ a fixed Schwartz function; this is
“microlocalized” to a box {|z —z°| < §, |¢ — €% <671} = B, and we give our
localized function u the name ¢g.

Now to diagonalize L(z,D) approximately, we cut phase space R™ X R"
into suitable boxes B, = {(z, &)| |z — z,| < 6., |€ — &,| < 6,1} as in Figure 1,
and to each B, we associate the typical function ¢, microlocalized to B8, .

3

- X

FiGure 1
Roughly speaking, the {¢3,} are orthogonal and form a basis for L2, while
1) L(z,D)¢s, = L(z.,&.) - ¢, + Error,

with ||Error, || <-O(|&,|™°)||¢s,||- Here, s depends on the geometry of the
partition {B,}. By picking a good partition, we can make s = 1/2 (see
25, 8)).

So we have succeeded quite simply in diagonalizing an mth order operator
L(z,D) modulo errors of order m — 1/2. In the easiest case of an elliptic
operator (such as the Laplacian), the symbol L(z,,¢,) is of size |,|™, so
the error in (1) is negligibly small compared to the main term for large |¢|.
This approximate diagonalization easily gives another proof of the standard
elliptic regularity theorem. The trouble comes when L(z,D) is nonelliptic.
The interesting phenomena in PDE are governed by the behavior of the symbol
near the characteristic variety V = {(z, £) | L(z, £) = 0}. If in our approximate
diagonalization we look at a box B, that meets V, then in effect the “main”
term in (1) is zero, and all the interesting phenomena are decided by the
behavior of the “negligible” Error,. Clearly, we have to do better.

What we will do is to cut phase space differently, using bent boxes B, as
in Figure 2.
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FIGURE 2

The boxes B, still have volume ~ 1, but now they are bent into strange shapes,
and their geometry is related to the characteristic variety V. This time we
will find that the error terms in the analogue of (1) are small compared to the
main terms, so the approximate diagonalization has nontrivial applications.
Note that it isn’t immediately clear what it means to say that a given u € L?
is microlocalized into a curved box B, as in Figure 2. So, given a symbol
L(z, €), we shall have to answer the following questions:

How should we cut R™ X R™ into bent boxes B,?

How can we associate to B, a natural projection operator m, whose image
consists of functions “microlocalized” to B,?

How does L(z, D) act on functions microlocalized to B,?

These questions are not easy. To understand them we need a technique
for cutting and bending symbols L(z, £). The technique can be understood on
three different levels, of which the simplest is as follows.

LeveL I (Cutting all operators at once into big pieces modulo lower-order
errors). This is what specialists in PDE usually call microlocal analysis. It
provides a powerful method, the “algorithm of the *70s” to prove theorems
on PDE. The method is analogous to studying a nondegenerate vector field
X by first using a partition of unity to reduce matters to a local question,
and then straightening out the vector field locally by a smooth change of
coordinate, so the local question is reduced to the trivial case X = d/dz;. We
shall make partitions of unity and changes of variable in (z, £)-space by using
pseudodifferential and Fourier integral operators, which we now briefly recall.

Pseudodifferential operators. The Fourier inversion formula shows that a
differential operator L(z, D) with symbol L(z, £) is given by

Lz, Dyu(z) = [ ¢z, €)ale) de.

This formula makes sense even when L(z,£) is not a polynomial in ¢, and
L(z,D) is called the pseudodifferential operator with symbol L(z, ¢). If the
symbols L(z, £) satisfy suitable estimates, then the pseudodifferential operators
L(z, D) can be manipulated just like differential operators. The estimates on
L(z, ) are important because they determine how finely we can cut up phase
space. Classically, one says that L(z, ) is an mth order symbol (L € S™) if

(2) 19292 L(z, €)| < Cap(1 + €)™ 17.
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These estimates hold if m is a positive integer and L is the symbol of an
mth order differential operator.

If A€ 8™ and B € 8™2, then the composed operator A(z, D)B(z, D) is
again a pseudodifferential operator whose symbol AoB is given asymptotically,
modulo symbols of arbitrarily large negative order, by Leibnitz’ rule

aen~al(5e) 4 () )

while the adjoint A(z,D)* is a pseudodifferential operator with symbol

A~ Caae) (_)az

In particular, A(z,D)B(z,D) = AB(z,D) modulo terms of lower order, and
[A(z, D), B(z, D)) = t{A, B}(z, D) modulo terms of lower order. Here

J0A 9B 0B 0A
{4,B} ‘§(aek5¢;"aaézz)

is the Poisson bracket, which we shall meet again many times.

The above remarks justify the statement that pseudodifferential operators
can be manipulated like differential operators. Their proofs involve a straight-
forward application of the method of stationary phase to evaluate some in-
tegrals of rapidly oscillating exponentials (see [3]). We should also point out
that pseudodifferential operators (1/d0) of order zero are bounded on L2.

The earliest application of 9d0 was to invert elliptic differential operators.
If A(z, {) € S™ is an elliptic symbol, i.e., |A(z, £)| > c(1+|€|)™, then A~Y(z, £)
is a symbol in S™™, so the composition law for ¥d0 yields A(z, D)A~!(z, D)
= A7Y(z,D)A(z,D) = I modulo symbols of order —1. An easy successive
approximation argument lets us add lower-order corrections to the symbol
A7z, ¢) so that A(z,D) is inverted modulo symbols of arbitrarily large
negative order. Thus A(z, D)u = f is solved explicitly, modulo smooth errors.

Using 9d0 we can decompose a differential operator L(z,D) as an ap-
proximate direct sum by cutting phase space into blocks B, as in Figure 3.

A etc.

FIGURE 3
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Here, each B, is centered at (z,,&,) and has sides 1 in the z-directions, and
~ $(1+1&]) in the ¢-directions. Note that most of the B, have volume > 1.
We decompose L(z,D) by means of a partition of unity 1 = Y ¢2(z,¢) in
phase space, with ¢, supported essentially on B, and as smooth as possible.

The point is that Figure 3 gives exactly the finest possible cutting of phase
space so that the ¢, belong uniformly to S°; in fact (z,¢) — (¢u(z, &))vez
belongs to S° as a vector-valued symbol. Therefore, the operator u: f —
(fulvez = Wu(z,D)f)uez is a vector-valued d0. Now from the formulas
for composition and adjoints of ¥d0’s we obtain U*U = I and UL(z,D) =
L(z, D)U modulo lower-order errors. Since f,, is microlocalized to B,, we have
succeeded in approximately splitting L(z, D) as a direct sum of microlocalized
operators acting on f,. As claimed, 1d0 let us use partitions of unity in
(z, &)-space. Of course, we are still far from diagonalizing L(x, D), since the
blocks B, of Figure 3 have large volume.

In addition to cutting symbols we shall also bend them, using

Fourier integral operators. These generalize a simple change of variable
y = #(z) to allow changes of variable in (z, £) together. Under y = ¢(z), the
differential equation L(z,D)u = f goes over to L(y,D)u = f, with L given
modulo lower-order terms by

(0) L(y,m)=Lo®(y,n), ®:(y,n)— (z,m) withz=¢"(y), £ =(¢'(z))'.

The transformation ® has a very special property: it preserves Poisson brack-
ets, i.e.,

(x) {F,G}o®={Fo®,God}.

This is natural in view of the formula for commutators of differential operators
in terms of {, }. Transformations ® which satisfy (x) are called canonical.
There are many canonical transformations which do not arise from a simple

change of coordinate y = ¢(x). Canonical transformations preserve volume in
R"xX R".

To repeat, we know that (0) defines a canonical transformation @, and
that the equations L(z, D)u = f, L(y, D)t = f are equivalent, where L(y,n) =
Lo ®(y,n) modulo lower terms. The equivalence is given by @ =Uu, f=Uf,
L(y,D)=UL(z,D)U~!, and U f(y) = |det D¢~ (y)|*/2 fop~'(y). (We inserted
the harmless determinant factor to make U unitary.)

Now Egorov had the simple, deep idea that the same kind of equivalence
connects L(z, D) and L(y, D), even when L(y,n) = Lo ® for canonical trans-
formations not arising from a coordinate change y = ¢(z). To state the result
precisely, we work on a block B of size 1 X M taken from Figure 3. Suppose
the block is centered at (20, £°) and denote by 7 the natural change of scale
i: (z,€) — (z— 20 (¢ — €°)/ M) which carries B to the unit cube.

A canonical transformation ®: (y,n) — (2,¢) defined on B will be said to
satisfy “natural estimates” if 1®:~! is a C* map with derivatives of all orders
bounded independent of M.
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THEOREM (EGOROV). Let @ be a canonical transformation satisfying natural
estimates and carrying B into its double B*. Let A(z,¢) € S™ be a symbol sup-

ported in ®(B) and define A(y,n) = Ao®(y,n). Then the operators A(z, D) and
A(y, D) are related by

A(y,D)=UA(z,D)U* + lower-order terms
for a suitable unitary transformation U.

For “most” ®, the operator U is given explicitly as a Fourier integral
operator

Uf(y)= fe(y,g)eis(y'g)f(g)dg withee 8%, S e S

In case & arises from y = ¢(z) by (0), we set e(y,¢) = |det Do—1(y)|'/2,
S(y,¢) = ¢~ (y)- ¢, and the Fourier inversion formula yields the familiar

U f(y) = |det(etc)|'/? f o $~1(y). For more general ®, the function S is related
to ® by

{w,m,2,9)19(,m) = (,)} = {(yw’ Home = 8855; % asa(:l g)}'

As in the calculus of 1d0, proving Egorov’s theorem amounts to calculating
some explicit integrals of rapidly oscillating exponentials, and the argument
is quite easy. _ _

So now we know that L(z,D)u = f and L(z,D)u = f are equivalent if the
symbols are related by a suitable canonical transformation. In other words,
we can bend symbols as well as cut them.

Now we can describe the “algorithm of the ’70s” for proving theorems
in PDE. First solve your favorite PDE, say du/dz; = f. Next formulate a
condition on symbols that locally characterizes the example up to canonical
transformations. For instance, a real symbol with only simple zeros is locally
equivalent to £; after a canonical transformation and multiplication by an
elliptic symbol. Finally, we conclude that all PDE whose symbols satisfy the

given condition can be solved. The reason is that we can first use ¥d0 to cut
the original problem into pieces microlocalized to the boxes B, of Figure 3,
and then in each B, use Egorov’s theorem to bring the problem back to the
example we started with. The method is remarkably powerful.

Before leaving standard microlocal analysis, we should point out an anal-
ogy between PDE and quantum mechanics. This makes it plausible that the
uncertainty principle has something to do with PDE. We start by reviewing
classical mechanics. The state of a classical system is specified by the coor-
dinates z; and momenta ¢; = m;(dz;/dt) of its particles. An observable quan-
tity (e.g. angular momentum) is given by a function F(z, £). If we observe F’
when the system is in state (z°, ¢°), we get a deterministic answer F'(z9, £°).
Of particular importance is the observable

1
1 2mi

H=

N

§3+V(z1,...,:cN),

7
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the total energy or Hamiltonian. Here V' is the potential in which the particles
move. Newton’s equations of motion say that the classical system evolves by
m;(d®z;/dt?) = —3V /dz;, which we rewrite as

dmi_ 1 ) d&_ vV
(3) dt  my i dt ~ 9z;’

Hamilton’s equations. The time evolution of any observable F'(z, £) is given
in terms of the Poisson bracket by

(4) dF/dt = {H,F}.

This amounts to Hamilton’s equations when F' = z; or &;, and then follows
in general by the chain rule. So (4) provides a complete description of how
the system moves. The laws of mechanics are now clearly invariant under
canonical transformations.

On the other hand, in quantum mechanics, the state of a system is described
by a vector 1 € L?. An observable quantity is a selfadjoint operator A
on Hilbert space. For instance, position corresponds to the operator ¢ —
z;%, while momentum corresponds to ¥ — (1/7)(3/9z;)y. If we measure the
observable A when the system is in state 1, then the outcome is probabilistic,
but the average observed value will be (A, ). In the Schrodinger picture
(which we have been describing), the state 9 evolves in time according to
d/dt = 1H1, where the Hamiltonian operator H specifies the physics of the
system. In the equivalent Heisenberg picture, the state remains constant, but
observables A evolve according to dA/dt = i[H, A].

Note that the laws of quantum mechanics are invariant under the action
of a unitary transformation U: L? — L2, In fact, sending v — Uy = 1),
A — UAU! = A for observables A preserves all the equations and predicts
the same outcome of any experiment.

We can summarize this elementary discussion by a table:

Classtcal Quantum
e State of system (z,¢) Yel?
e Observable F function A operator
o Result of measuring Deterministic; always Probabilistic; on
observable F(z,€) average (A, )
¢ Object controlling Poisson bracket {, } Commutator [, |

dynamics

e Change to equivalent Canonical transformation Unitary operator
viewpoint

Clearly, standard microlocal analysis amounts to quantization. By 1d0 we
pass from functions of (z, ) to operators in such a way that Poisson brackets
go over to commutators. Fourier integral operators let us pass from canonical
transformations to unitary operators. It is very natural that the uncertainty
principle should play an important role in PDE.
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In particular, we can look ahead to the decomposition of phase space R” X
R™ into curved boxes of volume ~1. We can now begin to describe what the
curved boxes look like: They are images of a cube of side ~ 1 under canonical
transformations.

Let us return to the techniques of cutting and bending symbols.

The calculus of 1d0 together with Egorov’s theorem yield the finest possible
cutting and bending that work simultaneously on all symbols in S™.

LevEL II (Cutting a single operator into smaller pieces modulo a lower-order
error). To make further progress we have to cut phase space into much smaller
pieces than the blocks {B,} of Figure 3. This time the cutting will depend
on the particular symbol A(z, ¢ ) we are trying to understand. The idea is to
bisect repeatedly the B, until we arrive at a family of blocks {B.;} on which
A(z, €) is somehow “nondegenerate”. So the {B.;} form a Calderén-Zygmund
decomposition of B, as in Figure 4A, and the whole of phase space is cut up
as in Figure 4B.

B,
5

——

FIGURE 4A FiGURE 4B

For a general symbol L(z, §) unrelated to A(z,¢), the decomposition of
Figure 4B would be too fine: If we try to represent L(z, D) as an approximate
direct sum of operators Ly (z, D) microlocalized to the boxes of Figure 4B,
then we would find that the error terms are large. However, the decomposition
is very fine precisely where the symbol A(z, £) is small, and therefore Az, D)
is well approximated by a direct sum of microlocalized pieces. In particular,
the error terms are of lower order than the main terms, just as in the stan-
dard microlocalization of Level I. Figure 4B actually gives the finest possible
microlocalization of A(z, D) modulo lower-order errors,

It is strong enough for some useful applications (the Nirenberg-Treves
conjecture (P), Hormander’s theorem on squares of vector fields), but we are
still far from diagonalizing the operator A(z, D), since the pieces B,; in Figure
4B still may have large volume. So we pass to

LeveL II (Cutting a single operator into small enough pieces modulo g one-
percent error). In the final picture, phase space R X R" is cut into curved
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boxes B, of volume ~ 1 which sit inside the B, ; of Level II. The family {B,}
again depends on the particular symbol A(z,£) to be analyzed. Each B, is
essentially the image of the unit cube under a canonical transformation ®,,.
Corresponding to the decomposition of phase space into boxes of bounded
volume, we can finally approximate A(z, D) by an operator which is explicitly
diagonalized. Under natural hypotheses (for instance, if the symbol A(z, &)
is positive), the eigenvalue corresponding to the box B, is of magnitude ~
MAX(; ¢)eB., |A(z, €)|. This agrees with the SAK principle as stated at the
beginning of the chapter. The canonical transformations ®,, are far too wild
to allow direct use of Egorov’s theorem. We could never carry out such violent
cutting and bending with errors of lower order than the main terms. Instead,
we are forced to let the error grow as large as a fixed small constant times
the main term. Fortunately, such errors have no effect on the applications to
PDE. In particular, we can write an approximate inverse for A(z,D), given
sharp a priori estimates, and describe the eigenvalues.

Next we review a few of the main problems and results in linear PDE.
We have picked out the topics for which approximate diagonalization and the
SAK principle have immediate applications.

Ezistence of solutions of PDE. This question was radically transformed by
the discovery of H. Lewy that the equation

a .4 N
© (S +is)+a-ing|u=1
has no solutions for general f € C*, even if we ask only for distribution
solutions u defined in a small neighborhood. Equation (f) is not a cooked-up
example, but arises as an analogue of the Cauchy-Riemann equations on the
unit sphere in C2. Lewy’s work led to a new question: How can we recognize
those L for which Lu = f has local solutions?

After some preliminary work by Hoérmander [involving commutators of L
with L*], Nirenberg and Tréves found the correct conjectures and gave over-
whelming evidence by proving them in many cases [33, 34]. The Nirenberg-
Tréves conjectures relate local solvability to the geometry of the symbol L(z, £).
To understand their condition, and to see why an equation can fail to be
locally solvable, we look at a simple example:

L=24i3 a2
at b1 9T
We can solve Lu = f formally by making a partial Fourier transform in
the x-variables. Thus our PDE goes over to an elementary ODE
[8/3t+ X, ax(t)éxlat, €) = f(t, €), which we solve easily using the integrating
factor exp[[ ¢ Yk ak(s)€k ds]. The trouble is that the integrating factor grows
exponentially in ¢, so we may easily end up with a formal solution 4(t, £)
which also grows exponentially. In this case the partial Fourier transform
cannot be inverted, and Lu = f has no solutions. Working out the details, we
arrive at the necessary and sufficient condition for solvability, namely

(P) For ¢ # 0, the functiont — ) ax(t)¢x never changes sign.
k
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More generally, if L is a differential operator with principal symbol p+1q, one
associates certain curves to p (the null bicharacteristics), and the Nirenberg-
Treves condition is

(P) g never changes sign on the curves associated top.

For a large class of PDE (principal type), this is equivalent to local solvability.
The proof requires microlocal analysis on what we have called Level II, and
it formed the original motivation for Calder6n-Zygmund decomposition of
symbols.

Hypoellipticity. Solutions u of Laplace’s equation Au = f can be singular
only where f is singular. On the other hand, solutions of the wave equation
(3%/0t?— A)u = f have singularities which propagate from the singularities of
f along light cones. In general, an equation Lu = f is called hypoelliptic if u
is always C* except where f is already not C*. It is an interesting problem
to decide whether a given PDE is hypoelliptic, and to understand precisely
how smooth u must be if we know how smooth f is.

A basic nontrivial example of a hypoelliptic equation is a sum of squares
of vector fields. Already in Kohn [26] it was clear that commutators played
an important role; see also Kolmogorov [28]. Hormander generalized these
examples in his celebrated

THEOREM. L =Y1_| X2+ X, is hypoelliptic if the vector fields X, ..., Xn
and their repeated commutators span the tangent space at each point.

In view of the connection of L with the Bergman and Szego kernels in
complex variables, one wants to write explicitly an approximate inverse for
L.

To invert L and give sharp estimates involves not so much the algebra of
commutators, but rather a geometric study of certain non-Euclidean “balls”
By (z, p) associated to L. This key discovery is due to Stein [37, 19, 20] who
used nilpotent groups as the bridge between commutators and geometry. On
a nilpotent group N one has natural examples of noncommuting vector fields
X, namely the (left) translation-invariant vector fields that make up the Lie
algebra n.

Since L =3 ;X ]2 + X is then translation-invariant on N, we know that
L' is given as a convolution operator on N. Also, the convolution kernel
K (z) must be homogeneous with respect to the natural dilations §; which
act on N. So the nature of L' is well understood in this case. On the
other hand, the group N is equipped with a family of non-Euclidean balls: To
define the ball of radius p about the identity in N, we just apply the dilation
0, to a fixed neighborhood of the identity (which serves as a unit ball). The
fundamental solution of L is intimately tied to the shape of the non-Euclidean
balls in N.

Now an arbitrary family of noncommuting vector fields may be recovered
from the special case of a nilpotent group by using a process called the
Rothschild-Stein “lifting”.
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As a result, sharp estimates [17] and now also the fundamental solution of
L can be read off from the geometry of the balls By(z,p). The fundamental
solution is due, independently, to Nagel, Stein and Wainger [32] and Sanchez
(38].

We also want to understand second-order operators L not given as sums of
squares. For an operator

L=—Z J

az]

Zb—+C

with (a;x) > 0 and a,, bj, c real, Oleinik and Radkevitch [35] gave a condi-
tion in terms of commutators which is sufficient and close to necessary for
hypoellipticity. The Oleinik-Radkevitch condition is as follows.

