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Abstract

Chern-Simons gauge theory is described.

The reduction of higher-dimensional theories over a coset space S/R is known to yield a residual gauge symmetry
related to the number of R-singlets in the decomposition of S with respect to R. It is verified that this invariance is
identical to that found by requiring that there is a subgroup of the isometry group with an action on the connection form
that yields a transformation rule defined only on the base space. The Lagrangian formulation of the projection of the
frame of global vector fields from S7 to the Lie group submanifold S®x S® is considered. The structure of an octonionic
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Introduction

The geometrical formulation of classical Yang-Mills theory
through principal bundles requires a fibre that is diffeomorphic to the
structure group. Matter fields may be described by an associated vector
bundle with the vector space forming a representation of the structure
group. The geometry of a quantum theory and its anomalies has been
developed by considering jet bundles with tangent vectors and higher-
order derivatives to the fibre.

The geometrical description of a Lagrangian field theory through
fibre bundles has been achieved for Yang-Mills theories with arbitrary
Lie groups representing gauge symmetries. The gauge field action may
be expressed as the integral of the curvature form where the gauge
potential is the connection of the bundle, while the actions of other
matter fields consist of integrals of inner products of sections of vector
bundles, where the vector space forms a representation of the gauge
group [1]. This formalism has been extended to discrete groups [2].

Classical field theories may be formulated through tangent bundles
with the Lagrangian invariant under transformations generated
by vector fields along the fibre [3]. The characteristic classes of the
principal bundle yields a sequence of topological gauge actions, which
include the integral of T+(FAF) on a four-dimensional manifold that
equals the Chern-Simons action on the boundary [4]. Generalized
Chern-Simons forms have been given in a recursion formula in terms
of the connection form [5].

The types of fibres which admit a connection transformation rule for
a theory defined only on the base space must admit a global parallelism
and have structure functions that are constant, requiring a quotient of
a Lie group by a discrete subgroup [6]. When the fibre of a bundle is
not a Lie group, the action of the isometry group of the fibre on the
connection form yields a transformation rule that generally includes a
fibre coordinate dependence. This generalized transformation reduced
to the conventional rule for a subgroup such that the potentials are
defined entirely on the base space.

Two methods for generalizing the transformation of the connection
form in a principal bundle have been developed. The first, considered
in this investigation, requires the existence of a transformation of the
connection form, with values in the vertical subspace of the tangent
space to the total space, under the isometry group of the fibre. The
second consists of a projection of the vector fields on the fibre to a
group submanifold. The example of the projection of the parallelism on

§7 to §°x §* provides a theoretical basis [6-8] for the effective number
of vector bosons in the theory of the strong interactions [9]. The latter
technique does not begin with an action, which may follow from a
consideration of the initial formalism.

The dimensional reduction of a theory over a coset S/R can be
achieved if the fields are invariant under S. The decomposition of the
vector space representation of S into representations of R consists of
singlet and nonsinglet states. The residual symmetry is determined
by the number of singlet representations [10]. Equivalence with the
subgroup derived by the action of the isometry group on the fibre
would follow if the nonsinglet states have indices that must represent
coordinates in the direction of the coset, and it is proven in §2.
Therefore, a relation exists between the phenomenological model of the
elementary particle forces with a geometrical description through fibre
bundles and a Lagrangian field theory.

Generally, actions with an §” symmetry do not exist in closed form
because the antisymmetric combination of the structure constants
that vanishes for a Lie algebra would equal a four-index symbol
representing the nonassociativity of the octonions. There are other
identities, however, which relate the products of structure constants
and the four-index symbols or the products of the four-index symbols
with the original set of constants. An integral equivalent to the Chern-
Simons action is demonstrated to be vary under transformations
with generators proportional to the Gell-Mann matrices that can be
identified the elements of the octonion algebra into an integral with this
antisymmetric combination of structure constants. In the fibre bundle
formulation, there is another integral of an inner product consisting
of three vector fields on §’ transformations, which would transform
in an integral consisting of global vector fields under a transformation
represented by the Lie derivative along any global § vector field.
Nevertheless, the four-index symbol will appear in the combination
of vector fields in the variation of the interaction term and cause the
action not to be invariant. The resolution of the absence of closure
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under the variational transformations is given in §3 by a generalized
Chern-Simons action consisting of an infinite number of interaction
terms constructed with an §” symmetry. This symmetry differs from
§7 symmetries occurring within larger algebras such as the S” algebra
of invariances of the heterotic string theory [11-13]. The residual
symmetry groups in a bundle with a fibre diffeomorphic to §” would
represent gauge symmetries that result from a reduction sequence in a
unified field theory with the bosons transforming under an §” symmetry
and the fermions belonging to the fundamental representation of the
isometry group of an (SU(3)xU(1))/(U(1)'xU(1)") manifold [3] under
the gauge theoretical correspondence between G-invariant connections
on G/H and principal bundle connections on N(H)/C(H) [14], where
G=SU(4) and H=SU(3) and U(1)'’xU(1)" represents the different
embeddings of U(1)xU(1) in SU(3)xU(1).

