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BLASCHKE-SANTALO INEQUALITIES

ERWIN LUTWAK & GAOYONG ZHANG

Two of the most important affine isoperimetric inequalities are the
Blaschke-Santal6 inequality (see, e.g., Gardner [6, p. 322] or Schneider
[12, p. 425]) and the classical affine isoperimetric inequality of affine
differential geometry (see, e.g., Schneider [12, p. 419]). These two
inequalities are closely related in that given either one of these inequal-
ities, then by well-known methods one can be quickly deduced from the
other. The aim of this article is to establish a new family of analytic in-
equalities and their geometric counterparts. One of the members of this
family of inequalities turns out to be the Blaschke-Santal6 inequality.

Let 5”1 denote the unit sphere in R”. Let B denote the unit ball
(the convex hull of S"~!) in R”, and write w, for the n-dimensional
volume of B. Note that,

wy, =72 T(1 + 1),

defines w,, for all non-negative real n (not just the positive integers).
For real p > 1, define ¢, , by

Wn4p

Cpp=—"""-—.
P WolWpWp—1

For real p > 1 and continuous f : S"~! — R, let || f||, denote the
standard L,-norm of f; i.e.,

i ={ [ sral”,
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where the integration is always with respect to the rotation invariant
probability measure on S"~1.

Theorem A. For real p > 1 and continuous f,g: S 1 — (0, 00),

/S _1/5 » lu-v|P f(uw)g(v)dudv > Cn—?,prHnLerHanLﬂ)’

with equality if and only if there exist a ¢ € GL(n) and real c¢1,¢9 > 0
such that

(W) = er|p(w)| ~FP) and  g(u) = co|p(w)| =P,
for all u e S™71,

Here u-v denotes the standard inner product of v and v, and ¢~
denotes the inverse of the transpose of ¢.

For the special case p = 2, the inequality of Theorem A is known
(see e.g. Schneider [12, p. 422]) and easily established. The analytic
inequality of Theorem A will be established by first proving its geometric
counterpart.

For each compact star-shaped (about the origin) subset, K, of R?,
let the norm || - [[r:x on R” be defined by

1 » L/p
k= ——— [ |zylPdy; , 1<p<oo,
v =\ J, o} ’

where V(K) denotes the volume of K. For the case p = oo, this def-
inition is to be interpreted as a limit as p — oo. The unit ball of
this n-dimensional Lj-space is denoted by I') K, and called the polar
p-centroid body of K. The (unusual) normalization above was chosen so
that for the unit ball B in R", we have I') B = B.

We will prove the following centro—affine inequality involving the
volumes of K and its polar p-centroid body, IpK:

Theorem B. If K is a star body (about the origin) in R, then for
1 <p<oo,

|

V(K)V(T3K) < o,
with equality if and only of K is an ellipsoid centered at the origin.

If K is a centered convex body (i.e., symmetric about the origin)
then I'}_ K is just the polar, K*, of K where

K'={zeR":|zy <1, forallye K}.
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In this case, the inequality of Theorem B, for p = oo, reduces to:

V(K)V(K) < vy,
with equality if and only if K is an ellipsoid.

This is the well-known Blaschke-Santal6 inequality. A very recent ap-
proach to the Blaschke-Santal6 inequality and the classical affine isoperi-
metric inequality of affine differential geometry can be found in Andrews

[2].

1. Star bodies and dual mixed volumes

For quick reference, we recall some basic properties regarding star
bodies and dual mixed volumes. Some recent applications of dual mixed
volumes can be found in [5] and [14]. For general reference the reader
may wish to consult Gardner [6] and Schneider [12].

The radial function, px = p(K, - ) : R* \ {0} — [0,0), of a com-
pact, star-shaped (about the origin) K C R”, is defined, for 2 # 0, by
p(K,z) = max{A > 0: Az € K}. If px is positive and continuous,
call K a star body (about the origin), and write S for the set of star
bodies (about the origin) of R". Two star bodies K, L € § are said to
be dilates (of one another) if px(u)/pz(u) is independent of u € S7~L.

From the definition of the radial function, it follows immediately
that for K € S and ¢ € GL(n) we have p(¢K,z) = p(K, ¢ 'z), for all
z # 0. Obviously, for the unit ball, B, in R*, we have p(B,z) = 1/|z|,
for all  # 0. Hence, if ¢ € GL(n) then p(¢B,z) = 1/|¢~'z|. From the
definition of the polar body, it follows immediately that (¢B)* = ¢~*B.
Thus, for all x # 0, we have p((¢B)*,z) = 1/|¢'z|, where ¢’ denotes the
transpose of ¢. We summarize this in: The bodies F and E* are centered
polar reciprocal ellipsoids, if and only if, there exists a ¢ € GL(n) such
that

(L) p(Bou)=1/gul  and  p(E*,u) = 1/|¢"u),

for all u € S™~1.