Start with the symbols

a .
Lo_Zb )&, L; Za]k )&k, Lu=2—a;5€j§k!§l”l-

jkaﬂ

Next form all repeated Poisson brackets of these symbols up to order k; say
Pi,...,Pn are the symbols obtained in this way.

THEOREM [35]. L 1s hypoelliptic if Zf] | Ps(z, &)| > c|€].

This is, of course, analogous to saying that the commutators of vector fields
span the tangent space.

The Oleinik-Radkevitch theorem is proved using 1d0 calculus, but now the
techniques of nilpotent groups are no longer available. So one has neither an
explicit solution nor sharp estimates. We shall study these problems (and also
get a simple proof of hypoellipticity of sums of squares) using approximate
diagonalization and SAK.

Boundary-value problems. To fix the ideas look at the equation Au =0 in
Q, Xu = f on 91, where X is a complex vector field. We can suppose 92
has been straightened out, so (1 = {(z,t) € R* X R! | t > 0}. Thus u(z,?)
is the Poisson integral of u(z) = u(z,0), and our problem is to find u(z). At
the boundary the vector field X splits up into a(z)(d/dt)+ Xtan, where a(z)
is complex-valued and XTan is a complex vector field tangent to d{). For
u(z,t) = Poisson integral of w(z), we compute that —du/dt|;—o = (—A)'/ %7,
where now A denotes the Laplacian on d{). Therefore, our boundary problem
reduces to

[—a(z)(—A)"% + Xranlu=f onR™.

In other words, a boundary-value problem for the Laplacian on 2 reduces to
a pseudodifferential equation on the boundary 9). This makes it important
to solve pseudodifferential equations.

Given a symbol L(z,{) = p + iq, we now ask whether L(z,D)u = f is
hypoelliptic or locally solvable. A crucial condition here is the analogue of (P)
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for pseudodifferential operators, namely:

As we flow along the null bicharacteristics of p,the symbol ¢ can
(¥) change sign only from minus to plus.

(This is equivalent to (P) in the special case of differential operators, for then
P+ 1q must be even or odd, so any sign change would lead to a forbidden sign
change.)

Moyer [31] has shown that (W) is necessary for local solvability of p — ig
and for hypoellipticity of p +iq. One supposes (¥) implies local solvability
for equations of principle type, but this is unknown and probably quite hard.
Regarding hypoellipticity under condition (¥), there is a very strong result of
Egorov. To state Egorov’s theorem we may assume p + 1q is first-order, since
this may be achieved by multiplying by an elliptic symbol.

THEOREM ([EGOROV [10]; SEE ALSO HORMANDER [24]). Suppose p + iq
1s a first-order symbol satisfying (V). Let p1,p2,...,pN denote p, q¢ and their
repeated Poisson brackets up to order m. If Ef’ |pk(z, €)| > c|&| for large &,
then L = (p + 1q)(z, D) is hypoelliptic.

More precisely, L satisfies the sharp subelliptic estimate ||u|| + ||Lu|| >
c||u||1/(m+1); this estimate is actually equivalent to the hypotheses of Egorov’s
theorem.

Egorov’s original paper [10] is the first place a problem in PDE is solved by
cutting phase space into curved boxes B,. (Egorov’s boxes have large volume,
however, so they do not diagonalize the equation.) Unfortunately, while giving
a simple solution of the localized problems on the B,, Egorov provides no
rigorous discussion of how the microlocalized results can be patched together
to solve the original problem. This is a highly nontrivial task involving Level
I microlocalization. Later, Hormander [24] gave a careful justification of
Egorov’s main ideas.

From our work on approximate diagonalization and SAK , Egorov’s theorem
may be read off as a simple consequence. Approximate diagonalization thus
gives a clue as to what is really going on in the very complicated arguments
in [10, 24].

This concludes our introduction to the SAK technique. In the next chapter
we apply our philosophy to the study of eigenvalues of Schrodinger operators
(which is a natural starting point in view of the connection to quantum
mechanics). Then we return to general PDE and state precisely our theorems
on approximate diagonalization. We shall explain how to get the applications
as consequences of our main theorem. The proof of our main result is very
hard. Here we will do little more than sketch the ideas.

It seems to me that these techniques give strong results for a single hypoel-
liptic PDE. For hypoelliptic systems the analogues of our results are com-
pletely open. There are fascinating new geometric questions brought out in
the context of 3 by Kohn [27] and Catlin [6]. A natural goal for future study
is to understand the Bergman and Szego kernels on weakly pseudoconvex
domains. The inversion of hypoelliptic scalar operators may be regarded op-
timistically as a first step in attacking this very hard problem.
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CHAPTER I : SCHRODINGER OPERATORS

To test our philosophy we will study eigenvalues of Schrodinger operators
L = —-A+V(z) on R*. Our goal will be to relate the eigenvalues and
eigenfunctions of L to the growth of the symbol |¢|2 + V(z) on testing boxes
B= {(2}, f) € R™ X Rnl |(E —.’ljol < 5’ |€ - EOI < 6_1}'

We begin by studying polynomial potentials V' for which the estimates are
elementary. In this case, the number of eigenvalues of L which are < E' is
essentially the largest number of pairwise disjoint testing boxes B which fit
inside {|¢|2 + V(z) < E}. As a consequence, we can read off the order of
magnitude of each eigenvalue Ay for nonnegative polynomials V', and our
philosophy is confirmed. The proofs will form a simple model for our later
analysis of pseudodifferential operators.

Next we abandon polynomials and study the eigenvalues of —A + V(z) for
completely arbitrary potentials V(z) < 0. Remarkably, estimates analogous
to the easy polynomial case hold for arbitrary V. This time the proofs are
deep and rely on the techniques of Fourier analysis on R™ developed in the
1970s.

Finally, we study the special Schrodinger operator arising from the Coulomb
forces among N electrons and N nucleii in R3. Since ordinary objects have
many electrons and nucleii, we look for estimates independent of N. Classical
results of Dyson and Lenard [9a] and Lieb and Thirring [30] show that bulk
matter occupies a volume proportional to the number of particles. In the spirit
of the SAK principle, we will sharpen these results by proving that ordinary
matter is made of atoms which bind together to form molecules.

Before stating our results, we summarize the classical eigenvalue estimates
and show in several examples that they are not sharp. The standard philosophy
is that the number N(\,L) of eigenvalues < X\ is approximately the phase
space volume V(\, L) = |{(z, £)| |¢|> + V() < X\}|. Thus, the Nth eigenvalue
should be roughly the smallest X\ for which Vol(\,L) = N. Is this true? A
basic theorem of Cwickel, Lieb and Rosenblum [40] is as follows.

THEOREM 1. In R™ (n > 3) one has the estimate N(\,L) < C,, Vol(\, L).
COROLLARY 1. IfVol(\,L) < C,;1, then L > \.

COROLLARY 2. The sum of the absolute values of the negative eigenvalues
of —A +V(z) is at most C., f{V(z)<0} |V (z)|("+2)/2 dg.

Corollary 2 follows by integrating the estimate of Theorem 1 over all
negative \; in fact Corollary 2 is much easier than Theorem 1 and was proved
first in Lieb and Thirring [30]. It has a very important application which we
shall discuss later.

We pause to note that Corollary 1 is nothing but Sobolev’s inequality. In
fact, we may assume X\ =0 and V' < 0. Corollary 1 asserts that

(L, = [Vl — [ [V fuf?dz > 0
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Vol(0,1) = fR V(@) dz < CL
That is,
J VIl dz < [Vull? [Vl < eln),

which simply means Vu € L? implies |u|?> € L™/ (»=2). So Theorem 1 is really
a sharpening of Sobolev’s inequality.

From Theorem 1 we see that the real question is whether N (X, L) ~ Vol(X, L)
or, instead, N(\,L) « Vol(\,L); and in the second case, how big is N(\,L)?
Now let us look at a few examples.

ExAMPLE I (Two uncoupled harmonic oscillators). L = —A + u11? + poy?
on R?. We fix u; =1 and take u; to be very small. The lowest eigenvalue is
A1(L) =1+ /p2 = 1. On the other hand, given € >0, N > 1, we can take us
so small that Vol(¢,L) > N. Hence volume-counting predicts huge numbers
of very small eigenvalues for L, even though the true lowest eigenvalue is
approximately 1.

The next two examples are due to B. Simon.

ExampLE II. L = —A+122%y? on R?. Here, the phase-space volume Vol(\, L)
= +o0 for every X\ > 0. Nevertheless, L has discrete eigenvalues A\ tending
to infinity. Our results give the order of magnitude of \n. For the closely
related Dirichlet Laplacian on 2 = {|zy| < 1} C R?, Simon has given precise
eigenvalue asymptotics.

ExaMmPLE III. Let A be a Lie algebra of compact type, and on RN =
AGAD - ®Aset L=—-A+3_|ll[4;,Aklll|>. Here, the triple norm is
given in terms of the Killing form on A. Again Vol(\,L) = +o0, but Simon
has shown that L has discrete eigenvalues tending to infinity. The example
arises as a (grossly oversimplified) model of quantum gauge theories. In a
gauge theory the classical field is given in terms of the potentials A; by Ej;, =
dA;/dzi — dAk/dz; + [A;, Ak). If the potentials are slowly varying, one can
put Eji ~ [A;, Ax], and quantization leads to the Schrodinger operator L.
Mathematically, L is a more complicated version of Example II.

So far our potentials have been polynomials. Next we look at potentials
with a different shape.

ExaMPLE IV. L= —A —k/|z|? on R™ (n > 3). This remarkable example is
well known to people interested in Schrodinger equations. For all finite X\ one
has Vol(\, L) = o0, so it is natural to guess that L is unbounded below. The
correct result is that L > 0 for k < k ¢ritical(n), while L is unbounded below for
k > kcritical(n). This may be understood in terms of Corollary 1 to Theorem 1
and a sharper form of Sobolev’s inequality due to R. Hunt [21]. Our results on
singular potentials cover this example, but do not give the value of k critical(n)-

ExAMPLE V (Particle in a boz). Let I = I; X Iy X --- X I, be a rectan-
gular box in R™ (n > 3) whose sides Iy, Is,...,I, have lengths §; < <--- <
6n. For E > 0 small enough, the Schrodinger operator L = —A — EXI >0,
while for E > Ecritical(61,02,...,6,) we find that L has negative eigenvalues,
so the potential well can capture a particle. We ask how the energy Ec;itical
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depends on the sides of the box. Volume-counting leads to the guess Ecitical ~
(672652-+-6;2)1/™. This is completely wrong. Curiously, the order of mag-
nitude of Eritical depends only on the three shortest sides:

1
6162log((82 + 63)/62)

Ecritical ~

Our general results imply

C Ce
51(5 > Ecrltlcal > W;
80 that Eritical depends strongly on 61, 62, and weakly on 3.

Hence, volume-counting can lead to gross errors. Later, we will give a kind
of converse to Theorem 1, which characterizes these potentials V' for which
volume-counting is approximately right.

Now we can state our eigenvalue estimates for polynomial potentials. Let
V be a polynomial of degree < d on R™. We guess that the number N(\,L)
of eigenvalues < X for L = —A+V/(z) is approximately the number Ny p(\, L)
of pairwise disjoint testing boxes B = {|z — zo| < 8, |¢ — &o| < 671} which fit
inside {|£]?+V(z) < X\}. This leads us to estimate the lowest eigenvalue \; (L)
by

\vp(L) = mf max (52 +V(z)) ~ mf {6‘2 + BT V(z)}

Aup(L) is the lowest number \ for which Nyp(\,L) > 1.

THEOREM 2. IfV >0 is a polynomial, then chyp(L) < M\ (L) < Chyp(L).
Here ¢ depends only on n, d, while C depends only on n.

To estimate N(\,L) for V > 0, we divide R" into a grid of cubes {Q,} of
side \~1/2, and redefine Nyyp()\, L) as the number of @, on which MAXg, V <
X. This is consistent with the earlier, less computable, definition of Ny p. For
the higher eigenvalues of L we have

THEOREM 3. IfV > 0 is a polynomial, then Nyp(ch,L) < N(\,L) <
Nyp(C\,L). Here C depends only on n and d, while ¢ depends only on n.

This yields the order of magnitude of the Nth eigenvalue uniformly in N.
There is a significantly sharper form of Theorem 2 for polynomial potentials
V(z) which are not assumed to be positive at all points z € R™.

THEOREM 4. IfV is any polynomial on R™, then

inf {06 + MAX V(x)} <L) < mf {05-2 + MAX V(x)}
Zo,6 |z— |z—zo| <8

Here C depends only on n, while ¢ depends only on n, d. We forego the
analogous sharpened form of Theorem 3, though it is true also. Later we will
give estimates in the spirit of Theorems 2 and 4 with constants independent
of the dimension. This is of interest because one wants to pass to the limit
and study infinite-dimensional problems.
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Now we drop the assumption that V is a polynomial. We take arbitrary
V <0 on R™ and attempt to estimate the negative eigenvalues of L = —A +
V(z). Since V is no longer a polynomial and may be very singular, it is now
natural to average the symbol ¢2 + V(z) over a testing box B = {|z — zo| < 6,
|€ — €| < 671}, rather than maximize the symbol. (For instance, suppose
V(z) =0 in |z — 20| < §/10°%, V(z) = —6'%0 in §/10° < |z — 20| < §.) This
leads to a guess

~ 82 + AVB(,;,g)V = —(AVB(2,5)|V| - 5_2)
for \;(L), rather than §—2 +MAXp(s,5)V. In fact, the following is true.

THEOREM 5. For 1 < p < oo and constants depending only on n, p, one has
the estimates cEgm < —X\1(L) < CEpig, where

Egm = Su?[(AVB(x,ﬁﬂvl) —-C672),

Epig = Sug[(AVB(x,a)lVl”)l/p —c677).
z,

COROLLARY. If(Avp(;,5)|V|P)Y/P < 672 for every z, §, then —A+V > 0.

To estimate the number of negative eigenvalues, we look for collections of
pairwise disjoint testing boxes on which the symbol |¢|2 +V(z) has a negative
average. This motivates the following result, valid in R™, n > 3. Again we
take 1 < p < 0o and use constants C, ¢ depending only on n and p.

THEOREM 6. (A) Let @1, Q2,...,QN be a collection of cubes whose doubles
are disjoint. Suppose (Avg,|V|) > C(diamQ;)~? for each of the cubes. Then
L=—-A+YV has at least N negative eigenvalues.

(B) Conversely, suppose —A+V has at least CN negative eigenvalues. Then
there is a collection of pairwise disjoint cubes Q1,...,QN for which

(1) (Avg,|V[P)/P > ¢ (diam @) >,

In practice it is surprisingly easy to find essentially the largest possible
collection of {@;} as in Theorem 6.

Theorems 5 and 6 are somewhat sharp because the upper bounds are of
roughly the same form as the lower bounds. It would be interesting to give a
sharp limiting form of Theorems 5 and 6 corresponding to p = 1; we discuss
this point later. We also put off for later the application to physics, and content
ourselves here simply with pointing out that Theorem 6 implies Theorem 1.
In fact, Theorem 6 evidently gets sharper as p decreases, and we shall use
p =n/2. To prove Theorem 1 we may evidently take X\ = 0. Also, we may
suppose V' < 0, since changing V' to min{V,0} only lowers the eigenvalues
of L. So we are in the situation of Theorem 6(B), which now produces a
collection Qi,...,Qn of disjoint cubes satisfying (), with CN > N(0,L).
Since p = n/2, estimate (1) takes the form
/Q V™2 dz > (e (diam @;) 2]/ =
J

1
Q51 ;I
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that is, fQj [V|*/?dz > ¢’. Summing over 7, we find that
N ¢
Vol(0,L) = f VI"/2de > > / [V|™2dz > ¢'N > —~N(0,L),
Rn 2179 C

which is the conclusion of Theorem 1. Similarly, the corollary to Theorem 5
(with p =n/2) immediately implies the Sobolev inequality.

We now come to the proofs of Theorems 2, 3 and 4 on polynomial poten-
tials.3 These results all rest on the following elementary estimate.

MAIN LEMMA. Assume V(z) > 0 s a polynomial of degree < d on a cube @
in R™. Suppose (AvgV) > (diam Q)~2. Then for functions u in Q we have

/Q (IVu(@)]? + V(@)|u(z)|2} dz > o(diam Q)2 fQ lu(z)[? da.

The constant ¢ depends only on n and d.

First we prove the Main Lemma, then explain how to deduce Theorems 2,
3 and 4. The analogue of the Main Lemma for operator-valued potentials will
be important in the later discussion of pseudodifferential operators.

Proor oF THE MAIN LEMMA. We exploit the following simple properties
of polynomials P(z) of degree < d.

(a) Avg|P| < MAXg|P| < CAvg|P|.

(b) MAX,|VP| < C(diam Q) MAX, | P|.

(¢) Suppose P >0 on Q. Then there is a subcube Q' C @ with (diam Q") >
¢(diam Q) on which we have MINg- P > 1 MAXg P.

To check these we may assume @ = unit cube.

Property (a) just asserts the equivalence of two norms on a finite-dimension-
al vector space, property (b) says that a linear map of finite-dimensional spaces
is bounded in norm, while (c¢) follows from (b) if we pick @’ to include a point
of @ where P takes its maximum. Thus, (a), (b), (c) are trivial.

Now let u be a function on ). We start with the trivial estimate

fQ V(@) do > @%Q-)f fQ o lu(@) = uw)P dody.

Also,

[ v@n@? i [ vouwia- [ veuwdd

3Since the results in this lecture haven’t appeared before in print, we give the proofs
now.
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Putting this together yields

LAvu@) + V@) da
|Q|/ [c(diam @) ~2|u(z) — u(y)|? + V(y)|u(y)[*] dz dy

> 151 for g MIN{Y (), cldiam @)2))

[u() = u(®)]? + u(y)|*) dz dy

1)

> |—22—| QXQ(I\AIN{V(y),C(diamQ)—2}).[%W(z)'z] dz dy

[|(19| 03 MIN{V(y) c¢(diam @)%} dy} f |u(z)|? dz.
By property (c) and the hypothesis (Avg V) > (diam Q) 2, we have
AMIN{V (y), c(diam Q) 2} > c(diam Q)2
for a fixed portion of the measure of Q. Hence
1
1QlJe2

and the Main Lemma follows from (1). Q.E.D.
See Simon [39)] for another proof of the Main Lemma.

MIN{V(y) ¢(diam Q)~?} dy > ¢'(diam Q)~2,

ProoF oF THEOREM 2. The upper bound for \;(L) is trivial, since

(Lo, ¢) _ (Lg%, ¢°)
ML) =1l e S el

for any fixed ¢° # 0. Letting ¢° run over all translates and dilates of a
fixed smooth function supported in the unit ball, we at once obtain X\1(L) <
Cxup(L).

The lower bound for \{(L) amounts to the estimate

(1) (Lu,u) = [|Vul[® + (Vu,u) > dup(D)|lull®* forue C(R™).

Cut up R™ into a grid of cubes @, each having side C; [\yp(L)] /2. If we take
C large enough, each Q will contain a ball B(zo, ) with § = 2[\yp(L)]~1/2,
s0, by definition of Ay p, we have

\up <6724+ MAX V < A

ur +MAX V.
B(z0,5) 4

Thus,
MxQAAX V> %)\UP > (%Cf)(dl&m@)_z
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Since AvgV ~MAXq V, by taking C; large we may arrange that
(%) AvgV > (diam@)~2,

(%%) (diam Q)~2 = ¢'\yp(L).
Now (x), (x*) and the Main Lemma yield

JAVu@P + V@lu(@)?} do > (L) [, fu(@)P do

for each cube of the grid. Summing over all @ yields the needed estimate (1),
and Theorem 2 is proved. Q.E.D.

ProoF oF THEOREM 3. Recall from elementary functional analysis that

(1) N(\,L) > N if we can find an N-dimensional subspace H C L? so that
(Lu,u) < \|u||? for u € H.

(2) N(\,L) < N if we can find a codimension N subspace H C L? so that
(Lu,u) > N|ul|? for u € H.