The Residual Symmetry Group

The relation between generalized dimensional reduction and
the factorization of the fibre coordinate from the connection form
transformation rule will be proven for fibre bundles with fibres that are
coset space S/R, where S is the isometry group and R is the stabilizer. A
vector field on S/R is S-invariant if V¥(s(x))= ]P‘p (s, x) VP(x), where ]”P form
a representation of S. By regarding an element of S as exp(Z)r where
reRand Z e Z , the Lie algebra in the sum § = R + Z . and mapping the
fields to a neighbourhood of the identity, it follows that R-invariance at
the base point is necessary and sufficient for S-invariance over the coset
space. Letting j* (r)=J, (r, 0), the R-invariance in this neighbourhood
is given by V"(y):j“p (r) Ve(y) [10].

Since nontrivial irreducible representations of R will leave invariant
the vectors on S/R, the components of the vector fields on the base
space are those that transform as singlets under R. A decomposition of
the adjoint representation of S into irreducible representations of R will
provide the gauge fields in the base space after dimensional reduction.

The examples of the seven-sphere as the coset spaces SO(8)/SO(7)
and SU(4)/SU(3) will be considered.

Proposition 2.1

There are no trivial representations in the decomposition of SO(8)
with respect to SO(7) representations. The number of conditions
resulting from the independence of the connection transformation rule
for SO(8)/SO(7) with respect to the fibre coordinate is finite. It exceeds
the number of elements of the gauge matrix in the homogeneous term
and the the residual gauge symmetry is given by the identity element.

Proof: The decomposition of the adjoint representation of the
isometry group of the round seven-sphere is 28 — 21® 7 . The absence
of a singlet SO(7) representation in the decomposition of the adjoint
representation of SO(8) causes there to be no residual gauge invariance
in the four-dimensional theory after reduction from eleven dimensions [10].

The identical invariances are found when the transformation
rule of the connection form is generalized to that of the action of an
isometry group. If o(x) represents the section of bundle E(M, G, F, n)
and o’ (x)=0(x).g(x), then

O-; 'EK:Rg*O-* .§+L(y»g)*Lg71*(g* 5) (1)

and
@(0.-8) = LRy L0 E) + L, 8- & )

With g.-§ being the lift of the vector ¢, to the tangent space to the
fibre at the coset g(x)H [7].

The independence of the in homogeneous term with respect to the
fibre coordinate derived from the action of SO(8) on §” would follow
from that of the row vector y-(d,J, )-(t,(y")"), where ¢: §—SO(8) is
defined by yy'=y't, (y) and {J, ;} is the set of generators of SO(8) given by

(), ={1 i=4j=B

0 i,j#AB
Identifying y with g(x)H, A,. is a composite mapping
I(G)—>T,,(G)
\
T ou(F) 3)

gH
And tL(y‘l)T:Tg(x)H(F)—ﬂ;(F). At the identity e=(1,0,0,....,0), the

tangent vector is (Oc,c,c,c.cc,). The twenty-one constraints on the

coefficients d, , require the remaining generators to be
X=ly s “)
X=o T s
X= T T s
X=ow sy,
X=l T
X&) s
X=l T

which may be transported to form a basis of smooth nonvanishing left-
invariant vector fields on the seven-sphere, given the embedding of §’
into SO(8) [15]. The Killing vector fields on a coset space G/H represent
generators of the isometry group GxN(H)/H. When G is the maximal
transitive group of a constant curvature space, it includes every
isometry and would be a subgroup of the diffeomorphism group [16].
The exponential maps of the tangent vector fields on §” are elements in
the isometry group SO(8) and represent diffeomorphisms.

