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GLOBAL ISOMETRIC EMBEDDING

OF A RIEMANNIAN 2-MANIFOLD

WITH NONNEGATIVE CURVATURE
INTO A EUCLIDEAN 3-SPACE

KAZUO AMANO

1. Introduction

The isometric embedding problem of a 2-dimensional Riemannian man-
ifold M? with Gaussian curvature K > 0 into 3-dimensional Euclidean
space R’ is one of many difficult problems. In fact, it is quite hard to show
certain a priori estimates in a neighborhood of zero points of K and to
verify the convergence of the Nash-Moser type interaction scheme, since
the linearization operators are degenerating on {K = 0}. Lin [5] studied
a local problem and solved it. Naturally, the next subject is a global prob-
lem, which we shall study in this paper. In a global case, Lin’s method
does not work well, though it is quite suggestive, since his technicalities are
particularly adapted to the local situation. For instance, his ingenious pa-
rametrization would not lead to success in the global case. What we need
are a new type of implicit function theorem and global a priori estimates
for degenerating linearized operators.

Let g = g; dx' dx’ bea C™* Riemannian metric defined in R?, where
r>2and 0 <a< 1 (actually, C" smoothness will suffice for our purpose
(cf. §5)). We assume that

(1'1) |g,'j—6ij|r <1 (ISi,jSZ),

where J;; stands for Kronecker’s delta, |- |, is the C" supremum norm,
and 4 < 1 means that A is sufficiently small. K denotes the Gaussian
curvature of the Riemannian manifold (]R2 , &). We assume

(1.2) K>0,

and put f = Kdet(g;;). It is to be noted that (1.1) and (1.2) imply

0< f <« 1. Let D be a bounded convex domain in R? such that there
exists a convex function ¢ € C °°(R2) satisfying ¢ <0 in D and ¢ >0
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in R\ D. For a small p > 0, D, denotes a bounded convex domain
{x e R%: ¢(x) < p}. We define a nonlinear operator F[u] by

(1.3) Flu] = det(V,V u) + f(&"uu; — 1) - det((n,),)).
where (g”) = (gk,)—1 , V, are covariant differentials, u; =0u/ox’,

) = { 5(x')’ (6(x) < p/2),
? 8(x")’ +exp{1/p/2 — $(x))} ($(x) > p/2),

6 > 0 is a small constant, and (,up),.j = 3up/8xi8xj.

We shall prove the following.

Theorem 1.1. Assume (1.1), (1.2), and r > 14 + 2k for some 0 <
k < 1. Then for a small p >0 there exists a function u_ € w'! 2—2_k(Dp)
such that

(1.4) Flu,+u,1=0 in D,, U,=0 ondD,
and
(1.5) ool /pnre K 1.

Theorem 1.2. Assume (1.1), (1.2), and r > 15. Then there exists
a global cl=12 jsometric embedding of (D, g) into 3-dimensional
Euclidean space R>.

Here W*(-) denotes the Sobolev space with norm || - || s» [1] is Gauss’s
symbol, i.e., [(r — 11)/2] is the largest integer < (r — 11)/2.

In Theorem 1.2, assumption (1.1) and the convexity of D are essential.
If we remove one of those assumptions from Theorem 1.2, then it is no
longer true; we will be able to find counterexamples. It is to be noted that
(1.1) and convexity are not necessary in the local case (cf. Lin [5]). (1.2)
ensures that the nonlinear equation which we study later is of elliptic type.

We first shall show that Theorem 1.2 follows from Theorem 1.1 (§2) and
second, establish an iteration scheme of Nash-Moser type for the nonlinear
operator (1.3) and prove Theorem 1.1 (§§3 and 4). We also prove that
Theorems 1.1 and 1.2 remain true for a C’ Riemannian metric g (§5).

2. Proof of Theorem 1.2
We shall show that Theorem 1.2 follows from Theorem 1.1.
Proof of Theorem 1.2. Since r > 14 + 2/4, and Sobolev’s lemma
gives |uly,_qp < Cllull,jp_y_yy and W7V4Q) ¢ CAQ),
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Theorem 1.1 implies that for a small p > 0 there exists a function

u,, € C"""2(D ) such that

(2.1) F[up+uoo]=0 inDp, u,=0 on 6D/J
and

(2.2) 4o lir—y/2y < 1-

It is easy to show that u = u » T U satisfies

(2.3) det(V,V,u) + f(g”uu;—1)=0 in D,,
and

(2.4) det(g;; —u,u;)>0 inD,,

when (25)(1)2 <1 in Dp - By brute force computation, it follows from
(2.3) and (2.4) that

(2.5) Klg;;—uu;]=0 in D,,,

where
8, 7129711 — 7119172
2y,y4/det(y;

+0, 27110, 712 = 71201711 — 7110571 _
2y,y4/det(;;)

1

Gauss’s Theorema egregium shows that K[g, U j] is the Gaussian cur-
vature of the Riemannian manifold (D 2> (& — uu ;) dx’ dx’ ). Hence,

the C'"~7/?l Riemannian manifold (Dp/2 , (gij - uiuj)dxidxj) is flat.

It is clear that we have only to prove the existence of a C [(r=7)/21-2

coordinate system (y1 , yz) defined in D satisfying
(2.6) (g —wuupde'd = (") + (D, d'ad’#o0.
In fact, (2.6) implies
glax'd = (') + (") + (@), dy' A0,

ie., themap (', »*, u): D - R isa Cl""7372 jsometric embedding.
In order to prove (2.6), we shall show two lemmas.

For the sake of simplicity we put g =[(r—7)/2]-1, 8§ =8;—uu;€
C'D,), &g =g;dx'dd’,and K =K[g,].
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Lemma 2.1. For any point x € D and any unit vector ¢ € T (D)
there is a geodesic curve c(t; x,&), 0 <t < ¢, (Bp, g) such that
c0;x,8=x,¢0;x,E=¢, c(t; x,%) er for 0<1<1ty, c(ty;x,€)
€ aDp, and c(t; x,&) isa ci! Sfunction with respect to t, x, and &.

Proof. The geodesic curve c(t; x, &) = (cl(t;x,é), cz(t;x,f)) is
defined by

(2.7) F+Thdd =0, 0 =x, &0)=¢,
- where T% = g((g,), + (&), - (&,))1/2. Since T¥, € C*'(D,) and
|fifj| g—1 < 1,the ci! regularity of ¢(¢; x, &) follows from a well-known
fundamental theorem of ordinary differential equations (cf., for example,
[4]). The remaining part of Lemma 2.1 is clear.

Remark. We may regard y(¢; x, &) = ¢(t; x, &) as a solution of the
initial value problem

P+ T’y =0, 2(0)=¢,

where fg(c I'J‘(c t;x,¢&)) isa C?"! functionof ¢, x,and &. Hence,

p(t;x, &) = é(t; x, &) is CT ' smooth with respect to ¢, x, and &.
Furthermore, using (2.7), it is clear that é(¢; x, &) is also Cc?! smooth
with respect to ¢, x, and &.

Lemma 2.2. There exist a global geodesic parallel coordinate system
(y y*) on D and a positive function h(y"', y*) defined on D such that
y e\ (D), he C* (D), and

(2.8) = (" +h(', V)

In particular, if K=0 and ¢ >3, then h=1.

When (D, &) is embedded in R’ and g = oo, we can find the proof
of Lemma 2.2 in many textbooks. However, (D, &) is not yet embedded
in R® and, furthermore, we are interested in the case ¢ < oo and the loss
of regularity. Thus, we have to prove it here.

