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Abstract. We obtain the expression of Ricci tensor for a GCR-lightlike submanifold of indefinite
complex space form and discuss the properties of Ricci tensor on totally geodesic GCR-lightlike
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1 Introduction

As a generalization of complex and totally real submanifolds of Kidhler manifolds, the geometry of
CR-submanifolds of Kihler manifolds was initiated by Bejancu [1]. Since there are significant uses
of lightlike geometry in mathematical physics and relativity, Duggal and Bejancu [2], introduced the
notion of CR-lightlike submanifolds of indefinite Kidhler manifolds, which did not include complex
and totally real subcases. Therefore Duggal and Sahin [3], introduced S CR-lightlike submanifolds
of indefinite Kihler manifolds but there was no inclusion relation between CR and S CR-cases. Then
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as an umbrella over real hypersurfaces, invariant, screen real and CR-lightlike submanifolds, Duggal
and Sahin [4], introduced GCR-lightlike submanifolds of indefinite Kidhler manifolds and further
studied by [8, 9, 10, 12]. Recently Sangeet et al. [11] introduced GCR-lightlike submanifolds of
indefinite nearly K&hler manifolds and obtain their existence in indefinite nearly Kéhler manifolds
of constant holomorphic sectional curvature ¢ and of constant type @. In this paper, we obtain the
expression of Ricci tensor for a GCR-lightlike submanifold of indefinite complex space form and
discuss the properties of Ricci tensor on totally geodesic GCR-lightlike submanifold of an indefinite
complex space form.

2 Lightlike Submanifolds

Let (M,2) be a real (m+ n)-dimensional semi-Riemannian manifold of constant index g such that
mn>1,1<g<m+n-1and (M,g) be an m-dimensional submanifold of M and g the induced
metric of g on M. If g is degenerate on the tangent bundle TM of M, then M is called a lightlike
submanifold of M, (for detail see [2]). For a degenerate metric g on M TM~ is a degenerate n-
dimensional subspace of T, M. Thus both T, M and T, M+ are degenerate orthogonal subspaces but
no longer complementary. In this case, there exists a subspace RadT M = T M NT M=+, which is
known as radical (null) subspace. If the mapping RadTM : x € M — RadT M, defines a smooth
distribution on M of rank r > 0, then the submanifold M of M is called an r-lightlike submanifold
and RadT M is called the radical distribution on M.

Screen distribution S (T'M) is a semi-Riemannian complementary distribution of Rad(T M) in
TM, thatis, TM = RadTM LS (TM), and S (T M+) is a complementary vector subbundle to RadT M
in TM*. Let tr(TM) and Itr(T M) be complementary (but not orthogonal) vector bundles to TM in
TM |p and to RadTM in S (T M*)* respectively. Then we have

tr(TM) = ltr(TM) LS (TM™), 2.1

TM |yy= TM &tr(TM) = (RadT M & ltr(T M)) LS (TM) LS (TM™). (2.2)

Let u be a local coordinate neighborhood of M and consider the local quasi-orthonormal fields
of frames of M along M, on u as {&1,....& Wity W, N1, oy Ny X 15 0o X ), Where {&1,...,6,},
{N1,...,N,} are local lightlike bases of I'(RadTM |,), U'(ltr(T M) |,), respectively and {W,.1,..., W, },
{X;+1,..., X} are local orthonormal bases of I'(S(TM™) |,), T(S(TM) |,), respectively. For this
quasi-orthonormal fields of frames, we have

Theorem 2.1. ([2]). Let (M, g,S(TM),S (T M*1)) be an r-lightlike submanifold of a semi-Riemannian
manifold (M, g). Then, there exists a complementary vector bundle ltr(T M) of RadT M in S (T M*)*
and a basis of T(Itr(T M) |,) consisting of smooth section {N;} of S(TM*)* |,, where u is a coordi-
nate neighborhood of M such that

8(N;,&)) =06ij, &(N;,Nj)=0.forany 1i,je{l,2,.,r},
where {£1,...,&, ) is a lightlike basis of T(Rad(T M)).