We first check that N(\,L) > N = Nyp(c)\). Corresponding to (c)\) is a
grid {@,} of cubes of sides (c\)~'/2. Let Q1,...,@n be those cubes of the
grid on which MAXg V' < cX. Translate and dilate a fixed smooth function
¢ supported in the unit cube to obtain functions ¢y,...,¢N supported in
Q1,...,@n. Then just define H as the span of ¢,,...,¢n. Evidently H is
N-dimensional, and for u = EJIV a1¢1 € H we have

N
(Lu, u) = ||Vull® + (Vu, u) = 3 _{las "l V511 + lo;|*(V 5, 5)}
1

N
< 3 C(diam Q;) 2oy |51 < Nlul*.
1

These estimates hold because the ¢, are translates and dilates of a fixed
function, while MAXq. V' < cX. So we have N()\,L) > Nyp(c), L) by virtue
of (1). Now we show that N(\,L) < Nyp(C\,L) = N. Corresponding to C\
is a grid of cubes {Q, } of side (C\)~'/2, and we let Q1, ..., @n be those cubes
on which MAXV < C\. Define H as the space of all u € L? with integral zero
over Q1,Q3,...,0N. H has codimension N, and we shall prove that

(%) (Lu,u) = ||Vu||? + (Vu,u) > N||u||* forue H.

This will follow at once by summing the following estimates over v:
(+4) fQ {|Vu|2+V|u|2}da:2>\[Q lu2de forue H.

For v #1,2,...,N we have MAXg, V > CX, so (x*) holds for any u by virtue
of the Main Lemma.

On the other hand, for v =1,2,..., N we argue as follows. Any u € L?(Q)
satisfies

/Q., |Vu(z)|? dz > c(diam @, )2 [Qu |u(z) — avg, u|* dz

> )\/;) |u(z) — avg, u|® dz.
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If uw € H, then avg, u = 0 and (*x) follows at once. Thus, () holds for all
v, and now N(\,L) < Nyp(\, L) by virtue of (2). The proof of Theorem 3 is
complete. Q.E.D.

ProoF OF THEOREM 4. The upper bound for X\;(L) is trivial as in Theorem
2. The lower bound for \;(L) amounts to the following estimate.

Suppose V is a polynomial of degree < d on R" satisfying

(1) MAXV 2 —cy(diam Q)~?
for every cube Q. Then ||Vu||? + (Vu,u) > 0.

To prove this we can suppose that u is supported in a very large cube Q°.
Except in the trivial case V = constant, we have

[MAX V —MIN V] > C(diam Q°)~2
Q° Q°
if we start out with QO large enough.

Now make a Calderén-Zygmund decomposition of @° by bisecting Q° into

2™ equal subcubes, bisecting each of these subcubes, etc. We stop cutting
whenever we arrive at a cube @ satisfying

(t1) [MSXV ~MIN V] < Cy(diam Q)2

This will eventually happen, since each time we bisect @ the left side of (1)
shrinks, while the right side grows by a factor of 4. Consequently, the big
cube QO is partitioned into subcubes {Q,} each of which satisfies

(%) ¢Cy(diam Q,,)_2 < [Mé&XV —l\/gNV] < Cl(diamQ,,)_2.

Here ¢ depends only on 7 and d, and the first estimate of () holds because @
arose by bisecting a cube for which (11) fails.

If we take C; large enough depending on n and d, then the Main Lemma
applied to V(z) = V(z) —MINg, V shows that

(¥%) /Q {IVu]? + V|u|*} dz > (NCIQINV +E(diamQ,,)‘2)]Q |u|? dz.
However, if (1) holds with ¢; small enough, then we have

IvgN V > —¢(diam Q,) 2.
To see this, suppose MINg, V occurs at z° € Q,, and let @ be a subcube of

Q. with diam @ = ((diam @,)) and z° € Q. By observation (b) in the proof of
the Main Lemma, we have

MAXV <MINV +CBMAXV —-MINV|.
Q Qv Qv Qv
Using (f) on the left and (x) on the right, we get
—c1(diam Q)2 < NchIN V + CBCy(diam @, )2,
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i.e.
—c1 87 (diam @, )2 < MIN V + CC1B(diam @,)~2

Picking 8 « 1/001 and then plckmg c1 < (%, we see that MINg, V >
—¢(diam Q,)~? as claimed. Now (x*) shows that fQ {IVul]® + V|ul? }dz >
0. Summing over v yields |Vu||2 + (Vu,u) > 0, which is the desired es-
timate. Q.E.D.

Before leaving polynomial potentials, we should mention a version of Theo-
rem 4 with constants independent of the dimension. To motivate the result,
we look at the ¢3-field from quantum field theory. Here

N g2 2
LZ_ZB 2+Z[ az? + Bz + v+ 6(zy — 7041)?)

v=1 v=

and «,3,7,6 depend on N. L describes the quantum-mechanical analogue
of a classical mechanical system of N particles with positions z,...,zx and
moving in a potential well

N
V(Ily (XS} CBN) = E [—'CYZ?/ + ﬂﬁ +v+ 6((8,, - xu+1)2]7

v=1
If we could pass to the limit as N — oo, then the classical system goes over
to a field ¢(x) with “potential” V(¢) = [ [u¢? + Bé* + |V¢|?] dz, while L
goes over to the corresponding quantized field. So estimates independent of
the dimension are aimed at the passage from ordinary quantum mechanics
to quantum field theory. We emphasize that so far our estimates are much
too crude to deal with this problem. Nevertheless, we can pick out from

the examples of quantum field theory two basic properties of the potential
V(z1,...,ZN):

(A) V(z1,...,zN) is a polynomial of degree < d, d independent of N.

(B) In V(z4,...,zn) we find that z, is coupled directly only to z,_; and
Ty4+1. That is, 32V /92,37, =0 unless |y —v| < 1.

More generally, a potential V(zy,...,2x) will be called type (d, s) if

(A') V is a polynomial of degree at most d.

(B’) For each p we have 32V /dz,,dz, = 0 except for at most s values of v.

We shall estimate the lowest eigenvalue of L = —A + V() in terms of the
growth of V' on boxes I = I; X Iy X --- X Iy, where the lengths of the intervals
I1,I,,...,IN need not be equal. Our result is as follows.

THEOREM 7. Suppose V(z1,...,zN) s of type (d,s). Then the lowest
eigenvalue \1(L) may be estimated by

inf {chH 2y , ax V}<>\1(L)

Iy X XIN

IyX-XIN ~XIN

< inf {CZ(II 2+ _Inax V}

Here C s a universal constant, while ¢ depends on d and s but not on N.
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For V' > 0 we obtain the order of magnitude of \{(L).

The proof of Theorem 7 is a delicate refinement of the proof of Theorem
4. Again we start with a huge cube Q° and make a Calderén-Zygmund
decomposition. This time, however, instead of bisecting a given box into 2V
congruent smaller boxes, we cut only one side at a time. Thus, at each stage
of the Calder6n-Zygmund cutting, a box is cut into only two pieces but the
shape changes. A critical part of the proof is to decide at each stage which side
to cut. We won’t give the details here. Instead, we move on to nonpolynomial
potentials.

To prepare for the proofs of Theorems 5 and 6, we introduce some notation
and background from Euclidean Fourier analysis. For @ a dyadic cube, define

H 3 = space of functions supported in @, and linear + constant
on each of the dyadic subcubes obtained by bisecting Q.

space of functions supported in @, and linear + constant
on all of Q.

H® = the orthogonal complement of H in H9.

Hg

I

An L?-function u can be expanded in a series u = Y, 4(Q) with each
4(Q) € H®. This is a slight variant of a Haar series, and the corresponding
variant of the dyadic square function is

[Z uufglu }

Q

Such functions play an important role in the analysis of singular integral
operators. It is well known to Fourier analysts that the size of S(u) controls
very closely the size of u. In particular, we will need the following “weighted-
norm” inequality.

LEMMA A. Letu be a function supported on a cube Q° and orthogonal to
HS’. Then Joo u?|V]dz < C [0 S*(w)V+ dz, where
V*(z) = sup(Ave|V )7, p>1.
Q3Iz

SKETCH OF PROOF. One checks easily that V't satisfies Muckenhoupt’s
(Aw) condition. Therefore the standard theory of weighted-norm inequalities
tells us for w L H® that Joo w2V Fdz < C [50 S%(w)V+ dz, where u* is the
dyadic maximal functlon of u. This is much stronger than the estimate of
Lemma A, since we can just write

/Qo |u|2|V|dx§/Qo lu* |2Vt d:zch]QO S?(u)V*tdr. Q.E.D.

Next we relate the expansion u = EQ (Q) to the Laplacian by introducing
lllull]? = 3 o(diam @)~2||%(Q)||?, and proving

LemMA B. |||u]||? < C||Vu||? for u € CF(R™).



152 C. L. FEFFERMAN

Proor. Write u = ), u; with 4;(€) supported in |¢| ~ 2!, Thus u; = x;*u,
where
1 for|¢| ~ 2!,

%:(6)={0 for|¢| < 2'2and for |¢| > 212
smooth in between.
We can take x; to satisfy
1) 10°x1(2)| < Cas2™HeD 27 /(2] + 2717,

since this amounts to saying that 27"x;(27!2) is a Schwartz function. Now
@) < 3, lu(Q)l]. We study first the case diam @ < 27; say diamQ =
21—k k> 0. For suitable 1 = ¥ € H? of unit L?-norm, we have

(@)1 = [0, = | [ e uoto) ey

@) = l] [Xz(fb‘ ~y)—xu(zq —y)

- Z(xu —2q,) duxi(zg — y)]ul(y)d)(x) dzdy|.

Here zg with coordinates (a:Q ) is the center of @), and the extra terms in
brackets don’t affect the integral because 9 € H? and, hence, % annihilates
constants and linear functions.

Estimates (1) for the second derivatives of x; show that the term in brackets
is bounded by C,(diam Q)22("+2)l(2'l/(|zQ y|+27")*, while [, [¢(z)|dz <
|@|1/? since 9 is supported in @ and has unit L2-norm. So (2) implies

_1 s
(@ < ol dimm @2+ [ (o ) hutwll ey

RUAN
= CIQI1/2 . 2_2k(¢l * IUll)(zQ)y where ¢l(Z) = 2”1(W) .

Since ¢i(zq —y) and ¢i(x — y) are of the same order of magnitude for z € Q,
y € R", it follows that

8@l < C'1QIM2 - 272 (g, % [wi|)(z) for anyz € Q,
so that
(@I < 02~ [ (61 i) da.
Summing over all Q of diameter 2~ yields
S u@IP <02 [ (@il ds < 02,
diam Q=2-!—k R

since ¢; has bounded L!-norm. Now multiply by 22'+2¢ and sum over all
k >0 and all [. The result is

ll&u(@)||*(diam @)~2
Q 2-'>diamQ 2! diam @

<CY 2 |wl® < O'||Vul?.
l
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Since for a fixed ¢ we have
2
i Il (@I
@) <c (@I
(2—12%:;;mQ 2_12%“11@ 2! diam Q
it follows that

2
3) Z( > Hﬁz(Q)H) (diam Q)2 < C||Vul|*.

Q \2-!>diam @

On the other hand, suppose 27! < diam Q, say diam @ = 2~'+¥ with k > 1.
For fixed | and k we know that 3. o_or— [lG(Q)I1* < ||wi||?. Multiplying
by 22/~ and summing over all k > 1 and all I, we get

IS Ilﬂz(Q)llz(diamQ)‘z'{2ldiamQ}SCXL:?‘”IquHzSC'IIWIF-

Q 2-i<diam@
Since for fixed @ we have

2

( > Ilﬂz(Q)Il) <C¢ Y u@IP {2 damg),
2-l<diam @ 2-l<diam Q

it follows that

2
Z( > ||aL<Q>n) (diam Q)2 < C|| V.

Q \2-'<diamQ
This and (3) yield

2
%:(; Hﬂz(Q)ll) (diam Q)2 < C||Vul|%.

Since we already noted that ||4(Q)|| < 3, ||%(Q)|], Lemma B is proved. Q.E.D.
Combining Lemmas A and B it is now easy to prove the corollary to
Theorem 5. In fact one has

LeMMA C. Assume (Avg VP)H/P < 4(diam Q)2 for all @ C Q°. Then for
any u orthogonal to HS® we have

2 2
L P 1vids < it
Lemmas B and C show that
(84 Vyu,u) = VulP — [ uPIVide > ell 2~ [ fuf?V]dz >0

foru l H 52", if we pick -y small. The set of u € Cy orthogonal to H 69" for some
large Q° is dense in L2, so —A +V >0, which is the corollary to Theorem 5.

Proor oF LEMMA C. First of all we claim that Avg V+ < Cy(diam Q)2
for every cube @. In fact, define

¢(Q) = max (Ave |[VIP)Y/P,  VE(z)= sup (Avg |V |P)MP.
(@) Q,DQ( VIP) o(z) QI'SI:;( VI
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The definitions at once yield V*(z) = max[¢(Q), V(z)] < ¢(Q) + V(z) for
TEQ.

The hypothesis of Lemma C gives ¢(Q) < y(diam @)~2, while the maximal
theorem and hypothesis imply

(AvQ V) < ColAvelVIP)P < Cyr(diam @)%

these inequalities prove the claim.
Now for u L H§ Q° we invoke Lemma A to write

2 ||U(Q)||2 ] +
ulVlide<C | S*(u)V*tdz=C > V*dz
/ "IV / () / [Q el

= CE lu@)|*(Avg V)< C 72 |#(Q)||*(diam Q)2
by the claim. That is,
/Q [u?V]dz < Clllulll®. QED.

PROOF OF THEOREM 6. Part (A) is trivial, in the spirit of Theorem 3. To

prove part (B) we shall suppose V' is bounded, but make sure our estimates
don’t depend on the bound.

We can immediately define the cubes Q,...,Qn of part (B). They are
simply the minimal dyadic cubes which satisfy (Avg, |V |P)}/? < y(diam Q,)~2.
Evidently the @, are pairwise disjoint and satisfy the estimate of part (B).
The problem is to prove that —A +V has at most C N negative eigenvalues.
This we do as usual by constructing a space H C L%(R™) of codimension <
CN so that

@) IVu||> + (Vu,u) >0 forueH.

To build the subspace H, we first add to the Q1,...,Q N certain other cubes
@N+1,---,Q M, taking care that M < CN. We then define H to consist
of all functions u orthogonal to H %’ for j = 1,2,...,M. Evidently H has
codimension at most CN. It remains to prove the estimate (t).

Now define sets E(Q;) = @; \U Q;', where QJ varies over all cubes
among Q1,...,Qn which are properly contained in Q;. Also set E(R")

= R"\ Uf’f Q. Thus, E(R™), E(Q1),..., E(Qn) partitions R™ into disjoint
subsets. We shall prove that

1 / » 1/p ' .
(@ QNEQ;) 14 dm) < Cy(diam Q)
for all Q and each j. Also

1 pd 1/p 5
1 < . _
(|Q| /QOE(Rn)|V| m) < CH(diam Q)
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for all Q. Therefore, Lemma C yields the estimates
2 2 Qj
ul*|V|dz < CHl||u foru L HY?,
/E(Q,.)l [*|VIdz < CAll[ulll T
(1)
2 2 00
V]idze<C for allu € Cy.
/E(Rn)h‘l [VIdz < CAlllull|* for allu € CF

We are in position to prove ().
Given a function u =}, 4(Q), define

uj= Y 4(Q), whereQe i;if QCQ;,but QZQ;
Qe
for any @;, properly contained in Q.
ug = Z (@), where@ € $oif, for allj, Q ZQ,.
Qe
Since each dyadic cube appears in exactly one of the $l; (=0,1,..., M), we
have |||ul||? = Zjlviol||uj|||2 for any u € Cy. Also, for u € H we note that
wz) =3 oco, UQ) for z € Q; (because u L H%’). Therefore u(z) = u;(z) for

z € E(Q;). Similarly u(z) = ug(z) for z € E(R"). Finally, we apply (11) to
the u; to conclude that

M
qudx=/ uo|?|V| dx + / u; ||V dz
Joultmide= [ olivide+ 32 [ v

M
< Crllluolll® +C Y Mllusllf* = CAlllull[* forue H.
7=1

Taking ~ small enough and applying Lemma B, we get

/R u2[V]dz < ||Vu|? forue H,

which is (1).

To summarize, the key estimate (t) will follow if we can carry out three
steps:

(a) Define the additional cubes Qn41,---, Q-

(b) Check that M < CN.

(c) Prove the estimates

) 1 1/p ) )
(i) (5 oo V1) < Or(aiam@)-

and

. 1 /e

(ii) (l—Q—l /QnE(R") |Vl”dz) < Cy(diam Q)~2.

First we define the extra cubes @n+41,...,Q@n. Let B be the collection of
all Q satisfying (Avg|V[P)!/? > (diam@)~2. For @ € B define D(Q), the
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“descendents of @”, to consist of the maximal Q' € B which are properly
contained in ¢). We shall say that @) branches if there are at least two cubes
in D(Q). Now define

Q% = family of minimal Q,

Q! = family of maximal @,

Q? = family of branching Q,

Q3= Ugeo2D(@Q), the family of descendents of branching cubes.

In particular, Q° consists of the cubes Q1,...,@Qxn. The family of extra cubes
is defined as Q' U Q? U Q3. Step (a) is now complete.

Next we carry out step (b). That is, we check that the number of cubes
in Q' U Q0?2 U Q3 is at most a constant multiple of the number of cubes in
Q0. It is immediately clear that |Q'| < |Q°|. In fact, we just associate to
each maximal @ € B some minimal @' € B contained in @; note that distinct
maximal ¢ are pairwise disjoint and thus give rise to distinct @'. To show
that |Q2U Q3| < C|Q0 is an exercise in graph theory. The collection B of
“bad” dyadic cubes has the structure of several trees under inclusion as in
Figure 1.

Elements of Q? marked by

horizontal slash.

FiGure1

For any tree graph we may define Q¥ = minimal elements, Q2 = branching
elements, and we have

LEMMA D.

) Y {1+ID@)} <51Q°
QeQ?

This means | Q% U Q3| < 5|Q9|, so step (b) is reduced to Lemma D.

Proor oF LEMMA D. Grow the tree from the top down. To start with,
the tree consists of a single point, so Q? is empty and Q° consists of one
point. The tree grows by repeatedly adding the descendents D(Q) for a point
@ which is minimal in the part of the tree grown so far. See Figure 2.
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9N A

etc.

/; 2
e After
Before

FIGURE 2. How the tree grows

If ID(@)| = 1, then Q? remains unchanged, while to Q° we add D(Q) and
remove Q. Thus Y oc02{1+ |D(Q)|} — 5| Q°| remains unchanged. On the
other hand, if |D(Q)| > 1, then Q is added to Q2, while to Q° we add D(Q)
and remove @. Thus, 3¢ 02{1+|D(Q)|} increases by 1+ |D(Q)|, while | Q°|
is increased by |D(Q)| — 1. The total change in 3¢ 02{1+|D(Q)[} —5|Q°|
is [1+|D(Q)|] - 5[|D(Q)| — 1] = 6 — 4| D(Q)| < 0, since |D(Q)| > 2. So in either
case, 3 oco2{1+|D(Q)|} — 5/|Q°| remains constant or decreases as the tree
grows. Lemma D follows, and step (b) is complete. Q.E.D.

Now we come to step (c), the proof of estimates (i) and (ii). We start with
(ii). Let @ be any dyadic cube. If @ ¢ B, then already

(%l L iV|de)l/p < ~(diam Q)?,

so (ii) is obvious. On the other hand, if @ € B, then @ C Q' for a maximal
Q' € B. Since Q' € Q! is among the extra cubes @ni1,-..,Q M, it follows
that Q' NE(R"™) =, so QN E(R™) = also, and again (ii) is obvious.

Next we prove (i). Observe that it is enough to prove (i) when @ is a proper
subcube of Q;. Indeed, the case @ = @; will then follow (with a different
constant) from applying (i) to the 2" subcubes obtained from bisecting Q;.

Since (i) may be rewritten

V[P dz < [CH]Pc(diam Q)" 2P,
Lo, VP da < [C7Pe(diam Q)

the case @ 2 @, follows from the case @ = @Q; as long as p < n/2. (Recall
E(Q;) C @;.) Theorem 6 only gets stronger as p decreases, and we have n > 3;
hence we may assume p < n/2. So if (i) holds for @ proper subcubes of @;,
then we have checked that (i) follows also for @ 2 @;. The only remaining
dyadic cubes @ are disjoint from @, hence also from E(Q;), and so (i) holds
vacuously.

So our job is to prove (i) for @ a proper subcube of Q;. We may also
assume @ € B, since otherwise (i) is automatic. We consider separately the

three cases Q; € Q°, Q; € 92, Q; ¢ Q°U Q2.
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If Q,; € Q°, then we cannot have Q € B properly contained in Q;, so there
is nothing to prove.

If Q; € Q% then D(Q;) C Q° so E(Q)) C @ \Ugep,) @ For Q€ B
properly contained in @, we must have @ C Q' for some Q' € D(Q;). Thus
QN E(Q;) =D and estimate (i) is trivial.