Proofof Lemma 2.2. We construct a global geodesic parallel coordinate
system (yl , y2) on D as follows: First, we fix a point p € D and a
unit vector v € Tp(ﬁ), and take a geodesic curve c(t,) = (cl(tz), cz(tz))
satisfying

(2.9) (1) + T (1) (1) =0, c(0)=p, ¢0)=v.
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Second, we define a family of geodesic curves c(¢,; £,) by

(2.10) (5 ) + T (3 1) (15 1) =0,

c(0; t2) = C(tz), ¢(0; tz) = ’U(tz) >
where

v'(1y) = g7 (c(t)e, (1) / Ve ) )6 n)

and (¢,(5,), ¢,(8)) = (¢(8,), —¢'(t,)). Here we note that |v(t,)| =
V&0 1)V’ (1) =1 and (é(1,), v(ty)) = g,;¢ “(,)v’(t,) = 0. Lemma 2.1
shows that the family of geodesic curves {c(¢,;t,)} covers D and, fur-

thermore, by Lemma 2.1 and the remark following it, c(¢,; ¢,) is ci!
smooth with respect to ¢, and ¢,. Taylor expansion

@11) ety 1) =clty) +v(ty), {/ (1 - 0)ét,; 2)arz}( %

enables us to compute c‘?c"(t1 ; t2)/6tj. Combining (2.11) with (1.1), we
obtain det(dc'(t,; 1,)/01,) # 0.
Third, for x =c(t,; ¢,) € D, we define (yl(x) , yz(x)) by

f t
(2.12) y' = /0 e(ts 1)ldr,  yi= /0 o))t

where |y| = ,/gijyi 7/ . Hence, we get a global C?~' coordinate system

(yl , yz) defined on D. It is to be noted that, using the construction pro-
cedure of (yl s y2) , we may assume that (y1 , y2) is defined in a neigh-
borhood of D.

We shall show that, in the new coordinate system (yl , yz), g has a
simple expression of the form

(2.13) gy +h(y)()’.

In order to prove (2.13), we abandon the original coordinate system
(x1 , xz) temporarily, and write § as & = A, ; dyidyj . Let us fix a point
Vo = (y(’,,yg) € D arbitrarily and take a curve c(t) = (cl(t), cz(t)) =
(y(l) +1t, yé) . Then, for all sufficiently small ¢t >0,

dist(c(0), c(t)) = ¢ (¢) — ' (0) = ¢

dist(c /\/—T‘h—/ \/—u—

and
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Hence, we have A, (y,) = 1; this implies 4, = 1 in D. Next, let us
fix a point y, = (0, yg ) € D arbitrarily and take another curve c(f) =
(cl(t) , cz(t)) = (t, yé) . As is well known, for a vector field Y = nia/ayi
the covariant derivative V.Y is defined by

B
%Y=O1 +Fm6)——

i b

where nj. =0n'/0y’ and I“fj = hkl((h;j + (hy); — (h;;);)/2. Direct com-
putation gives

(2.14) v2-rl ¢ _r2o
oy dy dy oy’

Since c(¢) is a geodesic curve, we have T’ 11 =é+T kc" ¢ = 0 which
implies, by (2.14),

0 0
2.15 v.—,Z V=o
( ) < cayl 6y2>

(2.14) and A, =1 give
0 0 i ij 1
(2.16) a_y—l ) Vc'a_yz =Tphy; =hh ((hjp), + (hy)y, — 3(hyy);) = 0.

Hence, we have, by (2.15) and (2.16),

0 0 0 0 0 0
(217) vc‘- A1’ A 2 = vé_l’ ) + _I’Vé‘_i =0.
dy 0y oy 9y dy ay

Using the definition of the coordinate system (y1 , yz) , we obtain
(2.18) il, —85 =0 atc(0).

oy 0y
(2.17) and (1.18) show that

—a—l,iz- =0 onc(y),
oy 9y

which implies h12 =hy,, =0 in D. We have only to put h(y) = hy ().
Since g and x' are C? smooth with respect to y' by virtue of the
inverse functlon theorem, C?~! smoothness of h(y) follows from

wn=(2 L= (L 1>6_x"6_xi_~ ox' 0’
ay?’ ay? ax'’ ax’/ ay* 9y? ”ay ay?’
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In the case K = 0, Gauss’s theorema egregium shows
(2.19) 0/8y"YVh = 0.

Here we used the assumptlon g > 3 which implies 2 € C (5) Let us fix a
pomt Yo = (0, yo) € D arbitrarily and take a curve c(t) = (c ( ), ¢ (t)) =
(0, yo +t). Then, for all sufficiently small ¢ >0,

dist(c(0), c(£)) = t

dist(c / \/ h(c(t))dT.

Hence, we have A(y,) =1 which implies h|y|=0 = 1. Since
—2138111' = réz =¢ +r:jéiéj =0,
y

and

we obtain 8h/dy'| ,i=o = 0. Therefore, we have

(2.20) Vhl,_o=1, =0,

ayl

which together with (2.19) gives VA =1,ie, h=1in D. q.e.d.
Consequently, (2.6) is proved; that is to say, the proof of Theorem 1.2
is complete.

3. Proof of Theorem 1.1 (Part 1)

The purpose of this section is to establish an implicit function theo-
rem of Nash-Moser type. Though there already exist numerous implicit
function theorems, none of them is applicable to our problem. In fact, if
we used them, we would end up with linearized operators of mixed type
which we cannot solve so far. However, repeated use of elliptic regular-
ization, or elliptic singular perturbation for linearized operators, enables
us to overcome the difficulty. By virtue of our implicit function theorem
we can prove an important part of Theorem 1.1.

For the sake of simplicity, we put u = u 03 So="r— 2,

3.1)  e=max{[F[ul’, ||F[u]||2/<"‘°+2} and O=¢ %

It is to be noted that we may assume that ¢ > 0. In fact, if ¢ = 0, then
Theorem 1.1 is trivial; we have only to take u_ = 0. (1.1) implies that
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e > 0 is sufficiently small. Thus we may assume that 0 < ¢ < 1 and
6 > 1. Throughout this section, C > 0 denotes a certain large constant
which is independent of ¢ and n. Actually, C will be determined as a
large positive number satisfying (3.2), (3.10)-(3.12), and (3.23)-(3.24).

Lemma 3.1. We have
(3.2) lu, <C  (0<s<s5,+4),

-2 -

(3.3) IFlully<ved™",  |Flull;<e0™ (0<s<s),

where C > 0 is a constant independent of ¢ and p.
Proof. (3.2) is clear. Direct computation gives

Flull, <& = veo™’
0

and
IF[ll; < e _gp70  (0<s<s,y).

We define linear operators L[u] and Le‘[u] , €,>0, by
(3.4) Lulv = 0,F[u+ tv]|,_, = aij[u]vij + ai[u]'ul.,
(3.5) L, [ulv = L{ulv +¢&,Lv = a [u]v;; + a, [ulv,,

where L = agij V;V; and a > 0 is a constant which will be determined
later. N
Lemma 3.2. If e, =|F[ully, g§”uu; <1/2, and Lu>1, then

(3.6) det(a; [u]) > -2f-

Proof. (3.4) and (3.5) give

+det(u,) +2a” det(g").

a:[u] =1Uy + I“’z‘zuk + a*ag11 ,
a:‘Z[u] = —(uy + Fgluk) + s*aglz,
a:‘l[u] = —(u;, + I‘lfzuk) + 8*ag21 ,
af_z[u] =u;, + l"lfluk + s*agzz,
which implies
det(aéf[u]) = det(ViVju) +é,Lu+ z»:fa2 det(gij)
=Flul+ f(1 - gijuiuj) +det(u;;) + e, Lu+ afaz det(gij)
= (Flul+e,) + /(1 - g"uu)) + det(n )
+e (Lu—1)+ efaz det det(gij).
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Since, by the assumption, Flu]+e¢, > 0, f(1 - gijuiuj) > f/2, and
e (L[u]—1) >0, we obtain (3.6).
Remark. It is to be noted that direct computation gives

det(u,;) > (¢ — p/2) ' exp(2/(p/2 — $)) - det($,)) >0 inD,\D,,.

