J. DIFFERENTIAL GEOMETRY
44 (1996) 32-73

DIFFERENTIAL-GEOMETRIC
CHARACTERIZATIONS OF COMPLETE
INTERSECTIONS

J. M. LANDSBERG

Abstract

We characterize complete interesections in terms of local differential geom-
etry.

Let X™ C CP"*° be a variety. We first localize the problem; we give a
criterion for X to be a complete intersection that is testable at any smooth
point of X. We rephrase the criterion in the language of projective dif-
ferential geometry and derive a sufficient condition for X to be a complete
intersection that is computable at a general point z € X. The sufficient con-
dition has a geometric interpretation in terms of restrictions on the spaces
of osculating hypersurfaces at z. When this sufficient condition holds, we
are able to define systems of partial differential equations that generalize
the classical Monge equation that characterizes conic curves in CP2.

Using our sufficent condition, we show that if the ideal of X is generated
by quadrics and a < %[n — (b+1) + 3], where b = dim X;;ng, then X is a
complete intersection.

0. Introduction

Local and global geometry

Projective differential geometry has been used to study the local ge-
ometry of subvarieties of projective space by various authors (e.g. [2],
[4], [6], [8], [15]). However, there are few examples where global conclu-
sions are drawn from the local picture.
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One (global) fact about projective varieties that has been encoded
into the infinitesimal geometry is the following: if there is a line on a
variety X™ C CP™** along which the embedded tangent space is con-
stant, then X must be singular. Griffiths and Harris realized this fact
had implications for the projective second fundamental form (that its
singular locus must be empty at general points) which enabled them to
reprove Severi’s theorem that the only smooth surface in P® with de-
generate secant variety is the Veronese [6, (6.18)], using local methods.

In [9], we used Zak’s theorem on tangencies [16, (1.8)], or equiva-
lently the Fulton-Hansen Connectedness theorem [5, (3.1)] to encode
additional global information about projective varieties into the local
differential geometry. We proved a rank restriction theorem [9, (6.1)]
that bounds from below the ranks of quadrics in the projective second
fundamental form. A general principle that the rank restriction theorem
illustrates is:

In order for a variety of small codimension to be smooth, it must
“bend enough”.

In the case of the rank restriction theorem, “bending enough” cor-
responds to genericity of the projective second fundamental form at
general points.

The rank restriction theorem enabled us to reprove Zak’s theorem
on Severi varieties and to prove further results about varieties with
degenerate secant varieties using local methods in [10]. One consequence
of the rank restriction theorem that is particularly easy to apply is:

Theorem [9, (4.14)]. Let X» C CP"* be a wvariety with
a < 3[n— (b+1)] + 1, where b = dim X,in,. Then at general points
of X, the third fundamental form of X is zero.

In this paper we apply the results of [9] to obtain information about
the quadrics containing a variety. The results on quadrics follow from
an in-depth local study that occupies the bulk of this paper.

The local study shows precisely how one can detect the failure of a
variety to be a complete intersection from the differential invariants at
a general point z € X. Vaguely stated, the motivating principle is:

If X is not a complete intersection, it “bends less” than ezpected.

Work of others (e.g. [13]) on complete intersections can be understood
in these terms when one uses a Kahler metric. In this paper, “bend-
ing less” will correspond to certain non-generic behavior of projective
differential invariants and the “expectation” from knowledge about the
generators of the ideal of X that is also computable from the projective
differential invariants.
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Osculating hypersurfaces

We use differential invariants to study the hypersurfaces containing
X via the osculating hypersurfaces at a point z € X. Osculating hy-
persurfaces are geometric objects of interest in their own right. There
are several equivalent definitions of what it means for a hypersurface to
osculate to order k£ at a point z € X, an elementary one is as follows:

Definition 0.1. Let X™ C P"*° be a variety and let Z C P***
be a hypersurface. Let z € X N Z. In an affine open set A containing
z, Z is given locally by a function f which restricts to a function f on
X NA. If we identify the completion of the local ring of X N A at z with
C[[z",...,z"]], then Z osculates to order k at z if the power series of f
at = has no terms of degree less than or equal to k.

Let V = C****! and let X™ C PV = CP™** be a variety of dimension
n. Let Ix C S*V* denote the ideal of X and let Ix 4 = I, = S¢V*NIx
denote the d-th graded piece of Ix.

I, the vector space of all hypersurfaces of degree d containing X, can
be characterized geometrically as follows: Let v4(X) C PS4V denote the
d-th Veronese re-embedding of X, and let < v4(X) > denote its linear
span. I; =< v4(X) >1C S9V*, the annhilator of the linear span of
vg(X). Similarly, the space of hypersurfaces of degree d osculating to
order k at a smooth point z € X is ker FF} y\, C S?V*, the kernel of
the k-th fundamental form of v4(X) at z. (See §2 for definitions of the
fundamental forms.)

Using the language of osculating hypersurfaces, [9, (4.14)], may be
restated as:

Restatement of [9, (4.14)]. Let X™ C CP™** be a variety with
a < 3[n—(b+1)] + 1, where b = dim X,in,. Let z € X be a general
point. If a hyperplane H osculates to order two at x, then X C H.

In contrast, any surface in P® has at least one hyperplane osculating
to order two at every point. There is also a class of smooth surfaces
in P°, the Legendrian surfaces, which have the property that at every
point there is at least one hyperplane osculating to order two. (This
class includes the ruled surfaces.)

Overview

The precise meanings of terms used in this overview are explained in
the sections.

In §1 we observe that if X is such that Iy = (I;) and I;_; = (0), then
X is a complete intersection if and only if every hypersurface Z € I, is
smooth at all the smooth points of X (1.1). We generalize (1.1) to a
local characterization of all complete intersections. The characterization
is simplified thanks to the following definition due to L’vovsky [12]:
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Definition 1.2. Let X C PV be a variety. Let P € I; and let
Z = Zp C PV be the corresponding hypersurface. We will say Z
trivially contains X if P = I'P, + ... + I¥*P, with P,,...,P, € I;_, and
I,...,IF € V*, and otherwise that Z essentially contains X.

Proposition 1.6 A local characterization of complete inter-
sections. Let X C PV be a variety and let X,,, denote its smooth
points. The following are equivalent:

1. X is a complete intersection.

2. Every hypersurface essentially containing X is smooth at all z €
Xom-

3. Let x € X,,,. Every hypersurface essentially containing X is
smooth at z.

4. Let x € X,,,. For all k, the map

[d]k : Ik/(-[k-—l [] V*) — N;X/d([k_l o V*)
[P] = [dF,]

is injective, which dP denotes the exterior derivative of the polynomial
P.

In fact, (1.6) not only localizes the question of whether or not X is a
complete intersection, it allows one to study the property one degree at
a time.

Definition 1.8. Fix a point z € X,,,,. We will say X has no ezcess
equations in degree k at z, or that (CI); holds at z, if [d]; is injective
at z. (Note that X is a complete intersection if and only if (CT); holds
at z for all k.)

Unfortunately, to determine if X satisfies (CI), at a point z is not
necessarily computable in a predictable number of steps. To avoid this
problem, we restrict attention to sufficient conditions for a variety to
be a complete intersection in the remainder of the paper. The sufficient
conditions are expressed geometrically in terms of the osculating hyper-
surfaces of X at z, and to deal with osculating hypersurfaces we need
to deal with the projective differential invariants of X.

In §2, we review the projective fundamental forms of a variety, de-
noted FF% in this paper. Of special importance is FF% = IIx, the
projective second fundamental form. We also need to work with some
subtler differential invariants, which we denote F}, and call the (k—2)-nd
variation of I11.

In §3, we study the space of hypersurfaces of degree d osculating to
order k at a smooth point z € X, taking advantage of their description
as ker FFﬁd( x), mentioned above. We compute the fundamental forms
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of the Veronese re-embeddings of X and prove some generalities about
the osculating spaces. First we show that the dimension of the space
of hypersurfaces of degree d osculating to order k at z is fixed for all
k < d, generalizing the fact that there is an (a — 1)-dimensional space
of hyperplanes osculating to order one at each smooth point:

Proposition 3.16. Let X" C PV = CP™** be a variety and let
T € X,p. For all p <d,

di (not necessarily irreducible) hypersurfaces
m of degree d osculating to order p at

_ ((n+a+1)+(d-—1))_{1+n+<n+1)+m+(n+p—l)}'
d 2 P

For k > d, the dimensions depend on the geometry of X. For d+1 <
k < 2d — 1 there are lower bounds on the dimensions of the space of
hypersurfaces of degree d osculating to order k at z. For example:

Proposition 3.17. Let X™ C PV = CP™** be any variety, and
z € X any smooth point.

di (not necessarily irreducible) hypersurfaces o s (et d—1\ 1
1 degree d osculating to order 2d — 1 at x = d )

We rephrase (1.6) in a manner suitable for approximation by oscu-
lating hypersurfaces.

We include several examples, including a review of the classical Monge
equation; a fifth order differential equation that characterizes conic
curves in P2,

We define a condition denoted by (CI)?* under which (CI), is sat-
isfied (3.22). If the codimension of X is sufficiently small, (CI)?* is a
genericity condition. While only being a sufficient condition for (CI);,
(CI)?* has the advantage of being computable by taking at most 2k
derivatives.

Finally we describe generalizations of the classical Monge equation.
The classical Monge equation actually only classifies “nondegenerate”
conic curves, those that are not pairs of lines. The generalized Monge
systems described by (3.23) characterize “nondegenerate” complete in-
tersections whose ideals are generated in degrees d; < ... < d,., by a PDE
system of order 2d, + 1. In this case “nondegenerate” means that the
conditions (CI)3™, ..., (CI)%* hold, each of which is a natural genericity
condition in small codimension.

In §4 we study the osculating quadrics of X in detail. We utilize a
condition slightly stronger than (CI)3, which we call strong genericity
in degree two. Strong genericity in degree two is computable by taking
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two derivatives at a general point. It is a genericity condition on ITx .;
namely that the system of quadrics [IIx|, has no linear syzygies. Our
results are as follows:

We define a more precise generalized Monge system for complete in-
tersections of quadrics (4.17), in the sense that (4.17) is expressed in
terms of the invariants Fj, instead of the fundamental forms of v,(X).