Let V be the Levi-Civita connection on M, then according to the decomposition (2.2), the Gauss
and Weingarten formulas are given by

VxY =VxY+h(X,Y), VxU=-AyX+VyU, (2.3)

for any X,Y e I'(TM) and U € I'(tr(TM)), where {VxY,Ay X} and {h(X, Y),V}L( U} belong to I'(TM)
and ['(rr(T M)), respectively. Here V is a torsion-free linear connection on M, h is a symmetric
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bilinear form on I'(T M) which is called second fundamental form, Ay is a linear operator on M and
known as shape operator.

According to (2.1), considering the projection morphisms L and S of t#(TM) on Itr(T M) and
S (TM™), respectively, then (2.3) becomes

VyY = VY +H X, )+ R (X,Y), (2.4)

VxU = -AyX + DU + DU, (2.5)

where we put (X, Y) = L(h(X,Y)),h*(X,Y) = S (h(X,Y)), D\ U = L(V4U), D3 U = S(V3U). As i
and h* are ['(ltr(T M))-valued and I'(S (T M+))-valued respectively, therefore they are called as the
lightlike second fundamental form and the screen second fundamental form on M. In particular

VxN = —AyX + VAN + D(X,N), (2.6)
VxW = —AwX + V3 W+ D'(X, W), 2.7)
where X € I(TM),N € T'(ltr(TM)) and W € T'(S (T M™+)). Using (2.4)-(2.7) we obtain
2(h*(X,Y),W)+2(Y.D' (X, W) = g(AwX.Y), (2.8)
g(D’(X,N),W) = g(N,AwX), (2.9)
ZANX,N)+g(N, Ay X) =0, (2.10)

for any &€ € T(RadTM), W e T(S (TM+)) and N,N’ € T'(Itr(T M)).
Let P be the projection morphism of TM on S (T M), we can induce some new geometric objects
on the screen distribution S (TM) on M as

VxPY = VyPY +h*(X,PY), Vx&= —Az_.X+ VyE, (2.11)

forany X,Y e I'(TM) and ¢ e I'(RadT M), where {V}PY,A;X} and {h*(X, PY), V&) belong to T'(S (TM))
and T(RadT M), respectively. V* and V* are linear connections on complementary distributions
S(TM) and RadT M, respectively. h* and A* are I'(RadT M)-valued and I'(S (T'M))-valued bilinear
forms and known as the second fundamental forms of distributions S (7T M) and RadT M, respec-
tively. Using (2.4), (2.5) and (2.11), we obtain

g(h*(X,PY),N) = g(AnX, PY), (2.12)

forany X,Y e I'(TM),¢é e '(Rad(TM)) and N € I'(ltr(T M)).
Denote by R and R the curvature tensors of V and V, respectively, then by straightforward
calculations ([2]), we have

R(X, Y)Z = R(X, Y)Z + Ahl(X,Z) Y- Ahl(Y,Z)X + Ah“(X,Z) Y
~ApzX +(Vxh')(Y,Z) - (Vyh')(X,Z)
+D'(X,h*(Y,Z)) - D'(Y,h*(X, Z)) + (Vx h*)(Y, Z)
~(Vyh*)(X,Z) + D*(X,h\(Y,2)) - D* (Y,h'(X,Z)), (2.13)
where
(Vxh*)(Y,Z) = Vih*(Y,Z) - h*(VxY,Z) - h* (Y,VxZ),
(Vxh')(Y,Z) = Vi (Y, Z) - ' (Vx ¥, Z) - B (Y, VX Z).
Gray [6], defined nearly Kihler manifolds as
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Definition 2.2. Let (M,J,3) be an indefinite almost Hermitian manifold and V be the Levi-Civita
connection on M with respect to g. Then M is called an indefinite nearly Kihler manifold if

(VxHY+(VyNX =0, or (Vx/)X=0 (2.14)
forany X,Y € (T M).