Here the convexity of ¢(x) is essential.
In this section, we repeatedly use the Sobolev inequality

(3.7) |ul; < CONullis 14

and smoothing operators S,: w' (D p) - w/ (D p) , 8> 1, defined by
S,u(x) = 6° /D w(6(x —y))u(y) dy,

where C(i) are positive constants, 0 < ¥ < 1 is a fixed sufficiently
small constant, and y € Cg° (Rz) is a nonnegative function satisfying
Jw(x)dx = 1. It is easy to show the inequalities

(3.8) ISyull; < €, )6 |lull,
(3.9) I = Sp)ull, < e(i, HONull, (<)),

where C(i, j) are positive constants and, in particular, C(i, i)=1.
Lemma 3.3. There is a constant C > 0 such that

(3.10) (Fu] = F[ollp < C(luly + o]l — vl,,
(3.11)
oLt + twlwl, £ C( 3 Wollyudln + X Wollaalilenes )
i+j=s i+j=s
i<s/2 i<s/2
and
(3.12) \Lul, < Cllull,

for 0<s<sy—2and 0<t<1.

Proof. (3.10) and (3.12) are clear. (3.11) follows immediately from
(3.4) and (3.7). q.e.d.

We construct a sequence {u,} as follows: We define u, and u
n>0,by

n+l 2

(3.13) u,=0, U, =u,+v,,

n
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s0+2,a(

where v, € C D,) is a solution of the Dirichlet problem

(3.14) Le”[,u+f4n]vn=fn inDp, v,=0 inaDp,

(.19 6y = Flu+ 2,
(3.16) an =Snun’
(3.17) Jo= —SoFlul,
. f;, =Sn—1Rn—l _San+Sn_1F[,u]-—SnF['u]’
n—1
(3.18) R0=O’ Rn___zrj’
j=0
(3.19) rj:(sz[‘u_'-uj]_Ls,[”+aj])vj—8ijj+Qj
0<j<n-1),
G20y &= FWFul-Flutu) - Lintuly,

0<j<n-1).

Here S, =S, and 6, = 0" =¢7"/°.

The sequence {u,} is well defined and convergent if we assume the
following,.

Assumption 3.4.

(3.21) " (u+ 1) (u+

(3.12) Lu+it)
Assumption 3.5.

(3.23) |lv,llg £ Cllf,llg s

(3.24) |lv, ||, < C(Ilf,,lls+ Y e+ ﬂ,,li+4l|v,,||j) (0<s<sy),
i+j<s
j<s

where C > 0 is a constant independent of ¢ and ».

Assumption 3.4 shows, by Lemma 3.2, that L, [u + @] is an elliptic
operator with real C*’® coefficients defined in D , 5 this implies that we
can solve the Dirichlet problem (3.14) in Cs°+2’°‘(ﬁp) (although C"°

regularity of the metric g played an important role here, C' smoothness
will suffice for any other argument in this paper). Assumption 3.5 ensures
the convergence of {u,} (cf. Proposition 3.6 and 3.7).
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Based on Assumptions 3.4 and 3.5, we have the following Propositions
3.6, 3.7 and Theorem 3.8 which were originally proved by Amano [1].
(Unfortunately, the author happened to make a mistake in [1]. In fact,
though the propositions of [1] are true, one of their assumptions which
corresponds to (3.24) in this paper is too strong for practical applications.)

Proposition 3.6. On Assumptions 3.4 and 3.5, if

(3.25) 0 < & <min((4C)"2, (2C)™Y),
(3.26) 6>2,

(3.27) Sp>4+2k,

(3.28) 5+K <0<s,,

then we obtain

(3.29) ool < X267 (0<s<sy),
(3.30) Iroll, < C,e60°°  (0<s<sy-2),

where C, = L(s,+1)C.
Proposition 3.7. On Assumptions 3.4 and 3.5, if

0 < & < min [(4C)_2, 20)™, 2cc)?,
S -2
{C<2C2+2C+ZC(i+2)C(i+3+x,a+x))} ,

i=1

{CCO)2c(1 +K,55—2) + 1)}‘2] .

(3.32) 9> 2%,

(3.33) max(3+x, (o +1+k))<t<0-2,
(3.34) S+k<o<s/2-1,

(3.35) 5o > 4+ 2k,
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then we obtain

& -

(3.36), oyl < 267 0<s<s),

\/E (S <o- K) ’
3.37). 1. <
(3.38), =l < Cve8 ™ (0<s<s),
(3-39)j ||r,-_llls < Clb‘@j:? (0<s< So — 2),
(3.40), IFl, < C,e67°  (0<s<sy),
(3.41), g; < Cyveb,
where v_, =0, r_, =0, and each constant C; > 0 depends only on
sy, and C.

Remark. By virtue of the interpolation inequality, (3.29)-(3.30) and
(3.36) i~ (3.41) ; remain valid for real s, if we modify the constants C,—
C, appropriately.

Theorem 3.8. On Assumptions 3.4 and 3.5, if r > 14 + 2k for some
0 < k < 1, then for a given small p > O there exists a function u_ €

w2 *(p ,) such that

(3.42) Flu+u ]=0 in Dp, u,=0 on BDP
and
(3.43) ||u°o||,/2_2_x < Ve

Proof of Proposition 3.6. By (3.23), (3.17), (3.8), (3.3), g, > 0, and
2C/e <1, we have

€ 0—
(3.44) lvglly < %e 7
If we assume that
€, j—0 .
(3.45) ool < %67 (0<j<3),

then, by (3.24), (3.17), (3.2), (3.45), (3.8), (3.3), Ve =1, s, > a, 6 > 2,
and (2C +2C%)\/€ < 1, we obtain

(3.46) lvell, < %0“‘_0.

Hence (3.29) is proved.
Next, we note that (3.19) gives

(3.47) ro = —&Lvy+ 0,
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and that (3.12), (3.15), (3.3), and (3.29) imply
(3.48) lleg Lyl < %Cs&s'”.
Since (3.20) and direct computation yield

1 t )
QO:/O {/0 EL[u+wo]vodr} dt,

we obtain by (3.11), (s;—2)/2+3+k <s,,and 0 >5+k,
(3.49) 1Qll, < %(s+ 1)Ce6’°.

By combining (3.47)-(3.49), we have (3.30).

Proof of Proposition 3.7. (3.36),—(3.41),. Since u, =0, v_, =0,
and r_, = 0, (3.36),-(3.39), are clear. (3.40), follows from (3.17),
(3.8), and (3.3) when C, > 1. By (3.15) and (3.3), (3.41), is valid when
C; > 1. The constants C, and C,; will be determined precisely in the
following part of the proof.

(3.36) ., (3.41),_, = (3.36),,,. (3.23), (3.40),, and 2CC,Vz < 1

j<n~ j<n n+l*
give
€ 0
(3.50) vl < 5-6 ~
If we assume that
(3.51) ol < %07 <)<,

then, by (3.24), (3.40),, (3.2), (3.7), (3.8), (3.37),,, (3.51), S+x—0 <
0, Ved=1, 6 >2,and

S
C(2c2+2C+ZC(i+2)C(i+5+x,a+x))ﬁg1,

i=1

we have
(3.52) ol < %65,
(3.36), - (3.45),, = (337),.,, - Smce (3.13) gives u,,, = X" v,, by
(3.36) <, We obtain
n
& _
(3.53) ity < i_zoj g

Direct computation shows that, by 6 > 2'/%

(3.54) ‘/TE 2% 07" <ve whens<o-x
Jj=
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and
n

(3.55) g Z 0;-0 <e67° whens>a+k.
0

n+1

j=
By combining (3.53)-(3.55), we have (3.37)
(3.36)1.9-'(3.41) = (3.38)

n+l°

In the case s < 0 + K, we obtain

Jj<n n+l°

(3.56) sy = Byl < Cls, 0 +K)VED, LT

n+1

by (3.9) and (3.37). In the case s > g + k, we get
(3.57) 1Up ey = i lly < 2vE0,7

by (3.38) and (3.37) Hence, we need only to set

n+l1°

(3.58) C, = max{ max C(s,o0+k), 2}.

