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Introduction

In this paper, we consider a mixed problem for second order hyper-
bolic equations permitting them to degenerate on the initial surface,
and prove the existence and uniqueness theorem for classical solutions.
The point of our proof is to derive the energy estimate. To do so, we
reduce our mixed problem to the one with positive boundary condition
for symmetrie hyperbolic pseudo differential systems of first order. This
device was made previously in our works [6], [13] and [14]. Also, we
use the theory of the pseudo differential operator with parameter (see
[2] and [4]).

A mixed problem with Dirichlet boundary condition for above equa-
tions was studied by Baranovskii [3], Kimura [5], Krasnov [7] and Oleinik
[12].

In §1, we give the notation and state our main theorem. In §2,
we explain the method of reduction mentioned above through examples
of mixed problems for wave equation, which will make our arguments
in §8 clear. In §3, we consider the mixed problem with zero initial
data and obtain the energy estimate. In §4, we give the proof of the
main theorem.

I would like to express my sincere thanks to Professors H. Sunouchi
and K. Kojima for their valuable advices.

Writing this paper, we have been informed the result of Kubo [8],
which is obtained independently of our paper.
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§1. Notation and the Main Theorem.
(i) ||%||me::- the norm of the Sobolev space H,(w).
(i) H*@)= N Ha(®)-
(iii) u(t)e &7 (E)---u(t) is r-times continuously differentiable in ¢ as
an E-valued function.
Av)  [u@)lm,r0=e*||u@)||5 0
(v) ”u(t)”m ﬂ_e—zyt“u(t)”mk”
(Vi) Cu@) Yo, ns= || u(t)| |, s-
(vii)  Cu@)Dm, o= u(®)||5,rn—1.
(viii) (,)---the inner product in L*(R%).
(ix) (,)g---the inner product in L*Q).
(x) <,)---the inner product in L*R"™).
(xi) ((,))---the inner product in C7.
(xii) D={zeC| |z|<1}.

(xiii) S™()={p@, v, ¥', 7": 0) € C=([0, T1X R} X R**x R*~)|
for any 6=(,, 6., 0, 6,), there is a constant C, such that

)RR sl scarrssomn

where 0=1"p is a positive constant such that p=1.

(xiv) 8™(y)--- the set of pseudo differential operators with respect
to ¥'=(¥,, *--, ¥,) With their symbols pe S™(»).

Let 2 be a bounded domain in R with smooth boundary o02=S.
We consider the mixed problem

o*u o*u
— — Otk — 42k
Llu]l= t §',h (¢, x)ata t E',ai,(t ) ——— 5297,

Ou = f(t, %)

+a,(t, x)ﬁ-+t
1u(0, 2)=usx) , (0, x)=u,(m)

t"(]/ 3. att, 8, v- * 4+ X, s)u) 8, s) L, ol
=g(t,8) (¢, x)e (0, T)x!)

(1.1)
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where x=(x,, -+, 2,), k is a positive integer, T is a positive constant,
the coefficients #;, a,;, a, a; and de <Z([0, T]x2), the coefficients g8 and
ve Z([0, TIxS), 88, v(g)=(,(8), -+, v,(s)) is the inner unit normal at s,
(0/0v) =213, v;(8)(0/0x;), and X(t, 8) is a smooth tangent vector field of
S over C.

For any s,€ S, there is a following smooth coordinate transformation
¥:V—W such that

(1) T6)=4=(0, ¥)=(0, Yo, ***, You)s

(ii) V and W are neighborhoods of s, and y, respectively,

(iii) T:V >W is a bijection,

(iV) W(Vn Q)= WnRiy R:-‘:{y:(yu Yoy * 0%y yn)|y1>0}'

(v) #(vnS)=WnR,

and
(vi) L is transformed into the L where
~ az n o
1.2 L=—rr =2t h,(t, — g% t,
(1.2) o 2 2 b 5 3:‘ @i y)a iay,
+at, 2L+ 3 a, v+ d, )
ot =1 ay,
for any ye WNR*.
We assume the following conditions for the problem (1.1):
Al L=2_2 t, -
(A.D) T ,Z i, x)ata i.,Z_ il )

is regularly hyperbolic on [0, T]x 2 and 3?;., a, ;(t, 8)vy,;>0.