Nearly Kihler manifold of constant holomorphic curvature ¢ is denoted by M(c) and its curva-
ture tensor field R is given by, [16]

RX.Y,Z,W) = i{é(X, W)g(Y.2) - (X, 2)g(Y, W)+ g(X, JW)g(Y.JZ)
—8(X,J2)g(Y,JW)-28(X,JY)(Z,JW)}
+%{é((?xf YW),(VyINZ) = &(VxINZ),(Vy J)(W))
—28((Vx)(Y),(Vz )W)} (2.15)

for X, Y,Z vector fields on M. Using (2.15) and (2.13), we obtain

SRIX.V)Z,W) = i{g(X,W)g(Y,Z)—g(X,Z)g(Y,W)+g(X,fW)g(KfZ)
~8(X.J2)g(Y,JW) - 28(X,JYV)8(Z,TW)}
| . o .
+ 78V W), (Vy I)(2)) - &(VxI)(2). (Vy W)

—28((Vx )X, (V7 N)W))} - g(Apx.2) Y. W)

+g (Ahl(y,z)X, W) —gAnsxzY,W)

+8(Ansrz) X, W) = §(Vxh)(Y, Z), W)

+2((Vyh')(X,2), W) - g(D'(X.h* (Y, 2)), W)

+2(D'(Y,h* (X, Z)), W). (2.16)

A nearly Kihler manifold is said to be of constant type « [6], if there exists a real valued C*
function @ on M such that

IVxDNIP = alIXIPIYIP - (X, Y)? = g(X, JY)?).
Lemma 2.3. ([16]). If M is a nearly Kdhler manifold, then (Vx))JY = =J(VxJ))Y and (V jxJ)Y =
~J(VxJ)Y.
Definition 2.4. ([11]). Let (M,g,S(TM)) be a real lightlike submanifold of an indefinite nearly

Kihler manifold (M,g,J) then M is called a generalized Cauchy-Riemann (GCR)-lightlike sub-
manifold if the following conditions are satisfied

(A) There exist two subbundles D and D, of Rad(T M) such that

Rad(TM)=D\®&D,, J(D\)=D;, J(D))cS(TM).

(B) There exist two subbundles Dy and D’ of S (T'M) such that

S(ITM)={JD,&D'} LDy, J(Do)=Dy, J(D')=LiLlL,,

where Dy is a non-degenerate distribution on M, L; and L, are vector subbundle of /tr(TM) and
S(TM)*, respectively.
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Then the tangent bundle TM of M is decomposed as TM = D_LD’, where D = Rad(TM)® Dy &
JD,. M is called a proper GCR-lightlike submanifold if Dy # {0}, D, # {0},Dg # {0} and L, # {0}.

Example 2.5. ([5]) Let M be a submanifold of Rj{“ given by the equations

X| =X14, X2 =-X13, X3=X12, X7=4/l-x;.
Then TM is spanned by Z1,2,,723,24,75,2¢,27,28,Z9,Z10, Where
Z1 =0x1 +0x14, Zp=0xp—0x13, Zz=0x3+0x12,
Zy =0x4, Z5=0x5, Zg=0xg, Z7=—x30x7+x70x3,

Zg = 0x9, Zg=0x10, Zio=0x11.

Clearly M is 3-lightlike with Rad(T M) = S pan{Z,,Z,,Z3} and JZ; = Z,. Therefore D1 = S pan{Z;,Z,}.
On the other hand, JZ3 = Z, — Z1( € I'(S (T M)) implies that D, = S pan{Zs}. Since JZs = Z¢ and JZg =
Zy therefore Do = S pan{Zs, Ze,Z3,Zo}. By direct calculations, S (TM~) = S pan{W = x70x7 + xg0xg}.
Thus JZ; = —W. Hence L, = S(TM~). On the other hand, the lightlike transversal bundle ltr(T M)
is spanned by

1 1 1
{N = 5(—5161 +0x14),N» = 5(—5162 —0x13),N3 = 5(—5163 +0x12)},

therefore S pan{Ny,N,} is invariant with respect to J and JN3 = —%24 - %Zlo- Hence L| = S pan{Ns}
and D’ = S pan{JN3,JW}. Thus M is a proper GCR-lightlike submanifold of R}*.

Let Q,P; and P, be the projections on D, J(L;) = My C D’ and J(L,) = M, C D’, respectively.
Then for any X € I'(T M), we have

X =0X+PX+PX=0X+PX,
applying J to above equation, we obtain
JX=TX+wPX+wP,X =TX +wX,
where TX and wX are the tangential and transversal components of JX, respectively. Similarly
JV=BV+CV,

for any V € I'(¢tr(T M)), where BV and CV are the sections of TM and tr(T M), respectively.