0<s<o+k

ntl * Since

(3.36), - (3.41),,, = (3.39)

Le"[/‘ +u,lv, - Lsn[u +a,lv, = /01 58?1‘6"[“ + i, +t(u, —i,)v,dt,
(Z_’,.ll), (5 —2)/2+34+Kx <s,, (3.38),, (3.36)
give
(3.59) ||Lsn u+wu,lv, — Le,, (u+a,Jvu,ll

<l -1)CCb, 7  (0<s<sy-2).

(3.12), (3.41),, (3.36),,,,and 7 <o —2 show

a1 and 54k-0<0

(3.60) | —e,Lv,|l, <1CCe6° (0<s<s,-2).
Direct calculation gives
Q,=Flp+u, J-Flp+u,]-Llp+u]v,

(3.61) 1 !aL PR
—/0 {/oa w+u,+,v, r} t.

By combining (3.61) with (3.11), (s, —2)/2+ 3+« <s,, (3.36)
5+ k-0 <0, we obtain

(3.62) 10,1, < (s, — DCe8 " (0<s<35,-2).
(3.59), (3.60) and (3.62) imply, by (3.19),

Irll, < Ce6,°  (0<s<s,—2),

n+1’and
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where
(3.63) C,=1(sp—1)CCy+ 3CCy+ §(s, - 1)C.
(3.36); <, (3.41),_, = (3.40),,, . We note that
(364) f;1+l = San - Sn+1Rn+l + SnF['u] - Sn+1F['u]‘
We shall estimate each term of (3.64) separately. (3.8),(3.18), (3.39)j<p41
0 <sy/2-1,and 6 >2 give -
(3.65)  IIS,R,Il, <2C (s, 5, — 2)egq,,; (0<s<s)
and
(3.66) IS, 1 Ryiilly £ CC(s, 50— 2)80;:7 (0<s<sp)-
(3.8), (3.3),and 0 —s -5, < 0 show
(3.67) IS, Flulls < C(s, 0)ed,. ]  (0<s<s)
and
(3.68) 1S, Flullls < C(s, 0)267  (0<s<s).

Hence, we obtain

yrll, < Cue8is (05 <sy),

where

(3.69) G, = 0215230(3C1C(s, So—2)+2C(s, 0)) + 1.
(3.36)].5,1— (3.41)1.5” = (3.41),,, . Direct computation gives

(3.70) Flu+u, J=UI-S)F[ul+I-S,)R, +r,

by (3.13)-(3.20). Since ¢,,, = |F[s + 1, ,]|,, we have, in consequence
of (3.70),

€y ST =S,)Fully + (T = S,)R,|o + I,
+I|Flp+a,, 1-Flp+u,,l,

We shall estimate each term of (3.71) separately. (3.7), (3.9), (3.3), and

l1+x—17<0 show

(3.72) (I —S,)Flull, < CO)C(1 +k, s,)€6, .}

n+l°
(3.7), (3.9), (3.18), (3.39),,, 6 <8p/2—1, 6>2,and 1+x—-7<0
give N
(3.73) (I -S)R,|, <2C,C(0)C(1 +k, s, — 2)e0, .}

n+l-

(3.71)
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(3.7), (3.30), C, > (s, +1)C/4,and 1 +k ~7 <0 imply

(3.74) Irolo < C,C(0)e6°°.
(3.7), (3.39),,,, 1 +k-7<0,and 6+ 1+k —27 <0 show
(3.75) Ir,lo < C,C(0)e6,.;  (n>1).

(3.10), (3.2), (3.7), (3.8), (3.37),,,, (3.38),,,,and 7 >3 +K give

(3.76) |Flu+i,,1- Flu+u,, ], <2CC,C22)(C + C(2)\/_)\/_49n+1

By combining (3.72)-(3.76), we obtain, in consequence of ¢ <1,

&,y < {COO)C(1 + K, 50+ C,CO)2C(1 +K,S,-2)+ 1)ve

+2CC,C(2)(C + C<2>)} N

which implies, by C(0)(2C(1+x,s,—2)+1)/e<1/C,

(3.77) 1 <G Veb:

if we put

(3.78) C3=C(0)C(1 +x,s)+C,/C+2CC,C(2)(C+C(2)) + 1.

Substituting (3.78) in (3.63), we can determine C, explicitly. Hence,
by (3.69) and (3.78), we also get explicit expressions of C, and C;. This
completes the proof.

Proof of Theorem 3.8. If we put ¢ =5,/2 -1, then (3.36)» gives

n+l

(3.79) lloe; — ul, o/2—1— x—Z”” ||so/2 1—x S 3 Z 07"

as i, j— oo, i > j. Since s0/2—2—2x25—1—l€22,(3-7) shows
ju, — ]y < CONty = )l 1oy

Hence, there is a function u_ € W*/*~'™(Q)n C*{Q) satisfying u, —
u in WOERQ)N CHQ).

Combining (3.70) with (3.9), (3.39);, (3.7), and s,/2-2—-2Kk > 5 -
1 -k >0, we can show that Flg+u,]—0 in W@ nc’@).

Since u Ic’)D =" _0 n|6D =0, we have u_|0D,=0. By (3.37),,
we obtain |lu_ ||s0/2_1_x = lim,_ _ lu, s, j2-1-x < \/_ which completes
the proof. q.e.d.

Now, for the proof of Theorem 1.1, it suffices to verify that Assumptions
3.4 and 3.5 are really fulfilled, i.e., that (3.21)-(3.24) follow from (1.1),
(1.2),and r > 14 + 2k .
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Proof of Theorem 1.1 (Part 1). We shall show that (3.21) and (3.22)
are valid for any .

Step 1. (3.21) and (3.22) hold when » = 0. In fact, if we choose the
constants d > 0 and p > 0 sufficiently small and a > 0 sufficiently large,
then we have g"u;u; <1/2 and Lu>2.

Step 2. If we assume that (3.21) and (3.22) arevalidfor n=1,2, .-,
k, then by (3.13), we can construct a function u, , . Using the proof of
Proposition 3.7 we have llully < Ve for s<o—-k, 0=5)/2—1 and j =
0,1,---,k+1. Since r > 1442k and s, = r—2, Sobolev and Hausdorff-
Young inequalities, i.e., (3.7) and (3.8), give |#,,,|, < C(2)ve, which
shows that (3.21) and (3.22) hold for » = k + 1. Therefore, Assumption
3.4 is fulfilled.

4. Proof of Theorem 1.1 (Part 2)

The remaining part of the proof of Theorem 1.1 follows from certain
estimates which we show in this section by modifying Amano’s calculation
[2]. Roughly speaking, we have a strong estimate in an elliptic region
(Lemma 4.4) and a weak one in a neighborhood of degenerating points
(Lemma 4.3). Using a sort of patchwork technique (Lemma 4.2), we can
combine them together to obtain (3.23) and (3.24).