(A.II) (i) For the above coordinate transformation ¥, B is transformed
into B where

= 1 ~ 0 Ny 0
1.8 B= {tk aut, 0, y)2- @, 0, y)=2-
(1.3) RO ! ult 0, Y=+ 2,842, 0, ) ,-]

+hi(¢, 0, y')—@—} +¢* ﬁl a;t, 2/'> 0
)
, Fi(t, 0, y): \2 R, 0, y')*\*
—B(t, 1400069 YY) 1420 H I/
Bt, v-(1+ RO y'>> {at ( T s, 0, y’>)

| n 0 h (t, 0, y)~ 0 :l
. ¢ [h.t, 0, ") £, 0,
’Z=2 i Y ay,‘ a.(t, 0, ¥") %l y)a?/j }

+5(, y')
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for any y=(0, ¥)=(0, ¥, -+, ¥ )€ WN R
(ii) The quadratic equation, for any (0, ¥’)e W N R,

(1.4) (c+1)z*+2bz+(c—1)=
has roots in D={ze€ C||z|<1} where

b=3 &(t, ¥)mi/d7) , =Bt ¥)
a)=] J8u, 0, ¥ mins =5t (246, 0, wm)
1.5 R0, 4P\ s ,
+(1 +m'—,) y (Z_; k@, 0, ¥')7;
ﬁ(tOy’) , ‘21/2
\ At 0, ) ot O y””)] ‘

REMARK 1. Let M be

a n
1 . 6 M= - 2 1
(1.6) ot (a oy, & ay, >at

~(Bupr t2 B

ZB:

16 ayla ) ’

If M is regularly hyperbolic with respect to ¢ and B,>0, then we have
the symbol

(1.7) o(M)=E+d()—2
which corresponds to the symbol of wave equation &+7*—7* where

—(1+ o) =0 5h) (Ram—g o)}

~

&=

(:3115 +§ BN+ alz')

—(%8m)

1’—

gi> <,Z=2 an;— gl 2 Bm’h)jm

11 1 i=2

1/ Bu

(1.8) 4 N .
dn)= I;% 23 50—

\ +(1+

for (¢, 7)=(&, M + -+, N € B* (see [10]).

The assumption (A.II)-(i) is associated with the above representation.
Also, this representation is a base to transform the operators L and B
in (1.1) into I in (1.2) and B in (1.8), and is used to obtain the energy
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estimate in §3.
Let us define u,.,(x) recursively by the formulae
19 Ura@)= =3 CAAPO, & DoY)

+AP(0, 22 D@} +£70, @) (r=0,1,2, ---).

where
(L=D+ A,(¢t, x: D,)D,+ Ay(t, : D,)
AP, w2 8)=(D{A), x: &)
(1.10) 170, %)= (D7 f)(¢, )
Dt=ia-, ete. .
ot

DEFINITION. We say that the data {u.(z), u.(x), f(t, ), 9(t, 8)} satisfy
the compatibility condition of infinite order provided that

(-Z) Bl

t=0=(§t—>rglt=o (r=0,1,2, ---)
i.e.

(1.11) grcj{B{j)(O’ 8)Upp_j(@)+ B(0, 8: D)u,_; (x)}’s -_—<_aat_)"9

(7':07 17 29 ot ')

t=0

where
B=B,\(t, s)D,+ By(t, s: D,)

1.12) {By’:(“%y& (i=1, 2) .

We now state our result:

MAIN THEOREM. For any data u,(x), u,(x) € H*(2), f(t, x) e & (H>(2))
and g(t, s)e £>(H=(S)) which satisfy the compatibility condition of
infinite order, there is a wunique solution u(t, x) of the problem (1.1}
which belongs to £(H=(Q)).

§2. Some examples for reduction to symmetric hyperbolic system.

In this section, we consider mixed problems for wave equation with
Dirichlet, Neumann and the oblique derivative boundary conditions, and
discuss how to reduce the mixed problems for wave equation to those
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for symmetric hyperbolic systems of first order with non-negative
boundary condition. By this reduction, we can easily obtain the energy
inequality.