3 Ricci Tensor of a GCR-lightlike Submanifold of an indefinite Com-
plex Space Form

Let {Ey,E,...,E, } be a local orthonormal frame field on M such that {Ey,E,...,E,, Epy1 = JE,

Epir = J_Fz,m,Ezp_: JEL ) 61,80 é5,E 51 = JE1, €510 = J_§2,~:,§2x = JE (250162542, -, &} and
{Jér541,JE2542, ..., J &) be local frame fields on Dy, Dy, D, and JD,, respectively and {F, F>,...,F,}
be a local frame field on D’, then by direct computation, we have

Zg(U,Ei)g(Ei, V) =gU.,V), (3.1
i=1
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> 8(UENg(E;,V) = g(PU,PY), (32)
i=r+l
m-q
> 8 ENg(Ei,V) = g(QU, QV) (33)
i=1
and
q
> (U Eg(E;,V) = g(PU, PV), (34)

i=1

forany U,V € I(TM) and P is the projection morphism of TM on S (T'M). Then the Ricci tensor is
given by

Ric(U,V) = ZRWU.E)VN)+ Y ZRWU.UL)V.Up). (3.5)
a=1 b=r+1
Using (2.16), we obtain
Y ZRWU.EIVN,) = —2 B(JV.£)E(JUN,) - %g(U, V)

a=1

|
<

L e

UV N =5 ) BUUEDRIV.N)
a=1

)
Il
—_

r

Apie, UsNa) = Y 8 Ay yéaNa)

a=1
r

D 3, UiN) = D BAwwviéaNa)

a=1

+

1P
_O'm

~

)
Il
—_

+ 8(Vy)(Na), (Ve, I)(V))

FNy -
i[M

~

1 — — — -
- Z g(Vu)(V), (Ve J)(Na))
a=1

v - - -
_5Zg((VUJ)(ga),(VVJ)(Na))} (3.6)
a=1

Now, using equation (2.30) of [2] at page 158, for any U € I'(T(M)), define a differential 1-form as
n.(U) = g(U,Ny),Ya €{1,2,...,r},

then any vector field U on M can be expressed as

U=PU+ ) muUa 3.7)
a=1
Therefore, we have
UJV) = g(PUJV)+ ) ZUN)gEw V). (3:8)

a=1
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Also, using (2.9), (2.10) and (3.8) in (3.6), we obtain

3 3
Y ZRU.EIVN,) = —C(ri ) o(U,V) + ch(TU,TV)

~2 D BIUVIRUEND = Y B(AN, UK € V)
a=1 a=1
v Z AN 0 h (U V) + Z Z(D(UNo), € V)

—Zg(D (a:Na), (U, V) + 7 Zg((VUJ)(N ), (Ve, H)(V))

a=1

-3 Z ATy V), (T, HN)
a=1

Il o - o
3 2 8 (TuDENTvHN)). (3.9)
a=1

Using (2.8), (2.12), (2.16) and (3.2), we obtain

m

gUV)+ > (ZU Uy, V). (U, Up))
b=r+1

—g(h'(U, V), h* (Up, Up)) + §(h*(Up, V),h* (U, Up))
—8(h*(U,V),h*(Up, Up))}

m

3 _ _
1 Z g(Vu)(WUp),(Vy,J)(V)). (3.10)
b=r+1

m c - - (m—r)c
2ip=r118RW, Up)V, Up) =—§g(PU,PV)— 1

Thus subsituting (3.9) and (3.10) in (3.5), we obtain the expression of Ricci tensor of a GCR-
lightlike submanifold as
(m+3)c

Ric(U)V) =- 1

3 -
g(U.V)+ ch(TU,TV)— %g(PU,Pw

~2 D 8UUVIUELND + ) BN, £0h (U.V))
a=1 a=1

—Zg(ANa UL (€0, V) + Zg(D%U,Na),hx(ga,V»

m

—Zg(D €N B WUV = > UU,V), B Uy, Up))

a=1 b=r+1
+ Z U (U, VY,H (U, Up) — Y 80U, V), h (U, Up))
b=r+1 b=r+1
Il - - -
+ Z BB WUy VWU + 7 3 BTy DN (e, V)
b=r+1 a=1
1 e - - o
-3 Zg((VUJXV) Te, NN = 5 D #(TuDEn). (Vv DN
a=1 a=1