Finally, suppose @, ¢ Q°U Q2. Then some cube in Q° is properly contained
in Q;. It follows that we can find a maximal element Q# among the cubes
of Q¥U Q2 properly contained in Q;. Since @# € Q°U Q?, we have E(Q,) C
Q\ Q*. Now let Q € B be properly contained in @;. Then @ must intersect
Q*. (Otherwise we obtain a contradiction as follows. We have @, Q* C Q;,
so we can find a minimal element Q among the cubes of B which contain both
Q and Q*. Since Q, Q* C Q, we know that @ ¢ Q°, and therefore D(Q) # @.
If D(Q) consisted of a single element Q, then both Q, Q* C Q, contradicting
the minimal property of . Hence D(Q) consists of at least two cubes, i.e.
Q € Q2. Since Q; ¢ Q?, we must have @ properly contained in Q;. Now since
Q,Q*CQwithQe Q2 properly contained in Q;, we get a contradiction to
the maximal property of @#.)

Since @ intersects @#, we must have Q C Q¥ or @# C Q. If @ C @, then
QNE(Q,;) =D and (i) is trivial. So we may assume @# C Q. The next step is
to make a Calderén-Zygmund decomposition of Q. We bisect @ repeatedly,
stopping at @ if either Qo = @# or @, NQ# = . Thus Q is cut up as a
union of the Q. One of the Qa will be Q#; the other Q,, are disjoint from
Q" and therefore cannot belong to B. The situation is as in Figure 3. In

particular, there are only a bounded number of Q, of a given diameter @r—
in fact).

Q1 62 /

04|05] ~
Oelo™

FIGURE 3. Decomposition of Q into Q4

Since the Q4 # Q* are not in B, we have

ViPdz < [ f V|Pdz
/QﬁE(Qj) Vi Qﬁ[Qj\Q#] §Q# Vi
< Z [v(diam Qa)_2]pléa| =Cn Z ~P(diam Qa)n—2p
Qa#Q# Qa#Q*

Sep-(20—1) Y P2
2k <diam @
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Again since n > 3 and Theorem 6 gets stronger for decreasing p, we may
assume p < n/2, so the above geometric series yields

V|Pdz < C~P(diam Q)" 2,
Jopmio, V1P 2 < C7P(diam)

1i.e.
1 / v o =
— dz )| < C'~(d ,
(IQI QnE(Q;-)'Vl x)‘ H(diamQ)

which is (i). This completes the verification of estimate (i), which was the last
step in our proof of Theorem 6. Q.E.D.

The proof of Theorem 6 yields a slightly sharper result which will be
important for the application to mathematical physics. Let V' <0 and Q° be
as above and define

N(E,V) = number of eigenvalues of L =—A +V which are < —E;

Nyp(E,V) = number of cubes of Q° with diameter at most CE~1/2.

Then we have

THEOREM 6'.
(1) N(E,V)< CNyp(E,V).

CoOROLLARY. The sum of the absolute values of the negative eigenvalues of
—A+V is at most C' Y- e oo(diam @) 2.

The corollary follows from Theorem 6’ just by integrating the estimate ()
over all E.

To prove Theorem 6’ we cut R™ into a grid of cubes Q¥ of diameter ~
E~1/2 and apply to each Q¥ the proof of Theorem 6. We omit the details.

Note that Theorem 6’ immediately implies the nontrivial part of theorem
5. There are probably sharp versions of Theorems 5, 6 and 6’ in which the
LlogL norm is used in place of the LP-norm. Such results (if true) would
clearly be best possible. A natural way to prove the sharp results would be to
prove Lemma A with p =1, possibly with a larger S-function such as

(< Tecoll@ly
S+(U)—(Z ] XQ) :

Q

This leads to deep questions of Fourier analysis, such as those treated by R.
Fefferman [18].

Now we come to mathematical physics. Our starting point is the Thomas-
Fermi approximation, which deals with N-body problems in quantum mechan-
ics. Say we have N electrons and N' nucleii fixed at locations yy,...,yn'. The
state of the system is given by a wave function ¥(z1,...,zn) with ||¢|| = 1.
We take v scalar-valued. (Physically, this neglects the fact that electrons can
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have spin up or down; but it makes no important difference in the mathematics
to follow.) Electrons satisfy Fermi statistics, which means that ¥(z1,...,2nN)
is antisymmetric in the z;. Now N and N’ for macroscopic objects are ~ 1026,
80 1) is a function of many variables. The main problem is to find ; but even
if 9 is given to us we still have no intuitive sense of what is happening to
the electrons. What we want are more understandable quantities, such as the
energy

Equm®) =IVY[1>+ (Vi, )
with

V(ml,...,zN)=Z 1 +z 252k Z 2K

J<k |z — 2l j<k ly; — Yl Tk |25 — k|’
2z = charge of kth nucleus (1 < z < 92),

or the electron density

p(z1) = N/ |¥(z1, 22, ..., 2N)|* dT2- - -dzN.

The interpretation of p is that on the average we expect to find [, p(z1)dz;
electrons inside a subset {1 C R3.

Now Thomas-Fermi theory is an attempt to approximate Egas (%) in terms
of p, and to guess both Ega(1) and p and 9 is a ground-state eigenvector
(i.e. 9 is picked to minimize Egps). If we think of p(z1) as a charge density
in classical physics, then the electrostatic potential energy associated to p will

be

_1 p(z)p(y)
Vie)= 2JRsxRe |z —y| dody

E Ll

1< Y5 — vkl
=Vi+Va—Va.

Here V, and V3 agree exactly with the analogue terms in (V,v) if we
just put in the definition of p in terms of 1. On the other hand, V; is
only an approximation to its quantum-mechanical counterpart, and it isn’t
immediately clear how good the approximation is. At least we have some
expression V(p) which is a candidate to approximate the potential energy
(V,v). In deciding to use V(p), we haven’t brought in quantum mechanics.

Next we come to the kinetic energy ||V4|>. The presence of kinetic
energy in the lowest-energy state is a purely quantum-mechanical effect, since
classically a distribution of charge can stay at rest with kinetic energy zero.
To see how a quantum-mechanical ground state can have kinetic energy,
we look first at the elementary case of N particles in a box B C R® with
side §. The state of the N particles is a function ¢(z1,...,zxN) defined on
B = BXBX:-- X B and vanishing at dB. For ||¢||L2(gy = 1, the kinetic
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energy is given by T = [5|V¢|®dz;---dzn. The quadratic form is easily
diagonalized by separation of variables, the eigenfunctions being products
Hz1-+ZN) = 0}, (1)@, (22) - -¢jn(2N), Where ¢; are the eigenfunctions of
—A with Dirichlet boundary conditions on B. The kinetic energy associated
to such an eigenfunction is X\j, +X;, + -+ + \jy, where \; is the eigenvalue
corresponding to ¢;.

Now if the N particles are Fermions, we restrict our attention to an-
tisymmetric functions ¢(z1,...,ZnN), so the eigenfunctions for T are antisym-
metrized products ), (sgnm)d;, (Tx(1)): - *@jn(Tx(n))- This time we must take
J1, J2---,JN distinet or else the antisymmetrized product will vanish. Conse-
quently, the smallest possible kinetic energy of the N Fermions in the box is
equal to the sum X\; + Xz + -+ + Ay of the N smallest eigenvalues of —A on
B. Recalling that B has side §, we may use volume-counting to estimate the
eigenvalues for large N:

Lowest kinetic energy of
. . =Cn [zGB |§l2 dzdg,
N Fermions in B IR <E

where E is picked so that

Number of eigenvalues /
= dzdé = N.
{of—AB<E } onJacm d2H

The result is that the lowest possible kinetic energy of the N Fermions in the
box B is asymptotic for large N to (const)(N/63)%/363. Note that N /6% may
be interpreted as a density p of particles per unit volume.

Let us now return to Thomas-Fermi theory and ask again how to guess
the kinetic energy [|V4|?dz;---dzn in terms of p. Imagine we cut R? into
boxes B; which are small, but not too small. If the boxes are small, then p
will remain roughly constant = p; in each B;. If the boxes are not too small,
then the expected number of electrons in Bj, which is N; = p; vol(B;), will be
large. We computed that the ground-state energy of IN; Fermions in a box
B; is given by

o(N; /vol(B;))*/3vol(B;) = cp3/* vol(By),
so it is natural to guess that the total ground-state energy of all N =5 ;i N;
Fermions should be approximately

Z cp;r?/3 vol(B;) ~ cha p°/3(z) dz.
j

This is the Thomas-Fermi kinetic energy. Altogether, the energy associated
to pis

1 p(z)p(y)
= 5/3 = ARIPI)
érr(p) cf Y dr + 2 Jrsxrs | | drdy

B el

i<k |y1 - ykl
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We hope that this gives a good approximation to Egas(1). Moreover, it is
natural to try approximating the electron-density p arising from a ground-
state ¢ (which is picked to minimize Egas) by a Thomas-Fermi density prr.
One simply defines prr as the density which minimizes £1r(p) subject to the
obvious constraints p > 0, [zs p(z)dz = N.

How well does Thomas-Fermi theory work? In nature the electron density
of atoms (with z > 20) is concentrated in rather small clouds about the nucleii,
and these clouds are modeled very well by Thomas-Fermi theory. However,
a small part of the total charge distribution goes to make up an outer shell
of valence electrons around each atom. It is, of course, precisely these shells
which account for chemical bonding, and Thomas-Fermi theory fails to pre-
dict their existence. Thus, atoms do not bind together in Thomas-Fermi
theory. Remarkably, this can be used to advantage, as we shall see in a
moment.

Next we describe a striking application of Thomas-Fermi theory, the so-
called stability of matter. We expect that in the ground-state 1 our electrons
form themselves into atoms with a definite size and binding energy which stay
essentially unchanged as the numbers N, N’ of particles tend to infinity. This
is confirmed by the following result.

THEOREM 8 (STABILITY OF MATTER; DYSON AND LENARD (93], LIEB
AND THIRRING [30]). Let (z1,...,ZN) be antisymmetric with ||¢|| = 1. Then
(A) Equ(¥) 2 —CN.
(B) Assume Egn(¢) < +C1N. Then any set Q C R® with [ pdz > 1N has
volume at least cocN. Here ¢y depends only on Cj.

Thus it takes a lot of energy per particle to squeeze the N electrons into a
volume small compared to N.

We shall sketch the proof of Theorem 8 given by Lieb-Thirring. The main
idea is to make a rigorous comparison between Egas(v) and Err(p).

LEMMA A (LiEB AND THIRRING). For 9(z1,...,ZN) antisymmetric with

norm 1, we have ||V9||2 > ¥ [gs p5/3dz. Here ¥ is a positive constant smaller
than the constant c in the Thomas-Fermi energy.

Naturally, it would be very interesting to find the best possible ¥. Maybe
one can take ¥ equal to the Thomas-Fermi value.

ProorF oF LEMMA A. By a trick one reduces matters to Corollary 2 of
Theorem 1, which in fact was first proved to establish Lemma A. Set H =
E;‘]:I(—Az ; —P*3(z;)), where y < 1 will be picked later.

Separation of variables lets us diagonalize H in terms of the eigenfunctions
of Hy = —A —vp?/3 on R3. Tt follows that the lowest eigenvalue for an
antisymmetric eigenfunction of H is equal to the sum of the N lowest eigen-
values of Hy. (If Hy has < N negative eigenvalues, this must be modified
slightly, since above zero energy Hy has continuous spectrum.) In particular,
the lowest antisymmetric eigenvalue of H is greater than or equal to the sum
of all the negative eigenvalues of Hy. So Corollary 2 of Theorem 1 yields

(Ho, )+ B9l 20 torE=C [ 1?2 dz =0y [ da
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and ¢(z1,...,7N) antisymmetric. However, plugging in the definitions of p in
terms of ¢ yields

(9, 9) = IV9I? = [ 9N [ (e, 2P de’da

=||Vyl|* - /Ra Y03 (z1)p(z1) dz.

Therefore
0 < (Hg, 9+ Bl = IV9IP — [ o2z Or/2 [ g5/,

For v small enough we have Cy%/2 < 4, so the last estimate proves that
V|12 > H [gs p°/3dz with ¥ =y —C~5/2. QE.D.
For simplicity we take Zx =1 and N = N'.

LEMMA B. Ifp>0 and [zs pdz = N, then Err(p) > —CN.

REMARKS ON THE PROOF. Set &rr{y1,...,yn} =inf{Err(p) | p > 0 and
Jrapdz = N}. The fact that atoms do not bind in Thomas-Fermi theory
means that

) Errf{yy .- yn} 2 Err{n } + Errf{ye} + - + Err{yn}-

That is, separating the nucleii to infinity lowers the Thomas-Fermi energy.
Since Err{yk} is simply a fixed negative constant (the T-F binding energy of
a hydrogen atom), (1) yields trivially Etp{y1,...,yn} = —CN, which is the
content of Lemma B.

The proof of (1), due to E. Teller, appears in [30]. One applies the methods
of potential theory to the Euler-Lagrange equation for £rr(p), which is a
quasi-linear variant of Laplace’s equation. We omit the argument.

LEmMmA C.
— 1 p(z)p(y)
— Lap, > = ——Z dzd
.§<k: |25 — 2|9 ¢>_2 roxrs Jo—y] =W

5 [ F3dz—C(BN forp>0.

Proor. Lemma B shows that

1 (z)o(y) -
5/3 4z + = PEPY) gxdy + 3 ly; —yel ™
ﬂfRap .’t+2 R3XR3 |$—'y| ? y+j<k|yJ ykl

Q)
- fRs [Z |z — ykl_l}p(z) dz > —C(B)N.
&
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Multiply both sides by |¥(y1,-..,yn)|? dy1---dyn and integrate. In view of
the definition of p in terms of v, the result is

1 p(z)p(y) dz dy
B [t S
(1)
NPT 2 gy _ p)p(z)dzdy ooy
+fRaNJ§c|ya vl Y @)I" dy /R3><R3 23] > —C(B)N,

which is the statement of Lemma C. Q.E.D.

It is remarkable that the yj are interpreted as the positions of the nucleii
in (1), while in (1t) they are the positions of the electrons. From Lemmas A,
B, C the proof of stability of matter is easy. Picking 8 = ¥/2 in Lemma C,

we find that

Eqm(¥) =IVy|* + <Z |z — 2™+ Dy — el =D |2y — ykl'1¢,¢>

Jj<k i<k 5,k

> [)( /R3 p°/3 dz]

+ 2yl —f 3[Z|$-ykl_1}P(I)dz
i<k R %
X 5/3 1 p(z)p(y) dx dy -1
=z dz+= PAZ)pY)aT ay _
[4 re? T3 ke lz -yl +J§c|% Yel

- /Rs ('Zk: |z~ ykl”l)p(x) dz‘]

X[ s3ge—cf
+4/p dz 0(2)N.

The term in brackets is > —C(¥)N by Lemma B, so

(%) Eqm(¥) 2 % /Ra p°/3 dz — [C(}() + O(%)}N
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Conclusion (A), the lower bound for the total energy, is now obvious with C' =
C(¥)+ C(}/2). To prove (B) suppose Egr(1) < CiN. Then [ge p%/3dz <
C2N by (x). If [ p(z)dz > LN, Holder’s inequality yields

3/5
%NZ /Q pdmgm|2/5(fﬂ p5/3d:c> < C4|QP/5SN3/5.

That is, || > C;s/ 2N, which proves Theorem 8(B). Q.E.D.

Ultimately, the proof of stability of matter rests on the volume-counting
of Corollary 2 of Theorem 1. The much sharper Theorem 6’ suggests that
stability of matter can be improved upon in the spirit of the SAK principle.
Our goal is to prove that matter does not merely take up a definite volume,
but is actually made of atoms of a fixed size. We may look at matter on an
atomic scale by restricting the electron density p(z) to a cube Q of diameter
~ 1. We then expect to see the following:

1) J, P~ 1

(2) p > ¢ on a fixed portion of the volume of Q);

(3) Jop™3 < C;

(4) At least one nucleus, and at most C nucleii, belongs to Q. Although
lacking in fine detail, these properties capture the idea of an atom as a ball

of definite size, carrying a nucleus and some electrons, and possibly sharing
its electron cloud with its neighbors.

THEOREM 9 (ATOMIC STRUCTURE OF MATTER).* Let ¥(z1,...,ZN) be a
Fermion wave function with Ega(y) < —eN. Then there is a collection of
at least cN pairwise disjoint cubes Q. of size ¢ < diam Q. < C on which the

electron density satisfies (1)-(4) above. In fact, (3) holds in the stronger form
@) fQ,’ pP<C.

The various constants ¢, C' in Theorem 9 depend on ¢ but are independent
of N. The e-dependence is unavoidable, as one sees already from the excited
states of a single hydrogen atom. Theorem 9 would be nonsense without the
hypothesis Ega(¥) < —eN, for then we could disperse the nucleii to infinity
and take p spread thinly through a large volume. The resulting % has no cubes
of diameter ~ 1 with atomic structure (1)-(4), while 0 < Egm(¥) < +€N,
where we may take € > 0 arbitrarily small.

Proor or THEOREM 9. Set H = —A + V(z) where

V(z)= Z |zj — i)™t + Z ly; — yie| ™! —leg"‘ykl_1~
7,k

i<k i<k

So again we are taking v scalar-valued and supposing the nucleii have charge
1. As before, these restrictions may be trivially removed.

1. Geometry of cubes. Start with a grid of cubes of side R (large const.
to be picked later). Subdivide the cubes, stopping at @, of side &, if 3Q,
contains at most K nucleii (X > 1 to be picked later). Two @, which touch

4In the version of this article distributed at the Denver meeting, Theorem 9 is given as
a conjecture. The author subsequently found the proof given here.
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have comparable §,, and the §, are bounded below. Note that 9Q, contains
at least K nucleii unless 6, = R. Define sets of indices as follows:

v € B if 9Q), contains at least one nucleus;

veG if ve B and 6, ~ 6, whenever Q,N9Q, # J;

v € K if @), contains at least cK nucleii.

LEMMA 1.
Za +— Z& +—~261+—

ProoF. If v € G then either §, = R or else for some u we have (u,v) €
H={(uv)|veqG prekK, Q.n9Q, # J}. Since |B|] < CN, and since
for each y there are only < C different v with (u,v) € H [for, 6, ~ 6, and
Q. € 100Q,], we can write

— N — N ’ '
(a) 25 1<§+ ) 6V1§E+C;6#1$§+C;6u.

(y.,u)GH

Now let v € B. Either v € G or else 6, »# 6, for some @, meeting 9Q,. We
cannot have §, > 6,, since 9Q, C 3Q,,, so the cutting procedure would have
stopped before reaching @,. Hence 6, < 6,/100. Note that §, < R, so u € B.
Also note that 100Q, C 100Q), .

Now set 11 = 4 and repeat the above argument for ¢),,. Continuing in this
way, we get a sequence U = vy, V1,Vy,... so that 6, <46,,/100, 100Q,,,, C
100Q,,. The sequence stops at v, when vs € G. Note that the sequence must
stop eventually, since the 6, are bounded below. Hence for every v € B there
isa p €@ sothat (u,v)e H' ={(u,v) | 0 €G, v e B, 100Q, C100Q,}. So

Yot Y 6t < CZ&
B (u,v)EH’

this last estimate holds because

Y (side@)' < C6.7,

where the sum is taken over all dyadic cubes @ with 100Q,, C 100Q. Combining
the above with (a) yields

CN
< — < 6t
25 + CZ& + X 7 <C Z + 5
Since K C B we also have
Tot+ g <Te
B
which completes the proof of Lemma 1. Q.E.D.

2. Estimates for potential energy. Suppose the electrons are in position z =
(z1,...,zNn) € (R®)N. Set L(v,z) = number of electrons in Q, = ", xo. (zk)-

’:UIZ
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Define
V()= 2l =l 3 o~ 2l —

i<k 1<k 7,k

Vi)=Y lzj—zel ™ + D ly — el ™
i<k i<k

-2 2 1z — vkl ™ x@. (%7)x(3@.) (¥k),

v ]i

Vm(z)= Y, le—ykl "x3@.(Wk)xq.(2), z€R?,
6,>60

Vs(2)= ) D lz—uel 'xs0.(wk)xq.(2), z€R®
5.<60

Here &g is a small const. to be picked later. We have

V(z)=Vi(z) ZVM (zk) — Y Vs(zk)-
k

LEMMA 2.

oN

Vi(z) > K2y 6,  +c Y. L*(v,2)6,' — 7

B L(v)>Lo

Proor. First note that for any complex function ¢(z) on R3 we have

(2)e(y) _. [1e@)?
/ o—y| da:dy—c/ e d¢ > 0.