Theorem (4.18) states that if there are no linear syzygies in ITx at
general points, then there are upper bounds on the dimensions of the
spaces of quadrics osculating to orders three and four, complementing
(3.17). Moreover, these bounds are achieved if and only if the (fifth
order) generalized Monge system for quadrics holds, and the only way
such varieties can be cut out by quadrics is that the generalized Monge
system holds.

A consequence of (4.18) is:

Corollary 4.20. Let X C PV be a variety and £ € X a general
point. Assume I1Ix, = 0. If there are no quadric hypersurfaces singular
at z that osculate to order four at z, and @Q is a quadric hypersurface
osculating to order five at x, then X C Q.

Theorem (4.28) describes a sufficient condition for Ix to be generated
by quadrics.

Theorem (4.33) describes the structure of varieties whose projec-
tive differential invariants of order greater than two are zero at general
points.

We observe that if II1Ix = 0 and the ideal of X is generated by
quadrics, it is extremely difficult for X to fail to be a complete inter-
section without being an intersection of a complete intersection with a
rational variety (4.39). We illustrate this principle with some examples.

In §5 we describe the equations of some familiar homogeneous vari-
eties in a manner that illustrates the results in §4. Among the varieties
treated are the Severi varieties and the ten-dimensional spinor variety,
S0 c Pe.

In §6 we study systems of quadrics with linear syzygies and systems
with nonzero prolongations. In representation-theoretic language the
study is as follows: Let A C S>T* be a system of quadrics. We determine
rank restrictions that force the intersection of A ® T* with the two
irreducible GI(T™*) modules in S?T* ® T* to be the origin. We combine
the results here with the results of [9] and §4 to prove:

Theorem 6.26. Let X™ C P be a variety and ¢ € X a
general point. Let b = dim X;,,. (Set b = —1 if X is smooth.) If
a<gz[n—(b+1)+3], then
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dim{quadrics osculating to order three at z}

1
Sa-l—(a; )—1,

dim{quadrics osculating to order four at z} < a — 1.

(6.27)

Equality occurs on the first (respectively second ) ezpression of (6.27)
if and only if (4.9.3)(resp.(4.9.4)) holds at z. If the generalized Monge
system (4.17) holds, then X is a complete intersection of the (a — 1)-
dimensional family of quadrics osculating to order four.

Corollary 6.28. Let X™ C P™° be a variety and z € X a
general point. Let b = dim X,;,,. (Set b = —1 if X is smooth.) If
a < $[n— (b+1) + 3] then any quadric osculating to order four at x is
smooth at z, and any quadric osculating to order five at x contains X.

Corollary 6.29. Let X™ C P be a variety with Ix gener-
ated by quadrics. Let b = dim X;,,. (Set b = —1 if X is smooth.) If
a < i[n—(b+1)+3], then X is a complete intersection.

Notation. We will use the following conventions for indices

0<B,C<n+a,
1SCX,,BSR,
n+1<pu,v<n+a.

Alternating products of vectors will be denoted with a wedge (A),
and symmetric products will not have any symbol (e.g., w o 8 will be
denoted wfB). T,X denotes the holomorphic tangent space to X at
z, and T, X the embedded tangent space. In general we will supress
reference to the base point of our manifold X when we abbreviate the
names of bundles, so T should be read as T, X for a general p € X, N
as Np,X etc... . {e;} means the span of the vectors e; over the index
range i. If Y C P™, then Y C C™"! will be used to denote the cone
over Y (with the exception that the cone over the embedded tangent
space T will be denoted T'). We will often ignore twists in bundles, so
T will be used to denote both T, X and T, X (1) = T/&. If A € Cr+o+!,
its projection to P*** will be denoted [A]. If V is a vector space and
W a subspace, and (e;...e,,) a basis of V such that {e;...e,} = W, we
write {€p41...e,} modW to denote the space V/W. For vector subspaces
W C V, we will use the notation W+ C V* for the annihilator of W in
V*. We will use the summation convention throughout (i.e., repeated
indices are to be summed over). &3, denotes cylic summation over the
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fixed indices a#y. In general, X will denote a variety, X,,, its smooth
points, and X,;,, its singular points. CP* will be denoted P*. FF’}
is the k-th fundamental form of X. We will often denote FF% by IT
and FF5 by II1. F, = F}'A, mod T is the differential invariant which
we call the (k — 2)-nd variation of II. By a general point z € X we
mean a smooth point of X such that all the discrete information in the
differential invariants of X is locally constant. The nongeneral points
of X are a codimension one subset of X

1. An elementary characterization of complete intersections

Let V = C**%*! and let X™ C PV = CP™** be a variety of dimension
n. Let X,,, denote the smooth points of X. Let Iy C S*V* denote the
ideal of X and let Ix 4 = I, = S4V* N Ix denote the d-th graded piece
of I'x. Fixing a smooth point z € X, there is a distinguished subspace
of I;, namely the hypersurfaces of degree d that are singular at z, i.e.,
P € I, such that (dP), = 0, where dP denotes the exterior derivative
of the polynomial P.

Proposition 1.1. Let X C PV be a variety such that Ix = (I,)
(i.e., Ix 1is generated by I;) and I;_, = (0). Then the following are
equivalent:

1. X is a complete intersection.

2. Every hypersurface of degree d containing X is smooth at all
T € Xom-

3. Let z € X,,,. FEvery hypersurface of degree d containing X is
smooth at T.

Proof. Say P € 1; is nonzero and such that dP, = 0. Let
z € X,,, be a smooth point. Then there exist P,,...,P, € I such
that (dP,),, ..., (dP,), span the conormal space N; X C T;PV (actually
N:X(1) c TxPV(1)). Since (dP1),, ..., (dP,), are linearly independent,
P is not in the ideal generated by P, ..., P,, and thus X is not a com-
plete intersection. Conversely, if X is not a complete intersection, one
can always find such a P. q.e.d.

The following definition is due to L’vovsky [12]:

Definition 1.2. Let X C PV be a variety. Let P € I;, and
let Z = Zp C PV be the corresponding hypersurface. We will say Z
trivially contains X if P=1'P, + ... + I™P,, with P,, ..., P,, € I,_; and
I',...,I™ € V*, and otherwise that Z essentially contains X.

Note that the space of hypersurfaces of degree k that trivially contain
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X is I;_; oV*. Fix z € X,,, and consider the map

(1.3.) [d]i : It/ (I—1 0 V*) = N2 X/d(It_1 o V*)
[P] = [dF;],

where dP denotes the exterior derivative of the polynomial P. (Again,
here and in what follows, we really should be writing N} X(1).)

Definition 1.4. Fix z € X,,,. Let N} := {dP,|P € I} C N; X.
Let d,, ..., d, be the smallest integers such that

1.5 OCN;, CN, C..CN; =NX.
( ) 7‘ dl 7‘ dz 7( 7‘ dp T

We will call (1.5) the natural filtration of Ny X.
(1.1) generalizes to the following statement:
Proposition 1.6 A local characterization of complete inter-
sections. Let X C PV be a variety. The following are equivalent:

1. X is a complete intersection.

2. Fvery hypersurface of degree d containing X is smooth at all
T € Xsm.

3. Let z € X,,,. FEvery hypersurface essentially containing X is
smooth at x.

4. Let z € X,,, be any smooth point of X. For all k, the map

[d]k : Ik/(Ik——l (e} V*) — N;X/d(.[k_l (o] V*)
[P] = [P,

is injective. (dP denotes the exterior derivative of the polynomial P.)
Proof. Consider the sum of all the maps (1.3.k),

(L.7) [d]® : @kIi/(Ti-1 0 V*) = &x(N;/N;_y),

where N; is as in (1.4)

The dimension of the target of [d]® is a, and [d]® is surjective so the
dimension of the source is a if and only if [d]® is injective, i.e., all the
maps (1.3.k) are injective. On the other hand, the dimension of the
source is exactly the number of polynomials needed for a minimal set
of generators of Ix, and the kernel of [d]® is exactly the hypersurfaces
that essentially contain X and are singular at z. q.e.d.

Definition 1.8. Fix a point z € X,,,,. We will say X has no ezcess
equations in degree k at z, or that (CI), holds at z, if (1.3.k) is injective.
The equivalence 1 < 3 of (1.6) may be rephrased as: X is a complete
intersection iff (CI); holds for all k& at some z € X,,,.
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Although the following is clear from the discussion above, we record
it as a proposition.

Proposition 1.9. Let X C PV be a variety and z € X a smooth
point. Let Nj C Nj, C ... C Nj = N* be the natural filtration of Ny X
described in (1.4) and let a; = dim(Ng,/N; ). Then there is at least
an (a; — 1)-dimensional space of irreducible hypersurfaces of degree d,
essentially containing X, an (ay — 1)-dimensional space of irreducible
hypersurfaces of degree dy essentially containing X, ..., and an (a, —1)-
dimensional space of irreducible hypersurfaces of degree d, essentially
containing X.

X is a complete intersection if and only if Ix is generated by the
equations for these hypersurfaces.

So far we have localized the study of complete intersections to a point,
and further, filtered the conormal bundle at that point to enable us to
study one degree at a time. Unfortunately, to determine if a hyper-
surface essentially contains X, one might need to take an arbitrarily
high number of derivatives. To have computable conditions, we will
work with osculating hypersurfaces rather than the hypersurfaces con-
taining X. The advantage will be that we will only need to study a
fixed number of derivatives for each fixed degree of hypersurface; the
disadvantage is that we will only obtain sufficient conditions to be a
complete intersection.

We first review some notions from projective differential geometry.

2. Frames, fundamental forms

Refer to [6],[9] for more detailed explanations of what follows.

Let X C PV = CP*"** be a variety and z € X a general point. We
will compute the fundamental forms of X using a method described in
[6], which will be useful for the computations of this paper. One may
take what follows as the definitions of the fundamental forms, although
more geometric definitions are given in [9].

Given X C PV and z € X,,,, let £ C V denote the line z determines
and let Ay € . Extend Ay to a basis f = (Ao, ..., Anta) = (Ao, Aas Ay)
of V adapted to the filtration £ C TcC V,wherel <a,8<n, n+1<
u,v < n+a, so T = {Ao, Aa} is the cone over the embedded tangent
space to X at z. Let F! — X,,, be the bundle of all such bases.