JEIR Qe o
+5 Z (T YU (T, (V).
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Using (2.14), we obtain
r r
Ric(U,V)=Ric(V,U) == &(UUVIZ(EwNa)+ = 3 &V, )3 (0 No)
4 a=1 4 a=1
r r
= 3 BAN U E V) + Y 2(AN VR (E U)
a=1 a=1

+ 3 BDWUND I €0 V)= ) B (ViNo), B (s U))
a=1 a=1

+ > BUNULVLE WU U) = ) 30U, U) I (V, Up))
b=r+1 b=r+1

Il - - o
+Z;g((VUJ)(Na),(VVJ)(ga))

1< - o

—Z;g«vwxga),(vm(zva))

Il - - o

‘5;g«VUJ)(V),(V&J)(Na»}. 3.11)

It should be noted that the induced Ricci tensor of a lightlike submanifold M is not always symmetric
because the induced connection V is not a metric connection. Therefore from (3.11), it is clear that
the induced Ricci tensor of a GCR-lightlike submanifold M of indefinite nearly Kdhler manifold is
not symmetric. In [4], Duggal and Sahin proved a theorem for non-existence of totally umbilical
proper GCR-lightlike submanifolds in a complex space form as:

Theorem 3.1. There exist no totally umbilical proper GCR- lightlike submanifold of an indefinite
complex space form M(c), such that c # 0.

In [12], Sangeet et al. proved the following theorem.

Theorem 3.2. Let M be a proper totally umbilical GCR-lightlike submanifold of an indefinite
Kahler manifold M, then M is a totally geodesic GCR-lightlike submanifold.

Thus using the Theorems (3.1) and (3.2) with (3.11), we have the following theorem.

Theorem 3.3. Let M be a proper totally umbilical GCR-lightlike submanifold of an indefinite
Kahler manifold M, then the induce Ricci tensor on M is symmetric.

Next, using orthonormal frame fields on D’, Dy, JD; and Rad(T M), we can also define Ricci
tensors as

q 2p
Ric(U,V) =) gRWU,F)V,F)+ ) g(RU,E)V,Ef)
i=1 k=1

+ ) BRWIEVIN)+ Y ZRU.E)V,No),

1=2s+1 a=1



40 S. Kumar, R. Kumar and R. K. Nagaich

therefore, we have

r

2p
Ricp(U,V) = ) eRWU,EOVEQ)+ . ZRWU,JE)V,IN))
k=1 [=2s5+1

+ 2 BRWUENV,N), (3.12)

a=1

and

q
Ricp (U,V) = ) g(R(U, Fy)V.F).
i=1

Using (2.9), (2.12), (2.16) and (3.3), we obtain

2p
S 8RU.EWV.E) = =58(QU.0V) = Eog(UV)+ ) 3(H (B, V). (U E0)
k=1

2p 2p
= D BRI UV) B (B E) + ) 8 (Ex, V), h* (U, Ex))
k=1 k=1

2p
= > BB U,V (Ex, Ex)
k=1

2p
+ Zé((?uf)(Ek),(?Ekf)(V)). (3.13)
k=1

1w

and using the Lemma 2.3, we get

o -2 . - _
Shorse BRUTEW.INY ==L 2hqvy+ & 26, VRN

1=2s+1

= > B A JETND+ Y & A e, UTN)
[=2s5+1 [=2s5+1
- > B A TE TN+ D 3 Ay n UTN)
1=2s+1 1=2s+1
1 « o o
2 D BT (TvI)En)
[=2s5+1
1 « o o
-3 2 FTuDW). Ty DE)
[=2s5+1
1 « R o
-5 2, #TuDE. Ty HN). (3.14)

1=2s+1
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Using (3.9), (3.13) and (3.14) in (3.12), we obtain

3¢ c2p+2r—2s+3) c
Se(TUTY) - i - §(U.V) - 58(QU.QV)