Unless otherwise specified, P denotes a degenerate elliptic operator of
the form
(4.1) P=4a"8,0,+4d',
with real C*° coefﬁcients a’ = a’ and 4' defined in Q, where Q is
a bounded domain in R with C*° boundary. Assume that there is a
continuous function A(x) > 0 defined in Q such that

(4.2) / X)EE, 2 M),
a

S stands for a subset of Q satisfying {x € Q: A(x) = 0} ¢ S. For the

sake of simplicity, we put

A, _max( max |D a |0, max |D’a |0)
i, \1<ksl< 1<s|<k
for k> 1 and N ,

B, = n}?jx(lalqk ) |al|k , 1)
Unless otherwise specified, C and C,; are positive constants independent
of a” and a'.
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Lemma 4.1. We have
4.3) S8, » Plully < CCANPull, llull, + Alull}) (€ C(Q),
k

2 2
) A,~+2uuu,.),

i+j<s+1
i+2<s+1

(ueCy(Q), s>1).
Proof of Step 1. We shall prove (4.3). Lemma 1.7.1 of Oleinik and
Radkevich [6] shows that

> (@)’ <c4 Za wuy;  (ue Q)

k
which implies

@5 Slo,, Pluli< Y /{(aku,,> +(alu,)} dx
k

(4.4) Y118, » Plul; < C(A2“Pu||g+1“u|ls+1 +
k

< CAzz/aiju,iude +CA .
!
By integrating by parts, we have
/a”u,iu,jdx = —((Pu),. u) + (8, Plu, u))

+ (%(a -a, )u,, u),

which means

(4.6) Z/aifuk,.ukjdx
k

2
<c (IIPu(IIIIuIII + 118y » Pluloliull, + Azllu”]) :
k

From (4.5) and (4.6) it follows that
lelak, Plully < C(AlPull llull, + A3lul})  (ue C5*(Q).

Step 2. We shall prove (4.4) for s = 1. (4.3) shows
19,18, , Plully < C(l18, . Pluylig + 18, [8, , PTully)
< C(dy|lPullyllull, + 4,118, Pull, lull, + Allull3)-
Hence we have
; 18, » Pull} < C(AyllPull,jllull, + Adlull,) (€ Coo(Q)).
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Step 3. We assume that (4.4) is valid for 1 <s < r. Direct computation
gives
2 2
18,08, » Plull;_, < C(UI8, > Pull;_, + 18, , 18, » PTIull;—))

r+1

< C(A2||Pu||,+1||u||,+1 +a,||[8;, Plull,|lull

2 2
+ > Ai+2]|u||j>.

i+j<r+1
i+2<r+1

Therefore, we obtain

> 8, Plul?
k

< C(AlPull,, lull,, + > A Mul})  (ne CRQ),
J

i+j<r+1
i+2<r+1

and the proof of Lemma 4.1 is complete.
Lemma 4.2. For a fixed y € C™(Q) satisfying supp|Vy| C Q,

@7 lx, Plull; < C(ByllPullliully + Ballulll)  (ue C®(Q)),

4.8)  |llx, Plul)}
2
< C(B,|Pull,llull, + BXull})  (ue C™(r),
(4.9)
x> Plul)?
2 0o
<c(Bpa il + Y BoE), e c¥@), 522,
i+j<s
i+2<s

Proof of Step 1. We shall prove (4.7). Let us consider a cut-off function
X € C;°(Q) satisfying 0< ¥ <1 and 8,y CC ¥ for any i, and define an
operator P = *ifa,.aj + a"a,. by P = ¥P. Since [x, Plu =[x, PJu and
lPull, < ||Pull,, it will suffice to prove
(4.10)  llx, Plully < C(BylIPullgliully + By llullg)  (u € C(Q).
Corollary of Lemma 1.7.1 of Oleinik and Radkevich [6] shows that

S k@ u) < Byauu,  (ue C(Q),
+
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which gives

S1.112 Lkl 2, 12
(4.11) lx , Plully < CBO/a u, u; dx + CBgllull-

by integrating by parts, we have

Lkl = Lokl sk
a wudc= —(Pu,u)+5((a,—a,)u,u)
(4.12) / K% ( )+ 2((3 — &
= 2
< [[Pullgllully + CAyllully
which together with (4.11) implies (4.10).

Step 2. We shall prove (4.8). Let us take the same cut-gﬁ‘ function ¥
as in Step 1 and define an operator P = a"”/ 8,0, + a's; by P=xP. Since
[x, Plu=[x, Plu and ||I3u||1 < C||Pul|, , we need only to prove

=y 12 5 2y 12 oo
(4.13)  |llx, Plull; < C(B,||Pull,ljull, + Byljull}) (v € C ().
(4.7) and Lemma 4.1 give
S10012 S2 Sian2
10, [, P]“"o < C(llx, P]uk”o + ||[6k, [x, P]]ullo)
= 2,02
< C(B,|Pullyllull, + By llull}) ,
which implies (4.13).
Step 3. We prove (4.9) for s = 2. We need only to prove
1012 = 2, 12 0
(4.14)  |llx, Pluly < C(ByllPull,llull, + Byllul;)  (we CT(Q)),
where P is the operator introduced in Steps 1 and 2. (4.13) and Lemma
4.1 give
5100112 1.0 12 S11..112
16, [x > Plully < C(lllx > Pluylly + 0, » Lx, PTlully)
= 2 2 00
< C(By||Pull,llull, + By llully),  (u€ C(Q)).

Hence(4.14) is proved
Step 4. We assume that

= 2
lx s Plull;
= 2 2 00
<(BAPullul,+ Y Bolul).  wecT@), 255<n),
i+j<s
i+2<s

Direct computation gives
=2
16, [x s Plull,_,
1. 12 )
< C(llx s Plwll,_y + I8, » [x > Pllul,_,y)

< C(lelf’ull,llull, + > Bf+zllullf) , (ueCT(Q);
i+j<r
i+2<r
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which implies

= 2 =4 2 00
e Pl < € (BylPul, Jul, + Y- BLolul}).  (weC™(@),
i+j<r
i+2<r
Hence the proof of Lemma 4.2 is complete.

Lemma 4.2. Assume that

(4.15) lulo < KIPuly,  (ue C(Q).
Then we have
(4.16)
lull, < KC(IPull, + Ayllull),  (u e C(Q),
(4.17)
lul, < KC(1Pul, + 3 Aualll,). e C@, s22)
i+j<s
i+2<s

Proof of Step 1. We shall prove (4.16). Since
||8ku||0 < KllPulll + K“wk ’ P]u”o
and, by (4.3),
8, » Plully < C(I|1Pull; + A,llull,),

we easily have (4.16).
Step 2. (4.17) is valid for s = 2. In fact, it follows from (4.16) and
(4.4) that

Ilf’kulll < KC(”Pu”2 + ||[(9k » P]“”] +A2”u“1)
SKC<||Pu||2+ ) A,-+2nun,).

i+j<2
i+2<2

Step 3. If (4.17) holds for 2 < s < r, then we have

oy, < KC(1Pul, -+ 163, Pl + 3 Al )
i+j<r
i+2<r

and (4.4) gives
I8, , Plull, < C(nPunm . A,-+2nun,~).

i+j<r+l
i+2<r+1

Combining the above two inequalities, we can show that (4.17) is valid for
s=r+ 1. Hence Lemma 4.3 is proved.
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(4.16) and (4.17) will turn out to be trivial and useless unless the cru-
cial constant 4, > 0 is sufficiently small. Fortunately, by virtue of the
definition of u 5> the estimate (3.37) Ir and the fact ¢ < 1 which follows
from our assumption (1.1), we obtain 4, < 1. Hence, Lemma 4.3 is not
useless, and actually works very well when it is teamed with the following
lemmas.