The homogeneous term is
o(R.0.-g)=R . o(0.-5,) (5)
b4

-1
8,

Where L, y = y'Ray .Itremains)t{obe establishedif 2(y,g) =a,ga’,
is independent of y for the R; =it

Noting that
h,,=1 (6)
h. =0i=1,...,7
i0

I RN NS . o . o o
Iy = (g + 30 (CoC1 = o) + (Do + 1172 N(CopCay = C19C31 = CagCop + C30€1y)
+(yoyz_ylys)(_Coocal_C10C21+Czo+Co1)
+(y0y5_y1y4)(_coocl 1 C1Cs1 Tt Csocn)

2, 2

+ (oYs = MY N —CooCy1 = CioCar + CooCiy + CroCo1) + (V2 + V5 )N CyCyy + C5065)
+(y3y4_yz)/s)(_Czoc41_csocsl+c4ocz1+ CSOCSI)
+(yz)/z;_ysys)(_C20651_Csoc41+c4ocs1+ 650621)
+(ysye_yz)/)(_CzoC01_C30611+660621+ C70631)
+(y3y7_y2)/6)(_CZOC7I_C30C61+660631+ C7(JCZI)

2, 2
(Vs + Y5)(ChCs1 + C50Cay) + (V595 = Yady N=CaoC) = CsoCyy + CoCay F C30Cs1)
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+ (V35 P4V N CanCrr F CCar = CoCsy F C30C4) + (Vg + 1IN (=CCay + €301 i 0 0 0 0O 0 00 00 00
(€, )30 )+ €06 (€ ) + (C €,) (€ €,)) 0 = 00 00 1o 0.0 70
. J,={0 0 0 0| Jy={0 -1 0 0| J,=|0 00
0 0 00 0 0 00 00 00
There are 15 conditions from the y -independence of h,,. Given
an equal number of each of the elements h,, i, j=,...,7, the maximum
number of equations for the coefficients of the matrix representing 0 0 00 0000 00 0 0
g is (64)(21)=1344. Although this number may be reduced by SO(8) 0 0 0 1 00 0 i 00 0 0
relatlc?n§ and re.dundanaes, the system will be overdetermined with no Jo=l0 0 0 0] J,=l0o 00 0| J,=[0 0 0 1
nontrivial solutions.
0 -1 00 0 i 00 00 -10
For &, left and right multiplication by the group commute. The
analogous identity does not hold for §” and SO(8) matrices.
o o 0000 00 00 000 0
g 40 Glu(y-8) T =g 40 &g )y (y) 7) 00 0 0 0i 0 0 000 0
=", &, (87 Jy;={0 0 0 | J,=|0 0 =i 0| Js={0 0 i O
00 - 0 00 0 O 00 0 —
g yv-g)al

=g (v'(r8)2)
=&
Then the matrix h(y, g) will be y -dependent unless the coeflicients

¢ satisfy a set of relations to remove the fibre coordinate from a, ga;_lg
given the equation yg + yl2 + y22 + y32 + yf + y52 + yé + y72 =1.

Proposition 2.2

The decomposition of the adjoint representation of SU(4) into
the adjoint, fundamental and trivial representations of SU(3) includes
a single one-dimensional factor. The set of conditions required for
the independence of the inhomogeneous term in the connection
transformation rule is given. The homogeneous term has no effect on
the remaining component of the tangent vector to the fibre and the
U(1) gauge symmetry.

Proof: The decomposition of the adjoint representation of SU(4)
is 15>8®3®3®1. There is a U(l) gauge invariance in four
dimensions when the initial symmetry is SU(4) [10].

The isometry group of SU(4)/SU(3) is SU(4)/N(SU(3))/SU(3), and
the dimension can be increased to the degree of symmetry of &’ with
the round-sphere metric invariant under SU(8) [17]. Even though
N(SU(3))/SU(3)=U(1) [18], this U(1) factor is not required in a direct
comparison with the reduction of the adjoint representation of SU(4).
The group SU(4) can be embedded in SO(8), and therefore, it forms a
subgroup of the diffeomorphism group of the sphere. With an Euler
angle parameterization, let y=(y +iy, y,+iy, y,+iy, y,+iy,) and ], be the
generators of SU(4):

0100 0010 000 1
100 0 0 00 0 0000
J=l0 00 0| J,=|-1 000| =0 o000 @
0 00 0 0 000 100 0
0 i 00 00 i O 0 0 0 i
i 000 0000 0000
J,={0 0 0 0| J;=|i 0 0 O Jo={0 0 O O
00 00 00 0 0 i 000

and

i(zil 7173)

ydJ ), (v =(cosb, cos 6, cos ¢ €7 —sinbe

. i5, . i(6,—0y)
1 1791
—cosb, sinb e —cos0,cosb singe )
id, d, +id, d, +id; dy +id,
—d,+id, —id,+id, dy+id, d,+id,
—d, +id, —dy+id, —id,+id, d,+id;
-dy+id; —d,,+id, —d,+id; —id,s
cosb,cosOcosfe sinf,cosOcosge sinfcosge” > singe ™V
—sinBye "1 cos0, 0 0
—cos,sine” % —sin@,sin@e" """ cos6, 0

