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A PROOF OF SHELAH’S STRONG COVERING THEOREM FOR P, \*

MASAHIRO SHIOYAT

Abstract. Suppose that k is a regular uncountable cardinal and X\ is a cardinal > k. We give a
direct proof of Shelah’s theorem that a cofinal subset of P, can be covered by some stationary set
of the same size.
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1. Introduction. Suppose that x is a regular uncountable cardinal and ) is a
cardinal > k. P, A denotes the set of all subsets of A of size < k. We write cf(x, \)
for the cofinality of P, i.e. the smallest size of a subset of P,A that is cofinal
with respect to inclusion. It has been known that the formula A< = 2<% . cf(k, \)
is useful in cardinal arithmetic. Indeed Solovay [9] established that the Singular
Cardinal Hypothesis holds above a compact cardinal by showing that cf(x,\) = X if
K is A-compact and A is regular.

In [6] Shelah created the Theory of Possible Cofinalities (henceforth PCF Theory).
Among many applications of the theory best known should be the following:

THEOREM 1. cf(w1,wy,) < wy, -

Theorem 1 attracted much attention to the cofinality of P\, which is quite robust
through forcing extensions. In contrast it is quite easy to manipulate the size of Py
(= A<") by blowing up 2<".

In the context of P, A combinatorics one is more concerned with stationary subsets
than with merely cofinal subsets. Let us denote by scf(x,\) the smallest size of a
stationary subset of P,A. Clearly scf(x,A) > cf(x,A). Hence by the formula in the
first paragraph we have scf(k, ) = cf(k,\) = A<" if A > 2<%, In [2] Baumgartner
and Taylor proved in effect that scf(r, \) = cf(k, ) = N if A < k1%,

It is natural to ask whether scf(x, A) = cf(k, A) holds in general. The answer by
Shelah [5] is striking:

THEOREM 2. Suppose that k is reqular uncountable and A is a cardinal > k.
Then scf(k, A) = cf(k, A).

The proof of Theorem 2 makes essential use of PCF Theory. To motivate this
fact, let us attempt to prove Theorem 2 by induction on A. Suppose that for each
v € [k, A) there is a stationary subset of P,y of size cf(k,|y|). Then one can show
that the union of these sets is stationary in P,A and has size cf(k, A) if A is regular.
Unfortunately the induction hypothesis does not seem to help if A is singular. However
this is exactly the situation in which PCF Theory is expected to work.

Unexpectedly the proof of Theorem 2 works equally well whenever A is a cardinal
> 7. In [5] Shelah went on to introduce a filter on P\ that contains a stationary set
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of the smallest possible size. The definition of the filter is canonical, i.e. independent
of stationary sets to be contained. It is quite complicated though.

Unfortunately the details of Shelah’s proof are often missing. In §4 of this paper
we give a direct and detailed proof of Theorem 2 in the case A > x*. Our proof is
purely combinatorial and is derived from the proof of the following theorem (again
due to Shelah):

THEOREM 3. Suppose that k is reqular uncountable and A is a cardinal > k.
Then a cofinal subset of P,A can be covered by some stationary set of the same size.

As one might notice, Theorem 3 is no finer than Theorem 2. The point of The-
orem 3 is that the way we get a covering set is canonical. This can be described as
follows:

Fix a large enough regular cardinal x. Recall that H(y) is the set of all sets
hereditarily of size < x. We identify H () with the structure having the membership
relation and a well-ordering of H(x) as binary relations, and A as a constant. Then
there is a map ¢ : A<%¥ — X such that if 2 C X is closed under ¢, then z = N N\ for
some N < H(x). Suppose that X is cofinal in P, A. Take an elementary substructure
M* of H(x) such that X U {p, X} C M* and |M*| = |X|. Then it is shown that
M* NPgA is stationary in PgA.

The last assertion is truly remarkable. To see this, let us derive one counterintu-
itive consequence. Since M* € H(x), the set {N € P, H(x) : M* € N < H(x)} is
club. Hence its projection {NNA: N € P.H(x) ANM* € N < H(x)} has a subset
that is club in P, A. Since M™* N P, is stationary in PgA, there is N < H(x) such
that M* € N and NN A € M*. This looks contradictory. Indeed it is easy to see that
if M and N are both countable elementary substructures of H(x), then one cannot
have both M € N and NN e M.

In §§2, 3 we prove Theorem 3 as outlined above. The proof of the case A > k™ is
deeply embedded in that of Theorem 2.6 of [5]. It turns out that the latter contains an
unjustifiable statement. Answering the author’s question, Shelah suggested a remedy,
which was to be revised by the author. We inform the reader of the important changes
in the course of the proof.

In [4] Shelah initiated the study of Strong Covering Theorems. Suppose that
W is an inner model of ZFC and that W N P, A is cofinal in P,A. Strong Covering
Theorems assert under additional conditions that W NP, A is in fact stationary. See
[7] for specific examples. As indicated in [5], Theorem 3 can be regarded as the Strong
Covering Theorem in the context of P, combinatorics.

2. Preliminaries. Throughout the paper x denotes a regular uncountable car-
dinal. We denote the class of all regular cardinals by Reg. Intervals of ordinals have
the expected definitions. In this paper “size” is a synonym of “cardinality”.