Lemma 4.4. Assume that P is uniformly elliptic in Q, i.e.,

a’(x)&g; > AlE°, 4, = const > 0.

Then there is a constant C, > 0 of the form C, = C -| a polynomial of
A5' and By| such that

lul, <€, (uPuuo +/Ysuplal] - a:muno) :

(4.18)
(ue COO(Q) , u|an =0),
ful, < & (1Pul s+ 5 Bl )
i+j<s—1
(4.19) Je-t

e C®Q), ul,q=0, s>2).

It is not difficult to prove (4.18). In fact, we need only to apply well-
known standard techniques to the linear elliptic operator P and to calcu-
late several constants precisely. By induction with respect to s and patient
calculation, (4.19) follows from (4.18).

For 6 >0 we define a set S; by S; = {x € Q: dist(x, S) < J}.

Lemma 4.5. Assume that S is a compact C* submanifold of Q and
Q\ S is connected. Then there exists a function y € L™(Q) such that
y=0o0n S, ian\S,, y > 0 for any sufficiently small 6 >0, and

2 .. X
(4.20) /”“ dx < C ([1Pulglily +  supla ~ alllul) .
(ue CTQ), ulyg=0).

Proof. Standard techniques of elliptic operators give

2 j j j 2
[ Dt s < ¢ (1Pullluly + supla) - ajliul})
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where 4 = A(x) is a continuous function satisfying (4.2) and Du =
(0,u, Oyu, -+, 0,u) . Hence, it suffices for our purpose to show

(4.21) / yutdx < / AlDul’ dx.

Step 1. Let us fix a point p € Q\ S arbitrarily. By virtue of the funda-
mental theorem of ordinary differential equations, we can construct a fam-
ily of curves c(z; x) € C*([0, T,1xU,) suchthat ¢(0; x) =x, c(t; x) ¢
S for 0 <t < T, when x € Q\S, ¢(T,;x) ¢ Q, |e(t;x)] =1,
sup,.y 7, < oo, and such that ¢(z; -) is a local C* diffeomorphism de-
fined in U, for any fixed ¢, where U, isa sufficiently small open neighbor-
hood of p, T, is a positive constant, and 7, = inf{s > 0: c(; x) ¢ Q}.
We define a function u,(x) by

(4.22) Hy(x) = inf{A(c(¢; x)): 0<t< 7.}

for x € U, . For a function u € C*(Q) satisfying ul,, =0,

u(x) = u(c(0; X)) — u(c(r,; X)) = - /0 ¥ Du(e(t; x)) - é(t; x) dt
holds, so we have
(4.23) x| <C /0 " IDule(t; x)) 2 dt.

Multiplying (4.23) by ,up(x) and using (4.22), we obtain

kNP < € [ atetes miDuce(es )1 dt,

which implies
/ i dx < c/ A\Dul dx.
U Q

P

Step 2. Step 1 shows that there is a finite number of points p,,
Py, »py in Q\S such that Q\S c U, U, and

[ w1 dx < c/ A1Duf? dx.
U . ! Q

Therefore, we need only to define u(x) by
min{,up,(x): X € Up," 1<i<N} ifxeQ\S,
”(x)z{o ' ifxes.
Hence (4.21) is proved. q.e.d.
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Let us take a real smooth function ®(x) defined in Q such that ®(x)
has at least a zero point in Q and that V® # 0, and put for t > 1,

U®, t) = {x € Q: |®(x)| < 1/1}.

Lemma 4.6. There are constants C, >0 and C >0 independent of P
and t > 1 such that

2 . ij 2, . i ivp2
Cot* inf (a”®.@)lulg =1 inf (@] - a))lull
1 TN
4.24 < = v_q
(424) < ¢ (WPullulo-+ 5 sup (@] = Il
(ue CU@, 1), U,y =0, t21).
Proof. For areal-valued function ue C™(U(®, t)) satisfying u| U@, 1)
=0, we put

v=(T—et¢)_lu, T = const > 0.

Direct computation gives
Pu=(T - e’q’)(aijv,.j + aivi)
- (@ 0,®))v + t(a”®,; + d'®)v + 21(a" D))}
By integrating by parts, we obtain
/(T - e@)—lPu ~vdx
= - [d'vu dx+ laij—lai vidx
- i7j 2 ij 2 i
_p / (T - ) (a"D,0,)0  dx
- z/e’°(r ~ )7 @D, +a'D v dx
—-w / aij{te@(T - e@)_ld)iv}vj dx.
Since
i, t® @, -1
}Z/a'f{te (T - ) <Div}vjdx‘
<? / (T - ) (a"®,® v’ dx + / a’v, dx

and

et(D(T _ €t¢)_l _ e2t<b)(T _ et¢)—2 — et¢(T _ 2et¢)(T _ etd>)—2 ,
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we have
/(T—e"p)_zPu ~udx
2 td {0} D, -4, ij 2

< —t /e (T -26")(T - ) (a" ®,@,)u" dx
(4.25) o 5 4
—t / T - ("D, +a'®,)u’ dx
+ /(T— e@)_z%(afj - af)uzdx.
Combining (4.25) with
el <e®<e, (T-e ) '<(T-e®)"'<(T-e)"", (xeU@,1),

we obtain (4.24). q.e.d.

Now we can prove the remaining part of the proof of Theorem 1.1.
From nowon C and C; denote positive constants which are independent
of e>0,and n=0,1,2,---.

Proof of Theorem 1.1 (Part 2). We shall show that (3.23) and (3.24)
are valid for any n. For the sake of simplicity, we put L, = Len (u+u,]

for n=0,1,--,and use Ai")_ and _B,(c”) to denote constants 4, and B,
when 4"/ = a;i [u+1,] and a' = aén[u +1,]. Let us take the following
cut-off functions y, ¥, and 7: x € C§°(Dp), 7, 7€ Cg"(ﬁp \ D),
0< x,X,X <1, x =1 in a neighborhood of D,/2, X =11ina
neighborhood of supp(d, x) Usupp(d,x), and ¥ =1 in a neighborhood of

supx .
Step 1 (estimate of |xv,ll; ). Applying Lemma 4.6 to a function

®(x) = ®(x', x*) = (x” — p*)/(the diameter of D)), p=(p',p’) €D,
and the operator
Ly=L, [4]=a, (1100, +a, [u19;,
we obtain
Cyinfa; [#1llxvollg + inf a; [#1llxvollg
< C(ILyavgllgllg - lxvollg
+ 4 supp((a, [41),; - (@, [4D),) 12V, o).

Here we note that, by (1.1) and the definition of u = u s We have

aszoz[u] ~20, aezo[u] ~ 0, and

(4.26) (aéj[ﬂ])ij - (aéo[/‘])i ~ (Hya11 = Harna = Higay + Haon) = 0,
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where 4 ~ B means that 4 and its derivatives are approximately equal
to B and its derivatives respectively. This implies that

(4.27) HX’UOIIO < C“Loxvon(y
Lemma 4.3 shows that (4.27) gives
0
lxvoll, < CULxvoll; + A5 2%,

0
vl < € (ILorvgl, + 3 A%lewl,) (622
i+j<s
i+2<s

Hence, if we take p > 0 sufficiently small so that
0 _ s ij s i
CA = Cmax ((max 1D°auly, max ID'a, ully) < 1.

then we obtain
(4.28) lxvoll, < CllLyxvll;

0
@29) vyl < € (ILoavol+ X Ahlawgl,).  @<s<sy).
i+j<s
i+2<s, j<s

Step 2 (estimates of ||(1 - x)v,l, ). Since

det(u;;) > (¢~ p/2) ™" exp(2/(p/2 - p))-det($,;) >0 inD,\D,,,

we can show, by (1.1), that L, is uniformly elliptic in D ,N supp(l — ).
Applying Lemma 4.4 to the operator L, we obtain

