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AN AFFINE CONNECTION IN AN ALMOST
QUATERNION MANIFOLD

KENTARO YANO & MITSUE AKO

0. Introduction

The theory of differential concomitants was initiated by Schouten [4] and
developed by Frδlicher [1] and Nijenhuis [1], [2]. It is now well known that
for two given tensor fields F and G of type (1,1) in a differentiate manifold
the expression

(o l) [ F ' G ] ( z ' Y ) = lFX'GY] " F[x'GY] ~ G[FX'γ] + [ G Z ' F Y ]

- G[X, FY] - F[GX, Y] + (FG + GF)[X, Y]

defines a tensor field [F, G] of type (1,2), and that the tensor field [F,F]
plays a very important role in the discussion of integrability conditions of an
almost complex structure defined by F. We call [F,G] denned by (0.1) the
Nijenhuis tensor of F and G.

The present authors [9] proved that if the tensor fields F and G of type
(1,1) satisfy FG = GF, then the expression

(0.2) [FX, GY] - F[X, GY] - G[FX, Y] + FG[X, Y]

defines a tensor field of type (1,2). If F and G satisfy FG + GF = 0, then
the expression (0.1) takes the form

[F, G](Z, Y) = [FX, GY] - F[X, GY] - G[FX, Y]

+ [GZ, FY] - G[Z, FY] - F[GXy Y] .

All these tensor fields of type (1,2) contain F, G and partial derivatives of
F, G of the first order.

On the other hand, Walker [6] found a tensor field of type (1,4) formed
with an almost complex structure F, which contains F and partial derivatives
of F of the first and the second orders (see also Willmore [7]). Slebodziήski
[5] announced that he obtained a tensor field of type (1,3) formed with an
almost complex structure F containing F and partial derivatives of F of the
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first and the second orders, but Willmore [8] proved that the tensor field found

by Slebodziήski is identically zero.
In previous papers [10], [11], we have studied almost quaternion structures

of the first and the second kinds, that is, a set of three tensor fields F, G and
H of type (1,1) satisfying

( 0 . 4 ) f l - - ' σ - - l * - - 1 -
F = GH=-HG, G = HF=-FH, H = FG = -GF ,

and

F2 = - 1 , G2= - 1 , H2 = 1 ,
(0.5)

F = -GH = HG , G = HF = -FH , H = FG = -GF

respectively, and proved the following Theorems A and B.
Theorem A In a differentiable manifold with an almost quaternion struc-

ture (F, G, H) of the first or the second kind, if two of six Nijenhuis tensors

(0.6) [F, F], [G, G], [H, H], [G, H], [H, F], [F, G]

vanish, then the others also vanish.
Theoerm B. For the existence of a symmetric affine connection V in a

differentiable manifold with an almost quaternion structure (F, G, H) of the
first or the second kind such that

FF = 0 , FG = 0 , FH = 0 ,

// is necessary and sufficient that two of Nijenhuis tensors (0.6) vanish.
If there exists a coordinate system in which the components of F, G and H

are all constant, the almost quaternion structure is said to be integrable. Using
a result of Obata [3], the present authors also proved

Theorem C. A necessary and sufficient condition that an almost quaternion
structure (F, G, H) of the first or the second kind be integrable is that two of
Nijenhuis tensors (0.6) vanish and R = 0, where R is the curvature tensor of
the affine connection F in Theorem B.

The main purpose of the present paper is first to show the existence of an
affine connection in an almost quaternion manifold whose torsion tensor is
closely related to the Nijenhuis tensor of F and G, then to use this affine con-
nection to improve the above Theorems A, B, C, and finally to derive tensor
fields of type (1,3) formed with almost quaternion structure tensors.

1. An affine connection in an almost quaternion manifold

We consider a differentiable manifold with an almost quaternion structure
(F, G, H) of the first kind and prove
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Theorem 1.1. In a diβerenίίable manifold with an almost quaternion struc-
ture (F, G, H) of the first kind, there exists an affine connection V such that
V XY is given by

-\H{^GYF - G<?YF)X) ,

where X and Y are arbitrary vector fields, and <£γ denotes the operator of Lie
differentiation with respect to Y.

Proof. We put

(1.1) KX, Y) = -\H{{&QTF ~ G<?YF)X) ,

and prove

( i ) KXι + X2, Y) = KX19 Y) + KX2, Y) ,

(ϋ) f(X, Y1 + Yd = KX, Yd + KX, Yd ,

(iϋ) KotX, Y) = af(X, Y) ,

(iv) KX, OLY) = af(X, Y) + (Xa)Y ,

for arbitrary vector fields X, X19 X2, Y, Y19 Y2 and function a.
Since (i), (ii) and (iii) are obvious from the definition (1.1) of f(X, Y), we

prove (iv). From

= J?GY(FX) - FJ?GYX = [GY,FX] - F[GY,X]

and

{&γP)X = Seγ{FX) - FgγX = [Y, FX] - F[Y, X] ,

it follows that

(&GYF - G&YF)X = [GY,FX] - F[GY,X] - G[Y,FX] - H[Y,X] ,

and consequently that

(1.2) KX, Y) = $H(iFX, GY] - F[X, GY] - G[FX, Y]) + \[X, Y] .

Using aY for Y in (1.2) we obtain

KX, aY) = \aH{[FX, GY] - F[X, GY] - G[FX, Y]) + \a[X, Y]

+ \H{((FX)a)GY - (Xa)HY - ((FX)a)GY} + \{Xa)Y

and hence (iv).