If K is a convex body (i.e., compact convex subset with nonempty
interior) in R™, then its support function, hx = h(K, - ) : R* - R, is
defined for z € R* by h(K,z) = max{z-y : y € K}. If K is a centered
(i.e., symmetric about the origin) convex body, then from the definitions
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of support function, radial function and polar body, it follows that

(1.2) hi- =1/pk and pr+ = 1/hk.

Fix areal p > 1. For K,L € §, and € > 0, the p-harmonic radial
combination K +¢-L € S is defined by

p(K_T_ELv ’ )—p = p(Ka ’ )—p + Gp(L, ’ )—p.
While this addition and scalar multiplication are obviously dependent

on p, we have not made this explicit in our choice of notation. The dual
mixed volume V_,(K, L) of K,L € S, can be defined by

n 7 (K.T) = lim V(K +eL) - V(K).

—p e—0 c

The definition above and the polar coordinate formula for volume give
the following integral representation of the dual mixed volume V_, (K, L)
for K, L €8&:

(1.3) V(K L) = wy /Sn_l p(K,v)" P p(L,v) P dv.

Recall that the integration is with respect to the rotation invariant prob-
ability measure on S™~'.

Unless K and L are dilates, [V_,(K, L)/V (K)]'/? is strictly increas-
ing, in p. This is an immediate consequence of the Holder integral
inequality. From the integral representation (1.3) it is easily seen that
[V_,(K, L)/V(K)]'/? is bounded by max,cgn-1 px (u)/pr(u). Tt will be
convenient to define V_ (K, L) by

(1.4) VooolKoD) _ o (VonlKo D) l/p— max 2K
' V(K)  pooo |\ V(K)  uesi—1 pr(u)

We will need two useful properties of dual mixed volumes. First,
note that for each K € S,

(1.5) V_,(K,K) = V(K), 1< p< oo
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The integral representation (1.3) together with the Hélder integral in-
equality immediately give the dual mixed volume inequality: f K, L € §
and 1 < p < o0, then

ao  Vln (DY, (VY

V(K V(L)

with equality, in either inequality, if and only if K and L are dilates.
This inequality will provide simple proofs of two key ingredients in the
proof of Theorem B.

2. Dual mixed volumes and the operator I,

For K € § and real p > 1, the p-centroid body, I', K, of K is the
body whose support function is given by

w
(2.1) cn—2p h(Tp K, z)P = V(;() /Sn-l lz-v|Pp(K,v)" Pdv,

for all z € R”.

For p = 1, the integral operator above is the classical cosine trans-
form which is closely related to the spherical Radon transform (see e.g.
Goodey and Weil [7]).

The Minkowski integral inequality shows that hr gk is the support
function of a (centered) convex body. Define I'x K as the convex body
whose support function is given by

(2.2) Wl K, u) = lim h(TpK,u) = max |u-v|p(K,v),

for u € S™ 1. Since the pointwise convergence hr, g — hr,x, on st
is a pointwise convergence of support functions, it is in fact a uniform
convergence (see, e.g., Schneider [12, p. 54]). Note that the polar of
['pK is denoted by ', K, rather than (T, K)*.

From the definition of the p-centroid body we see that for K € § and
¢ € GL(n) we have T')¢p K = ¢I',K. Thus, if E is a centered ellipsoid,
then

(2.3) I,E=E.
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Now (1.2), together with definition (2.1), and the integral represen-
tation (1.3), shows that for real p > 1 and K, L € S,

V_p(K,T%L)
VR
(2.4)

w? "
::T7f§?557(25l/;n_1¢/;n_1‘u'vvqﬁ”((u)pL(U)] P dudv.

From (1.4), (1.2) and (2.2), we see that for the case p = 0o we have,

Voo (K TSL) _
TR s el (e ()
= max_|u-v[pk(u)pL(v).
u,wesn—1

According to these observations we immediately get:

Lemma 2.5. If K,L € S, then

(2.5) Vo, (K,T3L)/V(K) = V(L TK)/V(L),  1<p<oc.

Taking L = TJ K in (2.5), and using (1.5), we are led to see that for
KeS,

(2.6) V(K) =V ,(K,T;T;K), 1<p<oo,

where T;T K is used to abbreviate T')(T; K). Identity (2.6) for p =1
can be found in [9].

From identity (2.6) and the dual mixed volume inequality (1.6), we
have

Proposition 2.7. If 1 <p < oo and K € S, then
V(I IK) > V(K),

with equality if and only if K and T,T',K are dilates.