—i(8-01) i(oy-03) i(oy-0y)

. . . . . id)
—cos6,cosO,singe —sinB,cos6,sing.e —sin,sing,e cosge

Denoting this vector by (c, ¢, ¢, c,), independence of ¢, with respect
to y requires

id =—id +id =—id +id =—id _ 9)
and
0,=0,=0,=0 (10)

d4:d5:d6:d9:dll:dl320

or similar combinations

0,=m2 0,=0,=0 (11)

d3:d4:d5:d9:d1o:d1z:0;

o,=0 0‘2:% o,=0

D2:d4:d6:d8:dll:d12:0;
T

c,=0,=0 o,= 3

d1:d5:d6:d9:d10:d13:0;

o,=0,= z o,=0
d2=d3=d4:d8:d10:d13=0;
o=r2 o0,=0 0'3=£

2
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d1:d3:d5:d8:d11:d1220;

b3
0,=0 o,=0,=—

2
dl:d2:d6=d9:d10=d12=0;
.=
0,=0,=0,= B

D=d=d=d=d =d =0.

Consider the parameters which satisfy Eqs.(2.9) and (2.10). Then
c,=d cos 6 cos ¢ €% +d,sin6 e +d,cos0, singe” (12)
which is independent of y if any of the following conditions hold:
d=d=d =0 (13)
0,=n2d=0

¢=m2d=0d =0

d=00=0d =0

d=0d.=0 ¢ =0

d=00=0¢ =0

¢,=m20,=0d =0

Suppose that the first set of conditions are valid. It follows that

i)

e,=d, cos 0, cos ¢ €7+d, cos 0, sin $e* (14)
Again, c, is independent of y if
d=d, =0 (15)
d,=0 ¢,=0

7

¢1:E d,=0

0,=m2.
With the first choice,

i)

=d, cos 6, cos 6 e’. (16)

D,=0 (17)

Since ¢, would vanish for the first three conditions, there would be
no inhomogeneous term in the gauge transformation. Given the last set
of relations, ¢, =d, cos @ycos 6, PR

If 6, = % and d,=0,

¢, =[(y,+iy)(id ) +(y,+iy,)(—d +id )+(y, +iy,)(—d,+id.) (18)
+ (v +iv,)(~d, +idy)]sin Gcos e

+H(y,+iy )(d,+id)+(y,+iy ) (d+id)+(y,+iy ) (—d, +id )
+(y,+iy,)(=d +id ,)]cos6,

+(y, iy ) +id )+ (y,+iy ) (d +id ) +(y,+iy)(d +id,)

+ (g +iy)(~d)(=sin 0, sin ge )

s i,
— . 1 1
=d, sin 0, cos ¢e'+d, cos ¢ cos 0, e

5, id,
— ] 1 1
dysin 0, e’ +d,cos 0, e,

which equals zero if d =d,=d, =d,,=0 or 0, = % , 6= % and d,=0. In

the first instance, c,=0, and there is no gauge transformation. If two of

the angles are fixed, ¢, = d e’ Setting 8,=0 leaves no remaining U(1)
gauge invariance.

V4
With the choice ¢, = EX d=0,d, =0

¢, =—dgsin 6, cos 192(3'51 +d,, sin 6, sin 6, & +id, cos 6, &0 (19)
Is independent of y if d =0. There remain three nonvanishing

group parameters d,, d, and d.. It follows that

= [(y0+iy1) (id7)+(y2+iy3)(—d1+id4)+(y4+iy5)(—d2+id5)+(y6+iy7)(—
d+id)] (20)
sin g &~

+[(y iy ) +id6)+(y,+iy,)(d +id ) +(y,+iy)(d +id )+ (y +iy.)
(=d )]

cos @ “

When ¢, =% and d,=d =0,

c,=d, sin 6, " +d, sin 6 cos 6, & (21)

26,
+d, cos 6, cos O,e” .

If 0,=0,=6,=0, c,=d,. When 6 = E, 0,=0 and 0,=0, c,=d,. However,
since ¢, is fixed, there is no U(1) invariance remaining. Setting d,=0,
0, = 7 and 51:0, c3:d1. The coefficient d2 has not been set equal to

zero, and yet, there is no angular variable for a second U(1) symmetry.