Ricp(U,V) =
~2 D BUUVIRUEND+7 Y, 8 VIRU.IND
a=1 [=2s5+1
+ D B AN LR WUV = D B(AN, UK (€, V))
a=1 a=1

= > D E N U V) + Y 3D (U,No), h (6 V)
a=1 a=1

2p 2p
+ B EL V), (U E) - ;gml(u V), i (Ex, Ex)

k=1
2p 2p

+ Z g(h*(Ex, V),h*(U,Ey)) - Z g (U, V), h*(Ex, Ex))
k=1 k=1

r

!
= > ¥ A JETND+ Y Ay UTN)
1=2s+1

1=2s+1
r

.
- Z Ay JEL TNy + Z 8(A sz, U, TN
1=2s+1 1=2s+1

1 < _ _ 1< o o
1 ;g((VUJ)(Na),(VgaJ)(V)) -3 ZE’((VUJ)(V),(V@ DN,

N —

r

(T 5 7 3
Zg((VUJ)(ga),(VVJ)(Na)) +2
a=1

o . 1 o o
B(VyHND. (Vv )& = g((VuH(V), (VN )(ED)

s+1
’

2s+1

|
ET

a=1
2p
> 2 (oD ED). (V5 (V)
k=1
1=

[\

g(VuN)ED, (Vv )(ND).

s+1

N =
)

=

Also using (2.8), (2.12), (2.16) and (3.4), we obtain

q
Rico/(U.V) = =58(PUPY) = Tg(UV)= ) g (U, V)." (Fi. Fi))

i=1

q
H(F;, V), 1" (U, F))) - Z g (Fi, Fi),h*(U, V)

i=

1w

q
h*(F;, V),h* (U, F7)) + Zé((?uf)(Fi),(?F,»f)(V)).
i=1

q
+Zé(
l:ql
+ D&
=1
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Let X,Y € T(D) and Z,W € I'(D’), then particularly, we have

q
Ricpy(X.Y) =-Lg(x.1)- Zg(h%x, V), (Fi, Fi)

2 (Fi,Y), 1" (X, Fi) - Zg(h (Fi, F),h*(X,Y))
1 i=1

MQ

i

| 98]

g (Fi, Y),h (X, Fj) +

MQ

4

Il
—_

i

RieoX,) = L= D o000~ £ 3 20X V)0 No)

a=1

+ ) B ANEN K Y) - ) BANX K (s Y))
a=1 a=1

= D BD EN) I XY+ D BD XN, K (s Y))
a=1 a=1
2p 2p

+ D B EY, N (X ED) = ) 20X, Y)W (B, )
k=1 k=1

2p 2p
+ Z g(h*(E,Y),h* (X, Ex)) - Z g(h’*(X,Y),h* (Ex, Ex))
k=1 k=1

r

;
= > BAuen T IND+ D B (A g X TND)

[=2s5+1 1=2s+1
r r
= > HAwanTELINY+ D By X TN)
1=2s+1 1=2s+1

Zg((VXJ)(N ), (Ve, (X)) = —Zg((VXJ)(Y) (Ve, H(Na))

~

2p
1 o o 3G - o
-3 Z; BTxI)ED (Tr N+ ; 2(VxN(Ep), (Vg DY)
1 « _ _ 1 < _ _
2 2. BExDO).FrDEN -7 D #TxHW. (v D)
1=2s+1 1=2s+1
1 < _ _
5 2, BTxDE.TyHM).
[=2s+1

q q
Ricp(X,Z) = - Zg(h%x,Z),h* (Fi, Fi)) + Zg(h%Fi,Z),h* (X.F)

g’ (Fi, Fy), I’ (XZ))+Zg(h (Fi,2),h* (X, F))
i=1

:MQ

§(Vx)(FD, (Vi I2)),

-Mw
N6

Il
—_

q
DB (TxDE, (Vi DY),
i=1

(3.15)

(3.16)

(3.17)
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Ricp(X.2) =7 3 3UEDRLIND+ Y B(AN 0 (X.2))
1=2s5+1 a=1

= D BANX €0 2) = ) BID 0N, (X, 2)
a=1 a=1
r 2p
+ 3 2D XN I Ea 2+ ) 7' (Ex, 2),h* (X, E1)
a=1 k=1
2p 2p
= > BUHX2),h" (B EO)+ ) 7(h*(Ex, 2),h* (X, Ey)
k=1 k=1

r

2p
=D B X2 EGED) = Y B Az T TN

1=2s+1
r r
+ > B Auga X IND= > EAwxp I TN)
1=25+1 1=2s+1
* Z B Ay e X TND + 7 Zg«vXJ)(N ), (Ve, ))(2))
1=2s+1 a=1