We refer the reader to [3] for the basics of P\ combinatorics. Here A is a cardinal
> k. It is easy to see that [JX = A if X is cofinal in P, A. Hence cf(k,\) > A. For
amap g : A<Y — X we denote the set {z C A : g“z<* C z} by C(g) and the
closure of z C A under g by cly z. It is well-known that S is stationary in P, A iff
SN{zeClg):xNk € r}#0for every g: A% — A

As indicated in §1, the case A = k™ of Theorem 2 requires a separate treatment
and is proved in [2]. Let us reprove it as the case A = k™ of Theorem 3:

PROPOSITION 1. Suppose that k is reqular uncountable. Then a cofinal subset of
P.kT can be covered by some stationary set of the same size.
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Proof. Fix alarge enough regular cardinal y. (It would suffice to take y = (227)*.)
We identify H(x) with the structure having the membership relation € and a well-
ordering <1 of H(x) as binary relations.

Suppose that X is cofinal in P,x*. Take M < H(x) so that X U{X} Cc M
and |M| = |X|. We claim that M N P.x™ is stationary in Pyrt. Let e = (e : v <
k1) be the <-least sequence such that each e, is a surjection from s to . Then
{ey“a : @ < K} is club in P,y for every v € [k,kT). Hence it is easy to see that
{ey“a: (o, ) € k x KT} is stationary in P.k'. Thus it suffices to show that

{es“a:{a,y) € k x KT} C M.

Since X U{X} C M < H(x), we have |X|+ 1 C M. Note that |X| > T because X
is cofinal in P,,k*. Hence k™ +1 C M. Since kT € M < H(x), we have e € M. Thus
we get the desired inclusion. O

Toward the proof of the remaining case, we begin by quickly reviewing the basics
of PCF Theory. The full theory is developed in [6], from which the following results
in this section (possibly except Lemma 3) are taken. We refer the reader to [1] for an
excellent introduction to the theory.

For the rest of this section we assume further A > xT. Suppose that A is a
nonempty subset of [kTT, A\] N Reg of size < k. We call such a set small. Note that a
nonempty subset of a small set is small. Recall that

[[A=1{p: A—x:V0 € A@p(0) <0)}.
For p,q € [] A define
d(p,q) = {0 € A:p(0) < q(0)}.
For U an ultrafilter on A define a linear ordering <y on [] A by:
p<u qiff d(p,q) € U.

We denote the cofinality of ([T A, <u) by cf(J] 4, <v). Define
pcf A = {cf(H A, <p) : U is an ultrafilter on A}.

We allow an ultrafilter to be principal. Hence A C pcf A. It follows from Conclusion
I 1.9 that pcf A has a maximum. Note that max pcf A is a regular cardinal > k*. We
stipulate pcf @ = (). Finally define an ideal J# on A by:

B e JA iff maxpcf B < maxpef A.

Note that the definitions and results in this section are valid even if A is finite, in
which case ultrafilters on A are all principal and hence pcf A = A.
Lemma 1 follows from Subfact II 3.4A (see also Lemmas I 1.5 and II 3.1).

LEMMA 1. Suppose that A is a small set and p = maxpcf A. Then there is a
scale on A, i.e. a sequence (fe : € < p) of functions in [[ A that is
e increasing, i.e. if ( < & < p, then d(f¢, fe) is in the dual filter of J4,
e cofinal, i.e. for everyp € [[ A there is & < p such that d(p, f¢) = A, and
e continuous, i.e. for every ( < u of cofinality k* there is a club D C ¢ such
that if C C D s club in ¢, then f:(0) =sup{fe(0) : £ € C} for every 6 € A.
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Lemma 2 is included in Theorem II 5.4 (see also Theorem IT 3.6).
LEMMA 2. Suppose that A is a small set. Then max pcf A < cf(k, A).

Proof. Let yu = maxpcf A. Fix an ultrafilter U on A and a sequence f = (fe :
& < p) that is <y-increasing and <gy-cofinal in [] A.

Assume to the contrary | X| < p for some cofinal X C P, A. Then for each £ < p
there is € X that covers ran fe € P.A. Thus we get a contradiction if we find £ < u
such that for every z € X

(sup(z N ) :0 € A) <y fe.

Let x € X. Then (sup(zN@): 0 € A) € [] A because |z| < k < 0 € Reg for every
6 € A. Since f is <p-cofinal, there is &, < u such that (sup(zxN0):6 € A) <y fe,.
Set ¢ = sup{&; : x € X}. Then £ < u by |X| < p € Reg. Since f is <y-increasing,
we get the desired inequality. O

We denote the set {0 < k1 :cf 6 = w} by S¥,.. Shelah proved the following:

LEMMA 3. Suppose that k is reqular uncountable. Then there is a club guessing
sequence on S, , i.e. a sequence (c5: 06 € S¥.) such that
e c;5 is an unbounded subset of & of ordertype w and
o if E is club in k%, then {6 € S¥, : ¢c5 C E} is stationary in x¥.

For a proof see e.g. [8]. In what follows we also invoke the proofs of Lemma IT 3.4
and Observation IX 3.3A without further mention.

3. Strong Covering Theorem for P,A. This section is devoted to the proof
of Theorem 3 in the case A > x™.

THEOREM 4. Suppose that k is reqular uncountable and \ is a cardinal > k.
Then a cofinal subset of P,A can be covered by some stationary set of the same size.