The Maurer-Cartan form of GI(V'), defined by

(2.1) Q= fldf



42 J. M. LANDSBERG

restricts to F* C GI(V) and satisfies the Maurer-Cartan equation
(2.2) dQY=-QAQ.

See ([6],[9]) for more on the Maurer-Cartan form.
F! is a principal G;-bundle over X,,, where

% 95 95
(2.3) Gi:=Sg€G(V)|g=(0 g5 g7 |-
0 0 g*

Define inductively a series of maps:
(2.4) d, Ao : (TF)®* — V/Image(d’, ...,d* ")

as follows: Let d denote exterior differentiation, let d°A, = A, and let
d'Ay = dA; mod Ag. If vy, ..., v € T;F*, extend vy, ..., v to holomor-
phic vector fields in some neighborhood of f which we denote 9y, ..., U%.
Let

(2.5)
d* Ag(vy, ..y vi) 1= v (|d(Ds)...d(5; JdAy) mod 7! (Image d*™?),

where 7, : V — V/(Image{d’,d",...,d*™'}) is the projection, and |
denotes the contraction T' x T*® — T*®=1_ (2.5) is independent of the
extension of vy, ..., v; to holomorphic vector fields. (The proof that (2.5)
is independent of the choice of extension to holomorphic vector fields is
the same as the standard argument in the real case; see e.g. [14].)

d* A, descends to be a well defined element of

(2.6) S*T*X ® V/Image(d’, ...,d*")

=

called the k-th fundamental form of X (twisted by O(k — 1)) which we
will denote FF%, except that we will often denote FF% by I, and FF%
by III.

To fix notation, we will verify this assertion in the case k = 2. Given
f € F, let (w8) = Q= f~'df denote the entries of the Maurer-Cartan
form. Write w? for wZ. The first two terms of (2.5) expressed in frames
are

(2.7) d'Ay = w*® A, mod %,
(2.8) d’Ay = ww' ® A, mod T.

To see that d® Ay descends (modulo twisting) to a section of S2T*QN,
note that for g € Gy, Qy, = g7'Q9+ g~'dg, where the expression dg is

to be understood as the matrix of differentials of the functions (g4), so
tensoring (2.8) with Aj; the fiber motions of w*,w”, A% and A, cancel.
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Note that as a form on F', w* = 0 which implies dw* = 0. (2.2)
implies dw* = —w* Aw®. Since the forms {w*} are all independent, the
Cartan Lemma (see e.g. [1]) implies that w# = g} ;w? for some functions
ghs = Q34 defined on F'. Thus (2.8) may be rewritten:

d’A, = qzﬁw"wﬂ ® A, mod T.

For the purposes of this paper it will be useful to consider FF% =
IT € S?T* ® N as a map

(2.9) II: N* - S*T",

which is dual to the standard way of considering IT as a map.
We will consider the k-th fundamental form of X at z as a map

(2.10) FF%_ : ker FF%' - S*T7,

where ker FF%' C V* and ker FF = 2+ C V*. P(ker FF% ) C PV*
is the space of hyperplanes osculating to order k at z.

Remark 2.11. We will often omit reference to the base point z,
ignore twists, and use 7' to denote both T /tand T, X =3*® T/ z.

Another way of understanding fundamental forms is as follows:

The quotient map

(2.12) V* = V* /3t = Opy(1),
gives rise to a spectral sequence of a filtered complex by letting

(2.13) FK°=V*, F°K'=0x(l),,
F'K°=0, F’=F"K'=m?(l).

The maps are

d’:V* 5 F°/F!' = Ox ,(1)/m,(1) ~C,
d' :kerd® = F'/F? =m,(1)/m2(1) ~ T*(1),
(2.14) 2. kerd — F?/F3 =m2(1)/m3(1) = (S2T*)(1),

To study the space of hypersurfaces of degree d osculating to order
k at a general point z € X in terms of local differential invariants, we
need to compute the fundamental forms of the d-th Veronese embedding
of X, vg(X) C PS4V. We will do this in §3, and their expression will
involve more subtle invariants of X C PV which we now describe.
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Differentiating the equation w¥ — qf,‘ﬁwﬁ = 0 and using the Cartan
lemma, one obtains functions 7/, (symmetric in their lower indices)
defined on F! by the equation:

afy

(2'15) aﬂ'yw‘y = _dQQﬁ qaﬂwo (Iaﬂwu + qaéwﬂ + Qﬂéwa7
(see [9]). The form
2.16 Fyi=r*, w0 ® A, mod T

afy 1

is a section of S3(T*F') ® n*(NX) (again, ignoring twists). F; was
defined for hypersurfaces in [6] and called the cubic form there. In
[9], F5 was denoted OII. We will also call F; the first variation of
II. F3 is actually a section of S*(SB) ® n*NX where SB C T*F' is
the subbundle of semi-basic forms, that is those that annhilate vertical
tangent vectors. As defined, F; is a relative invariant in the sense that
it is defined as a section of a bundle over F? instead of a bundle over X.
One can define F; as a section of a bundle over X (see [9]). However it
is not advantageous to do so because there is a whole series of relative
invariants, of which Fj is the first, and none of the others can be defined
as a section of a bundle over X. (Given a particular variety, one can
make normalizations that enable one to define the relative invariants as a
section of a bundle over X, but the normalizations will not be canonical.)
On the other hand, certain combinations of relative invariants can be
defined as sections of natural bundles over X. In this paper we will
deal with combinations that are the fundamental forms of the Veronese
re-embeddings of X.

F; is the projective analogue of the covariant derivative of the second
fundamental form of a metric connection, which we will denote VII.
VII is defined as a section of a bundle over the original variety. One
may think of the projective structure as specifying an equivalence class
of connections, and the necessity of defining F; over a principal bundle as
corresponding to the ambiguity in the choice of compatible connection.

Differentiating (2.15), one obtains functions 7%, ; defined on F* by

v 4
aB,Yéw - d’l" 27‘(1[3')‘ "'aﬂ'wa: + GQﬁ’Y"'gﬁ&w,’
(2.17) - 6067(10:6‘1[37“-’:/ + Gaﬂvqgﬁwga
which leads to a form

Fy =rh; sww’ww’ ® A, mod T

(2.18) eM(SY(T*F') @ n*NX).
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Say we have defined Fj_; by differentiating the equations defining
the coefficients of F;_,. Then we can define F) by differentiating the
defining equations of the coefficients of Fj,_;.

We will call F, the (k — 2)-nd variation of I1. F, measures how X is
infinitesimally leaving its embedded tangent space to order (k — 1) at z.
We will use the notation F, for the quotient map V* — V*/zt, F; for
the quotient map ker Fy — T*, and F; = FF?,( On F!, F; is a section
of S*T*F' @ n*NX, in fact a section of S¥(SB) @ n*NX.

Proposition 2.19. The coefficients r4 , of F; are defined by the
formula

7 ar ek N 0 __ v Iz
Tal...alw - drcq...al_l lral...ax_lw() Tal...a[_lwll

o B
+ 6011 ,‘-',Oll-lrozl...a;_zﬂwa,_l

i 0
(2'20) + l60‘1,~~~yal—l’ra1...a1_2wa1_1
_ -3 I v B8
2p=1601,nnat—zral...apﬂra,,+1...a1_2wu
-3 m v 0
- Ep:ZGC!l,---,Otl—l(p -2+ l)ral...aprap+1...a,-;wv'

Proof. Say we have computed the coeflicients for Fy,,, i.e., that

M
wy

0 =dr*

0
o1...00 Wy — bkr

— arr® v
ak'ral ay...0p

O

7 1] 7 0
+ ck6¢11~-ak7‘a1...ak-1ﬂwak + ekGal,n-,akral...ak_lwa,,

(2.21)
k—2
+ 2p=1 fp,kGQI ,~~-,01er1...apﬂrc';,,“...akwf

k—2 m v (U Qg1
+ 2p=2gpyk60¢1,---yakra1...a,ra,,.,.l...akwu ral...ak.,.lw )

where ay, ..., g, are some constants independent of X. Taking the
exterior derivative of (2.21) the terms with semi-basic coefficients (we
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can ignore the others since they cancel out) are

n k41,0 Iz 0,,8
akral...ak+1w wO + a’kra1...akwﬂw

+bkr£’;1.. wak-lﬂw# + bkr:;;...akwlﬁ‘wg

SOl
M ak41,8
+ck601;~~-,ak {ral...a;,_lﬂak.,.lw wak

—rzl...ak_lﬂ(wow +w5wak)}

- K B0 — b
ekeal)n-aak{ral...ak_lﬁw wak Tal...ak 1wvwak}

k—2 ¢l
2 fp,kG(!l, :ak{ral apﬂérap+1 akww

u v 8 _ 8,,,0
+ra1...apﬁra,,+1 akéww ra; a,ﬂra,,+1 akw wu}

M v a,,0
2p—2gpyk60!1,m,ak{ral...a,,[ira,,.,.l...akw wy

m v 8, ,0
+ra1, ,oz,,ra,,.,.l...akﬁw wv}

—dr* WOkHL b (wak+1w8 + w;‘“lwﬁ).

ap...Qk41 1. Q41

Collecting terms, the coeffeicient of w**+! is

v u
al...aH.le
el

M B8 7
+ ckGal,.. ,ak"al ak+1ﬂwak + Ta.. akﬁwak+l

— (a + 1)t wy — ber

1. Qk41
7 7 0
+ a’k’ral...ak Otk+1 + CkGaly 7ak,r ..ak_l,ak+1wak

(2.22)
" 0
+ ekGal ,m,ak’ral...ak_l,ak+1wak

+ bkrzl...akqgak+1w5 + ckGal,m,aszl...ak_l,ﬁq;kakﬂwg
+ 2fp»k601,~~yak {TZI .apBaky, T;,,.,.l akwﬂ
+ Tal apﬁra,,“ Okt 1 B}
+ Gal,...,ak{ekrzl...aquakakﬂwg
+ Efp,krgl a,,a;,+1’rc';,,+1 a;.wo
+ Egpykren a,ak+1r:p+1 g 0}

Thus, comparing (2.22) with (2.15),(2.17) and (2.20), we have a;,; =
ak+1=k+1, bk+1 =bk =1, Ck+1 =Ck=1, Cr+1 =ak=k, fp,k=1,
Gpk =P — 2+ k. q.e.d.
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To determine the actual geometric information in the invariants Fj
we must know how they vary in the fiber. Fj, Fy vary in the fiber as
follows: If (Ao, Ay, A,) is a new frame with

(2.23) A=A, + A + g2 Aa,
Ay = Ay + ¢° Ay,
then
fgﬂ‘v =TZ§7 + Gaﬁ’Ygquv + 601[?793‘1;;3‘1—‘;6,
(2.24)

u _.p 0,.u
Teprs =Taprs + Sapr69aT s

+ Gapysds (Tagy @5 + QhgThse) + 90ahsds-

We do not consider motions by g/, g5, g3 because they just conjugate
the coefficients by invertible matrices. We will use the notation Ary,,
to denote the change in 7%, by a fiber motion of the type in (2.23). By

afy
(2.16), we have

(2.25) Arlg, = Gapy(9adhy + 99us)s):
We will occasionally write Fy, = FfA, = r4  w*.w*A, with

the ambiguity understood. Because they are only relative invariants,
the invariants F) are more difficult to deal with than the fundamental
forms.