11 = 2)vll, < € (ILLo(1 = 2wl
+ $y/sup (@ [u);; - (@} (D), 11I(1 = x),lly) -
this gives, in consequence of (4.26),

(4.30) (X = x)vll; < ClILy(1 = X)vgll-
It is easy to show, by Lemma 4.4, that

(1 = 2)v,lly < C<”Lo(1 = 1%lls-

(4.31) 0
+ 3 BQa —x)vollm) (2<5<sy).

i+j<s—1
j<s—1
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Step 3 (estimates of ||vyll;). (4.27) and (4.30) imply
(4.32) lvgllp < CUILyyllg + IlX > Lolvgll + (L = X) 5 Loluglly)-
By virtue of Lemma 4.2 and the definition of yx, ¥, f, we have
¢, Lolvg = Il ZLo1Zwollo
(4.33) < C(IZLoZvgllg + B3 170 llp)
< C(ILyvolly + By 17v,llo)

1L = %), Lolvglly = L1 = %), FLo1Zvllo

(4.34) < CUIFLoxvollo + B 1Zv,l)
< C(ILy,llg + By 117, 110)-

Since L, is uniformly elliptic in D ,N (supp ;’) , by applying Lemma 4.5
to u=v,, =D, and Q=Dp,weobtain
17volls < CUILevlIvglg

+ 4 sup|(a; [u]),; — (a; (4Dl llvg ).
It follows from (4.32)-(4.35) that

lvgllg < CUILGll + /11 LoVollgll¥gllg
+ /4 sup (@ [u1),; - (a} (D lllvgll,)
which implies, in consequence of (4.26),
(4.36) ”'Uo”o < C||L0'U0||0.
(4.28) and (4.30) give
”'Uolll < C(IILOX%III + “Lo(l - X)vo”o)
< C(ILyvolly + 11Lx > Lolvglly + L = X) 5 Lolvglly)-
As in (4.33) and (4.34), by using Lemma 4.2 and cut-off functions x, ¥,
X we have

0, =
(4.38)  [lx, Lolugll, + (1 = %), Lolvglly < CUILavo N, + Bz v l,)-
(4.18) of Lemma 4.4 and (4.7) of Lemma 4.2 show
~ ~ 0), <
1Zll, < CUILxVollg + B 170, l)

0 ~
(4.39) < C(ILyv,lly + B vgllg + 1K s Lolvglly)

0

< C(ILyvyllo + B 1w llo)-

(4.35)

(4.37)
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Combining (4.37)-(4.39) with (4.36), we obtain
(4.40) ”'00”1 < C||L01JO||1.
(4.29) and (4.31) give

0
IlvollsSC(IILoxvolls+IlL0(1—x)volls_1+ Y. B, |vo||,~)

i+j<s
i+2<s, j<s
(0)
(4.41) <C (llLoUo||s+ Y. Byl
i+j<s
i+2<s, j<s

itz Lolvgl, + (1 = 2, Lo]'volls_,>

for s > 2. (4.9) of Lemma 4.2 shows

0
(4.42)  |II(1=2), Lolvgll,_y < C(IILOUOIIS_I + ) Bf+)2||vo||,-)

i+j<s—1
i+2<s—1
and
s Lolvgl, = Lt » ZLolFv,
~ ~ 0 ~
< C(leLoxvolls . Bf+)2|lxvoll,~)
(4.43) i
0 0),~
< c(nLovoner S Bl + B )levolls>-
i+j<s
i+2<s, j<s

Since L, is uniformly elliptic in D , N (supp ):() , we have, by (4.19) of
Lemma 4.4,

= = o) =
IvaOHSSC(HLoxvoHS_ﬁ > B,~+1I|xvoll,~+1)
i+j<s-1
Jj<s—1

(0) =
<c(iLgli+ X Bl +IE Lol )
i+j<s
i+2<s, j<s

which gives, in consequence of (4.8) and (4.9),
= 0
@ad) ol <C(ILvlo+ X Blvl,):

i+j<s
i+2<s, j<s
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Hence, combining (4.41)—(4.44), we obtain

0
(4.45) ool < € (ILgooll + X Blvol, )
i+j<s
i+2<s, j<s
for s > 2. Since (3.14) gives Lyv, = L%[/A+it0]v0 = fy,and (1.1) implies
BY, ~ |ul,,,, it follows from (4.36), (4.40), and (4.45) that
lvgll < Clifllo »

ool < € (1l + 3 Wlaaligl) 0= 5<50),
i+j<s
j<s

i.e., Assumption 3.5 is fulfilled when n=0.

Step 4 (estimates of || Xy, |l,) - In Steps 4-6, we assume that (3.21)-
(3.24) are valid for n =1, 2, --- , k. Then, by (3.13), we can construct
U, - Since we have already proved, in Part 1, that (3.21) and (3.22) hold
for n = k + 1, by Lemma 3.2 we are able to solve the Dirichlet problem
(3.14) for n =k +1 and to obtain v, _, .

As in Step 1, we consider the same auxiliary function ®(x) and apply
Lemma 4.6 to the operator

" ij N i N
Lk+1y = Lek+,y[” + uk+1:| = aek+,y[ﬂ + uk+1]6iaj + askﬂy[lu + uk+l]ai ’
so that we have
. 22 . 2 .2 " 2
Coinfa, [u+a  \Mxve Yo +infa, lu+ i, Jxve, vl
S C("Lk+lka+1”0 . levk+1y||0
i ] . X 5
+3sup((a, [u+ i, YD)y = (@, [+, yD) )2, Yol

By using the proof of Proposition 3.7, (3.37),,,» and (3.41),,, are
valid. Hence, (1.1), (3.1), (3.15), and the definition of u = K, give
@’ [u+iy,,y]~20, @ [u+i,,]1~0,and

(4.46) (a;ZHy[/t + ak+1y])ij - (a;kﬂy[:u + ﬁk+1y])i

~ (Ba21y = Moy = Biany — M) =0,
where 4 ~ B means that 4 and its derivatives are approximately equal
to B and its derivatives uniformly in Kk =0, 1, 2, --- . This implies

(4.47) XV Vllg £ ClILy 2V 1 Vo
By virtue of Lemma 4.3, (4.47) gives

(k+1)
IXVesilly < CULe XV Yl + A4y vl
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(k+1)
207l < (nLkakan Y A% ||ka+1||) (s > 2).

i+j<s
i+2<s

(3.37);,, and (3.41),,, show that
|ty 1 V1s < CONgyllgpe £ CONttyyllsye < VEC(4),
when s =5+k and 0 =5,/2 -1, and also that
&1 S GO,y < G307 = Ce
y (3.33) and (3.1). Thus, it follows from the definition of u = u ) that
CA§k+1)= max (max |D a [u + uk+1y]|0, max |D a y[u + ak+l]|0)

i,j \1<5<2
<1

if we take p > 0 sufficiently small. Here it is to be noted that the procedure
to determine p depends neither on ¢, ,y nor on #, ,y; actually, it
depends only on &, g, I and certain constants which we have already
specified. Hence, we obtain

(4.48) ||Xvk+1”| < C”Lk+1yka+1y”1
and
(k+1)
(4.49) llzv,. v, < C(uLknykayns f A I, )
i+j<s
i+2<s, j<s
for s > 2.