We set

U\ _ [w—u,+au,
@D U= < Uz) _<a(ut+uz)+uv)

where w,,—u,,—u,,=0 and a is a complex constant. Then, U satisfies
the following equation

-1 0 01
(2.2) U,=< 0 1)Ug,+<1 0>Uy-

EXAMPLE 1. We consider the mixed problem with Dirichlet boundary
condition

2 2 2 0
M[u]=aa:: —‘;;2 —gy‘j +7, a’: +7, ZZ +, ‘;’; +Yu=fQ, =, ¥)

(2.3) (0, z, y)=wu, ¥) , (0, 2, Y)=u,(, y)
B[u]lz=0=u]z=0=g(t’ y)
(¢, =, y)€ R X R. X R,

where 7; is a complex constant (=1, ---, 4).

Differentiating u|,-,=g¢(¢, ¥) with respect to ¢ and y, we have u,|,-,=
9., ») and u,|,—-, =g, v). We set

U, U — Uy + AUy,
U, o, (u,+u,)+u,

(2.4) U=\ U |=|u,—u,+a,u,
U, a(u,+uy)+u,
U, u

If a, # a,, we have

1 - 1 al
1
(2.5) rank| & ® =3
1 - 1 ag
a, o 1

Therefore, the problem (2.3) is transformed into the system:
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(2.6) 0 . e

=A,U,+B,U,+D,U+F,
U, z, y)=Uyx, v)
P, U'a:=0=G1
(t, xz, y) e R. X R X R,

where D, is a 5x5 constant matrix,

a; 1 0 0 O
,F=t’1,, ’O
6 0w 1o PeUianiaf0

G,="2a,g,+ (at+ l)gm 20,9, + (a3 + 1>gy)

P =

a, and «, are different complex constants, and |a;/>1 (5=1, 2).
By simple calculations, we obtain

(2.7 (4,0, U)=C(U, U)) for any UeKer P,
where C is a positive constant.
EXAMPLE 2. We study the mixed problem with the oblique derivative
boundary condition
M[u] =‘§Zj —aaz;ﬁ —‘982;/‘2+71 aa@: +72%;i+ 73%5‘”4“ =f@, @, ¥)
*u(O, T, Y)=us®, ¥), U0, x, ¥) =u.(, ¥)

ou ou ou
B - b - ’75
[u] » ( o + 5y o= + u)

(t, %, y) € RL X Ry X R}

2.8)

=9@ )

=

where 7;(j=1, ;--, 5), b and ¢ are complex constants.
We assume that the quadratic equation

(2.9) (c+1)2*+2bz+(c—1)=0

has roots in D={z¢€ C| |2|<1} if they are different and in D={z¢ C| |z|<1}
if they are equal.

Case (I). The equation (2.9) has different roots in D.

We set
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U1 ut - (u, + 75u) + zlu”
U, 2(u+u, +7u)+u,

(2.10) U=| U; |=|u,— (U, +7:u) +2.u,
U, Zy(u, +u, +75u) +u,
U, u

where z, and 2, are two different roots of the equation (2.9). Then, we
have

1 - 1 Zl
Z 2z, 1

(2.11) rank =3 .
1 - 1 Z2

2z, z, 1
Therefore, the problem (2.8) is transformed into the system:

-1 0 1!
0

U,= ~1 U,+ o 1 U,+D,U+F,
1 e
=A,U,+B,U,+D,U+F,
U, «, y)= Uz, v)
P2U|z=o=Gz
(t, x,y)e R. X R, X R,

(2.12)

where D, is a 5x5 constant matrix

1 2z 0 0 O
P,= ’ F2=t ,1yv2’0
, (O . 0) (F, 0f, £, f, 0)

and

¢ 29 29
G,= (_ , .
? c+1 c+1

Here, by the assumption and simple calculations, we obtain
(2.138) (A, U, U)=0 for any UeXKerP,.