Example 2.26. Invariants of curves in P2.

(This computation is originally due Monge, and in this language to
Cartan [2].) Take an adapted frame f = (Ao, A;, A2) defined up to the
action of G;. As long as our curve is not a line, at a general point we can
rescale the second fundamental form so that ¢, = 1. (e.g. by scaling
Ap). We restrict to frames on which ¢?; = 1. The defining equation for
F; becomes

(2.27) r2iw = (—wl - wg + 2w})

(ommiting the ® symbols here and in what follows) which we normalize
to zero by sending

1
(228) Al > A1 — ’2-7”%11/10

(or by moving A, by A;) and restricting to frames where 77, = 0.
Thus, for a curve in P2, F; contains no geometric information. On our



48 J. M. LANDSBERG

restricted frame bundle,

(2:29) rhnw' = (@) +w3),
which we normalize to zero by sending
(230) A2 — Az — TflllA‘)?

so F, does not contain any geometric information either. Restricting to
frames where 7%,;, = 0,

(2.31) MW = W

72,11, cannot be normalized to zero, but if it is not zero, it can be made
constant by scaling A,. Making r?,;,, = 1 sets
(2.32) 7"%11111“’1 =uf,
which cannot be normalized, so Fg represents the first non-discrete dif-
ferential invariant of a nondegenerate curve in P2. Note that Fy = 0
implies Fy = 0, and in fact that all higher F}, = 0. In §4 we will con-
tinue this example.
Example 2.33. Surfaces in P5 with zero third fundamental form.
We may adapt frames such that IIx = w'w! ® A3 + w!'w? ® A4 +
w?w? ® As modT'. The variability in Fj is

(2.34)
A"'?u = g? + géa Arilu = gga A’"jn = 02’
A"'fu = gg + gi’ Arillz = g? + gi + g%, Ars, = gi,
Ardyy = g3, Ariyy =95+ 95 + g§, Ardyy =) + 93,
Argzz =0, Argn = gé, A"'gn = 92 + gg-

Using the motions g5 in (2.23), we can normalize six of the twelve
terms 7.5, to zero. This uses up all our normalizations (the g2 cannot
contribute any additional normalizations in this case). Informally, we
will say F; contains 6 functions worth of geometric information.

More generally, for X» ¢ P"*("1") with ITIx = 0, ie., |[IIx| =
PS?T*, there are ("}')n effective normalizations g2 so there are
"I ("+?) = (*")n functions worth of geometric information in Fj.
For an n-dimensional variety of codimension a, if F3 = 0, the equa-

tions for the coefficients of F, are

(235) "‘Zﬂvéwé = Gaﬁ"/ (qgﬁwg + qgeqlﬂ/'wa/) V/'l’a « S IB S Y,
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which is a("}?) equations relating the n independent forms {w’} to the
n + an forms {w9,ws}. (If one does not use the normalizations g2, the
forms {w*,wy} are all independent, and the a("}?) equations express the
an forms wj in terms of the 2n forms {w*,w?}.) Thinking of IT as given,
the equations for the coefficients of F; are extremely overdetermined,
but sometimes they have solutions.

Example 2.36. Griffiths and Harris showed that for n > 2 and
a = 1, if one can restrict to a sub-bundle 73 C F? on which the functions
745, are all identically zero, then one can restrict to a further subbundle
F* C F3, on which the coefficients of all the higher forms are also
identically zero ([6, B16]). To prove the n = 2 case one must compute
the equations of Fs to determine that the coeflicients of Fj are zero.

Example 2.37. Let X™ C P"*? and let z € X be a general point.
Assume there is a nonsingular quadric in |[IIx|. (This will be the case
iff X has a nondegenerate dual variety. X* is nondegenerate if X is
smooth and n > 4 by [3].) We may normalize ITx such that

IIx = ((w')?*+...(w")?) ® Anta
+(A1(@h)? + A (w™)?) ® Ay,

where )\; € C. This case is the closest to the hypersurface case and is
still extremely overdetermined. If F; = 0 we may let

(2.38)

(2-39) Tima = Gaﬂvébﬁrq;ﬂq;s,

where b2 = b, € C are constants. Some, but not all of these terms
can be normalized to zero. (E.g. one can set b%, = 0 via g).) One can
check that (2.39) is a consistent solution to the equations. i.e.,

There exist varieties of arbitrary dimension and codimension two such
that it is possible to reduce to frames where the coefficients of F3 are all
identically zero, but that there is no frame such that the coefficients of
F, are also identically zero.

We will show that the equations above are consistent in (4.34) with
an easier, indirect proof. The reader may wish to contrast this with the
results of [8].

Remark 2.40. In the metric situation, if VII = 0 at a general
point, then it is always the case that V¥IT = 0, Vk, and the variety must
be a locally symmetric space. The reward of dealing with our subtler
invariants is that their vanishing will detect more general properties
than being a locally symmetric space.
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Although example (2.37) shows that being able to reduce to frames
where the coefficients of F} are all zero does not imply that there is
a further reduction of frame such that the coefficients of Fy,, are also
zero, one does have the following result:

Proposition 2.41. Let X C PV be a variety, and x € X any
smooth point. If there exists a framing where the coefficients of Fy, ..., Fox
are all zero at x, then the coefficients of F; are also zero at x VI > 2k.

Proof. Examining (2.20), we see that if the coefficients 74 ,...,

H 7
Th ... .ag aT€ zero, then the Th,..azy: AT€ 8S well.

3. Observations about the osculating hypersurfaces of X

As mentioned in the introduction,

ker FF,’fd( x)z = {hypersurfaces of degree d osculating to order k at z}.

We have ker FF* «(x)z C ker FFﬁ:“(lx)z and for sufficiently large k, the
maps FFSd( x) are zero and the kernels stabilize to I C S?V*.

In this section, we compute ker FF¥ .(X)z in terms of the invariants
F, of X, make some observations about osculating hypersurfaces, and
describe a generalization of the classical Monge equation that charac-
terizes conic curves in P2.

The natural representation p,; : GI(V) = GI(S?V) allows us to com-
pute frames for v4(X) using F}, instead of .7-',;( say)- More precisely, one
may compute the fundamental forms of v4(X) using any adapted frame
bundle over v4(X) that respects the filtration & C T,v4(X) C S4V*. In
particular, we may restrict to the frame bundle py(Fy) C F} J(x) We
compute the k-th fundamental form of v4(X) by computing dk(Ag).

In other words, we compute the fundamental forms of v4(X) by ap-
plying the operator d to sections of O(d) — X. In the spectral sequence
perspective, one uses the quotient maps

(3.1) SV* — SV /(21)¢ = Ox(d),

and the analogous filtrations. The equality Ox (d) = v}(O,,(x)(1)) con-
nects the perspectives.

Example 3.2. The fundamental forms of vy(X).

Assume ITy is injective, and write A2 for AgAy. The fundamental
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forms of v,(X) expressed in frames are:
d'A} = 2w*A, Ay mod {A}},
d® A} = 20w (ghs AL Ao + Ay Ag) mod {A, A, A2},
d’A} = 2w W (rh s AL Ao + 38,45,k ALA,),

(3.3) mod {g4;A, Ao + AaAp, AuAo, A2},
d* A} = 20°wWPW W (Thy s A Ao + 4G apasTl s AL As
+ 360‘ﬁ75qaﬁq'76AﬂAl/)’

mod {Image(d®,d*,d",d°)},

or in invariant notation,

FF., y, = 2F Folos,

FF?, 5, = 2B Fo + FuF)| sy
(3.4) FFW(X) 2(FsFp + 3F2F1) |ker Fr2 20y
FFU2(X) 2(FyFy + 4F3F, + 3F2F2)|kerFF3
FF,, x) = 2(F;Fy + 5F,F; + 10F; ) Jker FEs

Remark 3.5. If we had not assumed that IIx, was injective, then
the coefficients of ITIx would have appeared beginning in d°, and its
infinitesimal variations would have appeared in higher order terms.
3.6. The classical Monge equation; Example 2.26 continued.

Examining (3.4), we see that F; = 0 implies FFf‘,z(C) =0. Ifzisa
general point of C, this implies I, = ker FF:Z( x)- On the other hand,
dim(ker FFv (©)) = 5—j for j <4, and therefore there is a Q € SV
osculating to all orders, i.e., C is a conic curve. Fy = 0 is exactly the
classical Monge equation for a curve in a plane to be a conic.