Step 5 (estimates of ||(1 — x)v,,ll,). It is relatively easy to estimate
(1 = x)vy,,» since L,y is uniformly elliptic in Ep Nsupp(l — x), by
virtue of Lemma 3.2, (3.21)-(3.22) with n = k + 1, and the inequality
det(y;;) > 0 in Ep \D ,/2 Which we have obtained in Step 2. In fact, as
in Step 2, (4.18) of Lemma 4.4 and (4.46) give

(4.50) (1 =)o 2l < ClIL (U= X)ve 1Yl
and, also, (4.19) of Lemma 4.4 gives
(4.51)

11 = )0, 1, < C(nL,my(l el

k+1
+ Z Bz(+T) X)U0||j+]>a (2SSSSO).

i+j<s-1
Jj<s—1
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Step 6 (estimates of ||v,,ll,). (4.47) and (4.50) show

Ve 1V llo < xve Yllo + (L = X)ve ¥l
(4.52) S CULy Vi llo + 11X s Ly Jog g
+I[(1 = x), Lk+1]vk+1”0)'
As in Step 3, from Lemma 4.4 and the definition of cut-off functions y,
% ,and Y it follows that

MX» Ly i 30gall + 1L = 1) Ly 10l
= 0t ZLyey )00kt llo + 111 = 205 ZLy 100,41l
< CUIFL s 2V llo + BY 170544 1lo)
= CILyy Vg llo + BS 120041 lo)-
Lemma 4.5 shows
120y 01 l0 < UL 10g 1oVl
+ysupl(a, Lu+ e, D= (@ (o + b Dl I
Combining (4.52) and (4.53) with (4.54), we obtain
(4.55) 1Vesillo < CllLyy Uy llo-

Here it is to be noted that, by (3.37),,, and (3.41),_,, the constant C
does not depend on k=0, 1,2, ---. (4.48) and (4.50) imply

N1 lly < Hxvelly + 1= 2ol
(4.56) S CUILyg Vel H I Ly Jog
F I = 2), Ly 10g 41 1lg)-

By virtue of Lemma 4.2 and the definition of x, ¥ and %, we have
X s Ly Jvg gy + I0CE =) 5 Ly 1ve 4l

=0 s FLyco X0l + (L= 1), FLy X044 g

< CUITLis 1 Zvgsilly + BY Nz, )

= CULLy Vel + 85 zvilly):
(4.18) of Lemma 4.4 and (4.7) of Lemma 4.2 give
(4.58) 120k 111y < CUILgg Vg lly + BS ™
Combining (4.55)-(4.57) with (4.58), we obtain

(4.59) 1V illy € CllLgy Vel

(4.53)

(4.54)

(4.57)

”vk+1 “0)‘
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Here (3.37),,, and (3.41),_, ensure that the constant C does not depend
on k=0,1,2,---. By (4.49) and (4.51), we have

1Vksills S NxVpilly + (= XVl

< C(nLkakans I = v,

(k+1)
(4.60) + Z Bi+2 “vk+1”j>

i+j<s
i+2<s, j<s

k+1
< C<”Lk+lvk+1”s + Z B§+; )”vk+1”j>

i+j<s
i+2<s, j<s

05 Ly 0 lls +IIQE = 2) 5 Ly 10y ll5-1)
for s > 2. (4.9) of Lemma 4.2 shows

”[(1 - X) s Lk+1]vk+1“s_1

(k+1)
(4.61) < (vl + 5 B Il
i+j<s—1
i+2<s5—1
and

"[X’ Lk+1]vk+1”s = “[X’ ZLk+1]ZUk+1”s
k+1
(4.62) <Ot =5+ X B Il

i+j<s
i+2<s, j<s

(k+1) =
+ B, ”X”k+1"x>

for s > 2. Since L, is uniformly elliptic in Dp N (supp 5?) , (4.19) of
Lemma 4.4 gives

~ = (k+1) 3
el < € (ILenFollcs + 5 BEMT0c )
i+j<s—1
j<s—1
(k+I)
<O+ X B ol
i+j<s
i+2<s, j<s

+IE, Lka]kans_,) ,
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which implies, by (4.8) and (4.9),

k+1
@63 vl < Ol + 5 B Il

i+j<s
i+2<s, j<s
Hence, combining (4.60)-(4.63), we obtain
(k+1)
@68) Mol < C(ILevienl+ X B el
i+j<s
i+2<s, j<s

for s > 2. Since (3.14) and (1.1) give, respectively, L, v, , =

(k ~
[/‘ + uk+1]vk+1 = fk+1 and Bz+‘2"1 ~ Cl,u + uk+1|i+4’ from (4.55),

(4 59) and (4.64) it follows that
”vk+1”0 C”f}c+1”0 ’
”vk+l”s = C<”f}c+1”s + Z |+ ak+lli+4”vk+1”j> s (0<s< SO) ’

i+j<s
Jj<s
i.e., Assumption 3.5 is fulfilled when n =k + 1.
Therefore, by induction with respectto n =0, 1, 2, --- , Assumptions
3.4 and 3.5 are valid for any n. Hence the proof of Theorem 1.1 is now
complete.

5. Appendix

We shall prove that Theorems 1.1 and 1.2 remain valid for a C" Rie-
mannian metric g; that is to say, the Holder continuity of r th-order
derivatives of g; ; are not necessary. Throughout this section, we assume
that g = g;; dx'dx’ is a C" Riemannian metric in R® satisfying (1.1)
and (1.2). o

We define a metric y = y,; dx’dx’ by

7y = pyxi k) = I [ wlke-y)g,0) b,

where k=1,2,3,.-- and y € C(‘,’° (]R2 ) is a nonnegative function satis-
fying [p: w(x)dx = 1. We define the nonlinear operator F[u] by replac-
ing g, V,=V$,and f with Vij v/ and

foxik) =i [ vz =) f0)dy
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respectively in (1.3). We put u = Bys Sg=T1— 2, and

e(k) = max{|Flully”, [Flull; """},

It is easy to show that &(k) converges to a certain number when k — co.
Since 7;, € C*(R?) c C"*(R’), f(-; k) € Coo(R?) c C""**(R?), and
i = 8ij in C’(]Rz) as k — oo, all the results proved in §§3 and 4 are
valid for the mollified metric I' when k is sufficiently large. In particular,
it is important that Assumptions 3.4 and 3.5 are both satisfied for ",
v, = v,(x; k), u, = u,(x; k), f, = f(x;k),and C = C(k). As
is noted in §3, C"“ regularity is necessary when we solve the Dirichlet
problem (3.14). However, C’ regularity suffices for any other purpose.
Furthermore, no constants which appeared in this paper depend on a;
actually, we may assume that they are continuous functions of supremum
norms Iyij|s (i,j=1,2,0 <s <r). This implies that any constant
which depends on k converges to a certain value when k tends to oo.
Applying Theorem 3.8 to y and f = f(-; k), we can show that there
exist a function u_ = u_(x; k) € w'/z_z_"(Dp) and a large number N
such that (3.42) and (3.43) hold for all K > N . Thus (4.43) implies that
the sequence {u_(x; k)};., is strongly bounded in the Sobolev space

w’/z'z"‘(Dp). Hence, there is a subsequence {u_(x;k,)} o,
of {u(x;k)};_y such that {u_(x;k, )}~ is weakly convergent in

w7 (D ,) and such that u_(x;k,) and its derivatives converge to
a function u_ (x) and its weak derivatives respectively for almost every
X in Dp. As is well known,

“uoo(x)”r/z_z_K < Vli_m fluo(xs k;,)“,/z_z_,c-
—00

Therefore, by replacing u = u_(x; k) with u_(x;k,) and letting
v — oo in (4.42) and (4.43), we can prove that the result of Theorem 3.8
remains true for the C" metric g. Since (1.1) implies lim,_ _e(k,) <1,
(1.5) follows from (4.43). Consequently, Theorem 1.1 remains valid for
g. As is proved in §2, if Theorem 1.1 is true, then Theorem 1.2 is also
true for the C" metric g.
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