Proof. Fix alarge enough regular cardinal y. (It would suffice to take x = (22k)ﬂL )
We identify H(x) with the structure having the membership relation € and a well-
ordering <1 of H(x) as binary relations, and A as a constant. Then there is a map
©: (A+1)<¥ = A+ 1 such that

Cle) C{NN(A+1): N < H(x)}.!

Suppose that X is cofinal in Py A. Note that P, A and k can be defined from X in
H(x) as U{P(z) : x € X} and |J{P(z) : x € X} N A respectively. Take M* < H(x)
so that X U {p, X} C M* and |[M*| = |X|. It suffices to show the following:

MaIN CLAIM. M* NP is stationary in Pg.

Proof. Fix g : A<¥ — X It suffices to find N* < H(x) such that |[N*| < &,
N*Nker,ge N"and N“NAe M*.
By simultaneous recursion we construct
e N, < H(x) for vy < x*, and
e N < H(x) for a € [kT]<¥
so that the following hold:
(1) INy| =5, Nynkt ert, {o,X} C Ny, NyU{N,} C Nyiq, 2
N, =U{Ny : o <~} if 7y is limit,

1 As stated in §1 we can make use of a map ¢ : A< — X (at the cost of simplicity).
2The fourth condition of (1) is redundant but is included for convenience.
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(2) INg| <k, NgNk€r, aU{p,g} CNg, NyU{Ny} C Ny, and
(3) (N0 € [y + 1<) € Ny,
Set

N = U{Nv ty < kT
Then N < H(x) and |[N| = s by (1). For each § € NN s, A\] N Reg, define
h(6) = sup(N N 6).

Note that h(f) < @ by |[N| = kt < 6 € Reg. Take a < ™ so that § € N,. By (1)
the map (sup(N, N0) : v € [, k™)) is increasing, continuous and cofinal in ~(6). In
particular cf h(f) = k*. Similarly (N, N k™ : v < k1) is increasing, continuous and
cofinal in k.

Let e = (e, : 7 < A) be the <-least sequence such that each e, is an increasing,
continuous and cofinal map from cfn to . By the previous paragraph we have

eng) : KT — h(0) for every § € domh = N N [k*F, A\] N Reg. Define

E={y<rkT:vislimit AN, NK&T =7A
Vo < AV0 € No N [k, A N Reg(sup(Ny N 0) = ena) (1))}

It is easy to see that F is club in xt.
Let ¢ = (c5 : 6 € S¥;) be the <-least club guessing sequence on S¥, in the sense
of Lemma 3. Take § € S, N E so that c¢s C K. Define

N* = LJ{N;k L a € [es]<¥}.

We claim that N* is as required above. By (2) we have N C Ny if a C b. Hence
{N} : a € [c5]<*} is a directed set of elementary substructures of H(x). Thus
N* < H(x). Since |[cs]<¥| = w < &, we have |[N*| < k and N* Nk € k by (2). Also
g € N* by (2). It remains to show that N*N A € M*.

Define

M = U{M“" ta € [cs] <Y An < wl,

where M, n, € Pi(A+1)NC(p) is defined by recursion on n < w:
o Mo =cl,((N*Nk)Ua) and
° a,n+1l =
clp (Mo Ufeney(v) : v € a A0 € domh N Manyn N [T, A NReg}). ?
By definition M, ,, C M, n+1. By induction on n < w we have M, ,, C M, 5, if a C b.
Hence {My, : a € [c5]<“ An < w} is a directed subset of P,(A + 1) N C(p). Thus
MeP.(A+1)NC(y).

Cramm 1. M =N*Nn(A+1).

Proof. First we prove M C N*. It suffices to show by induction on n < w that
for every a € [cs]<¥

Ma,n C N* N Nmaxa+1-4

3The corresponding definition of My 5n+1 in [5] is problematic.
4The corresponding induction formula (A)(a) in [5] would not work.
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For n = 0, first note that ¢ € N* < H(x) by (2), and that ¢ € Npaxat+1 < H(x) by
(1). Hence N* and Npaxq+1 are closed under ¢. By the definition of M, ¢ it suffices
to show that

N*NKk C N*N Npaxat+1 and a € N* N Nyax a+1-
For the former, note that for every v < k™
K C Ny

by k € N, Nkt € k™. For the latter, note that a C N} C N* by (2) and a € [¢5]<%,
and that maxa+1 € Nyaxetr1 NET € 67 by (3). Hence a C maxa+1 C Nyax a1, as
desired. For the induction step, first recall that N* and Npaxq+1 are closed under .
By the definition of M 41 it suffices to show that if v € @ and 6 € dom h N Mgy, N
[1TF, 2] N Reg, then

eh(@)(’}/) = Sup(N’)' N 0) eN"N Nmaxa+1-5

For the equality, first note that Muny.n C Npax(any)+1 by the induction hypothesis,
and that Nyax(any)+1 C Ny by max(aNy) < 7. Hence § € N,. Note that ~ is limit
by v € a C cs C E. Hence § € N, N [T, \] N Reg for some a < v by (1). Thus we
get the equality by v € E. For the membership, it suffices to show that

N'Y eN*'N Nmaanrl and 8 e N* N Nmaanrl-

For the former, note that N, € N7, C N* by (2) and v € ¢, and that N, €
Ny+1 C Nmaxat1 by (1) and v < maxa. For the latter, recall that § € My, p

and note that Mynyn C N* N Nyax(any)+1 by the induction hypothesis, and that
Nmax(any)+1 € Nmaxa+1 by max(aNy) < maxa.
Next we claim that for every § € M N Reg
sup(M N @) =sup(N*N¥).
For 6 < k, it suffices to show that
MnNkCN*NkCMnNk.