In fact, if we work in local affine coordinates [1, z,y] where the curve
is y = y(z) we can recover the original Monge equation. First take a lift

1 00
f=(A0,A1,A2)= z 10 ’
y 01
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and then solve for g € G, such that

0,0
Wy w;

0
Wy
(3.7) (fo)7'd(fg) = |wp wi w;
wy wi w;
satisfies w@ = w? — W) =wl + w? = Wl + w2 — 2w! = 0. Let f = fg. In
our lift, wl = dz and w? = (+)((y"')~3)" dz, where (*) is a nonzero term
of lower order. Setting w§ = 0 yields the Monge equation

(3.8) (W) %)"
The computation above is a little involved, and is substantially simpli-
fied if one instead lifts such that w' = (y”)~%dz (this makes w' have
unit “affine arc-length”). The computation in affine space is carried out
in detail in [2] and [14, Vol. II].

3.9 Example 2.36 continued. The actual Griffiths-Harris result
mentioned in (2.36) is that for n > 1, hypersurfaces with F; = 0 are
quadrics.

Proposition 3.10. The fundamental forms of vy(X) are

=0.

(3 11) FFﬁd(x) = 211+...+14=kcll..lldFl1---Fld,
' mOd(El<kFFid(X)(SIT))lkerFF:d_(lx)7

where the ¢, .1, are nonzero constants.
Proof. The two main facts are

(3.12) d'(AoB)=2X,4--(d"A) o (d’B) (Leibinitz rule),
and
(3.13) d"A,=F,.

Thus computing d*(A4,)? is just like computing the k-th derivative of
a function of one variable raised to the d-th power. Le., let f(z) be a
function of one variable. Then

(3.14) (%)kfd(a:)=(fd)(k)=211+ ..... L=k Cty..1, f O U0

In particular, all the ¢;, ;, with l; + ... +; = k are nonzero. One way
of computing the coefficients is to use induction via the formula

(3.15) (P97 = Thy (,:)f""“’(f“‘"”)“‘)-
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Note that as long as p < d, [FF; )|, = P(SPT*) for all z € X
because of the FFFy ” term in (3.11). This property is unchanged if
the higher fundamental forms of X C PV are nonzero. This observation
is a generalization of the statement that at smooth points z € X there is
always exactly an (a — 1)-dimensional family of hyperplanes osculating
to first order. It implies

Proposition 3.16. Let X™ C PV = CP™** be a variety and let
Tz € Xgm. Forallp <d,

dim (not necessarily irreducible ) hypersurfaces
of degree d osculating to order p at x

_[(n+a+1)+(d-1) n+1 n+p-—1
_< ) )_{1+n+< N )+...+< ’ )}

Proof.
dim(ker FF} )
= (dim(S?V*) — Ei;é dim(Image FFfd(X)z)
— dim(Image FF} 4, ).

q.e.d.

The pattern in (3.16) does not continue. For example, it is not true

that the space of hypersurfaces of degree d osculating to order d + 1 is
of dimension

max{O, ((n+a+lc)l+(d—1)>

o () e (PO

The actual dimensions of the spaces of osculating hypersurfaces depend
on properties of the differential invariants of X that we will discuss
shortly. However, independent of the structure of the invariants, there
are lower bounds on the dimensions for d+1 < k < 2d — 1.

To see this, first note that the filtration £ C T C V induces a (2d+1)-
step filtration of S?V. For example, the seven-step filtration of S3V
induced is

{2°} c {2*T} c {&*V,2T?} c {&TV,T°%}
c {gV3, TV} c {TV?} C {V?},

where 3 =204 0%,2T = £ o T etc...
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Considering the fundamental forms dually as maps
FF;* ) : S*T* = N,,(x)/ Image FF;  k,

the image of FF:f( x) lies in a quotient of the (k + 1)-st term of the
filtration of S¢V. Since the filtration has (2d+1) steps, it is not possible
for ker FF* .(x) to be zero for k < 2d. This leads to lower bounds on
dim(ker FFfd(X)) for d < k < 2d — 1. For example we have

Proposition 3.17. Let X™ C PV = CP*"*® be any variety, and
x € X be any smooth point. Then

di (not necessarily irreducible) hypersurfaces o s (@ +d-1) 1
m degree d osculating to order 2d — 1 at x = d ’

Proof. The first term in any FFﬁd( x) for which S®N* is not in the
2d—1

kernel is (F,)?, which appears in FF?,;‘( x)- Thus S¢N* g ker FF,| ).
Finally note that dim SIN* = (*+471). q.ed.

Another way to phrase the upper bounds on the dimensions of the
space of osculating hypersurfaces is in terms of lower bounds on the
dimensions of the osculating spaces. For example,

dimT?v,(X) = n + (n N 1),

2
dim T2v,(X) <n + <n —; 1) +a(1+n),
(3.18)
. 1
dimTivy(X) < n + (n—2|- ) +a(l+n)+ <a;— 1)
= dimPS?V,
and
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dim TP v5(X) < n + <n.; 1) * <n§2> +a(l+n)+ (agl),

dim T®vg(X) < n + (n;-l) + (n-;—2) +a(l+n)

a+1 a+1
+(57)+ (5)
= dimPS3V.

We now rephrase (1.6) in a manner that will allow us to use projective
differential invariants to approximate it and interpret it geometrically.

There is a natural codimension a subspace of N; ) namely
(N£91)L) which in particular contains all the hypersurfaces in I, that
are singular at z.

Proposition 3.19. Let z € X C PV be a smooth point. X is a
complete intersection if and only if for all k,

Ikﬂ(NaA:k—l)J' =0 mod (Ik—l OV*)ﬂ(N;f;k_l)-L_
Proof. By (1.6), it is sufficient to show that
(3:20)  ker[d]y = I, N (N2*')* mod(Zx—, o V*) N (NZ*71)*.

Let (z° z*,z*) be a basis of V* (which we also think of as linear
coordinates on V') such that [1,0,...,0] = &, and 7' = {z* = 0}. Then
N is spanned by {dz#}. Expressed in terms of our basis, elements of
(N£*¥=1)+ have no z#(z°)*~* terms. If P € I, is such that dP, # 0, then
P = y(z°)* + ... where y = c,z* for some constants c,, and therefore
P ¢ (Nz*¥-')L. If [dP,] = 0, but dP, # 0, then P = 2°P" + P where
P €I,_, and dP, =0. q.e.d.

One can define conditions that imply the condition (CI)4 by requiring
that for some fixed k, the analog of (3.19) holds for the hypersurfaces
of degree d osculating to order k. More precisely, that

(3.21.k) kerFFSd(X) N (N£4 ) = 0mod(I4_; o V*) N (N24 1)L

Definition 3.22. Let X C PV be a variety and z € X,,,. We will
say X is known to have no ezxcess equations of degree d after taking k
derivatives at z, or that X satisfies (CI)k at z, if (3.21.k) holds at z.

We will work with the condition (CI)%. By (3.10), k = 2d is the
smallest possible k for which (3.21.k) could hold. We have no reason to
believe this is the “correct” condition but it provides a useful starting
point. (By “correct” we mean that it will be possible to prove some
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global theorem that forces the condition to hold under suitable codi-
mension and smoothness hypotheses about X.) We will require these
restrictions hold at general points instead of all smooth points. This will
enable us to compute using only a fixed, finite number of derivatives.

Proposition 3.23 (generalized Monge systems). Fiz positive
integers dy < d, < ... < d, and a,,as,,...,a,, where a; + ... + a, = a.

If X™ Cc PV = CP"*® is a complete intersection and £ € X is a
general point such that for all d; and for all k such that d;_; < k < d;
(set dy =0),

(3.24) dim{ker FF; y } mod(N£% )" =a; + ...+ a;
and
(3.25) (CI)%* holds at ,

then X is a complete intersection of a; hypersurfaces of degree d,, a,
hypersurfaces of degree ds, ... ; Or hypersurfaces of degree d,.
Moreover, {dP,|P € ker FF ’(X)} = N, where Nj is the j-th term

in the natural filtration of N3 X (1.4).
Proof. The assumption of (CI)?* at z implies that the only possible
elements of ker FF2r ( X) . correspond to smooth hypersurfaces. (3.24)

implies FFij’;l ). = 080 Is = ker FFU (x),c- Furthermore, (3.24) implies
dim(Iy, /(Ig;-1 0 V*)) = a;. q.e.d.

Proposition (3.23) needs some explanation. (3.24) may be understood
as systems of partial differential equations. In fact, if one writes out
the differential invariants in terms of local coordinates, then (3.24) is a
system of PDE of order 2d, + 1 which specializes to the classical Monge
equation (3.6) whenn =a=1and d=2.

The conditions (CI )ij expressed in terms of local coordinates are
also conditions on the derivatives, but at least in small codimension,
they are open conditions and one might hope to prove that the open
conditions must be satisfied in certain geometric situations. The propo-
sition implies:

Among complete intersections that satisfy suitable genericity condi-
tions, if d is the largest degree of a hypersurface essentially containing
X, then the ideal of X can be recovered by taking 2d + 1 derivatives at
a general point.

In practice, it is actually useful to work with a stronger condition
than (CI)3%. To understand the stronger condition, interpret (CI)3? as
saying that ker FFﬁf( x) is as small as possible modulo the differentials
of the polynomials that are smooth at z. The stronger condition will
be for d < k < 2d, that ker FFﬁd(x) be as small as possible modulo
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the differentials of the polynomials that are smooth at z. In this paper
we will only discuss this stronger condition in the case d = 2 and will
explain it in the next section.

4. Osculating quadrics

We now discuss the quadrics containing X C PV in detail. We assume
throughout this section that IITx = 0 at general points.

Consider the fundamental forms of v,(X) at a point z restricted to the
conormal directions corresponding to the osculating quadrics singular at
z. Using the notation T'=T'/&, N = V/T, we have

FF;(X) T - T (Identity on the first factor),
FF2, xlvays : S°T* — S?T*  (Identity map),
(4.1)
FF?&(X)I(NQ)L : N*T* — S*T* (II o Identity map),
FF,, x)lve)e : (ker FF x)|(vayr N N*T*) + N*N* — S*T*
(F3 o Identity map + IIoII).

ker FFiz(x)I(Nj)L will be as small as possible if
(42) FF, : (NT)* — SBT*

is injective, and assuming (4.2) is injective, ker FFﬁz(x)l(Na‘:)-‘- will be
empty if

(4.3) FF,: N* - S'T*

is also injective.

We will say that X satisfies strong genericity in degree two at z if
(4.2) and (4.3) are injective. One can similarly define strong genericity
in degree d at z, but it is more complicated because one needs to take
I;_, into account.