Especially, for b=c=0, we are concerned with the mixed problem with
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Neumann boundary condition. Then, we have z,=1 and z,=—1.
Case (II). The equation (2.9) has a non zero double root z, in D.
We set
Ul ’M/t - (uw +75u) + 1/1 "-Szzlu,,
2.14) v=| U | o |7t et v +1 1—c%,
U, eV'1+1z,[u,
U, u

where ¢ is a sufficiently small positive constant, 2, and 2z, are solutions
of the equation

(2.15) V1—g¥c+1)2°+2bz+1'1—¢€%(c—1)=0
and
=z, mm—S o O<fzl<l (i=L,2).
V'1-¢ V'1—¢

Then we have

1 -1
(2.16) rank( >=2 .
2,z

Therefore, the problem (2.8) is transformed into the system:

(2.17)

0 1—¢ s 0
-1 0 Vi-e V'1+|z,)?
1 ez
U,= 1—|z,)° U,+ V'1+]z U,
0 I+laf ¢ s _a/i—ep
L — ez 0
1 V1+z]P vVI+|a 14z .
‘ 0 0o 0 0
+D3U+F3
=AU,+B,U,+D,U+F,
U, z, y)=Uyx, y)
PsU'x=o=Ga

(¢, x, y) € Ry X Ry X R%
where D, is a 4x4 constant matrix,

P,=1,2,0,0), F,='f, 2f,0,0)
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and
—__29
’ e+1
By the assumption and simple calculations, we have
(2.18) ((A;U, U)=C(U, U)) for any UeKer P,

where C is a positive constant.
Case (III). The equation (2.9) has zero double root i.e. b=0 and c¢=1.
We set
U, we— (U, +Ysu) +V 1 —¢*2,u,
(2.19) U= U, _ 2,(uy+u, +7u) +vV'1—¢u,
U, eV 1+]z[u,
U, U
where z,=1/(2(c+1))=1/4, 2,=2(c—1)=0 and & is a positive constant
smaller than 1. Then, we get

1 -1
(2.20) rank ( =2.
2, 2z
Hence, the problem (2.8) is transformed into the system:
(2.21)
-1 0 V142,
1 — ez
U= 1—|z,]? U,+ V' 14z, U,
0 14|z, € €7, 21’1 —¢
- Rez 0
1 l/1+|31|2 |/1+|21|2 14|z, '
¢ 0 0 0 0
+D,U+F,
=AU, +BU,+D,U+F,
U, x, y)= Uz, ¥)
PU|,- =G,
(£, x, ¥) € Ry X Ry X R},

where D, is a 4 X4 constant matrix,
V1-¢

Po=(1, 2, 2,,0), 2,=0, z3=—-1/1—ﬁ___;__
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and
F.="(f,2.f,0,0), G=—-—29 _(=_g).

For ¢(e=1), we have
(2.22) (AU, U)=C(U, U)) for any UeKer P,
where C is a positive constant.

REMARK 2. The problem (2.8) is L*-well-posed if and only if the
equation (2.9) has roots in D={z¢€ C| |2|<1} if they are different and in
D if they are equal (see [6] and [10]).

REMARK 8. Let M be the same operator in (1.6). If M is regularly
hyperbolic with respect to ¢, then we have

| Butai>0
2.23 ” n 2 ” n 2
@23 ‘2 BN+ (Z aﬂ]a‘) —(Bu+ ai)(z_] BuiNi+ a2, 0‘.477:') >0
»J=2 i=2 j=2 J=2

and
(2.24) o(M)=8+d (7))~
where

T =z'—a15—-ﬁ;, a;n;

Eo=(uta) ™ {g+(Buta) (3 Bumit o Sy, )}
(2.25) = A =

d. ()= [tdﬁ:ﬁumm + @ “"77">2

—(Bu+ a‘i’)“(jZ; .Bu% +a ,2:; 0""7">2]

1/2

for (& 9")=(, 7, -+, .)€ R*. This representation is used to obtain the
energy estimate for the Cauchy problem. If 3,>0, we have d(7')=

d.(7") (see [10]).

§3. Mixed problem with zero initial data.

In this section, we consider the mixed problem
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6 u — 2tF 2 h;(t, x) a U g Z s (t, x) +ao(t x)

-t Z; a;(t, w):: +d(t, ©)u=fi(t, x)

i

3.1 (0, 2)=0, w0, 2)=0
B[u]ls=t"(\/ 3 aut, s)viv~-5—+X(t ) - A, s) L+t syuls

=g,@, 8)
(t,x)e 0, TYXQ2.