If dl:O, 6]:0 and le:O, the remaining group parameters are d2> d3,
d,and d,,. Then

c,=d, cos 0, cos ¢e” —dg sin 0,6 +d, cos 0, (22)
and ¢,=0 if d,=d=d ,=0 or 6,=0 and d=0. When d, is the only non-
zero coefficient, ¢; =d; cos 6,(sin ¢ +cos qﬁl)eml , which equals

7
d,if 0,=0, ¢ =0 or ¢ = 2 and §,=0, leaving no Euler angles for a gauge
T
transformation. The coordinate c, vanishes for 6, = 2

Suppose that d=d=0 and ¢ =0. The remaining group
parameters are d,, d,, d, and d,,. Then ¢, =d, sin’6, cos 6,."
—dlosinelsinez &% , which is zero if d,=d, =0 or 6, =0. When d,=d, =0,
¢, =d, cos®, cosb, ' —dl12sinb, cos0,e”t . 1f8,=0,=6 =0, c,=d,, while
the Eulerangles 6, = z, 0, =0, 6, =0 yield c,=d,,. Although there are
two non vanishing coefficients, there are no free anguler variables.

If d1=0, 91=0 and 9=0"¢c =—dj Sineze’ﬁ' +dlzcosezem". Let d3=0’
such that ¢, =d, cos0,e™" —d, sin0,e’”' . With 6,=0 and 8 =0,
c,;=d,, while c,=-d  if 0, -7 and 0,=0. There are two non - zero

) 2
coefficients and all of the angular variables have fixed values.

i

T ,.

Finally, when ¢ = 5 R 91:() and d10:0’ ¢, =—d, sin0,e” +d,, cos0,e”".
Setting d,=d ,=0, c, =d, sin6,e”" +d, cos0,e”" . If 6,=0 or 6, zg
and, 81:0, c, is non vanishinhg and independent of the Eulerangles.

Howevr, these variables and fixed and there is no freedom for a U(1)
gauge transformation.
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If the parameters of the matrix ¢, (y™")" satisfy any set of conditions
in Eq.(2.11), the same numbers of coefficients d, and phases o, are
eliminated. Therefore, ¢, has a similar form with different coefficients.
The set of variables fixed by the independence of ¢ ,c,and c, will be
determined by the identical method.

Returning to the initial choice of values of the coefficients,
independence of the homogeneous term follows from the equality
AT
of Lf,RgTL(Ty‘g),. =4 (y) exp(dy/})[l(y.g) IJ with the identity, which
follows from the unitarity derived from

cosO,,cos6,,cos(¢ —d;) —sinb,, —cosb,sinb,, —cosb,,cosO,,sin(¢ —ds)

sinB,,cosb,cos(@ —d;)  cosb,, cosb,, —sin6,sin(¢, — ds)
sin6,,cos(¢ —ds) 0 cos,, —sin@,,sin(¢ —ds)
sin(¢, —d,) 0 0 cos(¢,—ds)

The transformation rule of the gauge potential would be
A,>A +0 d, (23)
which represents a U(1) gauge invariance.

The new feature of these calculations is the existence of a different
residual gauge group given the same topology for the compact space
inducing the dimensional reduction. It may be noted that SU(4)/SU(3)
is a U(1) bundle over CP,. The number of U(1) factors in the fibre of
the bundle G—S/R—B would determine the remaining abelian group
invariance.

The isomorphism between the residual gauge symmetry resulting
from reduction over a coset space and the invariance group derived
from the reduction of the generalized transformation rule of the
connection form, induced by the action of elements in the isometry
group, to the base space will be proven.

Theorem 2.3

The residual symmetry group in generalized dimensional reduction
over a coset space S/R coincides the the gauge group preserving the
invariance of an action constructed from a connection form for a
bundle E(M, S, S/R, T).

Proof: The centralizer of R in S, C(R), determines the number of
R-singlets in the decomposition of the adjoint representation of S and
the gauge group of the reduced theory [10]. The y-independence of the
terms in the generalized connection transformation rule depends on
that of L, ,.R,.L,.. When left on S/R and right multiplication on R

y&*
within the group commute,

L.‘nggL.' - L):gLng - Lg]L}’lL.VRg' (24)

Therefore, the group elements in the centralizer would belong
to the subgroup of the isometry group yielding a transformation
rule independent of the fibre coordinate. Although inclusion in the
centralizer is a sufficient for the gauge potential to be defined in the
base space. The inhomogeneous term is the tangent mapping of a
transformation which can be represented as

y- exp(dABJAB)T “depd cpt (v - exp(d gpd gp N (25)
= y(exp(—d 3 JAB))d o cpt, (exp(d e d )y, o

When J, , belongs to the Lie algebra of the centralizer of R in S, the
matrix representing y can be commuted through the linear combinator
of generators to give

exp (_dAB]AB)dCD] CDtL(exp (dE EF))’ (26)

which is independent of y. The y -dependence can be removed from
this matrix product only if these matrices commute. Therefore, the
reduction of the symmetry group to the centralizer C(R) is necessary
for gauge transformation to be defined in the base space. The residual
gauge symmetry is identical with either method.

