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ON THE FIRST PONTRYAGIN FORM OF A SURFACE
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Abstract. The first Pontryagin form of a compact orientable surface M deter-
mines a canonical pre-symplectic structure on the space of Riemannian metrics
on M . The first equivariant Pontryagin form determines a canonical moment map
for it. We study the corresponding symplectic reduction and we state (Theorem
6) that the symplectic quotient is the Teichmüller space of the surface with the
Weil-Petersson symplectic form.

1. Introduction

The universal Pontryagin forms are differential forms on the first jet-bundle of the
bundle of Riemannian metrics of a manifold M . They are closed and invariant
under the natural action of the diffeomorphism group of M . Pulling-back a uni-
versal Pontryagin form by means of the first jet prolongation j1g of a Riemmanian
metric g we obtain a closed differential form on M . As the space of Riemannian
metrics is contractible, the maps j1g are homotopic for different metrics g, and
hence the cohomology class of the form obtained on M is independent of the met-
ric g chosen. This cohomology class is the corresponding Pontryagin class of M .
In this way we recover the result that the Pontryagin classes are independent of
the Riemannian metric used to construct them.

Moreover, with this construction we obtain more than merely the Pontryagin
classes. The key point is the fact that there are non-zero universal Pontryagin
forms of degree greater than the dimension of M . We show that these higher-
order universal Pontryagin forms can be interpreted geometrically. Concretely,
we study the interpretation of the first universal Pontryagin form of a compact
and oriented surface. In addition, the equivariant Pontryagin forms are also intro-
duced, thus providing canonical equivariant extensions of the universal Pontryagin
forms.

By applying the results of [6] to the case of Riemannian metrics we obtain that
the first universal Pontryagin form of a compact and oriented surface determines a
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pre-symplectic structure on the space of Riemannian metrics. The first equivariant
Pontryagin form determines an equivariant extension of this form, that is, a mo-
ment map for it. We study the corresponding symplectic reduction, and the result
is that the Marsden-Weinstein quotient is the Teichmüller space of the surface,
and hence we obtain a natural pre-symplectic structure on it. Finally we state that
this pre-symplectic structure coincides (up to an scalar factor) with the symplectic
form corresponding to the Weil-Petersson metric.

This result is the analog of the result proved in [6, Example 19] according to which
the second Chern form of a principal SU(2)-bundle over a compact Riemann sur-
face determines the natural symplectic structure on the space of connections, and
the second equivariant Chern form determines the natural moment map for it, both
of them introduced in [1], where they are used to determine the natural symplectic
structure on the moduli space of flat connections.

2. The Universal and Equivariant Pontryagin Forms

Let M be an oriented, compact, connected n-dimensional manifold without bound-
ary, let q : MM → M be its bundle of Riemannian metrics, let q1 : J1MM → M
be its first jet bundle, and let MetM = Γ(M,MM ) denote the space of Rie-
mannian metrics on M .

Let Diff+M ⊂ DiffM be the subgroup of orientation-preserving diffeomor-
phisms. We set G = DiffM × R and G+ = Diff+M × R.

The group G acts on the bundle of metrics MM in the following way. The natural
lift of a diffeomorphism φ ∈ DiffM to the bundle of metrics φ̄ : MM → MM is
defined by φ̄(gx) = (φ∗)−1 (gx) ∈ (MM )φ(x), φ∗ : S2T ∗

φ(x)M → S2T ∗
xM being

the induced homomorphism. Hence, we have q ◦ φ̄ = φ ◦ q, and then, we define
(φ, t) · gx = exp(t)φ̄(gx), for (φ, t) ∈ G, gx ∈ MM . This action of G on MM

induces a prolonged action of G on J 1MM in a natural way.

The basic idea of this section is to consider the classical construction of Pontryagin
classes, but applying it to J1MM instead of to M itself.

Let π : FM → M be the linear frame bundle of M . The group G acts on FM
by setting φ̃ : FM → FM , φ̃(ux) = φ∗(ux) for φ ∈ DiffM , and (φ, t) · ux =
exp(−t/2)φ̃(ux) for (φ, t) ∈ G, ux ∈ FM .