These follow from M C N* and N* Nk C My, C M respectively. Next suppose
0 = k™. Since supcs = 4, it suffices to show that

s CMNkY CN*NkT Cc NsnNnk™ =4.

For the first inclusion, note that v € M, 0 C M for every v € ¢5s. The next two
follow from M C N* and

N* C Ns
respectively. For the latter, it suffices to show that N C Ns for every a € [c5]<Y.
Recall from the previous paragraph that a C Npaxae+1. Since a is finite, we have

a € Nimaxat1- Hence N € Nyaxatr1 C Ns by (3) and maxa < J. Recall that k C Ns.

5Here we make an appeal to the definition of Mg nt1 and the new induction hypothesis.
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Since N5 F |N}| < Kk, we have N C Ns, as desired. The equality holds by ¢ € E.
Finally suppose 8 > . It suffices to show that

sup(M N @) < sup(N*N0) < sup(Ns NO) < sup(M NH).

The first two inequalities follow from M C N* and N* C Njs respectively. For the
last inequality, recall that § € M NReg and M C A+1. Hence §# € M N[xTT, \|NReg.
Take a € [cs]<¥ and n < w so that § € M, ,. Since supcs = §, we have sup(Ns N
) = sup{sup(N, N0) : maxa < v € ¢s} by (1). Hence it suffices to show that if
maxa < v € cgs, then

sup(Ny N 0) = ex(p)(7) € M.

For the equality, recall from the previous paragraph that M, ,, C Nmaxae+1 and note
that Nyaxat+1 C Ny by maxa < «y. Hence 0 € N,. Note that  is limit by v € ¢s C E.
Hence # € N, N [T, A] N Reg for some a < . Thus we get the equality by v € E.
For the membership, since a U {7} € [¢s]<¥, it suffices to show that

€h(0) (7) € Mau{’y},nJrl-

Recall that 6 € M, ,, N [T, A\] N Reg and that M, , C M C N* C Ns C N. Hence
0 € Nn[sTT, AN Reg = domh. Note that (a U {v}) N~y = a by maxa < . Hence
0 € Miaugyy)ny.n N [T, Al N Reg. Thus we get the membership by the definition of
aU{~v},n+1-

Finally we prove N* N (A 4+ 1) € M. Assume to the contrary that there is
n € N*N(A+1)—M. Since M € C(yp), thereis M < H(x) such that M = MN(A+1).
Then A € M by M < H(x). Sincen € (A+1) — M = (A+1) — M, we have n < \.
Hence we can define

7 = min(M N [n, \]).

Then 7 € MN(A+1) = M C N*. Since N* < H(x), we have A € N* and
hence e € N*. Thus e; € N*. Note that n < 7 by n € M and 7 € M. Since
N*F e; : cfp — 7 is cofinal and n < 7, there is ¢« € N* N cf 77 such that n < egz(¢).
Hence we get a contradiction to the minimality of 7 if we find 7 < cf 77 such that

eq(t) < ez(2) € M.

Since 7 € M N (A + 1), we have cfj € M N (A + 1) NReg = M N Reg. Hence
sup(M N cf ) = sup(M N cf ) = sup(N* Ncf7) by the previous paragraph. Then
there is £ € M N cf 7 such that ¢ < 7. Since e; is increasing, we have e;(1) < e(2).
Since M < H(x), we have e € M and hence e;(2) € M by 7,z € M, as desired. O
(Claim 1)

CLAIM 2. M € M*.

Proof. Tt suffices to show that all the parameters needed to define the sequence
(Myn:a € les]<“An < w) are in M*. By definition ¢ € M*. Since XU{X} C M* <
H(x), we have | X| C M*. Note that A < |X| because X is cofinal in P,A. Hence
A C M*. Thus N*Nk and § are in M*. Since k, A € M* < H(x), c and e are in M*.
It remains to find A C domh = N N [T, \]NReg such that M N [T, \]NReg C A
and h|A € M*.
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Recall that k* C N. Since kK € N < H(x), we have ¢ € N and hence ¢s € N by
d € N. Hence (N} : a € [¢5]<%) € N by (3). Thus N* € N. Note that X € N by
(1). Since N E X is cofinal in PoA and N* N A € P, there is ¢ € N N X such that
N*N A C z. Define

A= (xU{A}D)N[kTT, A NReg.