An exceptional fibre bundle E(M,Diff(S"),S") has been found
to satisfy the conditions for a factorization of the fibre-coordinate
dependence from the transformation rule for the connection form [19].
Since the normalizer of U(1) in Diff(S"), the decomposition will yield an
infinite number of independent generators of the residual gauge group
U(1)x...x U(1).

Parallelizability and Dimensional Reduction

The dimensional reduction of bosonic field theories over a coset
manifold and the Lagrangian in four dimensions have been described
for various gauge groups. The bosonic sector of the Weinberg-Salam
model is derived by dimensional reduction of the six-dimensional Yang-
Mills action over % This model cannot be extended to include fermions
because the expansion of fermion fields in generalized spherical
harmonics with half-integer indices is prevented by the conditions on
the gauge transformations derived from rotational invariance [20].

Supersymmetric Yang-Mills theory in six dimensions, therefore,
cannot be consistently dimensionally reduced over S* This result
reflects the absence of a dimensional reduction of supersymmetric
theories over manifolds that are not parallelizable. By contrast with the
bosonic field, the fermion field requires a spin bundle which is defined
as the square root of the frame bundle on a curved manifold. The field
y,=e,u'y, where e; is a vielbein on the manifold and y, forms a
representation of the spin covering of the tangent space group, exists
only if the vielbein is smooth and nonvanishing. These properties of
the frame of orthonormal tangent vectors require a global parallelism.
A similar conclusion is found for spinors in four dimensions, which are
defined if the second Stiefel-Whitney class vanishes [21].

The commutation relations of Killing vectors generating the
isometry group of a coset manifold will remain consistent even though
these vectors, which may be expanded in terms of an orthonormal
basis, vanish at some point on this space. The Killing vectors only
generate motion along the fibres, which is projected to the base space,
and the reduced bosonic fields are required to form representations
of the isometry group. The anticommutators of supercharges in
a supersymmetric theory also would consist of generators of the
isometry group. However, the supercharges transform bosonic fields to
fermionic fields, and the vanishing of the lift of the tangent vector on
the base space affects the existence of this transformation in the total
space of the bundle. Consequently, supersymmetric theories must be
dimensionally reduced over parallelizable spaces.

The reduction of higher-dimensional fields over coset manifolds
has been formulated for supergravity [10]. The decomposition of S with
respect to R is sufficient to determine the residual gauge symmetries
for the bosonic sector since it is determined by the image of the initial
gauge group in the invariance group of the tangent bundle. Since the
fermionic sector would transform under the same group, the gauge
symmetries of the entire set of fields are established. Not all of the
supersymmetries have to be broken, and a supersymmetric theory may
be derived under this generalized dimensional reduction. The singlet
representations of R transform under the action of a U(1) subgroup,
and therefore, the corresponding bundle has a parallelizable fibre. More
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generally, the centralizer C(R) would have to be cast in the form of
an isometry group of a parallelizable submanifold of the coset space.
Then the dimensional reduction procedure will be consistently yield a
Lagrangian in four dimensions.

The existence of a fibre bundle geometry for the phenomenological
theory based on a projection of the vector fields on § to $*xS* follows
from the uniqueness of the lifting of the parallelism on the group
submanifold to one higher dimension [22]. A Lagrangian for this
model may be given by the reduction of an octonionic Chern-Simons
theory to an SU(2)xSU(2) -invariant action, since the field equations
are solved by flat connections required for a global parallelism on the
internal symmetry space. The existence of a transformation from the
, éﬂs ,
.7, yields a generlc gauge

SU(3) generators to octonions, where £ﬂ% R 1/\1, 1/12, I)L
/1 and 77ﬂ7 identified with O > A=0,.
2

transformatlon g:e“”AUA [23]. The restriction to unit octonions

would required leoaj =1. Closure of the algebra of SU(3) gauge

transformations with structure constants is no longer valid for §. The
action of SU(3) would preserve the inner product of the octonions since
it is included in the automorphism group G,. Consider the integral in
an infinitesimal neighbourhood of a fixed point y,

= [@'xSc(Anda+234n 4N A) (27)

s]
= ' xe" Se(4,%0,4,) 23 o A1 A0 4C)
Where S¢(X,x,0,)=x, ,=X,A,0, and » 43=1, given that

5¢(0,0,0 )=—f ;o As B, C=1,..,7, which is independent of the order of

the multiplication, even though {O,} is a basis for the octonions, since
f.5c 1s antisymmetric. Under the transformation

A4,->47"+"0, (28)
=1+¢,0,

4,0, - (1+£,0,)4;0,(1-£.0.)0 ,£,0, + O(s*)