A consequence of this proposition, that will be needed in the proof
of Theorem B, states that for the special case where K is a star body
whose polar p-centroid body is an ellipsoid, the inequality of Theorem B
holds. This is contained in:
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Lemma 2.8. If1 < p < oo and K € § is a star body such that
I K is an ellipsoid, then

V(K)V(T,K) < wy,

with equality if and only if K is a centered ellipsoid.
Proof.  Since T3 K is an ellipsoid, from (2.3) it follows that

TH(K) = (TEK)".

This, together with the trivial observation that the product of the vol-
umes of centered polar reciprocal ellipsoids is w%, gives

V(T,I,K) =V({(T,K)*) = w%/V(I‘;K).

Combine this with the inequality of Proposition 2.7, to get the desired
inequality.

To see the necessity of the equality conditions, note that from the
equality conditions of Proposition 2.7 it follows that equality, in our
inequality, implies that K and T;I';K are dilates. But I';(I[;K) =
(T, K)* and T, K is (by hypothesis) a centered ellipsoid. Hence, equality
implies that K is a centered ellipsoid. q.e.d.

Define Z; to be the class of centered convex bodies that are the
range of the operator I') on §; i.e.,

2= {ZK: K €S).

As an aside, note that the closure (in the space of convex bodies) of Z;
is the class of polar projection bodies. The polars of these bodies form
the class of zonoids (see e.g. [6, p. 133] and [12, p. 182]). The class Z3
is the class of centered ellipsoids.

The following lemma shows that in order to prove the inequality
of Theorem B for all star bodies, we need only prove it for the class
of centered convex bodies. In fact, a much smaller class than the set
of centered convex bodies will suffice. These ‘class reduction’ methods
were used in [8], and their use here may be seen as a natural extension
to the Brunn—Minkowski-Firey theory (see, e.g., [10]).

Lemma 2.9. Suppose 1 < p < o0o. If the inequality of Theorem B,
wilh its equalily condilions, holds for all bodies in Z;, then the inequality
of Theorem B, with its equalily conditions, holds for all bodies in S.
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Proof.  Suppose K € §. By definition of Z;, we have I'/K € Z.
Hence, the hypothesis gives

V(OGK)V(TTK) < wp,

with equality if and only if I'2K is a centered ellipsoid. Now, Proposition
2.7 states that
V(K) < V(TT,K),

with equality if and only if K and I';T7K are dilates. The desired
inequality is obtained by combining these inequalities.

If there is equality in the desired inequality, then I') K" must be a
centered ellipsoid, and K and T',)I"; K are dilates. Hence K must be a
centered ellipsoid. q.e.d.

3. Steiner symmetrization and the operator I';

For a set Q@ C R", and { € R, let

Qi ={z e R" : (z,1) € Q},
and write —Q; for {—z : z € Q}.

Lemma 3.1. Suppose K is a centered convexr body in R, and K
1s the Steiner symmetral of K with respect to the hyperplane defined by
T = 0. Then, for 1 <p < o0,

LK), + LK) -, € (TR,

forallt € R

Proof. First note that it suffices to prove the inclusion for
1 < p < oo. Also, without loss of generality, we may assume V(K) =

1/enp = V(K).

Let K’ be the image of the orthogonal projection of K onto the
hyperplane z,, = 0. For z € K, let ¢(z) denote the chord of K that is
parallel to the x,-axis and (whose extension) passes through z. Thus,

c(x) =z x[m—%,m+ %],

where o is the length of c(z), and m is the z;,-coordinate of the midpoint
of ¢(x). For (x,s) € K define

s1=s84+m and 89 = —S+m.
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Thus, (z,s1) and (z, s2) are points in ¢(z) that are symmetric about the
midpoint of ¢(z). While m and o are obviously functions of z € K’, we
have chosen not to make this explicit in our notation.

Recall that

K ={(z,t) e K" xR :||(z,1)]

rsx < 1}

Suppose y1 € (T;K)¢, y2 € (TyK)—y, and let y = 2(y1 + y2). To prove
the lemma we will show that y € (F;;I? )t- The conditions

1y, 8)]

rsrx <1 and {y2, —t)lr;x <1,
give

/ ly1-@ + ts|Pdeds <1 and / lyo-z — ts|Pdxds < 1.
(z,5)EK (z,8)€K

Our aim is to show that ||(y,?)[. 7z < 1, or equivalently that
r

/ Ny-z + tsPdxds < 1.
(z,8)eK

Now for (z,s) € K, recall that s; = s +m and sy = —s + m, and
since s = 1(s1 — s2),

gz +ts]? = |5(y1 +yo)a + 5(s1 =)l < 5lyra+ts1P + 5ly2a —tsaf?