Apply this® to p(z) = 3, pj(z) — 24 1k(z), where:

p;j(z)is spherically symmetric about z;, has total integral
1, is supported in |z — z;| < 6/ = 6,/10 for the @,
containing z;, and is bounded by C(6;)~2.

Nk(z)is spherically symmetric about y, has total integral
1, is supported in |z — yi| < 65 = 6,,/10 for the @,
containing y, and is bounded by C(6;)~3.

5The key idea of replacing point charges by continuous distributions appears already in
Dyson-Lenard [9a].
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Thus,
+Z/,0_7$),0k dd+2/m )ﬂk dz dy
j<k l - | i<k
/p](:c m(y
|z —yl
=[4+0+M+IV-V.
Now
I<> CL(v,z)6;', 1<) CK§;!
v vEB
since
. at most K nucleii always,
Q. contains .
no nucleii unless v € B.
Also,
m< ) ( — ¢(8; +5;;)"1X|zj—xk|<(5;.+5,;)/1o)
i<k |.’E]

by subharmonicity of z +— |z|‘1. Similarly,

Iv< ( (6 +8) Iy — 546" )
_Z;c |y] ykl (3 k) ly1—yk|<(8,+6,)/10

Finally,
V2 1e; — Ykl T Xlay—unl 28467

>3l — ykl T xQu (25)X(3@.)< (¥K)-
v g,k
Combining our estimates for I-V, we get

0<Vi(z)+CY_ K6, +CY_ L(v,2)8, "
B v
oy
——CZ& (#(.71 lxjymkeQuy|zJ xkl< 08’J<k)

by
=67 (#09)v € Qualus — el < 5. <)

Thus Vi(z) > Y 6, [#(E) +c25 L#(F, ]—CZK&“

=CY L(v,z)5;"
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with
E,={(j <k)|zj,zx € Qu,|z; — zk| < 6,/108},

Fu = {(.7 < k) | Y5, Yk (S QV’ |yj _ykl < 51//108}

Observe that
#(E,) > cL%(v,z) if L(v,z) > Lo,

#(F,) > cK? ifrek.
This follows from the pigeonhole principle. So

Vi(z) > EcK% + Y cl*(v,2)5;t =) CKS&)!
B

L(v,z)>Lo
+)
-3 CcLv,z)8; = > CL(v,z)6;,".
vEB v¢B

Now if we pick K large enough (depending on Ly only), then

S CKé§;t < 1 S K25t + N by Lemmal,

- 20 % R
> CL(v,z)6;' < 1 S ey, )6t + lZCKé;l
veEB 20 L(v,z)>Lo 20 B

and we know that the right-hand side is

<L ST cL(v,3)6t + —I—ZcK%;’ +
20 L(v,z)>Log 20 K

Y CL(v,x)5,;' = Z L(v,z) < <&y

v¢B uéB
Substituting these into (+), we get
Vi(z) 2 ¢’ Y K2 +c Y, LA(v,2)6, - N
K L(V,w)ZLo R

Another application of Lemma 1 yields the conclusion of Lemma 2. Q.E.D.
3. The exclusion principle.

oN

LEMMA 3. Let ¢(z1,...,zN) be antisymmetric. Then

IVY||2 > (V*te,9) whereVH(z)= cL53(v,z)6 2.
L(v,x)>2

PROOF. Let u(z1,...,21) be antisymmetric on Q%, L > 2. Then
IVullf2(qu) > L%/ 3(side @) lull*.

This follows by expanding u(z1,...,zL) in ¥x,(z1),...,¥x, (zL) with ¢y eigen-
functions for the Neumann problem on @. We require L > 2 since the lowest
eigenvalue of the Neumann problem is zero.
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Consequently, if ¢ is antisymmetric on I = [ (Q. ), then

||v¢||§;mz(c 3 Li/36;2)llwllia<z)-
2

v

Cut up (R3)"N into boxes I = Q,, X --- X Q.. Apply the above estimate
on each I and sum over I to get

(IVYI2 > (VHy,y) withVt=>"c Y L¥3D6;%x,
I L,(I)>2

L, (I) = [number of k with vy = v]. Since L(v,z) = L,(I) for « € I, we see that
V' is the same potential that appears in the statement of Lemma 3. Q.E.D.
4. The uncertainty principle.

LEMMA 4. Suppose we pick 8o small enough, depending on K but not on
N. Then

IV ~ S (Vs@ns,b) > ~(Vors, ),

K
where

Ver(z)=C Y, KL(v,z);".
6,<6o

PROOF. Set V,(2) = Ey;esQu lz=yi|"tx @, (2). Thus, Vs(z) < 26.,360 Vu(2).
We shall prove the following estimate for functions u(z) on Q,:

(A) IVullta,) — (Voy,u) 2 —(CK /8))||ullZa(q,)-

To prove (A) write u = (v — %) + T with @ = Avg, u. Then

(Vou,u) < 2V, %, 3) + 2V, (u — ), (u — 1))
(+) <2 |Villi(@u) + 201VallLssllu = llLs g,
<202V llzi(@u) + CllVallLsrlIVullzae,)

by Holder and Sobolev. Now ||V, ||L1(g,) < CK /6, - 63 since the sum defining
V. has at most K terms. So the first term on the right of (+) is at most

(CK/&/)”'””%,?(Q‘,)' Also

2/3
“VV”Ls/Z(Qu)S Z (L Iz——yl|—3/2dz) < CKbo

ylesQV



THE UNCERTAINTY PRINCIPLE 171

since &, < & and the sum contains at most K terms. Picking §y < 1/4CK,
we dominate the 2nd term on the right of (+) by }||Vull2(q,), completing
the proof of (A).

To deduce Lemma 4 from (A) we write

1
%”V‘MP - ;(Vs(xk)"/); 1/)) 2 kz; Z”Vzk"/’”iz(Qy) - (Vu(zk)wy'l/))y
(6,<0)

as follows from

Vs(z)< Y. Vil(a)

v
(5V SGO)

Applying estimate (A), we get

IV =S o) 2= S OK* [cq. o de

k,v z' arb

=— Y CKé&;Y(L(v,2)9,%) = —(Vor(z)$,¥). QED.

6US60

LeEMmwMA 4. For 6, > 6o, v € B, we have
IVullz(q,) — (Viu, u) = —E(&, K)llullZ2 (.-

Proor. Subdivide @, into cubes of side ~ §, and use the proof of estimate
(A) above on each of the small cubes. Q.E.D.

This will be used to control Vs, since

VMm(z) < Y. Vil(2).
§,>680
vEB
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5. Stability of matter. Our method gives an alternate proof of Theorem
8(A), which we now present. As operators on antisymmetric functions, we
have

H=—A+V(z)=—-A+Vi(z) =Y Vs(ar) = 3 Var(zs)
k k

= 1A+Vi@) - 1At (z-iA - ;vs(xk)) + (—%A - ;VM(zk))

v

——1A+ cK2Y 6+ Y L2(u,z)6;1—gv—
4 B L(v,z)>Log kR

by virtue of Lemmas 2, 3 and 4. Now 6, < 6y implies v € B, so

C Y KL(v,z)5;' < %K225;1+£ > L¥3(v,2)6;2
5.,<6o B L(v,2)>2

as long as K > C/% to take care of the case L(v,z) < 1, and § < §(CK)™!

to take care of the case L(v,z) > 2. Hence as operators on antisymmetric
functions

H> ——1-A+C'K226;1+c' > Lz(u,x)é;l-gﬂ
4 B L(v,x)>Lo R

1
- (——A - ZVM(%))
4 P
If we pick K > Ly, then
YN LA, z)s;t <K2Y 60+ Y, LA(v,z)6)t,
B

B L(v,z)>Lo
SO

R 4

on antisymmetric functions. Lemma 4’ yields

H> ‘ZliA +¢d L*(v,z)6;" — N + (—lA - ZVM(xk))
B %

1
_ZA“ —Vm(zk) > —E(60, K) Y xq.(zx),

§,>60
veB
SO 1
_ZA =Y Vm(zk) > —E(0,K) Y L(v,z).
k 6,>60

veEB
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Thus
1 2 1 CN
(%%) H>—--A+cY L*v,z)6," —E(60,K) > L(v,z)——-
4 B 5.,>go R
ve

as operators on antisymmetric functions. Since ), L(v,z) = N, it follows at
once that H > —[E(dp, K)+ C/R]N on antisymmetric functions. Recall that
b0, K, R are fixed consts. independent of N, so we have proved stability of
matter.

6. Bound states. We now make use of the critical hypothesis Eqa(1) <
—eN. So suppose ¥ is antisymmetric, ||¢|| = 1, (Hy,9¥) < —eN. Then ()
yields

N > 2P e (LA, 2, w6
B

—E(60,K) 3 (L(v,2), %) — %"—Y
(#) 5;€>go
1 2 CN
e (w5 ()5
ve

Here we have used the identity (L(v, )¢, ¢) = fQu p and the Cauchy-Schwartz
inequality (L2(v,z)y,v¥) > (L(v,z)¥,¥)2. (Recall |1(z)|?dz is a probability
measure.) Picking R > 1 so that CN/R < eN /2, we conclude that

E(50,K) 3 (fQVp) > %N,

6v>60
vEB
i.e. /2
€
p)> XN, ==~
5,,Z>50 (/ v ) E(bo, K)
veEB
Also

B ) ¥ ([, 0) < B0 K) [ o= N-Ble k),

6v>‘50
vEB

so (#) implies
2
Za;l(jQ p) <C'N and (VY|P <CN.
B v

To exploit this last estimate, take arbitrary potentials W, (z) supported in @,
(v € B, 8, > bp) with ||W,||s/2 <T « 1. Sobolev yields

—A, =) W(2)>-1
if € is taken small enough. Hence,

HV¢“2 - Z(Wu(-’ﬂk)¢,¢) > _N;

v,k



174 C. L. FEFFERMAN

i.e.
NeviPz 3 ([we)
6,>80
VEB
Hence
> (/Wup) <C"N
6,.>60
vEB

whenever W, supported in @, has ||W, || s/2 <€ This means

) (/Vp3)l/3sc"N.

6 >80
veB

Set By = {v € B| 6, > éo}. We know that 6, < §, < R for v € By, i.e. all the
cubes in B; are roughly the same size. We know from the previous estimates

that
+) ugal(/ceup)Z”N’
é(/ J’)2+(/ vﬂa)l/asczv,

where ¥,C depend on ¢, 68y, K, R but not on N. Set

o freni ()2 2 (1))

We have

RSN (R EITNE

by (+); hence

5 (L)t

N

N 2

(M (/VP)ZJS%(IVP), ie. /QU”SCI’

and

(I) (/ upS)l/s < %(/ yp), ie. /QU pP<c.
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In view of (I), (I), and the fact that By contains at most CN indices (recall
v € B, implies 9¢), contains at least one nucleus, and the @, have sides §, of
roughly fixed size, 6o < 6, < R), we conclude that

(/;? p) > X' for at least a fixed portion ¥’ of the v € B,.

Otherwise,

> (/Q p)SX'-(Number of v € By)

vEB;

+ C'(Number of v € B, with /Q p>X ')
<CHN'N+C'¥'N<H}N/2.
Thus there is a subset B3 C By, so that

)('S/Q p<C' forv € Bs,

/Q p><C" forve Bs.

For each v € B3 there is a nucleus in 9Q,. There are at least ¥'N elements
of Bs. The @,, v € Bs, are pairwise disjoint and have sides bounded above
and below, independently of N.

This is almost the conclusion of the theorem. To complete the proof we
discard all the @Q,, v € Bs, with more than C nucleii lying within distance
15diam @, of @,. If C is taken large enough, then we have discarded at most
H'N /2 cubes Q,, since the total number of nucleii is N and the cubes @,
(v € Bs) are all roughly the same size.

Now the cubes @, (v € Bs, not discarded) are pairwise disjoint, at least
¢N in number, and satisfy the conclusions of Theorem 9. Q.E.D.

Our next result indicates that atoms bind together chemically. We look
only at hydrogen, so it is now essential to take the nucleii of charge 1 and the
electrons to have a two-component spin. (This means the wave function takes
the form ¥(z1,01,...,2N,0N) With o, = +1; see [30].) We have Egas(3) >
—FE; N, where the best constant E; represents the binding energy per nucleus.
Simple numerical calculations for a single Ha-molecule prove that E; is strictly
greater than the binding energy Ey for a single hydrogen atom.

THEOREM 10 (CHEMICAL BONDING). Let ¢(z1,01,...,ZN,0N) be a Fer-
mion wave function with energy Egan() < —(Eo+€)N. Then there are at least
cN pairs {Ymy>Yni }r- -+ » {Ym.> Yn, } Of nucless, all distinct, with |ym, —yn,| < C.

Unless we put in enough energy to make isolated atoms, there must be
many pairs of nucleii which stay close together. It would be interesting to
show that under suitable conditions, hydrogen forms a diatomic gas. This is,
of course, a problem of quantum statistical mechanics. Another interesting
open problem is to sharpen our estimates enough to make the binding energy
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E; computable in principle. (The author has recently solved this; details
will appear elsewhere.) Theorem 10 is established by combining the proof of
Theorem 9 with simple estimates for a big @, containing a single nucleus.
We close this section by noting a connection between Theorem 6’, Theorem
9, and Thomas-Fermi theory. We ask how it can happen that the Thomas-
Fermi kinetic energy is comparable to the true quantum-mechanical kinetic
energy, instead of being much too small. There is an obvious example of a
Fermion wave function ¢(z,...,zn) whose quantum and T-F kinetic energies
are comparable. Given disjoint cubes Q1,...,@n C R3, we define “bump”
functions ¢;(z) supported on Q;, with ||¢;|| =1 and ||V¢;|| ~ (diam @;)~*.
Then we define 9(z4,...,zxN) as the antisymmetrized product of the ¢;:

W(z1,...,TN) = \/L_N_!;m(xr(n)---m(xﬂ(m).

Both the quantum and T-F kinetic energies are ~ 3~ (diam Q;)2.

We have in this example p(z) = _; ¢§. Both 1 and p represent a situation
in which we expect to find one particle in each of the @;, and that particle
is (roughly) equally likely to be found anywhere in Q;. The Q; are crudely
analogous to atoms. The next theorem shows that whenever the Thomas-
Fermi and quantum kinetic energies are comparable, the situation is much
like our simple example.

THEOREM 11. Let p be the electron density for a Fermion wave function ¢
whose T-F and quantum kinetic energies are comparable:

(1) VP <c [ 5 d.

Then there is a family {Q;} of pairwise disjoint cubes in R with the following
properties.

(@) fQj pdz ~1;

(ii) fQj p%/3 dz ~ (diam Q,)~;

(iii) p ~ (diam Q;)~3 on a subset E; C Q; with |E;|/|Q;| > ¢;
(iv) [rs p®/2dz < C’ 2 fQJ» p*/3dz.

PROOF OF THEOREM 11. Again we look at Z;V:I(—-Azj —4p*/3(z;)) and

Hy = —A —p?/3(z), but this time take > 1 and use Theorem 6’ in place
of Theorem 1. We obtain a collection {Q,} of disjoint cubes in R*® with the
properties:

(a) (Avg, Y p**)V" > ¢(diamQ;)7%, r=1+e.

(b) The sum of the negative eigenvalues of Hy is dominated in absolute
value by E = C'}_ (diam Q)2
It follows as in the proof of Lieb-Thirring that (H¢,¢) > —E||¢||? for ¢

antisymmetric; taking ¢ = 1 and substituting the definition of p in terms of
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1, we obtain
V% fR > —C Y (diam Q;) 2.
J

Picking ~y twice as large as the constant C in (}), we now have

(c) fR PP dz <Oy (diam Q)7

J
Separate the @; into
TYPEI: [Q .p5/3 dz > ¥(diam Q;) 2,

TYPE II: /Q p%/3 dz < ¥(diam Q;) 2

By (c) we have

C"Y (diam Q;)~? > / pPRdz>¥H Y (diamQ;)~2.
7 TYPEI TYPEI
Taking ¥ > 2C", we get
> (diam@;)~? > ! > (diam Q;)~
TYPEII 3 j

Therefore we may simply drop all the TYPE I cubes from our collection {Q,},
and properties (a), (b), (c) still hold. We now also have

(d) fQ p°/3 dz < ¢"(diam Q;) 2
Now (a) and Holder’s inequality, together with (d), yields
c(diam ;)% < (Av,p*" /%)M < (Avg, p)*/°
< (Avg,p®/3)?/5 < C(diam Q)2
Therefore
(Avg, p*/%)%/5 ~ (Avq,p)*/® ~ (diam @;) 2,
which amounts to (i) and (ii). Also, (ii) and (c) yield (iv). It remains to check
(iii). Set
E; ={z€Q; | B(diam Q;)~3 < p(z) < ¥(diam ;) 3},
Fj={z€Qj| p(z) > H(diam Q;) 3},
with 8 « 1 « ¥ to be picked later. Property (ii) yields

C(diam Q;)~ / [(diam Q;)%]?/3p(z) dz,
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s0 [r, pdz < C/¥?/3. Therefore (i) implies
c< fQ pdz < fQ [B(diam Q;) ™% + ¥(diam Q;) &, + pxr,] dz
i i

< cnB+ ca¥|E;1/1Qs] + C/H?/3.
For 8 small enough and ¥ large enough, this gives c,¥|E;|/|Q;| > ¢/2, which
is (iii). Q.E.D.
Theorem 11 is related to atomic structure of matter by virtue of the
following observation.

LEMMA D. If Equm(9) < —eN, then || V9|2 ~ [gs p%/3dz ~ N.

PrOOF. We know already that ||V4||> > ¢ [gsp®/® dz. Let us show
IV9||? < 7 [gs p%/% dz for a large constant ~. If this were false, Lemmas
B and C in the proof of Theorem 8, with ¥ = 8= /2, yield

Eoum(¥) > [ f p5/3dx] [ pl(z)—p(yyl)d dy—21 f p5/3 dz — c(;’)N]

252K 2K
+y /;?3p(z);_|x“‘yk| dz

1< 195 — vkl

> —2C(v/2)N.

Recall that C(«) is the T-F binding energy of an atom; so C(y) — 0 as y — oo.
Hence for large v we contradict Eg(1) < —eN. So ||V4||2 ~ [ p°/3 dz.

A similar argument shows that [p%/3dz ~ N. Already the proof of
Theorem 8(B) gives [ p5/3dz < CN. If [ p5/3dz < 6N for a small constant &,
then Lemmas B and C with 8= X > 1 imply

EQM(d))Z[%fp'—f%yl—)dxdy—)(fps/g’dx—C(}()N]
252k _ 2k
+j§ |y5 — vkl /p(z);lw—ykl &

- [u f p*® dz+% f ————”l(;)_”(;? dzdy

2:2k 2
N EONET

1<k 195

Py [ 513 dg — C(H)N
> —2X / p%/3 dz —2C(H)N > —2[46 + C(¥)|N.

Picking first ¥ > 1, then § « ¥, we again contradict Egas(1)) < —€N. So
IVY|]> ~ [ p°/3dz ~N. QE.D.
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Now Lemma D and Theorem 11 yield a collection of pairwise disjoint cubes
{Q;} with the properties:

() fQj pdr~1;

8) [y, p°/* dz ~ (diam Q;)%

(7) p~ (diam Q;)~2 on a fixed part of the measure of Q;;

(6) X, (diam @)% ~ N.

If all the cubes @, had diameter ~ 1, then (6) would show there are at least
¢1N cubes, while (a), (8), (y) would become the conditions defining atomic
structure (except for the nucleii). Now it is easy to get all the diameters of the
Q; < C1. In fact, we simply throw out all the Q; with diameters larger than
Cy. Properties (a)—() are of course preserved, so we need only check that
(6) still holds. From () we see that there are at most CN cubes altogether,
so the contribution to the sum in (6) arising from the discarded cubes is at
most CN -(C1)~2. Taking C; large enough, we see that (§) still holds for the
remaining cubes. So the diameters of the @); are not too big. However, they
might easily be too small. Let us look at a simple example: Imagine k «
N protons and k electrons packed together inside a small cube. Their total
quantum-mechanical energy can be taken to be ~ 4+cN for a small constant
c. To these particles we now add N-K hydrogen atoms very far from one
another and from the original 2k particles. The result is a system satisfying
Egm(¥) < —¢'N, yet we can construct cubes Q; satisfying (a)—(7) in terms
of the 2k tightly packed particles, ignoring the real atoms. So (a)—(v) do not
automatically yield diam @; > c.