The pull-back bundle q∗1FM → J1MM is a principal GL(n, R)-bundle. The
actions of G on MM and FM induce an action of G on q∗1FM . We consider the
subbundle OM = {(j1

xg, ux) ∈ q∗1FM ; ux is gx-orthonormal}. Then, OM →
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J1MM is a principal O(n)-bundle, which admits a canonical connection:

Theorem 1. There exists a unique G-invariant connection form ω on the bundle
OM → J1MM .

This connection is called the universal Levi-Civita connection and its curvature
form is denoted by Ω.

Let us recall how this Levi-Civita connection is defined. A point in j1
xg ∈ J1MM

consist on a point x∈M , a metric g(x) on TM , and the first derivatives ∂g(x)/∂xi

of g at x. As the Levi-Civita connection of a metric depends on the first derivatives
of the metric, by collecting the corresponding connections at the points of q∗1FM
we obtain a connection form ωhor on q∗1FM → J1MM ; Precisely, ωhor(X) =
ωg((q̄1)∗X), for each X ∈ T(j1

x
g,ux)q

∗
1FM , where q̄1 : q∗1FM → FM is the

natural projection and ωg denotes the Levi-Civita connection form of g. That the
connection ωhor obtained in this way is DiffM -invariant follows from the fact that
the Levi-Civita connection is natural with respect to the action of DiffM on the
space of Riemannian metrics (e.g. see [5]). However ωhor is not a Riemannian
connection, i.e., is not reducible to OM . In [7] it is show that this connection
can be modified by adding to ωhor a term depending on the contact structure of
J1MM in such a way that the connection ω obtained is DiffM -invariant and
Riemannian.

The universal k-th Pontryagin form of M , pk(Ω) ∈ Ω4k(J1MM ) is defined to be
the form obtained by evaluating the k-th Pontryagin polynomial at the curvature
Ω of ω according to the Chern-Weil theory of characteristic classes (e.g. see [9,
Chapter XII]).

Theorem 2. The universal Pontryagin forms are closed, G-invariant and satisfy
the following universal property: For every Riemannian metric g on M we have
(j1g)∗(pk(Ω)) = pk(Ω

g), where Ωg is the curvature form of g.

The Pontryagin forms of degree ≤ n determine the Pontryagin classes of M as
follows. The homomorphism q∗1 : H•(M) → H•(J1MM ) is an isomorphism,
the inverse map being (j1g)∗ for every g ∈ MetM , and the Pontryagin classes
of M correspond – under this isomorphism – to the cohomology classes of the
universal Pontryagin forms, as follows from the preceding theorem. However, a
more remarkable result is the fact that there are non-zero universal Pontryagin
forms of degree > n (as dim(J1MM ) > n), whereas the corresponding Pontrya-
gin classes vanish for dimensional reasons. For example, for a surface the first



78 Roberto Ferreiro Pérez and Jaime Muñoz Masqué

universal Pontryagin form p1(Ω) ∈ Ω4(J1MM ) does not vanish. In fact, the
study of this form is the principal goal of this paper.

Moreover, as the universal Levi-Civita connection ω is G-invariant, the Berline-
Vergne construction of equivariant characteristic classes (see [3, 4]) provides ca-
nonical G-equivariant extensions of the Pontryagin forms, which we call the equi-
variant Pontryagin forms pk(Ω

G) ∈ Ω4k
G (J1MM ).

3. Pre-symplectic Structure and Moment Map on MetM

According to [6], for an arbitrary fibred manifold p : E → M , the differential
forms on JrE of degree ≥ n determine differential forms on the space Γ(M, E).
By applying this construction to the bundle of Riemannian metrics, we obtain a
map Im: Ωn+k(J1MM ) → Ωk(MetM), given by

Im[α] =

∫

M

ev∗α ∈ Ωk(MetM) (1)

for every α ∈ Ωn+k(J1MM ), where ev : M × MetM → J1MM is the evalu-
ation map ev(x, g) = j1

xg. The map Im commutes with the exterior differential
and with the action of G+, and hence it transforms closed (resp. G+-invariant)
forms into closed (resp. G+-invariant) forms. In addition, the map Im naturally
extends to a map defined onto the spaces of G+-equivariant differential forms
Im: Ωn+k

G+ (J1MM ) → Ωk
G+(MetM), which commutes with the Cartan differen-

tial; for the details of this construction, we refer the reader to [6].

By applying Im to the equivariant Pontryagin forms of degree 4k > n, we obtain
canonical closed G+-equivariant differential forms on MetM , Im[pk(Ω)MetM ] ∈
Ω4k−n
G+ (MetM).