_ - 1 — _ _
“2 Z 8((VxI)N2),(Ve,J)(Na)) — 2 ; 8((VxJI)(&a),(VzI)(Na))

2[) r
4Zg<<VXJ><Ek> T DD~ Y, AN, T2DED
1=2s+1
1 v o o 1 v o o
~2 Z g((VXJ)(Z),(VMJ)(gl))_E Z g((Vx (D, (VzH(Np) (3.18)
1=2s+1 1=2s+1
and
. (CI+2)C ) *
Ricpy(Z,W) =-— 9(Z, W) - Z s(h(Z, W), h* (Fi, F)))

i=1

q
+ D B W), H (Z, F) - Zg(h (Fi, F),h*(Z,W))
i=1 i=1

I
|u3

MQ

q
g (Fi, W), h*(Z,F) + Zé((ﬁzf)(Fi),(W,-J_)(W)) (3.19)
=1

4 4
i

Il
—_
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cp+2r—2s+3)

Ricp(Z,W) = - gZW)+ ) B(AN £ h'(Z W)

a=1

- B ANZHE W) = D BD 0 No). W (Z W)
a=1 a=1

r 2p
+ D BD LN W € W) + D BN E W), (Z,E)
a=1 k=1

2p 2p
= D BH W) (B E)+ Y 200 (Ex, W), h* (Z,E)
k=1 k=1

r

2p
= BB ZWLE EGED) = Y. & Az TEs TN
k=1

1=2s+1
r r
+ D B A ZIND = D B Az JELTN)
1=2s+1 1=2s+1

r

_ 1 < _ _
+ D B A ZIN)+ 7 ) BTN (Ve HW))
[=2s5+1 a=1

v - - - v - - -
~7 Zl 8(VzYW),(Ve, J)(Ny)) — 3 ; 8((Vz))(&.),(VwJ)(Na))

r

2p

_ _ 1 _ _
Zé((VzJ)(Ek),(VEkJ)(W))—Z Z g((VzH(ND,(VwI)(ED)
k=1

+

1w

1=2s+1
r

o o 1 o o
(V2 YW). (V)& = 5 Z g8((VzD(&D, (Vw DH(ND). (3.20)

1=2s+1 1=2s+1

Definition 3.4. A GCR-lightlike submanifold of an indefinite nearly Kéihler manifold is called

(i) totally geodesic GCR-lightlike submanifold if its second fundamental form 4 vanishes, that
is, h(X,Y) =0, for any X, Y e (T M).

(i) D-geodesic GCR-lightlike submanifold if A(X,Y) =0, for any X, Y € I'(D).

(iii) D’-geodesic GCR-lightlike submanifold 4(X,Y) = 0, for any X,Y € T'(D").

(iv) mixed-geodesic GCR-lightlike submanifold if 4(X,Y) = 0, for any X € I'(D) and Y € ['(D").

Thus from (3.15) to (3.20), we have the following results.

Theorem 3.5. Let M be a totally geodesic GCR-lightlike submanifold of an indefinite complex
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space form M(c), then for any X,Y € (D) and Z,W € T(D’)

. c(s—r—p-1 R -
RiepX,¥) = C=L=D o0 p)- £ 32X V)N
a=1

1 - _ _ 1< o o
+3 Zf VXDV Ve, )~ Z‘f (T DY), (e, HN)

2p
g(Vx (). (Vy H(N,)) + Zé((?xf)(Ek),(?Ekf)(Y))
k=1

1w

|
N =
Q
IIM\:
~ =

__ _ 1 - _ o
é((VxJ)(Nz),(VYJ)(&))—Z Z g((Vx (X)), (VN I)ED)

1=2s+1 1=2s+1

(VxD(ED, Ty I)ND),

ol

~

r

8(Vx (N, (Ve )(2)

E

8JE,D)8(X,JN) +

=25 a=1

s 3

A=

1

_ _ 1 — _ _
g(VxI)N2),(Ve, J)(Ng)) - 2 Z (VxS (€a), (V2 )(Na))
1 a=1

)
Il

r

_ _ 1 _ _
é((VXJ)(Ek),(VEkJ)(Z))—Z Z g((Vx (N, (Vz)(ED)
=1 1=2s+1

o - 1 o -
3(VxI)2D). (VN D)ED) = 5 Z 8((Vx (D, (Vz)ND),
1

1=2s+1

N
=

+
W
~

|
e e

=25+

r

Riep@zw) =-SCPX2=25%3) 7y o LN o0, N0, (T, HOW)