= AjOA - 2‘1;‘3(,8A4A50C +0,6,0,+ o)

= A0, =2 [ 1506,4,0° + 0 ,£,0,+ O(&%)
yielding the change in the components
Al > A +0,6,+2f oAl (29)

Since the inverse of O, exists in a division algebra. The structure
constants of the octonions do not satisfy the Jacobi identity and the
variation of the integral will be

5125 = [@’xe (5430, 40 + 470,543 - 54,0, 4, — 4,0,0 4,
,V()

—.=840,4] —

u“viip

Aﬂ@vﬁfﬂ
2 .
7§fABC(5ﬂAA\€A§ + A:é‘Ang + A:AféA,f)]

= [@'xe"10,6,4 + 400,06, = > (0,£,0,41 + 410,0,£,)
=1

uv

-2 i [.fABC

A4.8,C=1

80,45 + 410 ,(f 5 A7 )]

7
o [a Py fWAfsEjAg

D,E=1

7
; A,‘fAf{@,ﬁc Py meAfsEjn

D,E=1

7
=J.d3xe""p[Sc(6#£*6VAp)—2 > fineAt 4506,

upv
A4.B.C=1

;
-2 Z fAB(‘A:Afang

A,B,C=1

2
E(fA[BCf\A\D .aAfz)Av ACg + f[A\B\(]fB\D]bA;I 4, AC
+ Juuseemeda A A e )]

= [@x(8, (6" Sc(e* 0,4,)) = 2 f yuc Sy AL AT ASE ).

The nonvanishing of f, , f , ,,; is the difference from &7 gv and
the integral of a total derivative. S

ThisLagrangianwillbe invarlant underinfinitesimal transformations

if {0%} is replaced by { \/_ -i0,,~i0,,-i0;,-2i0,,-2i0,,2i0,,2i0,} »

representing the Gell-Mann matrices, and the structure constants f°
for SU(3) are substituted for f**¢. Then the Jacobi identity is valid and
the gauge invariance of the transformed integral follows.

The combination f, ,.f , ,, may be identified with -¢, ., where

[0,, O, OJ]=2¢,,.,.0,. From the relations ff~ ¢, fo ~f, ¢ f~ f
and ¢¢ ~ ¢, the transformation and the Lagrangian may be modified
to be SAD~Oe+fAe+pAAe and LO~e(AdA+fAAA+$AA), such that
(SL)) ~ ffAAAs + fpAAAAe + o fAAe + ppAAAe . 1f there is a

cancellation between fAAAe and ¢pAAAe, there remains fPAAAAe
and ¢ fAAe, yielding fAAe+ fAAAAe. Introducing a infinite series of
interaction terms, with

I? ~ g[AdA + fiAz’"“ + (piAz"], (30)
the interaction terms i;ll the variat;gn would be

SLW~e[fAAe+ fAAAAe+ AAAAAAE+... 31)

+@AAAe+PAAAe+PAAAAAe+PAAAAAE+...]

and there may be cancellations except for the first term fAAe. Suppose
that the term ¢e is included in transformation rule

OA(2)~Oe+¢pe+ fAe+PpAAe. (32)

Then

SL? |, ~ &l fAApe + pApe + fZAZ”’g + (/)Z:Az”+I (33)
m=2

which reduces to ¢Ae after the cancellation of the- ﬁrst term and the two
series with the equivalent terms in Eq.(3.6). This term may be cancelled
with the inclusion of fA in the Lagrangian

LV ~ e[ AdA + fZAZ'”“ + goZ(pAz" (34)
Since "
S(fA) |, ~ (e + pe + pAAe) ~ pAe + fAAe + fe. (35)

The constant variation may be cancelled through the variation of an
auxiliary field x, with dy=e¢, in the Lagrangian

7
B 4C > ks
Z fABL [6 &t Z fADE EJAV 4, Y~ 6‘[AdA—+—fZ:AM+1 +¢)Z(pA2” +fxl (36)
3.4 B,C D,E=1 m=0 n=1
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The kinetic terms in the variation of the L are
SLY) ri~0E0A+AD0e+fADAE+PAAIAe+PAAAJe+fAADe+PADE.(37)

Cancellation of fAAe leaves fAdAe, pAAJIAe and pAAAOe. The last
term may be cancelled by the variation of §(pAAAA) in L*?, while the
other two terms require a change in the transformation rule

SAr~oe+ Y A e+ 9y AV, (38)
r=0 s=1

Then the variation of the kinetic term in L") would yield also

oL S A 04z + 0> A oAz, (39)
r=0 s=1

Similarly, in L@,
oo [ A0 (40)