Thus f(X> γ) defines an affine connection V such that VXY = f(X, Y), that
is,
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(1.3) VXY = -\H{{&aγF - GSeτF)X) ,

and the theorem is proved.
Substituting PXY = f(X, Y) in (1.2) gives readily

(1.4) VXY = WilFX, GY] - F[X, GY] - G[FX, Y]) + \[X, Y] ,

which can be written as, in consequence of (0.3),

FxY

- iH([GX, FY] - G[X, FY] - F[GX, Y]) + #X, Y] ,

where

(H A [F, G])(X, Y) = H{[F, G](X, Y)} .

We next prove
Theorem 1.2. The torsion tensor

(1.6) Γ(X, Y) = VXΎ - VYX - [X, Y]

of the affine connection V in Theorem 1.1 is given by

(1.7) T(X, Y) = i(H A [F, G])(X, Y) .

Proof, Theorem 1.2 follows immediately from (1.4), (1.6) and (0.3).
As an obvious consequence of Theorem 1.2, we have
Theorem 1.3. The affine connection V in Theorem 1.1 is symmetric if and

only if

[F, G] = 0 .

2. Covariant derivatives of F and G

In this section, we first prove
Theorem 2.1. The covariant derivative of F with respect to V is given by

(2.1) (VXF)Y = i(JΪ A [F, G])(Z, FF) + J(G A [F, G])(Z, 7)

/or arbitrary vector fields X and Y.
Proof. We have

(2.2) (FXF)Y = VZ{FY) - FVXY .

Replacing Y in (1.5) by FY, and noticing F 2 = — l , f l = -GF = FG,
G2 = — 1, we can easily obtain
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VΣ{FY) = \{H A [F, G])(X, FY)

- iG(F[GX, Y] - H[X, Y] - [GX, FY] + G[X, FY]) .

On the other hand, from (1.4), FH = —G and F = GH it follows that

FVXY = -\G{[FX, GY] - F[X, GY] - G[FX, Y] - H[X, Y]) .

Substitution of the above two equations in (2.2) and use of (0.3) thus give
(2.1).

Using this connection F, we define F by

VΣY = VXY + i(PxF)FY ,

then we have FF — FG — VH = 0 (cf. Obata [3]). The torsion tensor of F is
given by

We next prove
Theorem 2.2. The covariant derivative of G with respect to V vanishes,

that is,

(2.3) {VXG)Y = 0

for arbitrary vector fields X and Y.
Proof. We have

(2.4) (FXG)Y = FX(GY) - GVXY .

Replacing Y in (1.4) by GY, and noticing G2 = — 1, H2 = -1, H = FG =
— GF, GH = F we obtain

, Y] + #[X, Y] - [FAT, GY] + F[X, GY]) .

On the other hand, from (1.5), GH = F and FH = -G it follows that

GVXY = i ( F A [F, G])(Z, Y)

, FY] - G[X, FY] - F[GX, Y] + H[X, Y]) .

Substitution of the above two equations in (2.4) and use of (0.3) thus give
(2.3).

Combining Theorems 2.1 and 2.2 we have
Theorem 2.3. // [F, G] = 0, then the affine connection V is symmetric and

satisfies FF = 0,FG = 0, FH = 0.
We next prove
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Theoerm 2.4. // the Nijenhuίs tensor [F, G] vanishes, then the other
Nijenhuis tensors in (0.6) also vanish.

This theorem follows immediately from Theorem 2.3 and the following
lemma.

Lemma. // there exists a symmetric affine connection V such that

(2.5) FP = 0 , FQ = 0 ,

P and Q being tensor fields of type (1,1), then the Nijenhuis tensor [P,Q]
formed with P and Q vanishes.

Proof. Using the relations

[X, Y] = VΣΎ - FYX , FPX(QY) = QVPXY + (VPΣQ)Y

and (2.5) in (0.3) for [P, Q](X, Y), we can easily prove the lemma by a
straightforward computation.

3. The curvature tensor oί V

We denote the curvature tensor of the connection V defined in § 1 by

(3.1) R(X, Y)Z = VX7YZ - VYVXZ - F [ X , F ] Z ,

X, Y,Z being arbitrary vector fields. Combination of Theorems C, 2.3 and
2.4 gives

Theorem 3.1. A necessary and sufficient condition that an almost quater-
nion structure (F, G, H) be integrable is that [F, G] = 0, R = 0.

If the curvature tensor R of the affine connection V does not vanish identi-
cally, it gives a tensor field of type (1,3) containing F, G and their first and
second partial derivatives. In a previous paper [9] we gave concomitants of
various types formed with F and G satisfying FG = GF. The curvature tensor
R above is of type (1, 3) and formed with F and G satisfying FG + GF = 0.
The problem of finding a tensor field of type (1,3) formed only with an almost
complex structure F has not yet been solved.

Now for the curvature tensor R we have the Bianchi identity of the first
kind:

R(X, Y)Z + R(Y, Z)X + R(Z, X)Y

(3.2) = (FXT)(Y, Z) + (FYT)(Z, X) + (FZT)(X, Y)

where

(T A T)(X, Y, Z) = T(T(X, Y), Z) + T(T(Y, Z), X) + T(T(Z, X), Y) ,
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for arbitrary vector fields X, Y and Z. Since V and T are formed with F and

G only, if the right hand side of (3.2) does not vanish, it gives a vector-valued

3-form constructed with F and G only.

Remark. Let (F, G, H) be an almost quaternion structure of the first kind,

then (G, iF, — iH) or (G, — iF, iH) can be regarded as an almost quaternion

structure of the second kind. But all the quantities discussed above are real

when we replace (F, G, H) by (G, iF, — iH) or (G, — iF, iH), and consequently

the results obtained above are also valid for an almost quaternion structure of

the second kind.
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