We claim that A is as required above. Since N F x € X C PgA and Kk C N,
we have x C N. Hence A C N N [T, A\] N Reg. Since N* N\ C z, we have
M =N*N(A+1) CzU{\} by Claim 1. Hence M N [xT1,A\] NReg C A. It remains
to show that h|A € M*.
Note that A is small in the sense of §2 by € P, A and k™+ € A. Since z € X C
M* and z € N, we have A € M*N N.
By simultaneous recursion that terminates after finite steps, we construct
e A, e M*N N and
o fz e M*N H Al
so that the following hold for some [ < w:
[ ] AO = A,
o A;y1 CA; for every i <1,
e h and f; agree on A; — A;41 for every i <[, and
L4 Al+1 = @
Suppose that the recursion terminates as above. Then f;|(4; — A;+1) € M* for every
t <. Hence we have h|A = J{fi|(A;i — Ai+1) : ¢ <1} € M*, as desired.
Now we describe the recursion. Suppose that A; C A is defined and 4; € M*NN.
If A; = 0, then the recursion terminates. Suppose next A; # (. Then A; is small.
We define f; € M*N[[A; and 4,41 € M*N N so that A;y1 C A; and that h and f;
agree on A; — A;11.
First set

1; = max pcf A;.

Let f* = (f¢ : € < pu) be the <-least scale on A; in the sense of Lemma 1. Then y; and
ftarein M*NN by A; € M*NN. Note that sup(NNp;) < u; by |[N| = kT < p; € Reg.
Define

fi= fsiup(Nﬂ,ui)'

Then f; € []A;. Since A; is small and X is cofinal in P\, we have p; < |X| by
Lemma 2. Recall that |X| C M*. Hence sup(N N p;) € M* by sup(N N ;) < .
Since f? € M*, we have f; € M*.

Next we give a club C* C k™ such that for every 6 € A;

fi(0) = sup{fsiup(Nwmm)(ﬁ) :y € C*} < h(D).

Since A; € N, there is a; < kT such that A; € N,,. Then y; € N,,. Hence by
(1) the map (sup(N, N ;) : v € [ay, k1)) is increasing, continuous and cofinal in
sup(N N ;). In particular cf sup(N Ny;) = k™. Since f? is continuous in [] 4;, there
is a club D C sup(N N y;) such that if C C D is club in sup(N N y;), then f;(0) =
f;up(NmM)(G) = sup{f{(0) : £ € C} for every 6 € A;. Take a club C* C [y, k™) so
that {sup(N, N p;) : v € C*} € D. We claim that C* is as required above. For the
equality, note that {sup(Ny Np;) : v € C*} is club in sup(N N y;). For the inequality,
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recall that 1 (f) = sup(IN N #). Hence it suffices to show that if § € A; and v < K™,
then

:jup(NWﬁui)(e) eN.

Recall that A; € N and k C N. Since N E |4;] < k, we have 0 € A; C N. Recall
that f* and p; are in N, and note that N, € Ny41 C N by (1). Thus we get the
membership.

Toward the definition of A4;;1, set

d; = d(fi, h|As)

Recall from the previous paragraph that f;(0) < k() for every § € A;. Hence h and
fi agree on A; — d;. If d; = 0, then we set A;y1 = (). Clearly h and f; agree on
A; — Ait1. Suppose next d; # 0. We give 8; € [a;,£T) and & € Ng,+1 N p; so that
for every 6 € d;

fi(0) < sup(Ng, N6) < f.(6).

Recall that A; € N,, and K C N,,. Since N,, F |A;| < k, we have A; C N,,. Hence by
(1) the map (sup(N,N6) : v € [, kT)) is increasing and cofinal in sup(N N6) = h(6)
for every # € A;. Note that |d;| < x by d; C A; C A. Hence by the definition
of d; there is 3; € [a;, ™) such that the first inequality holds for every 0 € d;.
For the second inequality, note that A; € No, C Ng,+1. Hence fie Ng,+1 and
(sup(Ng, N0) : 0 € A;) € Ng,+1 by (1). Since Ng,11 F f*is cofinal in [[ 4; and
(sup(Ng, N 0) : 8 € A;) € [[A, there is & € Ng,41 N p; such that the second
inequality holds for every 6 € A;.
Since C* is club in ™, there is 7; € C* such that 3; < ;. Define

Air1 = d(foup(v,, ) 1)
= {9 €A fsiup(N.yiﬂ,ui)(e) < fgl (9)}

We claim that A;;; is as required above. By definition A;11 C A;. Next we prove
that A;4 1 € M* N N. Since f* € M* N N, it suffices to show that

{&,sup(Ny, Npi)} € M™ and {&;, sup(N,, M)} C N.

For the former, recall that & and sup(N., Np;) are less than p;, and that p; < |X|and
|X| C M*. For the latter, recall that &; € Ng,41 C N and note that N, € Ny, 41 C N
by (1), and that u; € N. It remains to show that h and f; agree on A; — A; 1. Since
they agree on A; — d;, it suffices to show that d; C A;;1. We claim that for every
0 € d;

o o (8) < 1:(6) < L. (6).

The first inequality follows from 7; € C* and f;(0) = sup{fsiup(NmM)(H) iy € C*}.
The second inequality holds by the choice of &;. This completes the description of the
recursion.