It will be useful to study (4.2), (4.3) in bases. Let (z°,z*,z*) be an
adapted basis of V*, dual to (Ao, A4, A,). We also think of (z°,z%, z*)
as linear coordinates on V.

The induced basis of S?V* is (z°z°,z%2°, z#2°, z%2¥, 2P, T z").
(3.4) implies

ker Fng(x) = {z*2°, z*2°, z°aP, 2* 2P 2t 2"},
(4.4) ker FFll,z(X) = {z#2°,2%2P z*2P 1*2"},

2
ker FF?, o) = {z*z° — ¢hpz®2’, "2’ a2},
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Beyond this, the spaces of osculating quadrics depend on the structure

of the invariants of X.
FFf,z( x) maps its domain as follows:

24z’ — ghgz®af s 2FY,
(4.5) Y - 6F) WY,
¥z’ — 0,

where we have written F§' = rh; w*wPw” etc ... (Here, since we have
chosen a particular frame, the coefficients r} ;. etc... are well defined).

The failure of (4.2) to be injective means that there exists a nontrivial
equation l,¢* = 0 with [, € T*, ¢* € |II,|. We will call such an equation
a linear syzygy in I1,.

Similarly, (4.3) will fail to be injective if there exists a nontrivial
equation k,,q*q* = 0 with k,, = k,, € C. We will refer to such an
equation as a quadratic relation among the quadrics in |IIx|.

In fact, requiring (4.3) to be injective is redundant:

Lemma 4.6. Let T be a vector space. If a system of quadrics
A C S?T* satisfies a quadratic relation among the quadrics in A, i.e.,
an equation of the form c,,q"q” = 0 with ¢* a collection of independent
elements of A and c,, = c,, constants (not all zero), then A has linear
syzygies.

Proof. Let v € T. Then

v](cug”q”) =0,
i.e.,
cp,,('ujq")q" =0,

which is a nontrivial linear syzygy with I, = ¢,,(v]¢") as long as v ¢
Singloc(c,, ¢#) for some v. Since not all the quadrics c,,¢* are zero, we
can always find such a v.

In summary, we have

Proposition 4.7. Let X C PV be a variety. Let x € X be a general
point and assume [IIx, = 0 and IIx, has no linear syzygies. Then X
satisfies (CI), at z, i.e., X has no excess equations in degree 2 at .

Remark 4.8. One can compare (4.7) with the following two varieties:
The twisted cubic curve C C P? is cut out by quadrics and is not a
complete intersection, but II11; # 0. The Segre X = P* x P> C P5, or
any generic hyperplane section of it, is also cut out by quadrics and not
a complete intersection, but there is a linear syzygy among the quadrics
in IIx at any point due to the point in the base locus (see 5.4 for more
details).
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We now derive a more refined version of (3.23) for intersections of
quadrics.

In order that N be spanned by differentials of quadratic polynomials,
it is necessary that

(4.9.k) {dP;|P € ker FF;, )} = N}

for all k. (We supress reference to the base point z in what follows.)
For k < 2, (4.9.k) automatically holds; for k£ = 3, (4.9.3) will hold if and
only if

(4.10) F} = 3al WFy

for some constants o, € C. Notice that if r5, = Gas,al,9%s in some

frame, it holds in any choice of frame (with different constants aZ. ), so
the expression (4.10) has intrinsic meaning. If (4.8) holds, then

(4.11) ker FFS, ) = {z"2° — ¢hya°a’ — ol pz’a’, a2},

Assuming (4.10), and that there are no linear syzygies in Iy, FFﬁz( x)
maps its domain as follows:
z#z° — ghpza’ — ak 3" z”
(4.12) — 2F} — 8ak wFy,
Thz” — 6F5 F2.
(4.9.4) is the condition
(4.13) F{ = 4ab ,w°Fy + 3b4 FYFy

for some constants b% = b¥, € C (this expression also has intrinsic
meaning, in that if it holds in one choice of frame, it will hold in all
choices). If (4.10), (4.13) hold and there are no linear syzygies in Iy,
then

(414) kerFF, ) = {z*2° — ¢hyz®s’ — al a’z" — b 2"a"}.
FFf,z( x) maps its domain as follows:

¢z’ — ghpz®a’ — al 27z — b 3"T”

(4.15) — 2F} — 10at w"Fy — 2004 F3Fy,
(4.9.5) is the condition
(4.16) F¥ = 5a* W"FY + 100 FYFy

(which also has intrinsic meaning).
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If (4.10),(4.13),(4.16) and strong genericity all hold, then FFfm(x) =
0. Since we are at a general point, this implies all higher fundamental
forms are zero and I, = ker FF,_ (X)-
In summary: if
F§ = 3al, W Fy,
(4.17) F} = 4at w*Fy + 3b,, _Fy Fy,
Fi =5al " Fy + 10b) F; Fy,
where a¥_,b* = b*, € C, and strong genericity in degree 2 holds at z,
then N is spanned by the differentials of a set of generators of I, i.e.,
the only hypersurfaces that essentially contain X are of degree two. In
this case, we will call (4.17) the generalized Monge system for quadrics.
In summary, we have
Theorem 4.18. Let X C PV be a variety and z € X a general
point. Assume IIIx, = 0 and that there are no linear syzygies in |IIx|,.
Then

(4.19)
dim{quadrics osculating to order three at z}

§a+<a;1)—l,

dim{quadrics osculating to order four at z} < a —1.
If the generalized Monge system (4.17) holds, then

I, = ker FFf,z(X)z = {z#2° — ¢hgz°2’ — alt z"z"
-2z, n+1< p<n+a},

where q5 are the coefficients of the second fundamental form at z, and
ak,bt_ are coefficients expressing F3, Fy in terms of Fs.

Equality occurs on the first (respectively second) ezpression of (4.19)
if and only if the first (resp. second) line of (4.17) holds at z. If the
generalized Monge system does not hold, then Ix is not generated by
quadrics.

Theorem (4.18) implies:

Corollary 4.20. Let X C PV be a variety and z € X a general
point. Assume IIIx, = 0. If there are no quadric hypersurfaces singular
at x that osculate to order four at z, and @ is a quadric hypersurface
osculating to order five at x, then X C Q.

Remark 4.21. The assumption of small codimension (which is
implicit in the hypotheses that FF?Q = 0 and that there are no linear
syzygies in |IIx|,) is essential to being able to determine the quadratic
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equations of X by taking only five derivatives. One already needs more
derivatives for a curve in P3.

Corollary 4.22. X as in (4.18) is determined by IIx, F;, F, at
one general point. In fact, the higher variations of II are given by the
formula:

1
(4.23) croFY =§ (C(k—l)l ay,w Fy_,

+bf,‘,(2,+m=kc,mF,”F,;)) Vk > 2.

Example 4.24. Let X% C P'? let z € X be a smooth point and
let

(425) IIX;,; =w1w4A7 + w2w5A8 + w3w6A9 + w1w5A10
+ (4)2(4.)61411 + (4.)30.)4A12.
Say in addition that F3 = Fy = 0. Then Iy is generated by

(4.26)

0 3

{z°2" — z'z*, 2%2% — 2°2°,1%2° — £°25, 2020

0 0,12

— zta® 2021 — 2228 1012 — g3gt 27280 — mloxuxlz}_

The presence of relations or syzygies among the quadrics in |IIx|
can produce equations of higher degrees, that are not elements of I, o
S*V*, as in (4.26). Not all syzygies and relations actually produce such
equations, there are tautological ones, which we will call the Koszul
syzygies. For example, let |IIx| = {Q"}, where Q* = ¢hzw®w?. For
each p < v there are Koszul syzygies

(4.27) gL W’ Q" — ghpw W’ Q¥ = 0.

Theorem 4.28. Let X C PV be a variety. A sufficient condition
for Ix to be generated by quadrics is that at a smooth point z € X the
following hold:

1. {dP,|P € I,} = N.

2. Any sygyzies or polynimials satisfied by |IIx|, of the form

1231 Mhk, Q1.0 Qp
lul ..... iy Q1 yeeey apq -qw —0’

where 1, . ui.01,.0, € C, other than the Koszul syzygies, are generated
by the linear syzygies and the quadratic relations among the quadrics in
[TIx|s-

In particular, if X C PV is a variety, ¢ € X is a general point, there
are no linear syzygies in |IIx|,, no polynomials satisfied by the quadrics
in |IIx|,, and the generalized Monge system (4.17) holds, then Ix is
generated by quadrics; in fact X is a complete intersection of quadrics.
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Proof. Let (z°,z*, z*) be an adapted basis of V* dual to (4o, A, Ap).
Consider the case of cubics containing X. Condition 1 implies that
I, contains quadrics of the form

(4.29) oz’ + ...
for each n +1 < pu < m+a, so I, o V* has cubics of the form
(4.30) zB(z*2% + ...)

V0 < B < n+a. Given P € I3, we may modify P by elements of I,oV*
so that we may assume

(4.31) P(Apu) =0V0 < B<n+a.

That P vanishes to all orders on X implies that P(FFﬁs( x)) = 0 Vk,

where we have considered the pairing S°V* x FF;, ) — S*T*. In
particular,

P(F v;;(X)) = 0= P(Ao) =0,

P(F va(X)) =0= P(ACIOO) 0 Va,

P(F va(X)) =0= P(Aozﬁ ) =0 Ve, ﬂv’)’a

P(FF4 ) = 0= P(GaprsdagAurs)

(432) - Gaﬁ'ydqgﬂP(Au'y&) =0 Va, :87 v, 6,

P(Fan(X)) =0= P(GaﬂA/&eQquzaAuve)
=0 Va,ﬂ’7,6’67

P(FFua(X)) =0= P(eoq...aeqg1a2q23a4q;5a6Auur)
=0 Val...as,

where on each line we have used the line above and (4.31) to reduce
to only having one nonzero term to worry about. Using (4.32) and the
absense of polynomials and linear syzygies, we see that the modified P
is zero, i.e., that I3 = 0mod I, o V*.

The proof for equations of degree d is the same. One may assume
that P contains no terms of the form zB:...zB4-22#2% and use the first
2d + 1 fundamental forms of v4(X). q.e.d.