CHAPTER III: DECOMPOSITIONS OF PHASE SPACE

So far we know how to cut phase space into blocks {B,} as in Chapter I,
Figure 3. Now we shall look inside the blocks B;. To get a deep understanding
of a symbol A(z, £) on Bj;, we shall make a Calderén-Zygmund decomposition
of B; into pieces {Q,} as in Figure 1.

2

Qp' T

+

FiGURE 1
The @, have large volume, so we aren’t yet close to diagonalizing A(z, D), but
the technique is sharp enough to give interesting applications. In particular,
we can determine the lowest eigenvalue of a pseudodifferential operator, prove
sufficiency of the Nirenberg-Tréves condition (P) for local solvability, and
prove hypoellipticity with a sharp estimate for sums of squares of vector fields.
Let us begin by stating these applications precisely.
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To find the lowest eigenvalue, we will work with a nonnegative symbol
Az, €) satisfying the second-order estimates

10202 A] < CapM?*~1Pl (we say A€ S*(1 x M)).

This is the estimate satisfied by a classical second-order symbol on a block
|z| <1, |¢] ~ M in Chapter I, Figure 3. According to the SAK principle,
the eigenvalues of A(z, D) should be determined by a covering {B,} of phase
space by distorted unit boxes B,. In fact, we expect that the number of
eigenvalues < K for A(z, D) will be comparable to the number of B, contained
in S(A,K) = {(z,¢) € R | A(z,€) < K}. This leads us to predict that the
lowest eigenvalue \;(A) for A(z, D) is comparable to min, max; ¢)ep, A(z, £).
We should be a little more specific about what B, looks like.

DEFINITION. Let ®: (2,¢) — (,€) be a canonical transformation mapping
|2],|¢] < M€ into R?™ and satisfying the estimates

0% x| < Melel, oz gl < MPelel (jaf > 1),

Then the image B = ®(Q°) of the unit cube Q° is called a testing boz.

THEOREM 1. To a symbol A€ S%(1 x M), A> 0, we can associate a family
of testing bozes {B,} so that

M1(A) = lowest eigenvalue of A(z,D) and

A)=min max A(z,
pa(4) = min max A, €)

are related by
M(A) € Cepir(A) + CcM?*¢,  pi(A) < Cni(A) + CcM?e.
Thus X1(A) and p1(A) are comparable unless both are < M€.

Similar results hold for the Nth eigenvalue; see [15]. From Theorem 1 we
can very easily deduce hypoellipticity of sums of squares of vector fields.
In fact, we have the following sharp estimate.

THEOREM 2. Suppose vector fields X1,...,Xn and their commutators of
order < m span the tangent space at every point. Then for L= X ? we have

1) Cllull® + C Re(Lu, u) > [[ull} /m1)-

1
hypoelliptic. The estimate (1) with 1 /(m +1) replaced by 1/(m + 1) — € goes
back to Hormander [22]; the present sharp form is much harder and is due to
Rothschild and Stein (37].

Regarding local solvability, we work with a partial differential operator
L(z, D) whose principal symbol p + iq is of principal type, i.e., p +iq and
grad(p +4q) do not vanish together at any point (z, £), £ # 0. This hypothesis

This implies easily that Lu € H;, () implies u € H fot(z/ (m+1)(Q), so L is
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ensures that lower-order terms in L(z,D) can be regarded as insignificant
perturbations. Thus the Laplace equation and wave equation are of principal
type, but the heat equation and Schrodinger equation are not. At a point
(z9, £€9) where p+1iq = 0 and (say) Vp # 0, we form the null bicharacteristic of
p through (z°, ¢°), which is the orbit of (z°, £€°) under Hamilton’s equations

dzi/dt = dp/ A&, d&/dt = —dp/dzy.

Condition (P) asserts that g has constant sign on this null bicharacteristic.
That is, either ¢ > 0 on the whole curve, or ¢ < 0 on the whole curve.

THEOREM 3. A partial differential equation of principal type s locally
solvable if and only if its symbol satisfies condition (P).

Calderén-Zygmund decompositions of phase space play a role in proving
the sufficiency of (P).

Now let us study the cutting of symbols. To see the ideas we start with
the elementary case of a real vector field X =), . ax(z)(3d/dzk) in |z| < 1.
If |a1(z)| > 1 for all z, then X can be straightened out by a change of variable
y = ¢(z): In y-coordinates we have X = 9/dy;. A general vector field can

be localized into pieces that look like d/dy; by virtue of the following simple
result.

LEMMA 1. Let X be a real C* vector field on |z| < 1. There is a Calderdn-
Zygmund decomposition of |z] < 1 into cubes {Q,} with the properties:

(a) There is a coordinate change ¢,: @, — unit cube so that in the new
coordinates X|q, becomes 3/9z; on the unit cube. The map ¢, and its
derivatives satisfy natural estimates.

(b) If1 =73, 0, is a partition of unity with 0, supported essentially in Q,,
then X commutes with the decomposition operator u — (u,) = (6,u)
modulo an error bound on L2.

So the equation Xu = f is still reduced to du/dz; = f, even without
assuming X can be globally straightened out.

ProoF. Bisect {|z| < 1} repeatedly into subcubes, stopping at a cube Q if
maxgcq maxg|ax(z)| > 2C(diam Q).

Here the large constant C is picked so that |Vag(z)| < C for |z| < 1. Now
the unit cube is cut up into subcubes {@,}. On each @, we have

(2) |ak,(z0)| > 2C(diam Q) for an zo € @, and 1 < kg < n.
Also,
®3) lax(z)| < 4C(diam @), z€Q.,

for otherwise the cutting would have stopped before we reached @,.

In each @, we make the change of scale y = (z — yo)/(diam @,). Thus
Q. goes over to the unit cube, while X = Y, ax(y)(d/dyx) with ax(y) =
(diam®, ) ak(zo+(diam@, )y). Now a; € C*(unit cube) with a priori bounds
on ax and all its derivatives. In fact, |95ak| = (diam Q.)!*1=1|3%ax|, which
takes care of all cases except a = 0, i.e., boundedness of ay itself. For this
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we use (3), which immediately gives |ax| < 4C. So X|g, is a nice vector
field on the new scale. Moreover, |Gk,| > C throughout the unit cube. The
reason is that (2) and |Vayg,| < C yield |ak,(z)| > C(diam @, ) for z € Q,, i.e.,
|Gk,(z)| > C for |z| < 1. Consequently, X =3, ax(y)(3/dyx) can be brought
to the form X = 9/dz; by a change of coordinates z = 1(y) on the unit cube,
so part (a) of the lemma is proved.

Checking part (b) amounts to showing that X6, is uniformly bounded,
which follows at once from (3) and the natural estimates |V6, | < C(diam@, ) ™!
Q.E.D.

Notice that it was essential to have {Q,} fine exactly where X looks
degenerate.

The next simplest problem is to understand a second-order equation L =
- Ejkajk(x)(az/azjazk), lower-order terms, (a;x(z)) > 0 real. To make the

discussion easy we will ignore the lower-order errors. We call L nondegenerate
if a11(z) > 1 for |z| < 1.

LEMMA 2. A nondegenerate equation may be placed in the following special
form by a change of variable:

d )2 a2
4 L=——] — b ,Y )=——— + lower-order terms.
(1 (a) — X, ot

This may be thought of as a Schrodinger operator —(3/9y1)?+V (y1), where
V(y1) is an operator in fewer variables.

Proor. For simplicity we will show only a slightly weaker result, namely
that eL can be written in the form (4) for a smooth nonvanishing factor e.
Take e =1/a;;1(z) and write

ajk(z) 92 a aix 9 : 92
—eL=2_ N~ ora ) 2 kg

7k au((l)) azjaxk 3231 k>2 aii azk jk>2 a:cjazk

j%; bi(x )ax 0T
with
d a4k g

oy k>2 011 JTy

Define @: (z1,2') = (y1,¥) by y1 = 21, (0,y') = exp(~21Y)(z1,7'). In y-
coordinates we have

=_8_’ > bjlc(x)——(f——+'“= 3 bily) 9 +ey

ayl Gk>2 a:l:jaa:k jk>2 ayjayk

so eL has been placed in the form (4). Q.E.D.

Now a general second-order equation can be cut into nondegenerate pieces
as in the case of vector fields.
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LEMMA 3. Given L = « @5k(2)0% /320 + - -+ with (ajx) > 0, we can
cut the unit cube |z| <1 into dalderon Zygmund cubes {Q.} so that:
(a) On each Q, there is a change of variable which carries @, to the unit
cube and places L in the form (4).
(b) If 1 =362 is a partition of unity with 0, supported essentially in Q,,
then L=73",0,L6, + (bounded error).

So the study of general L in n variables is reduced by cutting and bending
to the case of a Schrodinger operator whose potential is a differential operator
in (n —1) variables.

ProOF. Bisect |z| < 1 repeatedly into subcubes, stopping at @ as soon as

(5) n]u%x max laji(z)| > 20C(diam Q).

Here C is a large constant depending on

max |3°ai(z
i R e

Thus, |z| <1 is cut into cubes {Q.}, and we know
(6) la5x(z)] < 80C(diam @,)? forz € Q.

otherwise we would have stopped cutting before reaching @,. Also for some
l we have

(7 ay(z) > C(diam Q,)? forz € Q,.

This is slightly harder than the analogue for vector fields. We need the
standard

REMARK. Assume f > 0 and |f”| < 1in |z]| < 1, while f(z°) =62 « 1.
Then f(z) > 62/8 for |z —z°| < §/2.

Let us check the Remark. If f(z) < 62/8, |z —2°| < §/2, then f(z +y) <
f(z+y)+ f(z—y) = F(y). We have F(0) < §2/4, F'(0) =0, | f"| < 2 everywhere,
so F(y) < 6%2/4 + |y|?. Taking y = z° — z, we find that

f(@®) < F(z® —7) <62/4+ |2% — x> <62 /4 + 6% /4 < 62,

contradicting the hypothesis.
Returning to (7), we know by definition (5) of @, that

au(z®) > 20C(diam @,)* for some z € Q°.

The reason is that (a;x(z°)) > 0, hence max;x|a;k(z°)| = max; a;(z°). Now
taking f = ay and § = (20C)'/? diam Q,,, we obtain (7) as a consequence of
the Remark.

We make the change of scale y = (z — zo)/(diam @,), which carries @, to
the unit cube and puts L in the form

32

Zk Jk(y)ay ERR with @;x(y) = (diam Q)2 - a;(2)-
J
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We can check that @;x € C*(unit cube) with a priori bounds. In fact
|agd;x| = (diam Q,)'*!~2|8Z ajul,

which takes care of all o except |a| = 0,1. The estimate |G;x| < Const.
corresponding to o = 0 follows at once from (6). To handle the case |a| =1,
we first write d;x(y) — @;x(0) = y - Va,x(0) + O(1) for |y| < 1, by virtue of our
estimates for the second derivatives of a;x. Since the left-hand side is also
O(1), we have |Va;x(0)] < Const. Again using our estimates on the second
derivatives, we get |Va ,(y)| < Const., all |y| <1, which is the missing case
|a| = 1. Equation (7) now shows that L & G51(y)(02/dy;0yk)+ - - - satisfies
the hypotheses of Lemma 2. So part (a) of ﬁemma 3 is proved.
To check (b) we just note that L — ) 6, L6, has as its worst term

a4,
22 9,,a3k( az; azk)

v gk

Since |a;k| < C(diam@,)? and |3%0/dz ;97| < C(diam@, )2 on Q,, this term
is bounded. Q.E.D.

Again there is an essential balance between the fineness of {@,} and the
degeneracy of L.

Now we shall analyze general pseudodifferential operators by methods anal-
ogous to Lemmas 1-3. We start with a symbol A(z, ¢) defined on a block
|z| <1, |¢] < M. The symbol is said to belong to S™{|z| < 1,|¢| < M} =
§™(1 x M) if we have |023FA| < CopM™ 1AL,

These are the estimates satlsﬁed by a classical mth order symbol on the
blocks of Chapter I, Figure 3. A symbol A € S™(1 X M) is called mth order
elliptic if |A(z, €)] > cM™. We can use standard 1d0 calculus, including
Egorov’s theorem, to manipulate symbols in S™(1 x M).

First we have to understand what symbols look like in the nondegenerate
case.

LEMMA 4. Let A(z, &) € SY(1 X M) be a real symbol satisfying
8 03¢ A >C.
®) lalHIBI<1 [zl M~ 2lg|<1 MI=IBT

Then either A is first-order elliptic or, by a canonical transformation ®: (z, ) —
(y,m), as in Egorov’s theorem, A can be put in the form Ao ®~1(y,n) =n;.

This corresponds to straightening a vector field.

LEMMA 5. Let A(x, &) > 0 belong to S%(1 X M) and assume
|agaZ Al
jalHiBl=2 lal,M~1]¢|<1 M2~1P]
Then either A is second-order elliptic or, by a canonical transformation
®: (z,€) — (y,m), as in Egorov’s theorem, we may bring A to the form Ao

@ !(y,n) =nF+V(y1,y',n). Thus, Ao ® '(y,D) = —(8/dy1)> +V (1), where
V(y1) s a second-order pseudodifferential operator in fewer variables.

9) >C.
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The proofs of these lemmas are essentially no harder than their analogues
for vector fields and second order PDE. The ideas are on the level of the
implicit function theorem.

Our plan is to cut phase space into blocks {Q,} on which Lemmas 4 and
5 apply. To do this we have to answer a simple question. Given a symbol
A€ S™(1 x M) and a block @ of sides § X Mé as in Figure 2, when is it
reasonable to localize A to @7

/ gMSz

FIGURE 2

If Q is centered at (2, £°), then a natural change of scale ¢: (z, &) — (y,7) is
y=(x—20)/6,n=({—£°)6. Thus Q goes over to the block |y| < 1, || < Mé2.
It makes sense to study A localized to Q if Aot~ € S™(1x M) on |y| <1,
|n| < M = Mé2. This means A|q satisfies estimates

(10) |8§‘6?A| < Caﬁ(M5)m—|ﬁ|(|6|)m—|°‘|‘

If (10) holds for (z, £) € @ of sides 6 X Mé, then we say A belongs to S™(Q).
When do the estimates (10) hold on @? For |a| + |8] > 2m, they already
follow from the fact that A € S™(1 X M). For |a|+|8| < 2m, this is no longer
the case, and they hold for small @ only if A looks rather degenerate around
Q.
These remarks suggest how to cut up {|z| <1, |£| < M}. We bisect this
block repeatedly into smaller blocks, stopping at @ of sides § X M§ if either

" |0298 Al >
) T8 a1 ol s2m (MEymIBlgm—Tal =

or Vol(Q) ~ 1. (Certainly if Vol(Q) ~ 1 we had better stop cutting, in view of
the uncertainty principle.) Thus {|z|, M~1|¢| < 1} is cut into blocks {@,} of
sides 8, X M 6,. We have A € S™(Q,) since otherwise we would have stopped
cutting before reaching @,. In particular, A is bounded on the @, of volume
~ 1. On the @, of volume > 1, we make the change of scale ¢, and (11) then
gives a kind of nondegeneracy for Ao~ L.
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Specializing to the cases m = 1,2 and invoking Lemmas 4 and 5 now yield

LEMMA 6. Let A€ S1(1x M) and let @, be one of the Calderdn- Zygmund
blocks with volume > 1. Either A is elliptic on @, or else a canonical trans-
formation ® brings Alg, to the form Ao ®~1(y,n)=1n;.

LEMMA 7. Let A € S%(1 X M) be nonnegative and let Q, be one of the
Calderdn-Zygmund blocks with volume > 1. Either A is elliptic on Q,, or else
a canonical transformation ® brings Alg, to the special form Ao ®~(y,n) =
n+Vy,y',n).

Although we omit details, it is worth mentioning one point in the proof of
Lemma 7. The definition (11) of the @, shows that aga§A|Qu must be rather
large for some || + |3| < 3. On the other hand, A is nonnegative, so the
even-order terms in its Taylor expansion must dominate the odd-order terms.
Hence agag’A]Qu will be rather large either for |a|+|3| = 0 or 2. This leads to
the dichotomy between the elliptic case and the case where we apply Lemma
5.

In Figures 3 and 4 we have shown how first and second order symbols break
up according to Lemmas 6 and 7.

~ &l

Small Q,,-
Here 4
is bounded.

Ms,
¢ 4
| o
Nondegenerate Q,,. Elliptic Q.
Here A(y, n) = n, after a Here |4| ~ M6,2,
change of variables. throughout Q.
v

FIGURE 3. Analysis of a first-order symbol
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Small 7|

Here A
is bounded.

Mév
7 1
7 / 5
Nondegenerate Qu' After a v
change of variable, Ay, m) Elliptic Qv‘
=13+ V(y, ¥, 1) on 0, Here A ~ M253

throughout Q,,.

FIGURE 4. Analysis of a second-order operator

Now we can break up symbols A(z, £) as in Figures 3 and 4. For this to be
useful, we have to show that the operator A(z,D) breaks up correspondingly
as an approximate direct sum. The best way to do this is to introduce the

Beals calculus of 1d0. Let {Q.} be the blocks arising from a symbol A €
S™(1x M). We say that a symbol p(z, £) belongs to S*{Q.} if p|g, € S*(Q.)
with seminorms bounded uniformly in v. In particular, we saw that A €
S™{Q.}. By analogy with ordinary 1d0 calculus, we have

THEOREM 4 (SEE [2]). Ifp€ S*{Q.} and g€ S*{Q.}, then p(z, D)g(=, D)
=pog(z,D)
(a) with

poq= ) l(l a)a” (i)aq mod ¥+ ~N{Q, }.

lal<N a! ;52 oz
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Also
(b) [p(z, D)J* = p*(z, D) with

1(13\% 0
# = —==] (= |p modS*N{Q,}.
P ‘af‘;N a!(z ag) (am)p {Q.}
(c) If pe S°{Q.}, then p(z, D) is bounded on L?.

The proofs of (a) and (b) basically just repeat the familiar arguments for
classical symbols, but (c¢) is deeper than its classical analogue. We can restate
it in more familiar language as

THEOREM 5 (CALDERON AND VAILLANCOURT [4]). If p(z,&) satisfies
1029¢p(=, €)| < CapMUI=18D/2, then p(z, D) is bounded on L2.

This is proved by cutting p(z,D) = Y (¢.p)(z,D) = >, A,, where 1 =
>, . and ¢, is supported in a box of sides M~1/2 x M1/2, Each fixed A,
is “almost orthogonal” to the other A,  in the sense that

Z“A;'Avnlﬂ <C, Z”A;Alf’”lm <C,
(12) v’ v’

LlAAI e, SAAL M < C.

These estimates hold because A, f(z) = [ K,(z,y)f(y) dy with distinct K,
essentially having either disjoint support or Fourier transforms with disjoint
support.

A beautiful lemma by Cotlar and Stein says that abstract operators A,
which satisfy (12) have a bounded sum. The model case is A, =projection
from H = @, H, into H,. Details may be found in [11]. The story is by now
well known.

Taking Theorems 4 and 5 for granted, we can use Beals calculus to pass
from analysis of symbols (Lemmas 6 and 7) to decompositions of operators.
The point is that the functions ¢, from a partition of unity 1 =73, 2, b
supported essentially in @, belong uniformly to S°{@,}. Hence we can write,
e.g., for Ae §?,

(13) A(z,D)=)_ é.(z,D)*[x.Alz,D)|¢.(z,D)+ €&,  x»=1on supp¢,.

It is easiest to think of (z, £) — (¢.(z, £)) as a vector-valued symbol in S°{Q, }.
Beals calculus shows at once that £ = e(z, D) with e € S°{Q, }; in particular,
& is bounded on L2.

So A(z, D) is effectively broken into pieces microlocalized to the @, . Each
piece is either trivial (bounded, or else elliptic ~ M?26%) or else looks like
—(3/3y1)? + V(y1), with V(y1) a 1d0 in fewer variables. Similarly, first order
1d0 are cut into simple pieces (bounded, elliptic ~ +M§2, or 3/dy;). At least
we are in a position to study 1d0 using induction on the dimension.
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Returning now to the applications, we first apply our cutting technique
to prove Theorem 1. The first order of business is to check that A(z, D) is
positive.

PROPOSITION. If A >0 is a second-order symbol, then A(z,D) > —C.