It remains to prove that A; 11 = ) for some | < w. Assume to the contrary that
A; # 0 for every i < w. Recall that § € Ng,11 Np; and B; < ;. Hence § <
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sup(Ng,+1 N i) < sup(Ny, Npg). Since f* is increasing in [] A;, d(f¢,, ;.up(anui)) is
in the dual filter of J4i. Hence Aip1 = d(fsup(N%mM)v fgz) e J% ie. maxpcf A1 <
max pcf A;. This is the desired contradiction. O (Claim 2)

By Claims 1 and 2 we have N*NA=MNX € M*, as desired. 0 (Main Claim)

This completes the proof. O

4. A direct proof of Theorem 2. This section presents a direct proof of
Theorem 2 in the case A > x*.

THEOREM 5. Suppose that k is regqular uncountable and X\ is a cardinal > k.
Then scf(k, A) = cf(k, A).

Proof. For each n < A fix an increasing, continuous and cofinal map e, : cfn — 7.
Take ¢ : A< — X so that if z € C(y), then e, “(z Ncfn) is an unbounded subset of
z N for every n € zU {A}. For 2 C X set

A(z) ={cfn:nezU{A}}INn[rTH A

Note that if z € P, A and A(z) # 0, then A(z) is small in the sense of §2.
Suppose that X is cofinal in P, A. We can assume that A(z) # 0 for every z € X.
For each small set A fix a scale f4 = (ng : & < maxpcf A) on A in the sense of
Lemma 1. For each z € X let T'(z) be the set of all finite sequences of small sets
(A; =i <) such that
o | <w,
e Ay = A(x) and
o for every i < [ there are { < £ < maxpcf A; such that A, = d(fg‘i,fg‘i).
By Lemma 2 we have max pcf A; < |X| for every ¢ <. Hence |T(z)| < |X]|.
For each © € X let F'(z) be the set of all functions of the form

P& N4 — Avr) i < 1),

where
o (A;:i<l)eT(x),
e A1 =0 and
e ¢ < maxpct A; for every i <.
Note that F(z) C [] A(z). By the previous paragraph |F(x)| < |X].
Fix a club guessing sequence (cs : § € S¥,) on S¥, in the sense of Lemma 3.
Suppose that 6 € S¥;, e < k and h € F(x) for some x € X. Define

w(d, e, h) = U{wam ta € es]SY An <wl,

where wq, ., € PeANC(yp) is defined by recursion on n < w:

o w, o =cl,(¢Ua) and

o Woni1 = cly(WanU{ene (7)1 v € and € A(x) N A(wary,n) Acf h(0) = kT}).
By definition w,,p, C wq,n+1. By induction on n < w we have wg,, C Wy, if a C 0.
Hence {wq,n : a € [c5]<“ An < w} is a directed subset of P,ANC(¢). Thus w(d, e, h) €
P.ANC(p). Define

S:{w(&,s,h):6€S:+/\£<f<a/\h€U{F(x):xeX}}.
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By the previous paragraph |S| < |X]|. It suffices to show the following:
MAIN CLAIM. S is stationary in PiA.

Proof. Fix g : A% — \. It suffices to find z* € SN C(g) such that z* Nk € .
We can assume that if z € C(g), then z € C(p) and z is closed under successors.
By simultaneous recursion we construct
e 2, €C(g) for vy < k™,
e 2 e(C(g) fora€ [T]7¥,
o z5€ X ford €S, , and
e £(A,v) < maxpcf A for A a small set and v < 7
so that the following hold:
(1) |z4] =k, K € 2y NKT € 2941 NKT, 2 U{sup(zy N0) : 0 € A(zy)} C 2441,
2y = U{za a < v} if v is limit,
2) |23l <k, g MK E R, aC 2, 25 U{sup(zy NO) : 0 € A(23)} C 25,1,y

U{z ta € [es] <Yy Cas C 2541 if 6 €5,
(A, ) <&(A, v+ 1), &(A4,v) =sup{&(A,a) : a < v} if v is limit, and
sup(zy N 0) < fg%AﬁH)(H) for every 6 € A.
(We can require (4) because X is cofinal in P, and J{z* : a € [cs]<“} € PgA, and
(5) because f# is cofinal in []A and (sup(z, N @) : § € A) € [[A.) We need one
further requirement. For 6 € S, and v < s let T,‘Ys be the set of all finite sequences
of small sets (A; : i <) such that
o | <w,
e Ay = A(xs) and
e for every i < [ there are @ < 3 < 7y such that A;;; = d(fg?;‘iﬂ), fé?hi)a)).
Note that T,‘E is a subset of T'(x5) of size < k. By definition Tg C T,‘E if 8 < ~. Finally
we require that
6) ifj<w, €8 Nyand (4;:i<j) € Tf, then ranfé?iljﬁ) C Zyt1-
For each 0 € [ J{A(z4) : v < KT}, define

)
) Z szdxa—i-lu
)
)

(

(3
(4
(5

h(0) = sup{sup(z, N6) : v < kT }.

Note that k() < 0 by |zy] < kT < 6 € Reg. Take o < K so that § € A(z,). Note
that z, is closed under successors by z, € C(g). Hence (sup(zy N0) : v € [a, k™))
is increasing, continuous and cofinal in A(6) by (1). In particular cf h(d) = k™ and
en(o) - £+ — (). Similarly (z, N+ : v < k™) is increasing, continuous and cofinal
in kT, Define

E={y<rt:iyislimit Az, Nt =5 AVa <AVl € A(za)(sup(zy N0) = en(e)(7))}-

It is easy to see that F is club in xt.
Take § € S, N E so that c¢s C K. Define

z* —U{z a € [es] =Y.