Thus,
/~ ly-x + ts|Pdxds
K

1 1
< 2/ ly1-x + tsi[Pdzds + 5/ |y2-x — tso|Pdrds

/ diﬁ/ ]yl x+t$1’pd8 + / d(L‘/ ’yg (L‘—tSQ‘pds
K —0/2 —a/2

Since s1 = s+ m and s9 = —s + m, with (z,s1) € ¢(z) C K and
(z,82) € c(z) C K,

/2 m+o/2
/ dac/ ly1-x + ts1|Pds = / dac/ ly1-x + ts1|Pdsy
K’ —0/2 K’ m—o/2

:/( ) K]yl-x+t31]pdxdsl,
x,s1)€
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and

/2 m—o/2
/ dx/ lya-z — tso|Pds = / dac/ ly2-x — tso|P(—dss)
K’ —0/2 K m+o/2

= /( x ly2-x — tso|Pdzdss.
x,82 S

It follows that

1 1
/~ ly-z+is|Pdzds < —/ ]yl-x+t31]pdxdsl—|——/ |yo-z—tso|Pdrdse < 1.
K 2 Jk 2 Jk

Thus |(y,0)|lp.7 < 1, or equivalently, (y,t) € F;;I?, and hence
p
s +y) =y € (TK).  qed.
The Brunn-Minkowski inequality can now be used to show that
Steiner symmetrization does not decrease the volume of polar p-centroid
bodies.

Lemma 3.2.  Suppose K 1s a cenlered conver body in R" and
1 < p < oo, If K is the Steiner symmetral of K with respect to the

hyperplane &, then N
V(I‘;K) < V(F;;K),

with equality if and only if every (n — 1)-dimensional slice of T, K, par-
allel to € is centrally symmetric.
Proof. Without loss of generality, we may assume that the hyper-
plane £ is the subspace of R" defined by z, = 0. From Lemma 3.1,
volu_1 (3(TEK)e + L(TEK)—y) < vol,_1 (T5K)y),

for all £ € R. Since T, K is centered, —(I', K); = (I'; K)_;. Hence, the
Brunn-Minkowski inequality (in R?~!) shows that for each ¢,

vol,—1 (T3 K)¢) < voly_1(5(THK)y + 3(ThK) ),

with equality if and only if (T, K'); is a translate of —(T'} K);. Hence for
all £ € R,

vol,—1 (TEK),) < volu—1(T5K)y),

with equality if and only if (F*K )¢ is centrally symmetric.
By integrating (over all ¢ € R) the quantities on both sides of the
last inequality, we get

V([}K) < V(r;;f?),
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with equality if and only if every (n — 1)-dimensional slice of T} K,
parallel to the hyperplane € is centrally symmetric. q.e.d.

4. Proof of the theorems

We are now in a position to quickly prove the theorems presented in
the introduction.

Theorem B. If K € S and 1 < p < o0, then
V(K)V(T,K) < w;,
with equality if and only if K is a centered ellipsoid.

Proof.  First recall that from Lemma 2.9 it follows that we may
assume that the star body K is a centered convex body. Now Lemma
3.2, and a standard Steiner symmetrization argument, show that if B,
is a dilate of the unit ball, B, chosen so that V(B,) = V(K), then

V(TIK) < V(T3B,).

Thus,
V(K)V(T;K) < V(B,) V(T}B,) = wy.

To obtain the necessity of the equality conditions, suppose there is
equality in the last inequality. By Lemma 3.2 this implies that every
(n—1)-dimensional slice of [, K is centrally symmetric. A special case of
the false center theorem of Aitchison, Petty, and Rogers [1] (see Burton-
Mani [4] for an alternate proof) asserts that a convex body, all of whose
(n — 1)-dimensional slices are centrally symmetric, must be an ellipsoid.
Thus we conclude that I') K must be an ellipsoid, and now the equality
conditions of Lemma 2.8 may be invoked to show that K itself is a
centered ellipsoid. q.e.d.

The only tools needed to show how Theorem A follows directly from
Theorem B are dual mixed volumes.

Theorem A. For real p > 1 and continuous f,g: S*~1 — (0, 00),

/s /S [uoP fw)g(v) dudv > enrp |l 2 N9l 2o

n+p n+p

with equality if and only if there exist a ¢ € SL(n) and c¢1,co > 0 such
that

f(w) = ey |p(w)| =P and  g(u) = ca| ¢ (w)| "),

11
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for all u € S™71,
Proof. Define K € § and L € § by

p?(-l-p f and pz-H? =g.