4

EI

a=1
1 < _ _ Il - - _
3 Z; BV2DW).(Te, HNo) = 5 Z; 2(V2D)(E). (Tw)(N,)

r

2p
3 - - 1 - _
+ZZé((VzJ)(Ek),(VEkJ)(W))— 1 Z g((Vz )N, (VwI)(ED)
k=1 [=2s5+1

1 © _ - 1 _ _
7 Z g((VZJ)(W),(VMJ)(gl))—E Z g((Vz))(ED, (VwI)(N)))

1=2s+1 1=2s+1

and

3 - - -
Rico(X,¥) = =g 1)+ 2 3" (T DHED. (T NN,
=1

q
D R (TxDF), (D@,
i=1

1w

Ricp(X,Z) =
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+2
Ricpy(Z,W) = —(q )

8Z W)+~ Zg((VzJ)(F ), (Vi (W)).

Theorem 3.6. Let M be a D-geodesic GCR-lightlike submanifold of an indefinite complex space
form M(c), then for any X,Y € (D)

RieoX,) = L= o000~ £ 3 20X V)0 N)

a=1
’

1 - - 1 - _
+Z 8((VxJ)(Ny),(Ve, YY) — — Z 8(VxN(Y),(Veg, J)(N,))
=1 al

1 C e n 3 &
EZ (TxDED Ty DN + Z; BV I)ED. (Vs ()
1 - - - - 1 O e o o -
"3, 2, DTN =7 ), 2D, Ondé
1=25+1 =2
|
=5 2. 8TxDE). Ty HN).
1=25+1

and

g
. c _ *
Ricoy(X,¥) ==L 1)+ ) 2 (Fi ). (X, F)
i=1
g 3 4 o o
+ g EL I X F)+ 2 g (T ED. (VD).

i=1 4 i=1
Theorem 3.7. Let M be a D’-geodesic GCR-lightlike submanifold of an indefinite complex space
form M(c), then for any Z,W € T(D’)

Rieo@ W) =~ "L 220 7 ) 3 w2 G W)

r 2p
+ D BD LN En W) + D 2 (E, W), 1 (Z E)
a=1 k=1

14 r
+ B (Ex, W), h(Z, E)) + Z (A w Z TN
k=1 1=2s5+1

r B 1 o o
+ Z 8(Apsje, wyZ, INI) — 2 g8((VzJ) (&), (V) (Ny))
[=2s5+1 a=1

((ﬁzf W, (Ve, J)N,)

-PI’—‘

IO o - = -
+Zzg<<VzJ)Na,<V§aJ>W>

2p
Z (szxEk),(?EkJ‘)(W))—Z Z (V2 DN, (VwDED)

1=2s+1

-PIUJ

r

. o 1 - I
(V)W) (V)& = 5 Z g((VzD)(&D,(Vw J)(N))

1=2s+1 1=2s5+1

EAP
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and

2
Ricp/ (ZW) = _(qz 2 oz W)+

q
g (Fi,W),h*(Z,F)))

i=1

1w

q
+ 3 2 (L W).h*(ZF )+
i=1

q
2 (TxDFD. (T D).
i=1

Theorem 3.8. Let M be a mixed-geodesic GCR-lightlike submanifold of an indefinite complex space
form M(c), then for any X € (D) and Z e T'(D")
c - 3 2
Riep(X,2) =7 > 2UEDZXIN)+ = > a(VxD(ED), (V5 J)(2))
4 4

1=2s+1
r r

1 - - - 1 o -
~7 Z é((VXJ)(Nz),(VzJ)(&))—Z Z g(VxI)2),(Vn,I)ED)
1=2s+1 1=2s+1

1 _ -
-3 Z g((Vx &N, (Vz)(ND),

1=2s+1

and

q

q
Ricp/(X,Z) 2(W (Fi,Z),h" (X, F7) + Z g (Fi,2),h* (X F)))
1

i=1

+

1w

q
B xDED, (T E D)),
i=1
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