We claim that z* is as required above. By (2) we have 2z} C zf if @ C b. Hence
{zf:a € [es]<¥} is a directed subset of C(g). Thus z* € C(g). Set

e=2z"Nk.
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Since |[cs]<¥| = w < K, we have € < k by (2). It remains to show that z* € S. Set
w = w(d, e, h|A(zs)).

Note that z* C x5 C 2541 by (4). Hence A(zs) C [J{A(zy) : v < T} = dom h. Thus
dom(h|A(xs)) = A(xs) and cf h(0) = kT for every 0 € A(xs).

CLAM 1. w = z*.

Proof. First we prove w C z*. It suffices to show by induction on n < w that for
every a € [cs]<¢

*
wa,n cz'Nn Zmaxa+1-

For n = 0, first note that z* N zmaxaet+1 € C(g) C C(p). By the definition of w, o it
suffices to show that

€ C 2" N zmaxar1 and a C 2* N Zymaxat1-

For the former, recall that e = z* N k and note that K C zmaxa+1 by (1). For the
latter, note that a C z} by (2), and that 2% C 2* N zmaxqe+1 by a € [cs]< and (3). For
the induction step, first recall that z* N zmaxa+1 € C(p). By the definition of we nt1
it suffices to show that if v € a and 6 € A(z5) N A(Wany,n), then

en)(7) = sup(zy N0) € 2" N Zmaxat1-

For the equality, first note that wanyn C Zmax(any)+1 by the induction hypothesis
and that zmax(any)+1 C 2y by max(a Ny) <. Hence 6 € A(z,) by 0 € A(wany,n)-
Note that « is limit by v € a C ¢s C E. Hence 6 € A(z,) for some a < 7 by (1).
Thus we get the equality by v € E. For the membership, first note that wany,n C 2*
by the induction hypothesis. Hence 6 € A(z*) by 6 € A(wany,n). Take b € [¢5]<“ so
that 6 € A(z;). Since bU {7} € [¢5]<¥ and v < maxa, it suffices to show that

sup(zy N 0) € 25,4,y and sup(zy N0) € zy41.

The former follows from 6 € A(z;) and (2), and the latter from 6 € A(z,) and (1).
Next we claim that for every 6 € {cfn:n € wU{\}}

sup(w N @) = sup(z* N H).
For 6 < &, it suffices to show that
wNk Cz"NKCwNk.

These follow from w C 2* and 2* Nk = ¢ C wyy C w respectively. Next suppose
6 = xk*. Since supcs = 4, it suffices to show that

cs CwnNet Cz*NkT CzsnNkt =6.

For the first inclusion, note that v € w,y o C w for every v € ¢5. The next two follow
from w C z* and

ZFC oz



A PROOF OF SHELAH’S STRONG COVERING THEOREM FOR P, A 95

respectively. For the latter, note that z* C zmaxa+1 C 25 for every a € [cs]<* by (3).
The equality holds by § € E. Finally suppose 6 > x*. It suffices to show that

sup(w N @) < sup(z* N O) < sup(zs NG) < sup(w N 6).

The first two inequalities follow from w C z* and z* C zs5 respectively. For the last
inequality, first note that 6 € {cfn:newU{A}}N[TT, A = A(w). Take a € [¢s]<¥
and n < w so that 6 € A(w, ). Since sup ¢s = 0, we have sup(zs N6¢) = sup{sup(z, N
) : maxa <y € ¢s} by (1). Hence it suffices to show that if maxa < v € ¢, then

sup(zy N 0) = ex(p)(7) € w.

For the equality, recall from the previous paragraph that wg, C Zmaxae+1 and note
that Zmaxet+1 C 2y by maxa < 7. Hence 6 € A(z,) by 6 € A(wa,n). Note that «
is limit by v € ¢s C E. Hence 6 € A(z,) for some o < v by (1). Thus we get the
equality by v € E. For the membership, since a U {v} € [¢s]<%, it suffices to show
that

en©)(7) € Wal{~},nt1-

Recall that 8 € A(w,,,) and that we, C w C 2* C x5. Hence § € A(zs) and
cfh(f) = k™. Note that a = (aU {v}) N~y by maxa < . Hence 0 € A(w(au{y})ry,n)-
Thus we get the membership by the definition of way(y ny1-

Finally we prove z* C w. Assume to the contrary that there is n € z* — w. Then
7 < A by z* C A. Hence we can define

1 = min((w U {A}) —n).

Note that n € A — w and 77 € w U {A}. Hence n < 77 by n < 7, and 7 € z* U {\} by
w C z*. Since z* € C(g) C C(p), e5“(2* Ncfn) is unbounded in z* N7 by the choice
of ¢. Hence there is ¢ € z* Ncf 77 such that n < ez(¢). Thus we get a contradiction to
the minimality of 7 if we find 7 < cf 77 such that

eq(L) < ej(7) € w.

Since 77 € w U {\}, we have sup(w N cf 77) = sup(z* Ncf ) by the previous paragraph.
Hence there is ¢ € wNcf 7 such that ¢« < 7. Since e is increasing, we have e (1) < ez(7).
Recall that w € C(y) and that 7 € w U {\} and 7 € w N cf 7. Hence ez(7) € w, as

desired. 0 (Claim 1)
CLAamM 2. w e S.