From now on, we assume n = dim M = 2. As explained above, the first
Pontryagin form p1(Ω) = − 1

8π2 tr(Ω ∧ Ω) ∈ Ω4(J1MM ), is closed and G+-
invariant. By applying the map Im to it, we obtain a closed G+-invariant two-
form σ = Im[p1(Ω)] ∈ Ω2(MetM), i.e., a G+-invariant pre-symplectic form on
the space MetM . Furthermore, by applying Im to the first equivariant Pontryagin
form p1(Ω

G+

) ∈ Ω4
G+(J1MM ) we obtain a canonical G+-equivariant extension

of σ, σ + µ, with µ : X(M)×R → Ω0(MetM). Due to the well-known relation-
ship (e.g., see [2]) between equivariant extensions of a pre-symplectic form and
moment maps, this equivariant extension determines a canonical moment map for
the symplectic action of G+ on (MetM, σ). Hence, the first universal Pontryagin
form of a surface M determines a canonical pre-symplectic form on MetM , and
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the first equivariant Pontryagin form determines a canonical moment map for it.
The explicit expressions of σ and µ are given in the following

Theorem 3. For every g ∈ MetM , h, k ∈ Γ(M, S2T ∗M) ∼= TgMetM ,
X ∈ X(M), t ∈ R we have

σg(h, k) = 1
4π2

∫

M

tr
((

g−1h ◦ g−1k
)

A ◦ Ωg
)

+ 1
4π2

∫

M

tr
(

(∇̇gh) A ∧ (∇̇gk)A

)

µ(X, t)g = 1
4π2

∫

M

tr(∇gX ◦ Ωg)

where Ωg is the curvature form of g, (g−1h)i
j = gaihja, (∇̇gh)A denotes the skew-

symmetric part of ∇̇gh and ∇̇gh ∈ Ω1(M, EndTM), ∇gX ∈ Ω0(M, EndTM)
are given by

(∇gX)i
j =

∂Xi

∂xj
+ Γi

jkX
k

(∇̇gh)i
j = gib

(

∂hkb

∂xj
− hbaΓ

a
kj − hkaΓ

a
bj

)

dxk.

Remark 4. More generally, if M has dimension n = 4k − 2 the k-th equivari-
ant Pontryagin form determines a pre-symplectic structure and moment map on
MetM , whose explicit expressions can be found in [8].

4. Symplectic Reduction

Next, we apply the Marsden-Weinstein procedure of symplectic reduction to the
pre-symplectic manifold (MetM, σ) with respect to the moment map µ.

Theorem 5. Let g ∈ MetM be a Riemaniann metric on the surface M . We have
µg(X, t) = 0 for every X ∈ X(M), t ∈ R if and only if the scalar curvature
Kg of g, is constant. Hence µ−1(0) is the space of metrics of constant curvature
MetctM .

Assume, from now on, that the genus of M is gen(M) > 1. By the Gauss-Bonnet
theorem we have MetctM/R ∼= Met−1M , the space of metrics of constant cur-
vature −1. Hence the Marsden-Weinstein quotient µ−1(0)/(Diff+M × R) ∼=
Met−1M/Diff+M ∼= M(M) is the moduli space of complex structures on M .
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As the moduli space presents singularities due to the fact that the action of Diff+M
on Met−1M is not free, it is customary to replace Diff+M by the connected com-
ponent of the identity DiffeM ⊂ DiffM . The action of DiffeM on Met−1M is
free, and the quotient space Met−1M/DiffeM = T (M) is the Teichmüller space
of M .

The restriction of σ to Met−1M projects onto a canonical pre-symplectic form σ
on T (M).

Moreover, the Teichmüller space is well known to be a Kähler manifold with
the Weil-Petersson metric (e.g., see [10]), and hence we have two pre-symplectic
forms on T (M): The form σ obtained from the first Pontryagin form by means
of symplectic reduction as defined above, and the Weil-Petersson symplectic form
σWP. The relationship between them is the following:

Theorem 6. We have σ= 1
2π2 σWP. Hence, the symplectic reduction of (MetM, σ)

is (T (M), 1
2π2 σWP).

Remark 7. Note that the preceding theorem provides an alternative proof of the
fact that the Weil-Petersson metric on T (M) is Kähler, as we know that σ is closed
by its very definition, and hence σWP is also closed.
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