Now, we shall prove

THEOREM 3.1. Let m be a mon-negative integer. Then, we can find
an integer N(>m) such that for any f,€ & (H™(R)) and g, & (H>(S))
satisfying (9/0t)'fi],==0 (1=0,1,-- -, N) and (9/3t)’g,];=,=0 (§=0,-- -, N+1),
there exists a unique solution u(t,x) of the mixed problem (3.1) which
belongs to NP Ei(H™1(Q)).

To obtain the above theorem, we treat the following problem

Liu]l=—;—2(t+0)" Z h;(t, w) —(¢+0)* Z a4 (@, @)———

ax p ox a
+a,(t, x)%—:+(t+3)"" % a;(t, x)gg +d(t, 2)u=fit, x)

)

(0, x)=0, wu,(0,x)=0
Byiul| ={e+9*(y S outt, 9w, 2h+ X(t, ) -0t 5%

3.2)

+7(t, s)u} 'S =g,(t, 8)
(t, )€ (0, T)x 2

where 0<0K1, fie EX(H"(Q)), 9,€ & (H"(S)), and

(2)file=0 G=0,1, -, N)
3.3) o\
(Z) ohee=0 G=0,1, -+, Ny+1).

By the assumptions (A.I) and (A.II), and the fact that the operator
L, is regularly hyperbolic, we obtain a unique solution wu,(¢, x) of the
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mixed problem (3.2)-(3.3) which belongs to NJ&i(HY+-i(Q)) (see
[11]).

LEMMA 3.2. Let m be a mon-negative integer. Then, there exists a
integer N,(>m) such that for any solution wu,(t, x)€ N Li(H™*I(Q))
of the mixed problem (3.2)-(3.3), the estimate

<G 12 e, o+ e

holds for any te|[0, T] provided that f,(t, x)e &(H>(2)) and g,(t, s)e
&r(H=(S)) satisfying (0/dt)'fil=o=0 (1=0,1, ---, N,) and (3/0t)’g,],=,=0
(j=0,1, ---, N,+1) where Cr, is a positive constant independent of 9, f,
and ¢,.

PROOF. Since the proof is fairly lengthy, we separate it into three
steps.

First step. We transform the mixed problem (3.2) into the one
for symmetric hyperbolic pseudo differential systems of first order with
positive boundary condition.

Let {V,;}}-, be an open covering of S=02 such that for any j, there
exists a smooth coordinate transformation ¥;=(g¢;, - -, ¢;,) from V; onto
W; in R* with properties

W,(V,ﬂ.g)=WJﬂR1, :‘-z{y:(yn Tty yn)|y1>0}

3.5
( ) ZF,(V,OS)= anRn—l ’

and, L and B in V,;N2 are transformed into L and Bin W;N R which
are the same operators in (1.2) and (1.8). Next, let {®;(«)},-, be a par-
tition of unity in a neighborhood of S=02 corresponding to the open
covering {V;}.-,. Without loss of generality, we have only to treat the
case that the support of @(x) is contained in a small neighborhood V,
of s, €8S and there exists a smooth function po(x) which satisfies the
following condition

p(V*ﬂS)=O

90 (. ye<0 .
0,

(3.6)

We consider the localized problem of (3.2)
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Lil® - wsl=2 - fi+[L,, Plu,
(P-u)(0, )=0, (Pu,).(0, )=0
Biulls=®-9,+[B;, Plusls

@, x)e 0, TYx Q2.

3.7

By the transformation
(3.8) v,=p) and y,=x; (j=2, -+, m)
we have

L7 %)= fi+[L, 3la,

(P-,)(0, ¥) =0, ($-%,).(0, ¥)=0

3.9) ~ o i
Bi[p- ua]|y1=o =@-g,+ [Ea; ?]ualyﬁo
& y)e 0, T)XR:
where R:-:{y:(yl, Yoy * yn)|y1>0}’ y’=(y29 % yn)’
0’ L 0’
L,=2_—2t+6); ht —(t+0)* At
=T 2oy SRt 1) ay’ @+ B, v o
~ - 0 , 5
0 t: ~e t 3 d t,
+ao( y)at +(E+ ay,-+ ()
~ 1 ~ 0 3 0
ey t+6 k[au t, 0, ! —+ al' t, O ’ :l
(3.10) ¢ TV, 0, 9) {( R R y)ay,-