This is proved by induction on the dimension. Given a symbol A in n
dimensions, we apply Lemma 7 and formula (13). From (13) we see that
it is enough to show that (x,A)(z,D) > —C. However, on supp X, we know
what A(z, £) looks like. Either it is bounded or elliptic ~ M262 (in which case
positivity of x,.A(z, D) is obvious) or else A looks like —(3/3y1)%+V (y1), with
V(y1) a second-order 1d0 with nonnegative symbol. Assuming our Proposition
holds in (n — 1) dimensions, we get V(y1) > —C for each y;, so obviously
—(3/3y1)* + V(y1) > —C. The Proposition is proved. Q.E.D.

So far we have estimated —(3/9y1)?+V (1) from below simply by dropping
the second derivative. We can do much better. The Main Lemma of Chapter
II suggests the following.

MAIN LEMMA. Let L = —(3/3y1)? + V(y1), where V(y1) = V(y1,y',Dy),
and 0 < V(y1,¥',n') € S*(1 x M). Then L > cK > M¢ if and only if
Avy,er V(1) > cK for every interval I of length K—1/2.

We certainly know this if V(y;) is a polynomial scalar potential. The
condition K > M¢ lets us treat V(y;) as a polynomial in y;. In fact, Taylor-
expanding the symbol V(y1,y’,m") on y; € I up to order d leads to an error
O(M?K —4/2). If K > M€ we can pick d > 2/¢ and the error will be bounded.
So in effect V(y1) is a polynomial on each I of length ~ K~1/2. The fact
remains that V(y;) is not a scalar but a pseudodifferential operator. Our
Main Lemma is a hard theorem, not an elementary exercise. Its proof uses
induction on the dimension, Lemma 7, and Beals calculus. Details can be
found in [13].

Finally we can explain the ideas in the proof of Theorem 1. The main
ideas will already be clear in the following easier result, with which we content
ourselves here.

COROLLARY 1. Let A(z,€) > 0 be a symbol in S%(1 X M). Then the lowest
eigenvalue of A(z, D) satisfies

(14) N (A) > ce iralf S Az, §) — C. M,
where B runs over all possible testing bozes.

PrOOF. Set K = infg max(; ¢)ep A(z,§). We have to prove A(z,D) >
c¢K. We may assume K > M€, since otherwise (14) already follows from the
Proposition.

Let us apply Lemma 7 and formula (13). These tools reduce matters to
three cases: A(z,D) bounded, A(z,D) elliptic, A(z,D) = —(3/9z1)* + V(1)
with V' a 1d0-valued potential. The first two cases are trivial, and the third
may be analyzed by the Main Lemma. To show that A(z,D) > cK, it is
enough to prove that Avy, 1V (y1) > cK for any interval I of length ~ K ~1/2,
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To prove this in turn, we assume Corollary 1 holds in (n — 1) variables.
Therefore it is enough to show that the symbol V(y',7") = Avy,e1 V(y1,%',7")
satisfies

(15) max V(y',n')>c'K for each testing box B' € R*™~1),
(v';m")EB’
Once this is proved, Corollary 1 follows by induction on the dimension.
However, (15) is quite easy to see. Suppose instead
max_ V(y',n")<c'K for a testing box B'.
(y',m")€B’
For fixed (y',n’) € B’, this means that y; — V(y1,¥’,n’) has average at most
¢'K on the interval I. Since V is essentially a polynomial of bounded degree
in yq, it follows that V(y1,y’,n') < K /4 for y; € I*, the double of I. Note .
that |I*| = 2K ~1/2. Now we can set up a testing box B = {(y1,%',71,7") €

R |y € I*,|n1| < K1/2/2,(y',n) € B} in R?". Evidently
max A(y,7) = max{n} +V(y1,¥',n)} = K/4+ max V(y,y'n)
(v':m")eB
<K/4+K/4=K)2.

This contradicts the definition of K as infy); ; maxg A. So (15) must hold,
and Corollary 1 is proved. Q.E.D.

Next we come to Theorem 2 on squares of vector fields. As promised, this
follows easily from Theorem 1. To prove Theorem 2 we first microlocalize to
a basic box |z| <1, |¢] ~ M as in Chapter I, Figure 3. The theorem asserts

that L > ¢cM?/(m+1) Corollary 1 above reduces this to an estimate on the
symbol

max_L(z,£) > cM? (™) for any testing box B.
(z,§)eB

Now L = Ej p?, where p; is the symbol of the vector field X, and the
hypothesis on commutators says that some repeated Poisson bracket is elliptic:

|{pju{pj2)--*7{pjm'_1)pjm'}"'}}| >cM 0Il|:l:| < 1’ |€| ~ Mym/ <m.

Also, the testing box arises as the image ®(Q°) of the unit cube under a
canonical transformation satisfying “good bounds”.
Setting p; = p;j o ®; we can rewrite the hypothesis as

(16) P, {Pjss - - .,{ﬁjm,_l,ﬁjm,} ..-}}| 2 cM on the unit cube.

The repeated Poisson bracket is an (m' + 1)rst degree polynomial in the
derivatives (9°P;)|a|<m’- So (16) implies

max ”ﬁ]”Cm’(Qo) 2 CIMI/("'--FI).
J
This in turn yields the seemingly stronger estimate

17 max max |p;(z,¢)| > ¢ M/ (mHD),
(17) ; (x’s_)erlp]( )l >
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The reason is that the estimates for ® and S*(1x M) for p, together show that
P; = p; o ® has its high-order derivatives very small. Hence |[p; — P;||om(qo) <
1 for polynomials P; of bounded degree. Since ||P;||cm(go) < C maxgo|F;|
for polynomials of bounded degree, (17) follows from (16). Recalling that
p; = pj o ®, we rewrite (17) in the form max; maxp|p;| > cM/(m+1), which
is what we had to prove. Q.E.D.

We have seen in the proof of Theorem 2 that it can be easy to show that
S(A,K) = {A(z,§) < K} contains no testing box. The reason is that the
canonical transformations ® by which we distort the unit cube are restricted
by certain estimates. If we drop those estimates and think about imbeddings
by arbitrary canonical transformations, we immediately arrive at some inter-
esting and possibly quite difficult questions.

Question I. Can the unit cube in R* be imbedded by a canonical transfor-
mation into Ts = {(z,y, &,n)| |z, €| < 6;y,n arbitrary}? Here § « 1.

There is a natural motivation for this question in terms of the uncertainty
principle.

Question II. Can Ts above be imbedded by a canonical transformation into
Ts with §' < 6?

Before leaving Theorems 1 and 2, we set down an important consequence
of the Main Lemma which will be used in Chapter IV.

COROLLARY TO MAIN LEMMA. Let L = —(3/dy1)? + V(y1), where V (y1)
= V(y1,y', Dy) is a polynomial of degree < d in y1, and 0 < V(y1,y',n") €
S3(1x M). If V = Avjy, <1 V(y1) = cM¢, then

(Lu,u) > cM€|[u||®  foru(yi,y’) supportedin |y1| < 1.

PRrOOF. According to the Main Lemma, it is enough to show that V; =
Avy,er V(y1) > cM€ for intervals I C {|y1| < 1} of length M—<7/2,

However, V; > ¢(M~</2)4V as symbols, since V' is a polynomial on ;. So
the Proposition on positivity implies the operator estimate

Vi>cM€D2F _C>cM~ED2p e,

Picking ¢ < ¢/(d+1), we get V; > cM¢ as needed. Q.E.D.

Next we sketch the proof of sufficiency of (P) in Theorem 3. For necessity,
see Moyer [31]. First we cut up the problem by standard microlocal analysis,
and restrict attention to a block |z| ~ 1, || ~ M from Chapter I, Figure 3.
On that block we can straighten out (say) the imaginary part of the symbol.
So L =47 + a(t, z, £), with @ € S}(1 X M). Condition (P) says that for fixed

(z,€), t — a(t,z, &) never changes sign. Nirenberg and Tréves [34] had the
idea to regard

(18) [8/0t+a(t,z,Dy)lu=f, —-T<t<+T,

as an evolution equation. The equation can be solved in three easy cases.
Case 1. Suppose a > 0. Then (18) can be solved with time flowing forward,
with initial condition u|;=—7 = 0. The analogue of this fact can easily be
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checked for scalar evolution equations [d/dt + a(t)ju = f, @ > 0. To make a
proof in the 1d0 context, we can exploit the simple estimate

e, P = 2Re{ue, ) = 2Relf — alt, 2, DY,
< 2Re(f(t,"),u(t,-)) + C||u(t,-)]|> (by the Proposition)
<GNP + Ol I
If w(—T,-) =0, we get

t
e, M2 < [ e 2N 5(s, )P da,

so solutions of (18) are well behaved. It would be a diastrous mistake to try
instead to impose the initial condition on u(+T,-), as one sees already for
scalar evolution equations.

Suppose now a < 0. Then (18) can be solved just as simply, but this time
we must impose the initial condition at ¢ = +T.

Case 1. Suppose af(t,z, &) > 0 for z; > 0, a(t,z, &) <0 for z; < 0. Now we
have trouble whether we put an initial condition at +T or at —T. However,
we could regard L?(R™) = L2{z, > 0} @ L?*{z; < 0} = H; ® H_, and hope
that a(t,z,D;) breaks up modulo bounded errors as A, & A_ with Ay >0,
A_ <0. In that case, (18) breaks up into two uncoupled evolution equations,
each of which can be treated as in Case I. This remarkable idea was carried
out in Nirenberg and Tréves [34].

Case T If A(t,z,D,) is bounded, then (18) is a trivial ODE in Hilbert
space.

To prove sufficiency of (P), Beals and Fefferman [1, 2] cut up the problem
into microlocal equations which fall into Cases I-IIl. We make a Calderén-
Zygmund decomposition of the initial block |z| ~ 1, |{| ~ M by repeated
bisection, stopping at @ of sides § X M§ if either Vol(Q) ~ 1, or

|ag0Zal(t, z, £)|

lall-{—lla'é)I(Sl m_—la—l Z C for some t.

Thus |z|, M~1|¢| ~ 1 is cut into blocks {Q,}. This is a slight variant of the
cutting of Lemma 6 because of the extra parameter t. We still get a(t,z, &) €
S$1{@.}, so Beals calculus reduces (18) to a family of microlocal problems

(19) [9/dt+ xval(t,z,Dy)uy = fu, with x, essentially supported in @, .

However, these problems all come under the easy Cases I-III. For the blocks
Q. of volume ~ 1 we have ||x,a(t,z,D;)|| < C, so we are in Case III. For the
blocks @, of volume >> 1, a canonical transformation brings about either

(a) a(to, , £) |, is first-order elliptic for some to € [T, +T], or

(b) alto,z, &) |@,= (M62)z, for some to.

In case (a), the symbol a(to,,-) is always positive (or always negative) in
supp(x. ). Condition (P) shows that x,a(t,z,£) > 0 for all t,z, ¢ (or else <0
for all ¢, z, ), so we are in Case L
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Finally, in case (b) we know that
a(to,ili, f) >0 forzy >0,

a(to,z,€) <0 forz; <0, (@,6) € Q-
Condition (P) implies
xvo(t,z,£) >0 forzy >0, allt,z, €.

xva(t,z,€) <0 forzy <0,
So this time we are in Case II.
Hence the microlocalized problems are all solvable. The proof of sufficiency
of (P) is complete.
We close this Chapter by discussing the implications of Theorem 1 for
second-order equations
52

. (z)) > 0.
L= Zaﬂc az P +e (a]k(x)) >0

First let us suppose L is selfadjoint with real coefficients. All the properties
of L as a PDE are determined by the geometry of a family of “balls” By (z, p)
associated to L. This fundamental idea was brought to light by Stein and
his collaborators in {19, 20, 32, 37]. To define By (z,p) we can suppose first
that (ajx(z)) > 0. Thus L is the Laplacian in a metric, and we know what
the ball By (z,p) means. Now suppose L is degenerate, and we perturb L to
make it positive definite: Say, L = L+€A. As € — 0+, much of the geometry
of the L. will change wildly. For instance, the length of a typical curve ~
measured in the e-metric will tend to infinity as ¢ — 0. However, the ball
By (z, p) shrinks to a definite limit By,(z,p) as € — 0. Usually By, is an open
neighborhood of z, even though L is degenerate at + near z. It is interesting
to see in examples how the shortest path from z to y changes as € — 0.

In all but pathological examples, Lu = f is hypoelliptic because it satisfies
a subelliptic estimate

(20) {(=Lu, u) + Cllull® > cllullf).

THEOREM 6. Estimate (20) holds if and only if Ba(z,p) C Br(z,Cp¢) for
all x and some constant C.

Compare with Oleinik and Radkevitch [35], who give necessary and suffi-
cient conditions for the existence of an € > 0 with (20). We will give much
sharper results in Chapter IV.

THEOREM 7. Suppose L s subelliptic and selfadjoint on a compact manifold
M with smooth measure . Then the number N(\,L) of eigenvalues of —L
which are <\ 15 given by

du(z)

For some purposes this formula is to be preferred to the obvious phase
space volume even for the Laplacian. Already in the elementary example of
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flat tori, (21) holds uniformly for all A and all tori, while the phase space

volume is asymptotically correct for large \ for each fixed torus. It would be

interesting to prove (21) for the Laplacian under weak assumptions on M.
To prove Theorems 6 and 7, we combine the Main Lemma with some control

on the geometry of Br. The key result may be stated roughly as follows. (See
[16] for the technical details.)

GEOMETRIC LEMMA. Suppose L = (8/3y1)? + L(y1,y’,8y'). Then Br(0, p)
looks essentially like a product {|y1| < p} X Bz(0, p), where

L= Av|91|<P i’(yb Y, ay')'

Together with Lemma 3, this lets us compute what By(z, p) looks like. In
particular, we see that By (z, p) is essentially the image of a rectangle {|zx| <
8k} under a map ¢ with |¢|,|(¢')"}| < C.

The proof of the Geometric Lemma is a curious repetition of the proof of
the Main Lemma, with L®-norms replacing the L?-norms.

Geometric ideas closely related to the By (z,p) wil play a role in the ultra-
fine cutting in Chapter IV.

CHAPTER IV: APPROXIMATE DIAGONALIZATION

At last we present the approximate diagonalization of pseudodifferential
operators. Let us begin by explaining what kind of approximate diagonaliza-
tion we are trying to achieve. We want to write a ¥d0 L(z, ¢) as a sum A+ &,

where
0
4=

0 etc.

Here A, is a scalar, the blocks are bounded in size, and ||A,|| < Const. The
error £ is small in the sense that ||Eu||? <63, A2||uall?, where § « 1 and
Uq is the component of the vector u belonging to the block A,A,. By com-
parison, the main term A satisfies ||Au||? < CY, AZ||uql|?. If the matrix Aq
satisfies || Aqual|? > c||ual|? with ¢ > §, then ||Eu|| < ||Aul|, so ||L(z, D)ul||? ~
Yo A2||uall®. Thus, we understand ||L(z, D)u||. Also, L(z,D)! is well ap-
proximated by A—!, which again breaks up into blocks of bounded size. So we
understand L(z,D)~! also. In effect we have “approximately diagonalized”
L(z,D). The numbers A, play the role of eigenvalues. Note that the error
term is as bad as a small constant times the main term.

Next we fill in a little detail about the way L(z,D) can be brought into
the above form. We will cut phase space into boxes B, of bounded volume.
Each B, may be straightened out by a canonical transormation ®,: I — B,,
with I = {|z| < 1,|¢| < B}, B a large constant. Using a partition of unity
1=73, ¢o With ¢, supported in B,, we can cut the symbol L(z, {) into a sum
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of symbols Ly(z, £) = ¢al(z, £). Formally, we can apply Egorov’s theorem to
write

(1 L(z,D)~ > U%(Ly o ®a)(z,D)Us

for suitable Fourier integral operators U, associated to ®,. The symbol Lo=
L, o ®, is localized to a straightened block I; but unfortunately L, is much
too big to belong to a good symbol class S™(I). To get around this, we simply
introduce a large constant A, comparable to max;|Ls| ~ maxp_|L(z, ¢)|, so

that L}, = La(z, €)/Aa = ¢oL/As 0 ®4 is a good symbol on I. Thus, (1) goes
over to

2 L(z,D)~ ZAQU* L} (z,D)U,

with L}, a good symbol on I. Now L}, is a good symbol localized to a block I
of bounded volume ~ B™. So in effect L}, acts on a finite-dimensional vector
space of functions microlocalized to I. If we use the Fourier integral operators
U, to split u into its “components” u, = U,u, then we are in the situation of
the opening paragraphs with A, = L}(z,D). The error term & arising from
(2) will satisfy ||€u||> <6, Aql|uall? with 6 a negative power of B because
symbolic calculus on the block I works modulo errors dominated by lower
powers of B.

A few points should be clarified. First of all, the symbols ¢, and canonical
transformations ®, don’t belong to any standard classes. Therefore it is
not trivial to define the Fourier integral operators U, or to prove (2); this
is actually the main technical problem. On the other hand, we saw that
L} (z, &) is a good symbol in a standard class S™(I). We shall prove theorems
about I(z, D) by studying the L} (z, D). We saw that an estimate ||Aquq|| >
cB™2%¢||ju,|| is needed to make the appropriate diagonalization work. This
amounts to a subelliptic estimate of the form

(8  IIL(a,Dyull = cB™**|lul| microlocally in || < 1,I¢] < B,

Ll € S"(1x B).
Once (3) holds, our machine will grind out the approximate diagonalization
and approximate inverse for L(z, D), a priori estimates, eigenvalues, etc. To
explain how (3) is proved, we have to be more specific about what the symbol

L} (z, €) looks like. There are two important cases.
L. Consider a second-order differential operator L(z, D) with the nonnega-

tive symbol
L(z, &) = Zk aji(x)E; €K+ Z b(z)ék + V()
J k

microlocalized to |z| < 1, [£| < B.

Here a;k(x), bx(z), V(z) are polynomials of degree at most d, and |ax(z)| <
C, |bk(z)] < CB, |V(z)| < CB? for |z| < 1 so that L € S?(I).

Note that by and V are allowed to be rather large, so they cannot be
neglected. We define the notion of L in normal form by induction on the
dimension n. In zero dimensions the block I is a point and the symbol L(z, &)
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is a number V. Then the symbol is in normal form if V' > ¢B2. In n dimensions
L is in normal form if either

(a) L is elliptic, i.e., L(z,£) > cB* in |z| <1, || < B, or _

(b) L(z,€) = € + L(z1,7, &), with L@, €) = Jy,, <1 L(e1,7',€) day in
normal form in (n — 1) dimensions.

Here we have L € S%(1 x B), while the Main Lemma of Chapter III shows
that L(z,D) > c¢B€ microlocally in |z| < 1, [¢| < B. So the needed subelliptic
estimate (3) holds for second-order real symbols in normal form.

1. Consider the complex symbol L(t,z,7, ) = 7 + a(t)€ + V (¢, =) microlo-
calized to |t|,|z| <1, |7|,|¢| < B. Here a,V are polynomials of degree at most
d, and we suppose:

(4) B 2<aq(t)<1 for|t|<1, |V(t,z)|<B forlt],|z| <1,
(5) V(ﬁ;; ) is an increasing function of ¢ for each fixed z.

Estimates (4) ensure that L € S(1xB), while (5) says that L satisfies condition
().

Egorov and Hormander studied subelliptiticy of general 1d0 by reducing
matters to the special case L(t,z,7,&) considered here. Sharp subelliptic

estimates are not easy even in the special case, while the reduction of the
general case to the example is very hard. However, as Egorov already saw,
it is trivial to get a crude subelliptic estimate for L. In fact the change of
variable (t,2) — (s,z) with ds = a(t)dt reduces the problem to a slight variant
of the Cauchy-Riemann equations in one complex variable.

For u € CY, we argue as follows. Let

[a +za(t) LV a:)]u f.

at
Then

3 o V)] f a .9 f

[a(t)at+ Yoz T al) ]“ a [as“_*G(s x)] =a

with G(s,z) = V(t,z)/a(t). Note that 3G / ds > 0 by (5). Now

[ueard_ f|f
*/{ +%§|u|2}dsdz.

‘This last step follows from the elementary computation

du .du 8 . d au au

. d (.9 aG
+(Z£+G) (i2+6)+ %8

2

dsdzx dsdzx

+ ———+G(s z)u

2
z—+Gu
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Since dG/ds > 0, we get

dt dz / ul? / du 2
=5 = dsd
[lf(t,a:)\ o) =) |35 dsdz + zam+Gu sdx
2 dtdx [ 2 dtda
at an t ’ t) SV POR

So we have an energy estimate in a weighted L?-norm. Unfortunately, what
we need for Egorov’s theorem is the analogous estimate without the weight
factor 1/a(t). It is not easy to prove this.

However, we can get a cheap estimate if we just replace 1/a(t) in (6) by its
maximum on the left and by its minimum on the right. The result is

2 2
() 112 Do Dol 2 B2 S|+ B2 iat + vl wecy.