é‘[fZAZmHj

m=1 m=1

5((0 AZHJ o~ (DZAZH_IS.
n=1 n=l1

The two sums in Eq.(3.14) can be written as
a(szzng_szzyag+a[¢)ZA2x+1gj_¢zA2:+1g (41)
r=1 r=1 s=1 s=1

Giving a total derivative and a cancellation with the sums in
Eq.(3.15). The effect of the series in Eq.(3.13) on fA and the sums in
L®is

fzw:Azjg'i' (/)ZOO:AZHIS-}— (piiAZnHZrﬂg (42)
5=0 r=0

m=1r=0

+ 'fiiAZ”stg +~fizw:/42”+2rg +(pii‘42n+2.&—18.

s=15=0 n=1r=0 n=1s=0

The series may cancel because the parity of the sums multiplying
fand ¢ is unchanged. Since 8(fA) 5=, o it must be cancelled by the
variation of f x. Then the Lagrangian would be

[ ~ el AdA+ foy + £ A" + 9> pd” + f 1], (43)

m=0 n=1
Since " has rank three, each term must have three tensor indices
in the bracketed expression, which can be be arranged by including
the normal vector n* to the three-dimensional boundary of a four-
dimensional manifold and n;f , a vector in the total bundle, to contract
fibre coordinate indices.

Under global transformations, the elements O, would be replaced
by vector fields V,a=1,....7 and the commutators give rise to structure
functions on the sphere. Replacing the structure functions at a point by
global vector fields, the interaction term can be replaced by:

%g”"AjAfA;([Va,Vﬂ], V) (44)
where 47 is not a constrained field. By contrast with the integral (3.1),
the action of the vector field within the inner product can generate only
other vector fields on the sphere through the Lie derivative. However,
the commutators also would give a combination of vector fields with
coefficients related to the four-index symbol ¢, . .. The closure of the
variation of the action under transformations of the gauge potential
again require an infinite series of interaction terms.

The projection of these vector field, nevertheless, yields the
SU(2)xSU(2) algebra together with a seventh nonlinear vector field
[7]. There also exists a G,-invariant Yang-Mills instanton in seven
dimensions representing the internal coordinates of a heterotic string

soliton [24], such that the SU(2)xSU(2) group after dimensional
reduction over $* would be a nonperturbative symmetry in a field
theory with potentials in the tangent bundle of §’.

Conclusion

The equivalence of the residual symmetry group resulting from
reduction of the transformation rule of a connection form in a bundle
with a fibre diffeomorphic to a coset space and the isometry group as the
structure group and the generalized dimensional reduction procedure
for field theories is proven. The fibre-coordinate independence of the
reduced transformation rule follows from the commutation of action
of the parallelism with a subset of generators of the isometry group.
Writing an element of the parallelism in terms of the coset 7S, the
relation rs-s'=s'rs" requires only s'~'rSs'=rS, which is satisfied by the
centralizer of C(R). Both methods yield a gauge group that is given by
the centralizer of the tangent space group within the isometry group.

The exceptional bundle E(M, Diff(§')/S") does not belong to this
category, because the fibre is S' rather than Diff(§")/S". The existence
of an infinitely generated residual symmetry group is equivalent to the
action of the rotations along the B-cycles represented by generators
of the Schottky group acting on a Riemann surface of infinite genus.
The diffeomorphism on the boundary of the covering disk may be
extrapolated to the interior, and therefore, the entire Riemann surface.
The transformations on the surface which do not affect the Hilbert
space of states on the ideal boundary then would be generated by this
subgroup.

Supersymmetric theories admit a consistent dimensional reduction
when the fibre is diffeomorphic to a parallelizable space. The residual
symmetry group for the supersymmetric generalization of the
exceptional bundle would be the supergroup U(1l 1)xU(1] 1)x.... The
projection to a subgroup generating PSL(2, R) would yield only three
U1l 1) factors. The effect of this supergroup on superstring states on
the ideal boundary then may be determined.

Lagrangian field theories generally have Lie group symmetries
and would not describe directly the phenomenology of the strong
interactions related to an § symmetry algebra. An integral with
an invariant categorical form under transformations generated by
global vector fields on the sphere may be found in the fibre bundle
formulation. The nonassociativity of the octonion algebra, however,
causes the occurrence of four-index symbols in the coefficients and
nonvanishing of the variation of the action. An invariant action is
constructed by introducing an infinite sequence of interaction terms
in the integral and the transformation rules. The connection between
this theory and elementary particle phenomenology will require the
corresponding (SU(3)xU(1))/(U(1)'xU(1)") model for the fermions in
the strong interactions.
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