R, 0, 00 + 040 F e, )52

)

2 y’)(l M)‘”{at ¢ +3),,<1 N M)-l

a,(t, 0, y’) aut, 0, ¥")
5 n 0 l(t 0, ¥) 0 ~
. . ) —_ ’
[ SR, 0, 32— 2R 53,6, 0,102 [Lvt, 01

and for the function w(x) defined in a domain V*n.Q we denote by
w(y) the function defined in R" (@ (y) =w(o(x), @y - - n) w(x)). The

>

functions h;, @,;, @, @; and d have extensions h;, &, ao, é; and d which
belong to <Z (0, T]xR:) and are constant outside a compact set in
[0, T]><R" The functions, &;, 8 and ¥ have extensions a,, B and ¥ such

that a and 7 belong to C5([0, T] < R*'), and ,8 belongs to <Z ([0, TIx R*)
and is a positive constant outside a compact set in [0, T]x R*~*. And
we are able to have that these extended functions satisfy the following
conditions:
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. a n =X
hit, =2 33,
(1) o 2t )ata ,Z_ (& V)3 ay,

is regularly hyperbolic on [0, T]x R~ and (¢, ¥)>0.
(ii) The quadratic equation
(@+1)22+2bz+(@—1)=0

(3.11)
has roots in D={z¢€ C| || <1} where
b=31&(t, ¥')7;/d()
&=4, v
at)=] 3 Futt, 0, vt = e300, 0,97,
(3.12) ti=t - a,(, 0, y') \i=
h(t, 0, ¥\ | [ '
N T AR L
h (t O y’) t O ’ 72 .
au(t 0, y’)z “( y)vj)]

We denote again these extended functions 6 by 6

LEMMA 3.3. Let a and B be complex constatns such that a=c-+b
B=c—b, c=c,+1ic,, b=b,+1b, and, b, b, ¢; and ¢, are real constants.

(1) The following conditions are equivalent.
2R I -8
( ea m(a B)) S0.

@ Im(@-B) 2Rep

® The quadratic equation
(c+1)z*+2bz+(c—1)=0

has roots in D={ze C| |z|<1}.
(ii) If the condition (i)-Q holds, we have
2R ’ I r,
( e m(a,ﬁ)>>o,
Im(a’-B8") 2Rep
where o' =c+kb, 3’=c—kb and k is any constant such that 0<k=<1

PROOF. By the Hermite theorem in [10] and the conformal map-
ping from the upper half plane to the unit disk, we have Lemma 3.3.
Q.E.D.
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By Lemma 3.3, the quadratic equation
(3.13) @ +1)22+2b,2+(@E—-1)=0
has roots in D={z€ C| |2/ <1} where
b= 3, @,(t, ¥ 31,1

dun) =V AT+t

(3.14)

and p¢ is a positive constant.

For (tOy y(’); 7](')’ 0'0) € [0’ T] X Rn_le+(2+={(77’s O')l#':az’ 0%0, 77,=(7729 )
7,), |7'[*+0*=1}), we choose 2z, and 2, in the following ways:

Case (I). If the equation (3.13) has different roots in D={z € C| |2| <1},
we choose 2z, and 2, as the solutions of the equation (3.13).

Case (II). If the equations (3.13) has a non-zero double root in D=
{z€ C| |z] <1}, we choose 2z, and 2, as the solutions of equation

(3.15) VIi—e@+1)22+2b,2+1"1T—e(E—1)=0

where ¢ is a sufficiently small positive constant.
Case (III). If the equation (3.13) has zero double root, we determine

1

d =2(¢—-1).
3G+ D) and 2z,=2(¢ )

1=

Let {w,}’-, be an open covering of the set [0, T']x R*"*x %, such that
for any 7,

(i) w; is an open set in [0, TIX R*'x %,

(ii) for any (¢, ¥, 7/, 0) € w;,

D@ 222,

® Rez >Rez, or Im 2z >Im z,,

® z,2,€D={zeC]|z|<1}
where 2z, and z, are determined by above arguments.