The polar coordinate formula for volume and the definitionsof K, L. € §
give

1l = VI fwal?/" and llglle = [V(L)fwn]?/™

From the definition of K and L, identity (2.4), the dual mixed vol-
ume inequality (1.6), and the inequality of Theorem B, we have

/gn_l/sn NuolPfu)g(v) dudv

2
=W/gﬂ L Plcpn () duds
V_,(K,T;L)

> Cp2p [V(K) [V (T L)
> Cn—2p [V(K)V(L )/wQ]p/"
= cn—2p [ 1l 2 llgll 2

The above equation also shows that equality in the inequality of
the theorem implies that there is equality in the dual mixed volume
inequality and equality in the inequality of Theorem B. Thus, equality
in the inequality of the theorem implies that K and I') L are dilates, and
L is a centered ellipsoid. But if L is a centered ellipsoid, then from (2.3)
we have I')L = L*. Thus K and L are polar reciprocal ellipsoids which
are centered at the origin. The necessity of the equality conditions now
follows from (1.1). q.e.d.

The preceding results show that Theorem B can be used to quickly
obtain Theorem A. However, the process can be reversed. Theorem A
will quickly yield Theorem B, for all real p. If we start with Theorem A,
to quickly prove Theorem B we proceed as follows:

Given K € §, define f and g in Theorem A by

9= V(F*K) ol

[ = p(K, - )P, and K, - )",

V(K)
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From the polar coordinate formula for volume, we get

e = V) /™, and gl = [VTE) fwnl?™

n+p

Thus, by (2.3) and Theorem A, we have

V_,(K,TiTK) 1
et [ el rwet) duao
n—2,p n—1 n—1
B | ey ]
= [V(K)V(T,K) Jw2P/™.

To obtain the inequality of Theorem B, recall that

[Vop(K, TR, K) V(K] = 1,

by (2.6).

From the equality conditions of Theorem A, we see that equality in
the inequality of Theorem B would imply the existence of a ¢ > 0 and
a ¢ € SL(n) such that p(K,u)/V(K) = ¢/|$ul, for all u € S*~1. This,
in turn, would show that, by (1.1), the star body K must be a centered
ellipsoid.

5. Open problems

Mabhler (see e.g. [6, p. 339] and [12, p. 427]) conjectured that for
each centered (i.e., origin-symmetric) convex body, K, in R",

471

VIKWV(K") 2 —.

For zonoids (and thus also their polars) this is Reisner’s inequality (see
e.g. [6, p. 339] and [12, p. 427]).

Bourgain and Milman [3] proved the existence of an absolute con-
stant ¢ > 0, such that for each centered convex body K,
CTL

VE)WV(K) 2 =

Thus, there exists an absolute constant ¢ > 0 such that

V(K)V(K*) > wc",
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for each centered convex body, K, in R".
The following problem is of considerable interest.

Problem 5.1.  For each real p > 1, is there a constant ¢, > 0,
independent of n (and perhaps even independent of p), so that for each
centered convex body K in R”,

VIK)V(ITK) > whcp?

For each K € &, the body I'sK is an ellipsoid called the Legendre
ellipsoid of K. For the case p = 2, the inequality of Problem 5.1 becomes

V(K)V([3K) > w2 cb.

This inequality is one of the (equivalent) forms of the slicing problem
(see, e.g., [6, p. 302]): Does there exist an absolute constant ¢ > 0, such
that each centered convex body of unit volume in R”, has an (n — 1)-
dimensional slice of (n — 1)-dimensional volume greater than ¢?

The body I't K, with a different normalization, is called the centroid
body of K. Characterizations and inequalities for centroid bodies can
be found in [9] and [13]. The Busemann-Petty centroid inequality states:
If K is a convex body in R*, then

V(I'1K) > V(K),
with equality if and only if K is a centered ellipsoid.

This inequality was conjectured by Blaschke, for centered convex bodies,
and proved by Petty [11], for all bodies.

For the operator I'y there is a similar inequality: If K is a convex
body in R", then

V([2K) > V(K),
with equality if and only if K is a centered ellipsoid.

A quick proof of this inequality can be found in e.g. [11]. Note that
this inequality is an immediate consequence of Lemma 2.8 and the fact
that T'9 K is an ellipsoid for every K.

It is tempting to conjecture that an inequality stronger (in view
of the Blaschke-Santalé inequality) than the inequality of Theorem B
holds:
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Problem 5.2. Is it the case that for each real p > 1 and each
convex body K in R,

V({ITpK) > V(K),
with equality if and only if K is a centered ellipsoid?
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