The sharp result would have no B—2 factors on the right, so (7) is very crude.
Nevertheless, a subelliptic estimate

(8) l|8u/at||* + llia(du/dz) + Vul|* > Be|lul]®

will imply
”L(t)xyDtyDI)u“z 2 B€~2”u||2’

ie.,
IL(t, z, Dy, Dz)ul| > B> ||, weCy, LeS'(1xB),

which is (3). In other words, the crude estimate (7), although far from sharp,

is strong enough to power our machine. Approximate diagonalization will
prove Egorov’s theorem in the sharp form

lIp(z, D)ul| + [lg(z, D)ul| < Cli(p + ig)(z, D)ull + Cllulle)

for p+1q € S? satisfying (¥). In the special case p+iq = 7+1a(t)é+V (¢, ), we
recover the sharp form of (7) without the B~2 factors. Here we see a curious
feature of our machine: To get good estimates we microlocalize the symbol
into pieces of a special form. It is important to carry out the microlocalization,
even when the initial problem is already in the special form.

Let us review the situation. To give an approximate diagonalization of
L(z, D) we cover phase space by boxes B, which arise as images of I = {|z| <
1,|¢] < B} by canonical transformations ®,. Setting A, ~ maxg_|L(z, £)|, we
hope to write L(z,D) ~ Y., AU %L} (z, D)Uq, where L} (z, &) = ¢poL/Ayo @4
living on B,, and U, is a Fourier integral operator associated to ®,. Each

L} (z,D) is, in effect, a matrix of bounded rank ~ B", so the decomposition
operator u — (uq) = (Ugu) splits L(z,D) as a “diagonal” part plus a small
error. The error is dominated by a small constant times the main term,
provided each of the 9d0’s L] (z, D) satisfy a subelliptic estimate microlocally
in |z| <1, |¢| < B. It is important that the subelliptic estimate need not be
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anywhere near best possible. We can get good enough subelliptic estimates in
two important cases:

L L!(z,D) a selfadjoint second-order PDE in a special form. Here the
necessary estimate comes from methods of Chapter III.

IL. L} (z, D) a special nonselfadjoint first order PDE satisfying (¥). General
symbols satisfying (V) will be microlocalized to this case. A crude estimate
can be derived by elementary integration by parts.

To make our machine work we have to produce the boxes B, the canonical
transformations ®,, and the Fourier integral operators U,.

It is useful to make a pseudodifferential operator calculus adapted to the
boxes B, and weights A,. We say that a symbol p(z, £) belongs to S™ =
S™H(Ba, Ay) if (po ®,)/A™/? € SH(I) with uniform bounds on the S*-semi-
norms.

Thus, p € S™, ¢ € S™ imply pqg € S™tnH+V {p q} € Sminutv—1 A
basic elliptic symbol which plays the role of the Laplacian is A(z, £) ~ A, for
(z,€) € Ba. Thus Ae S10.

To p € S™* we associate the “pseudodifferential operator”

p(,D)=Y" A;n/zU;[X"’;n‘?‘% o @a(a;,D)]Ua.
[e]

The basic facts about our 1d0 are as follows.

THEOREM. Fiz L(z,£) € S%(1 X M) with L > M€ and take a large constant
B with1 « B< M¢. From L and B we get a family of bozes {B,} in phase
space and weights A, = maxp, L. These give rise to a ¥d0 calculus with the
following properties:
(A) Composition law. If p € S™* and ¢ € S™, then p(z,D)q(z,D) =
pog(z,D), withpoqg=pq+1i/2{p,q} + € and £ € SMHnrt+v—2,
(B) Adjoir;ts. Ifp € S™, then [p(z,D)|* = p*(z,D), withp* =p+€, £ €
SmK—2,
(C) Boundedness on Sobolev spaces. If p € S™, then

llp(z, Dyul| < CBH||A™*(z, D)ul|.
In particular, p € S°* implies ||p(z, D)u|| < CBH||u]|.
(D) Elliptic and subelliptic estimates. Let p € S™* and suppose the sym-

bols pa = (po ®,)/AT?|; satisfy subelliptic estimates ||pa(z, D)u|| >
cBF—2%¢||u|| microlocally in I. Then

llp(z, Dyull 2 ¢B*~+<||A™/2(z, D)ull.

Relation to classical ¥d0.

(E) If p € S™* is a classical symbol, then our ¥d0 p(z,D) differs from the
operator p(z, D) in the classical Weyl calculus by an error £(z, D) with
Eesmu2,

(F) A classical symbol p(z,&) belongs to S™* if and only if maxs, |p| <
CAT2BH. In particular, L(z, ) € S*°.

(G) Special behavior of L(z, £)in its own calculus.



THE UNCERTAINTY PRINCIPLE 199

B?/AaLo®a(z,&)l1= Y asu(2)&iék+ Y bu(2)ék+V(2) + (2, §),
i k>1 k

where |E(z,§)] < CM™¢ and 3y a5k + 2o, bk +V is in normal form.
Also ajk(zy,...,Zn) depends only on the z; with | < min(y, k).

Applications of the 1d0 calculus are as follows.

SAK principle. Start with L € S2(1 x M), L > M¢. We have B2L(z,¢) €
S22 by (F), while B2L/A, 0 ®4(z, D) > ¢B¢ microlocally in I by (G) and the
subellipticity of PDE in normal form. Therefore (E) implies

(%) 1B>L(z, D)ul| > CB<||A(z, D)u|.

On the other hand, suppose p(z, £) is a classical symbol satisfying maxp_|p| <
maxg L = A,. Then p € S29 by (F), so

(x%) llp(z, D)ull < C||A(z, D)ul| by (C).

So far L(z,D) and p(z,D) are defined by our %d0 calculus, but we can
switch over to the usual 9d0 L(z, D), p(z, D) with errors of the form &(z, D),
€ € 8272 by virtue of (E). Since ||€(z,D)u|| < CB~2||A(z,D)u|| by (C),
estimates () and (%) are unaffected by the switch. Finally, () and (x*)
yield ||p(z, D)u|| < CB%~¢||L(z,D)u||. This is the SAK principle for a priori
estimates since B is just a fixed large constant. Of course we could start with
L > 0 instead of assuming L > M€ and simply work with L + M*€ in place of
L. So we have proved

THEOREM (SAK). Assume p,L are classical second-order symbols with
L>0. The a priori estimate ||p(z, D)u|| < C||L(z, D)u|| + C||ul|(c) holds if and

only if maxp_|p| < Cmaxp (L +[1+ |£]]€) for suitable bozes B, associated to
L.

CoROLLARY. Ifp,L are classical second-order symbols with L > |p| point-
wise, then ||p(z, D)ul| < C||L(z, D)ul|| + C||ul|(e).

The corollary yields highly nontrivial estimates, such as
2
Z Xiu
J

which requires the full force of Rothschild’s and Stein’s machine. To obtain
[1X; Xkul| < C|| 32, X 2ul| + Cllull(), we need the full SAK theorem, since
X;Xx has symbol p;pi + ¢/2{p;,pr} in the Weyl calculus; here, p; is the
symbol of the vector field Xj.

Now |p;px| < 3=, p? pointwise, but regarding {p;, px}, we can say only that

maxg, |{pj,pk}| < Cmaxp, 3, p2, as in the proof of Hormander’s theorem in
Chapter III.

Next we pass to

Egorov’s theorem. For p+1iq € S of principal type and satisfying condition
(%), we shall prove that

llp(z, D)ul| + llg(z, D)ul| < Cli(p + 1g)(z, D)ul| + Cllull (o),

IX2ul|<C + Clulle),
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which immediately yields subellipticity. To prove this sharp estimate, we
may first suppose ¢ = 7, p = p(t,z,£). (This comes already out of classical
microlocal analysis.) Now we set L = 72+p?+ M€ and apply our +d0 calculus.
Since 72,p? < L pointwise, it follows from (F) that 7,q € S1:0. A repetition of
the proof of the SAK theorem above yields the desired estimate, provided we
can establish a subelliptic estimate for A,(y,n) = (7 +iq)/A/? o &, namely
[|Aa(y, D)u|| > ¢B¢~1||u|| microlocally in I.

It isn’t hard to follow the construction of ®, in this case, and one finds
that A, must be a first-order differential operator of the form

Ja . d
= t,1)— + V(¢
o +z;ak( m)amk +V(t,z)
with max|z| |;|<1|ax(t, z)| decreasing in k and a(t, =) independent of z;, | > k.
Such an operator can satisfy (¥) only if it has the special form®

d/dt +1a(t)(d/dz1) + V(t,z1,2).

Here z' appears only as an irrelevant parameter, and our subelliptic estimate
is reduced to I above. So Egorov’s theorem may be read off from our 1d0
calculus by using the estimate II.

Explicit solutions of PDE. Let L be a second-order symbol as in the state-
ment of the theorem. We shall look for an approximate solution of L(z, D)u =
f. Introduce a partition of unity 1 =3 ¥.(z, ) with 9, supported in B,.

Formally, we can try to write u =)  U*,vq, Where v, solves
Lod®,

Ao’
Since Lq(z, D) is subelliptic on I, we can write Ty, = [Lqa(z, D)] ! with ||T,|| <
CB™¢, and

AoLa(z, DYoo = ¥, (2, D)Usf  with Ly(z, &) = Vo = Vo 0 Doy

u=Y A;'U%Toty(z, D)Uaf.

Our ¥d0 calculus shows that Lu = f+&(z, D) f with € € S%~2. In particular,
the error €(z,D)f has L?-norm small compared to that of f, so we can get
an exact solution by successive approximation.

Of course our solution is only as explicit as our knowledge of U, and T,.
In at least one case, namely L a second-order differential operator, U, is easy
to understand: Here f — U, f is induced by a change of variable y = ¢n(z)
which carries a small ball Br(z%, py) to the unit cube.

For more general symbols, U,, is given as an oscillatory integral with degen-
erate phase function, so our understanding of U, is less explicit.

At first sight it appears that we have to calculate Ty, = [Lqo(z,D)]~!. We
don’t have to! The reason is that the problem is localized to a block I of
bounded volume in phase space. In effect, L,(z, D) acts on the space

Hp = [direct sum of eigenfunctions of — A + B?|z|? with eigenvalue < 4B2].

SHere we exclude the trivial case in which p always has the same sign.
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Letting 11, ...,%s be an orthonormal basis of Hermite functions in Hg, we can
write Lo(z, D)|1 in the form of an s X s matrix (A;i). The subelliptic estimate
yields a bound for the inverse matrix (A’%). All we need is |A7%| < C, which
is weaker than the known bound ||(A7%)|| < CB~<. Consequently T, can be
written as an integral operator

T.i(z)= [ {ZkAj"wj(x)WzT)}f(y) dy.

Each 1}, is a nice Schwartz function, so T, f(z) = [ Ku(z,y)f(y) dy for a
kernel K ,(,+) € S(R?"). Of course the seminorms of K, in S(R?") grow like
high powers of B. This does not bother us, since in the end B is just a fixed
large constant.

Now we return to our formula

(9) u=Y AFULToto (2, D)VUaf = 3 AT U WTUa S,

where T, = Ty, (z, D) is again given by a Schwartz kernel. Since each T,
is a harmless operator acting on functions on the unit cube, we now have
a reasonable chance to write u = [ K(z,y)f(y) dy with some control on the
properties of K.

For instance, say L is a second-order differential operator as in Oleinik and
Radkevitch. Then we recall U, f(z) = |det ¢'(z)|/2f(¢(z)) for a change of
variable y = ¢(z) carrying the unit cube to a small Br(Zq, po). Putting this
back into (9), we get u(z) = [ K(z,y)f(y) dy with K (z,y) estimated in terms

of the constants A, and the Jacobian factors |det ¢’|'/2 in U,. The result one

expects is as follows. (We exclude the one- and two-dimensional cases.)
CONJECTURE. For L = — 37 a;k()33+ 3 bi(2) 3k +c(z) subelliptic with

real coefficients, the solution to Lu = f is given by u(z) = [ K(z,v)f(y) dy

with
§%(z,y) :
<O/ =
|K(z,y)| < CVOI(%y), 6(z,y) =min{p |y € BL(z,p)},
Vol(z,y) = Vol Br(z,p) with p=6(z,y).

One has also natural estimates for the derivatives of K.

If L is selfadjoint, then also K(z,y) > c6%(z,y)/Vol(z,y), so the order of
magnitude of K (z,y) is known. The case L= ;X 3 + X was solved earlier
by Nagel, Stein and Wainger [32] and independently by Sanchez [38] using the
Rothschild-Stein lifting. The above methods should make possible a proof in
the general case. This is now being carried out by Sanchez.

It would be interesting to write explicit inverses of some equations satisfying
(W), such as 9/9t + 1a(t)(d/9z) + V(t,z) microlocalized to |t| |z| < 1, |7,
€] < M.

At one time there were two different ways to understand PDE: Prove a priori
estimates or construct approximate solutions. Now the distinction between
the two methods is starting to blur. If we can prove sharp enough estimates,
then we have understood the geometry of the equation well enough to give an
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approximate diagonalization, hence an approximate solution. Construction
of the solution rests on a priori estimates for localized problems.

It would be very interesting to understand the analogues of these ideas
for systems, especially for 9. Although a lot is known about strongly pseudo-
convex domains (Bergman, Szegd, Neumann kernels [3, 36]; Poincaré metric
[7, 29]), the class of weakly pseudoconvex domains is much more mysterious.
Kohn [27] and his students made a deep study of subellipticity of 3. In par-
ticular, Catlin has given evidence that a subelliptic estimate of order ¢ holds

for 9 on (0,1)-forms on D if and only if the following geometric condition
holds:

(*) Given a point p € D with distance r to the boundary, no analytic
disc of radius cr€ can be imbedded in D centered at p.

The condition is necessary for subellipticity [6].

Catlin conjectures other closely related sharp estimates for 9, which he can
verify in many examples. Now geometric conditions like (*) must come from
an SAK principle for systems, for they say that the nonexistence of an im-
bedded geometrical object is equivalent to a subelliptic estimate. If we could
carry over our machinery to systems, we would have some hope of understand-
ing the Bergman and Szego kernels for weakly pseudoconvex domains. We
would already be delighted to understand a few nontrivial examples. Right
now there is essentially only one weakly pseudoconvex domain on which the
kernels can be computed, namely {3, |2x|*™* < 1} (see D’Angelo [9]). The
geometry of weakly pseudoconvex domains is very subtle.

We close the chapter by explaining how to associate boxes B,, canonical
transformations ®,, and Fourier integral operators U, to a given symbol L €
S82%(1x M). The boxes B, are analogous to the non-Euclidean balls associated
to a second-order PDE.

B, is defined by a construction using induction on the dimension. To
understand it, imagine we don’t know the correct definition of B(z,p), but
we try to construct it so that the Geometric Lemma of Chapter III holds. We
should also understand how L(z, D) behaves on By (z, p), and this leads us to
the following.

LEMMA 1. After a change of coordinates y = (z) with |[¢'[,|(v")| < C,
the operator L and the ball By (z, p) may be placed in the following special form:

By(z,p) ~ {ln| < 51,|3/2| < 82yenns|ynl <8} withp>61 282>+ 2> b,

p’L = 618 5+ Li(y1, 9, Dy);
define La(y', Dy)) = Aviy,i<s, La(y1,9', Dy)-
—_— 82 =4 ”
(%) p*Ly = 63— + La(y2,y", Dy);
Y3

define Ly(y”,Dy~) = AV|y,<s, Lo(y2,y", Dy»).
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Thus, in some average sense, p°L looks like Y, 62(3/dyx)? on Bi(z, p).

SKETCH OF PROOF. The result follows by induction on the dimension using
the Geometric Lemma of Chapter III. In fact, we make an initial coordinate
change y = ¢(z) to bring about p>L = 6§2(3/dy1)?+L1(y1,y’, Dy'), and we know
by the Geometric Lemma that By (z,p) looks in y-coordinates like {(y1,y") |
ly1| < 61, y' € Br (7', p)}. Inductive hypothesis applied to Li(y’, Dy) produces
a coordinate transformation : y' — 7' in (n—1)-variables so that Br (z',0) ~
{|7k| < bk, k > 2}, and all but the first line of () holds in the 7 coordinates.
Now just define i by the diagram

¢

X

(29 yl)

015 YO

and the lemma follows. Q.E.D.

We now return to the problem of constructing By, ®4,Us, given L € S2.
The geometry is analogous to the simple lemma just proved, only now our
constructions work in phase space.

First we define the B,. By analogy to the geometry of ¥ a;k(x)d?/dz;0z,
we shall introduce a family of non-Euclidean balls B = By ((z?, ¢°), p) in phase
space associated to the symbol L. Each B will be the image of a block Ip =
{|z| < 1,]¢| < Mg} under a canonical transformation ®5. The {B,} will then
be simply those non-Euclidean balls B with Mp = B.

Our construction proceeds by induction on the dimension. First we con-
struct the balls of radius 1. Given (z°,¢°) and L € S%(1 X M), we apply the
decomposition of Chapter III, Lemma 7, and let @ be the block containing
(29, €9). Say Q has sides § X M 6. There are three possibilities:

(A) L is elliptic on @, i.e., L > ¢(M§?)? on Q;

(B) Vol(@) ~ 1;

(C) L is nondegenerate on Q.

In cases (A) and (B) we define B ((z°, £9),1) to be simply Q. Evidently @
is the image of a suitable block {|z| < 1,|¢| < M3} under a symplectic affine
change of scale ®z.

In case (C) we proceed by analogy with the Geometric Lemma of Chapter
II. Here we start with a canonical transformation ¥: Q@ — @* with natural
bounds, so that

LoWw =6+ L(t,y,n),
U~1(2% ¢%)is the point (y,n) =0,t = 0,7 = 7.
Now set
L(y,n) = C8273 + Aviy <sL(t, y,m),

C alarge constant. Since L(y,7) is a symbol in fewer dimensions, the inductive
hypothesis says we have already constructed B = Bz((0,0),1) = ®5(II), with

II = {|ly| < 1,|n| < M}. Now set I = {|t|,|y| < 1; |7|,|n] < M}, and define
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B = Br((z9, £9),1) = ®5(I), where ®3 is given by the diagram

& rny,n)— @t 1y + 611, q)g(y, 1))

(10) , ll//
Pz

¢ 9

This completes our construction of the ball of radius one. For p « 1, the ball
Br((z, &), p) is defined simply as B,21((z, £),1).

It would certainly be simpler to have a natural intrinsic definition of the
balls, rather than an inductive construction. Before continuing, we check
that our definition agrees with the familiar non-Euclidean balls associated to
L=7Y" a;k(2)&;&- In fact, the Geometric Lemma from Chapter IIT shows by
induction on the dimension that {(y,7) | n = 0} N BL((z,0),p) is essentially
Bi(z, p).

So far, we have defined the boxes B, and the canonical transformations @,
which straighten them out. Now we must associate Fourier integral operators
U, to the ®,. Again, we carry out the construction of a F.1.O. U for each
of the canonical transformations ®p associated to B = Br((z° ¢9),p). As
before, it is enough to look at the case p = 1. We proceed by induction
on the dimension. The construction of Up is evident in cases (A) and (B)
above—it is nothing but an affine change of scale. The delicate point is
to construct Up in case (C). Here @3 is given as the composition of three
canonical transformations, namely

(11) (t7T) yﬂl) - (t7T,<I)B‘(yv77))y
(12) t,7,y,m) — (68,70 + 617, 9,m),
(13) (t,7,9,m) (g, §),

so it is enough to associate Fourier integral operators to these three. Now ¥
satisfies good estimates on @), and so is already covered by Egorov’s theorem.
Transformation (11) corresponds to U f(t,y) = 617/2f(6t,y)e'™t, so again
there is no problem. The tricky part is (10). However, by the inductive
hypothesis we have already succeeded in associating a Fourier integral operator
Ug to the canonical transformation ®5. So we can associate an operator to
(10) by letting f(t,y) — Uz f(t,y) for each fixed t.

This completes the construction of the Fourier integral operators. At last
we have the boxes B,, the straightening transformation ®,, and the associated
Fourier integral operators U,. These are the ingredients of our 1d0 calculus.

Of course we still have not explained how to prove our theorem on d0
calculus. That story is too complicated to present here. At least property
(G) of the symbol L in its own calculus is rather clear—it is the analogue of
Lemma 1, Chapter IV. This property is the reason our main terms dominate
the errors. Our long struggle from the elementary localization at the start of
Chapter I to the present 1d0 calculus has gained us exactly this one advantage.
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