Proof. Recall that w = w(d, e, h|A(zs)). It suffices to show that h|A(xs) € F(xs).
By simultaneous recursion that terminates after finite steps, we construct
o A; C A(zs) and
e {; <maxpcfA;
so that the following hold for some [ < w:
[ AO = A(LL'(;),
e for every j <1 there is v < k* such that (A; : i < j) € Tf;,

h and féj agree on A; — Aj;y; for every j <[, and
A = 0.
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Suppose that the recursion terminates as above. Recall that Tfys C T(xs) for every
v < k7. Hence (4; : i <1) € T(x5). Thus h|A(zs) = U{ng (A — Aip1) i <1} €
F(zs), as desired.

Now we describe the recursion. Suppose that (A; : ¢ < j) is defined. If A; = 0,
then the recursion terminates. Suppose next A; # (). By the induction hypothesis
there is a; € (6, x1) such that (A; : i < j) € ng. Define

& =sup{€(A4;,7) vy <k}

Then &; < maxpcf A; by k7 < maxpcf A; € Reg. We define A;11 C A;j so that h
and fgj agree on A; — A1 and that if Aj 11 # 0, then (4;:i<j+1) € Tf; for some
v <kt

First we give a club C* C k™ such that for every 6 € A,

&2 (0) = sup{fecy )(0) =7 € C*} < (D).

A

£
By (5) the map (£(4;,7) : v < k') is increasing, continuous and cofinal in
sup{€(4;,7) : v < kT} = &. In particular cf& = x*. Since f%4 is contin-
uous in []A;, there is a club D C & such that if C C D is club in &;, then
féjj(H) = sup{ngj(H) : £ € C} for every § € A;. Take a club C* C [aj,kT) so
that {£(A4;,7) : v € C*} C D. We claim that C* is as required above. For the
equality, note that {{(A;,7) : v € C*} is club in ;. For the inequality, recall that
h(8) = sup{sup(z,N0) : v < k™ }. Hence it suffices to show that if # € A; and v € C*,
then

A,
fg(i;jﬁ) (0) € By+1-

Recall that (4; : i < j) € Ta‘;j and note that a; < v by C* C [aj,kT). Hence
(Ai:i<j)e Tfys. Note that § <y by 0 < a;. Thus we get the membership by (6).
Toward the definition of A;4, set

dj = d(f&7, | Ay)
={0€ A;: 10(0) < h(o)}.

Recall from the previous paragraph that fé 7(0) < h() for every 6 € A;. Hence h
and féjj agree on A; —d;. If d; = ), then we set Aj1; = (). Clearly h and féj agree
on A; — Aji1. Suppose next d; # 0. We give 3; € [aj, k1) so that for every 0 € d;

Aj Aj
fgj (0) < sup(zﬁj ne) < fg(Ajﬁj.,.l)(o)-

Recall that d; C A; C A9 = A(xs) C A(2541) and that § < a;. Hence dj C A(zq, ).
Thus by (1) the map (sup(zy N60) : v € [a;,x)) is increasing and cofinal in h(6)
for every 6 € d;. Note that |d;| < k by d; C A(xs). Hence by the definition of d;
there is 3; € [aj, k) such that the first inequality holds for every 6 € d;. The second
inequality holds by (5).

Since C* is club in kT, there is v; € C* such that 3; + 1 < ;. Define

A, Aj
Ajyr = d(ff(ixjm)’ f£<f4jﬁj+1>)
A Aj
={0cA;: fg(jaxjm)(e) < fg(ilj,ﬁj-i-l)(e)}'



A PROOF OF SHELAH’S STRONG COVERING THEOREM FOR P, A 97

We claim that A4, is as required above. By definition A;4; C A;. Next we show

that féj and h agree on A; — A; 1. Since they agree on A; — d;, it suffices to show
that d; C Ajy1. We claim that for every 0 € d;

A A A
fg(ixj,»yj)(o) < fgj](e) < fg(;j,ﬁj+1)(9)'

The first inequality follows from v; € C* and féjj 9 = sup{f;zi‘j ) 0) : v e C*}.
The second inequality holds by the choice of ;. Since ) # d; C Aj41, it remains to
give v < k* such that

(Ai:i<j+1)eT?.

Recall that (A; : i < j) € ng and that a; < B; +1 < ;. Hence (4; : 1 < j) € T,‘Ysj.
) . . ) Aj Aj

Thus we have (A; : i < j+1) = (4; : i < j) x <d(f§(ixj,»yj)vfg(ixj,ﬁjﬂ)» € T,‘Ysj7 as
desired. This completes the description of the recursion.

It remains to prove that A;y; = §) for some [ < w. Assume to the contrary that
Aj # 0 for every j < w. NoteAthat §(Aj,§j +1) < &(Aj,v5) by 8; +1 < ;. Since

A] . . . . . i i . . A]

f4 s 1ncreis.1ng in ];[AJ, d(fg(quﬁﬂ_l)7 f&(f‘ljm')) is in the dual filter of J“i. Hence
Aj = d(fg(faxj,»yj)vfg(;j,gj+1)) € J4, ie. maxpcef Aj1; < maxpef A;. This is the
desired contradiction. O (Claim 2)

By Claims 1 and 2 we have z* = w € S, as desired. 0 (Main Claim)

This completes the proof. O
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