We now explain what happens in the special case of (4.17) when
F3 = F4 =0:

Theorem 4.33. Let X C PV be a variety and £ € X a general
point. Assume IIIx, = 0. If F; = F, = 0 at z, then the minimal
number of generators of Ix is a + the minimal number of generators of
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syzygies and polynomials in |IIx|, modulo the Koszul syzygies. Further-
more, either X is a smooth homogeneous space or X,y C H, where H
is a hyperplane, and X\(X N H) is a homogeneous variety in the affine
space PV\H. In either case X is birationally equivalent to P*, and Ix
s generated by quadrics if and only if all the syzygies and polynomials of
|[IIx| are generated by the linear syzygies and quadratic relations among
the quadrics in |IIx| and the Koszul syzygies and relations.

Proof. X is given by the following construction (see [11], [9]):

Fix any smooth point z € X. Let Y = Baseloc|IIx|, C PT,. Lin-
early embed T' C C"*!. Let 3°...y™ be linear coordinates on C**! such
that T = {y° = 0}. Consider the rational map:

(4.34) BlyP" — —— — P{[TIx|,y°oT*}* C P{Op-®Ty} C P(S2C™H).

To see that the image of this map is isomorphic to X, note that it has
the correct codimension and that all differential invariants at z are the
same (only IIx is nonzero for both X and the image). Thus the varieties
are isomorphic.

Remark 4.35. If X is as in (4.33), let P*~! = {2° = 0,2* = 0}. X
will be singular in the space X NP*~! unless the number of generators
of syzygies and polynomials modulo Koszul is at least a — 1. In fact,
if there are no polynomials among the quadrics, then P>~! C X (see

(4.39)).
4.36. Example 2.37 continued. (2.39) may be rephrased as
F, = bt FyFy. After normalizing b07)) 1) = b0 (4 = 0, all our

effective normalizations that keep F; = 0 are used up and the equations
of X are

n+1 0 n+1 n+1 n+2 n+1 n+2_n+2
{z — Boz%z” b(n+1)(n+2)x b(n+2 (n+2)T T
n+2,..0 n+1 n+1 n+2 n+1,.n+2
T"r” — Baraz®z® b(n+1)(n+1)m —biaiymen® 2}

Note that since it is impossible to normalize both the a%_’s and the
bk ’s to zero simultaneously, X cannot be rational.

Example 4.37. We describe the equations of varieties as in (4.33)
whose ideals are generated by quadrics. Write the map (4.34) as

T H [yoyo’ yoyl’ b yoyn‘) Ql (:r)’ bR} Qa(m)] = [x07 ] mn, bR | mn+a]'

Say there are r linear syzygies kLazO‘Q“, 1 <! < r, and s quadratic
relations among the quadrics in [IIx|, ¥, Q*Q", 1 < m < s and as-
sume they and the Koszul syzygies generate the space of syzygies and
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relations. The a + r + s equations of X are
(4.38) {2°z* — g pz®2”, Kl 2"z%, Kz 2"}

4.39. An apparent dichotomy for varieties cut out
by quadrics.

It is extremely difficult for a variety X C PV with IIIx, = 0 at
general points z € X, and satisfying (4.17) to have extra equations
without X being rational. For example, say there is a linear syzygy of
the form

(4.40) kuaw®Fl =0,

where k,, € C. In order for this linear syzygy to produce an extra
equation, the constants a”_,b* must satisfy the equations

va) vt

kuaw*abawPFy =0,

k#awa (aﬁﬂwﬁa:'yw’yF{ + b’lj‘rF;F{) = 01
(4.41)

kuaw®(ahswf (a2 wal s’ FY + 0%, F] F)
+bﬁra;6w5F20F2T) = 07

which are severely overdetermined, on the order of n® equations for the
a?n + (“}')a coefficients a%,, b, .

Question 4.42. Let X be a variety and let £ € X be a general
point. If Ix is generated by quadrics and FF, = 0, is it necessarily
the case that X = Z; N Z, where Z, is a complete intersection and Z,
is rational, and both Iz, I, are generated by quadrics?

Remark 4.43. Note that if IIIx # 0 then equations (4.41) are
replaced with a much less overdetermined system, so the validity of the
question is heavily dependent on ITIx = 0. If a < 7[n — (b+ 1)], then
we are guaranteed I11x = 0 by [9, (4.15)].

We will show the answer to question (4.42) is yes in the codimension
range a < [n—(b+1)+2] in §6. If the answer to (4.42) is no, then (4.41)
gives a guide to all potential counter-examples to Hartshorne’s conjec-
ture on complete intersections whose ideals are generated by quadrics.
The first intersesting case is for 11-folds in P5.

The system one must solve to get a non-complete intersection is as
follows:

Let 1 <14,5,k<r,r+1<s,t <n. One must find constants

n+i  n+i  nti
qjk, aqjs ,an+j,k,7
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nti pndti - nti ntigh
a bntjnsk as follows: Let 72 = G, altiqh,

s “nty afy
etc... be given as in (4.17). One needs
(4.44) Girgl =0, % + g =0,
Gijurie’ =0, Gipriiii =0, it 4 ri? =0,

and the analogous equations for F; and F; to hold. If one is looking for
smooth non-complete intersections, one also needs to check smoothness,
which amounts to genericity conditions on a*, b4 .

Proposition 4.45. The answer to (4.42) is yes for surfaces in P4
and P° and for 3-folds in P5.

Proof. Case of surfaces in P*. |IIx| must consist of two quadrics if
IITx = 0. In order for X to fail to be a complete intersection, there
must be a linear syzygy in |IIx|. This implies that we can choose frames
such that ITx = w'w!' ® A3 +w'w?® A4 in a neighborhood of our general
point z. The variablility in the coefficients of F3 is as follows:

Ar}y, = 393 + g7, Arfy, = 3g3,
(4.46) Ariy, = 295 + g5, Ariip =95 + 5 + 97,
Ar},, =0, Ariyy = g1 + 95,
Ar3,, =0, Ary,, = 0.

Using g3, set 3,,,73)5,7111,712 = 0. If Ix is generated by quadrics,
(4.17) implies

3 _q.3 ,3 __ 3 3 ,3 _o.3 ,3 _
Ti1 = 3031, Tiiz = Q3 + 24y, Tiap = 2a3,, 759 =0,
(4.47)

4 _q.4 .3 _ 4 3 .4 _o.4 .3 _
Tii = 3431, Thiz = Q3 + 24y, Tiap = 2035, 59, = 0,

which implies a3, = a3, + 2a3, = a, = a3, = a}, + 2a}, = 0 in these
frames.

To have the syzygy persist, the relation w'F; — w?F? = 0 must also
hold, which forces all the a%, = 0 and thus F; = 0.

Similarly, if Iy is generated by quadrics, then F}' = b4 _F}YF] which,
after normalizing by g¢2,¢9 and requiring w'F} — w?F} = 0, implies
F4 = O

The case of a 3-fold in P® is similar; only there are two possibilities
for |IIx|, namely {w'w!,w'w?®} and {w'w? w'w?®}. The case of a surface
in P° was proved in [10] (assuming even less than we assumed here).

5. Some homogeneous examples

In this section we write out the equations of some homogeneous va-
rieties in a manner that illuminates the computations of §4.
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Example 5.1, The Veronese. v,(PW) — PS?W.

Let W have basis (By,B,), 1 < a,8 < n. Let Ag = Byo By, Ay =
ByoB,. Let p = (a,8), @ < ( index the normal directions, i.e.,
A, = B, o Bg. If v < 6§ we may adapt frames such that

(52) IIX = w"‘wﬁA(aﬁ) mod{Ao, Aa},

ie., q,(;}’ﬁ ) = 6285. The equations are

{xom(a:ﬁ) — xawﬂ, m(arﬁ)x”f — x(aﬁ’)xﬂ — x(ﬂﬁ')xa,

(5.3)
z(a’ﬂ)x('yyd) —_ z(aﬁ’)x(ﬂvd)} C S2V*,

(where in the second term we require @ < # < <) of which there are
a+ (3) +[(3) +3(3)] = dim A*(S*W). The first set of equations comes
from |IIx|, the second linear syzygies in |IIx|, and the third quadratic
relations among the quadrics in |ITx|.

Example 5.4, The Segre. PW,; x PW, —» P(W, @ W,).

Let (By, B,), (Co, C;) be respective adapted framings of W;, W5, 1 <
i,j S m, 1 S a,ﬂ S n. Let AO = B0®Co, Aa = Ba®00, A] = C] ®Bo
and Aaj = Ba ® Cj. So {Ao} C {Ao,Aa,AJ‘} C {AO,AQ,AJ',AQJ’} is a
first order adapted framing. Let {w*}, {¢*} be the pullbacks of the semi
basic forms on PW; and PW, respectively. Then

(55) IIX = w°‘¢j ® Aaj mod {Ao,Aa,Aj}.

The equations of the Segre are

{202 — gogd, pigek — gkgei  gProk — goaghk

(5.6) zIghk — ghigaky

where the first set of equations comes from Iy, the second and third
from linear syzygies in |IIx|, and the last set from quadratic relations
among the quadrics in |IIx|, a total of mn + [(3)m + (7)n] + (3)(3)
equations.

Example 5.7, The Grassmannian G(2, W) C P(A’W).

Identify the tangent space to G(2, W) with the 2 x (m — 2) matrices
(dimW = m) and index everything accordingly. Write the normal
indices as p = (ij),? < 5,3 < 4,7 < m and the tangent indicies as
a = (1;) or (2;). Then

(5.8) ITx = (Ww? — w¥w'™*) ® A;; mod {Ag, Au}-
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The equations are

mowij _ (xliij _ z1j$2i)’ xlkzij + ‘,L.lixjk _ zljxik’
(59) m2k:l,.1,] + $2z$]k _ x2]mzk, xz]a:kl + zzlzjk _ xzkx_yl},

where the first set of equations comes from IIx, the second and third
from linear syzygies in |IIx|, (which comes from picking two columns
and a tangent vector) and the last set from quadratic relations among
the quadrics in |ITx| (which comes from picking pairs out of four co-
lumns), a total of a + 2(7) + (7}) equations.

Example 5.10, The Severi Varieties. (In particular, Es/P C
]P26)_

Refer to [10] for notation. Let A be a division algebra over C. Let A
have division algebra valued coordinates (u,v). For X Severi, T, X ~ A?
and

(5.11) |IIx| = P{uv, v, vv},

where the first expression gives dimcA quadrics, and the other two ex-
pressions give one each. The linear sygyzies are

(5.12) w(uv) — v(uw), v(uv) — u(vo),

where each expression gives dimcA linear relations. There is a unique
quadratic relation among the quadrics in |IIx|;

(5.13) (uB) (@) — (uT)(vD),

where Tv is the same set of quadrics as uo. In fact we can see how these
fit into the set of all equations by writing an element of y € H =V as

T1 'Elll Uy
(5.14) y=|u 712 U3|, i €C, u; € A

Uz U3z T3

1 00
Ao=(0 0 0].
0 00

The equations for the Severi variety are just the 2 X 2 minors. Here r;
plays the role of z° in the previous examples. The equations are:

and taking

{rire — u Ty, 7173 — Uiz, U3 — TrUs, ToUs — U Us, T3l

(5.15) — Upli3, ToT3 — Uslz},
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where the first three terms (2 + dimc¢ A equations) come from |IIx|, and
using them to rewrite the rest without r,,7,,u3, we see the fourth and
fifth terms (2dimc A equations) are the linear syzygies in |IIx|, and
the last term (1 equation) is the quadratic relation among the quadrics
in |IIx|. The reader may find it amusing to explicitly correlate this
description of vy(IP?), Segre(P? x P?), and G(2,6) with the ones given
above.

Example 5.16, The Spinor variety S'° C P5.

Let V = C°. Write C'* = A"V = AV & A%V & A*V with basis
(AO,A,],A ), 1 <i<j<5. Fixing z € S, we may identify z ~ [A] ~
P(A°V), T,S ~ {Ao, Ai;} ~ (A°V @ A%V), and the system of quadrics
obtained from the second fundamental form is the complete system of
quadrics with base locus the Grassmanian G(2,5) C P(A?V). We may
take

IIX :(w12w34 w13w24 14 23) ®A
+(w w w13w25 15 23)®A
(5.17) + (W — WM — W) ®
+ (W — WMWS — W) ®A2
( 23 45 w24w35 25 34)®A1 mod{Ao,A”}
Here there are only linear syzygies. The equations are
{z°2° (:c 234 :1:13:1024 212,
— (z"22% — 232 — £'52%)
— (2% — 22 — g5g?),
z2z° —(:1: ot — g1 — 1553,
(5.18) — (aBa* — 253 — B,
zlﬁzs +$14$4 +$13$3 +$ $2
o555 + 2zt + 2853 — 12!,
35,5 13

z%7° + 2zt — 22323 — 131!
¥z — 7 — ¥2? — M1
IL'45.'L'4 + 235.’E3 + $25$2 + .’Els.’I)l}.
The reader may find it amusing to explicitly correlate these equations
with the system of quadrics (5.11) with A = O.
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6. Properties of systems of quadrics

In this section we study what the existence of a linear syzygy implies
about a system of quadrics and the implications of a companion condi-
tion. We then combine these observations with the results of [9] and §3
to draw some global conclusions.

Given |IIx| C S?T*, a system of quadrics arising from the second
fundamental form at a general point of a variety, any cubic in the third

—(1) ——
fundamental form must be in its prolongation, |IIx| := (|[[Ix|®T*)N
S3T* (see [6 (1.47)], [9, (3.12)]). We will now define a complement to

—(1)

|I Ix| in |I Ix| ® T* consisting of the space of linear syzygies. Recall
that as a GI(T*) module, T*®? naturally splits into three factors; S3T* @
A3T* @ (S@VT*)®? where the last factor is two copies of the irreducible
GIl(T*) module obtained from the Young diagram with two boxes in
the first row and one in the second (hence the notation (21)). We can
choose two such copies as follows: Let

(6.1) SPIT* = ker(S°T* @ T* — S°T"),
(6.2) SCUT* .= ker(A*T* @ T* — A°T™).
Then

(6.3) ST @ T* = S°T* @ SPVT™.
Given A C S?T*, define

(6.4) A= (A®T*)NnSIT,

SO

(6.5) AT = AV @ Al

If Tlx| ) = 0, then IITyx = 0, and if [TTx] = 0 and [ITg] ® =
0, then by (4.18) the space of quadrics containing X is at most a-
dimensional.

We now show that if the codimension of X is sufficiently small, then
II/I?IM = 0 and |II/;|(1) = 05 i.e., that |I/I\X| ® T* is disjoint from the
two GI(T) invariant linear spaces in S*T* ® T*.

Theorem 6.6. Let X™ C P"*® be a variety and let z € X be any
smooth point. Let b = dim X;,,. (Set b = —1 if X is smooth.) If a <

— (1) ——(1) —
n+1—-(b+1)], then |IIx|, =0, where [I[Ix|, = S*T*N(|IIx|,@T*)
is the prolongation of |IIx|,.
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— (1)
Proof. Say there were a nonzero P € |[Ix| . Consider
(6.7) |P:T — [TIy).
Applying[9, (6.1)] with A, = image(|P) gives
dim(Singloc(image(] P))

(6.8) <2(a—1) — (dimimage(|P) — 1) + (b +1).
Observe that

(6.9) n = dim(ker(] P)) + dim(image(] P))

and

(6.10) ker(] P) C Singloc(image(| P)),

so

(6.11) n — dim(image(]P)) < 2a — 1 — dim(image(JP)) + b+ 1,

ie.,
(6.12) a> s+ 1-(b+1)]

Remark 6.13.  (6.6) gives a new proof of [9, (4.15)] stated in
the introduction with refined information about what the structure of
the second and third fundamental forms of a variety must be in small
codimension.

—[1] —[1]
To study |IIx| is a bit more difficult. An R € |IIx| is a map

R : T — |IIx| and ker R C Baseloc|/Ix|, so if we had a theorem
directly restricting the size of base loci of subsystems instead of singular
loci, we would be in better shape.

In general, we can think of IIx as

(6.14) ii:T>T ®N
w > ITx(w,-).

If we restrict i to ker R, we get a map

(6.15) ii’ : ker R — (ker R)* ® Np,

where N := ii(ker R)(T*). Now R € ker(|I/I?| ® T* — S3T*) implies
(ker R)* ~ Ny and moreover that ii' descends to a map

(6.16) ii' : ker R — A*(ker R)* ~ A’Np,.
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In bases, the situation is as follows: Let L := ker Rt C T* and let
M C T* be any complement to L. We may write S?T* = S’L & (L ®
M) e S?°M.

Let A= R(T) C |I/I\x| Let {¢’} be a basis of A and {l’} a basis of
L. Write ¢/ = b + ¢/ + d’ reflecting the decomposition of S*T™*. Then

(6.17) ¥ = bl 01k, =mil*, & =0,
with b}, € C, bl =0, mi = —m! € M.
By rechoosing M if necessary, we may also assume
(6.18) bl = bl
Lemma 6.19. Let A? C S*T* be an p-dimensional system of
quadrics on an n-dimensional vector space. Say there is a linear syzygy

QL+ ... +1PQ, =0,

where both I' € T* and Q; € A are independent sets of vectors. Then
VQ € A,

rank Q <2(p—1).
Proof. Let
(6.20) Q=N@Q:+..+X3Q,, XNeC

Let l,,...,1, be a dual basis to I!,...,I?. Observe that
(6.21) (AL + ...+ 27,)|Q = 0.

On the other hand, we may write

(6.22) Q=1a'+..I°Pa”

for some a'...a”? € T*. Now change bases in L such that 7 = (A\'[; +
..AP1,)*. Then o =0 and we see rank Q < 2(p —1).

Taking the m;; all independent (for 7 < j), produces quadrics of rank
2(p — 1), so the result is sharp. q.e.d.

Applying [9, (6.1)] to (6.19),(4.18) yields:

Lemma 6.23.  Let X™ C P*"*° be a variety and let © € X be
a general point. Let b = dim X,;n,. (Set b = —1 if X is smooth.) If
a < 3[n— (b4 1) + 3], then there are no linear syzygies in |IIx|,.

Proof. Lemma 6.20 implies that if there is such a syzygy, then there
is a p-dimensional subsystem A, C |IIx|, with the property that no
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quadric in A, is of rank greater than 2(p —1). Now [9, (6.1)] applied to
A, gives

(6.24) 2@-1)+(b+1)>n+p-1-2(p-1),

ie.,

(6.25) 2@-1)+p>n—(b+1)+1

Finally just notice that p < a. q.e.d.

By Lemma 6.23 and Theorem 4.18 we thus obtain

Theorem 6.26. Let X™ C P be a variety and z € X a
general point. Let b = dim X;,,. (Set b = —1 if X is smooth.) If
a<g[n—(b+1)+3], then

dim{quadrics osculating to order three at z}

a+1
< -1
_a+( 9 ) ,

dim{quadrics osculating to order four at z} < a — 1.

(6.27)

Equality occurs in the first (respectively second) expression of (6.27)
if and only if (4.9.3)(resp.(4.9.4)) hold at z. If the generalized Monge
system (4.17) holds, then X is a complete intersection of the (a — 1)-
dimensional family of quadrics osculating to order four.

Proof. It only remains to show there cannot be any hypersurfaces
of higher degree generating new elements of the ideal of X. The only
way to have an equation of higher degree is if there exists a nontrivial
polynomial P(Q?,...,Q%) = 0, which is not possible in this codimension
range as the existence of such a polynomial would imply the secant
variety of X is degenerate. q.e.d.

Corollary 6.28. Let X™ C P be a variety and z € X a
general point. Let b = dimX,;,,. (Set b = —1 if X is smooth.) If
a < 3[n — (b+1) + 3] then any quadric osculating to order four at x is
smooth at x, and any quadric osculating to order five at T contains X.

Corollary 6.29. Let X™ C Pt be a variety with Ix generated
by quadrics. Let b = dim X;,,. (Set b = —1 if X is smooth.) If a <
3[n— (b+1) + 3], then X is a complete intersection.
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