Now, we consider a partition of unity

S q,t, o, 0 0)=1 on [0, TIXR x5,
=1
g;€C=([0, TIXR*'x2%,)

(3.16)

corresponding to the open covering {w;}?.,., We extend each ¢; keeping
homogeneity of order zero with respect to (7', ) such that g¢;e S°(p).
For any j, we determine smooth functions {; € &Z([0, T]x R**x 5,) such
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that supp {;Cw;, 0=(;=<1 and {;=1 on supp [q;|5,], and extend each (;
keeping homogeneity of order zero with respect to (7', 0) such that
g€ S(p).

Operating the pseudo differential operator g¢;(t, %', (1/7)D,: 6) with
respect to ¥'=(¥,, +-+, ¥.) on (3.9), we have

E,['v] :fz
v(0, ¥)=0, v,(0, y)=0

E&[v]lﬂl=0=g2
(¢, ¥) (0, T) X R%

8.17)

where q;(@-u,)=v, yid,=w, ¢ € C7(R"), v+=1 on supp [@],
(3.18) fo=a,{@ Fi+ Ly, Plvits}+[Ls, 0,13 i)
=03 T+ TP + (40 3, TPZ+ Ty
(T, TP, T e S
and
(3.19) 9:=0{3- G, +[B,, l¥isly =0} +[Bsy €)@ ¥s)ly=0
=¢;(@-9)+ Tdwl,= (T&F €8°Q1)) .

From now on, we transform the mixed problem (3.17) into the one
for first order system. Let @, and @, be

(8, 9\ Rt 0\ 5y
,(3'20) Q= (1+au(t y)) {at <1+Ein(t )) (t+3)* .
(S F. _ kv 9
<fz="2h’(t’ V3 0y; ult, V) ga”(t v y,)}
and
S W AT S SRS
(3.21) Q.= W{an@, V)t B Vg
+ i v e v
(t+3)" Etoy

respectively. Also, let @, be a pseudo differential operator with respect
to ¥=(y., -+, ¥,) With the symbol

@22) 0@=1 Syt v —=—(Saut, v1;)

1
@u(t, ¥)
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o~

+(1+ gfé"—i’};-)ﬂ(jz; ki, y)mi— 6:1((%, z;,)) 3, 8ty 0 )+ ]m ’

Then, the symbol ¢(Q,) satisfies the inequality
(3.23) c(Em+e)zlo@rzc (S m+r)
j=2 J=2

for any (¢, v, 7', ) €[0, TIx R* x R~*x R, where C is a positive constant.
We notice that

o Ly= -2+ (Rt s+ S Kt vymy e
+ -+ {ant, e +2(Z 846, vm )i+ 38t v}
= (@) —{(E+0Y 0y Q)Y — (t+0Ho(Q) + 1}

where o0,(X) is the principal symbol of X.
Case (I) of first step. The equation (3.13) has different roots in D=

{ze C| |z|<1} for any (¢, ¥, ¥, 0) € w;.

We set
Qv — (t+0)*Qv + (t+0)*Z,Qv
2 Qv+ (t+0)Qu)+(t+ 0)* Qv
(3.24) Qu—({t+0) Qv+ (t+0)*Z,Qv

Z(Quv + (t+0)* Q) + (t+0)* Qv
Vv

d

I
SSS88

Il

where Z, and %, are pseudo differential operators with respect to ¥’ whose
symbols satisfy

2@, Y, 0 0)=Ct, v, 0 0@, Y, 7" 0)+%(1—C,-(t, v, 7" 0))
(3.25) <%, ¥, 7" 0)=0¢, ¥, 0 0)2., ¥, 0 0)

1Z;¢, ¥, 7" 0)|5, =Ci<1 (§=1, 2)

C.z|z.(t, ¥, 7:0)—Z, ¥, 7' o)lf_,.g 5 s

C, and C, are positive constants independent of (¢, %, %": ) € [0, T] %
R*'xJ3,. Then, by the same method as the one in §2, the problem (8.17)
is transformed into the problem



(3.26)

. Where

=

Ell

(1)
(ii)
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MU,=A, U”1+;§‘ZB” U,,.+D1Q2U

1
+(.Eu+-—--—t+ -

U, =0

PU|,-=G,

(¢, v) e (0, T)X R%:

E,)U+K,Vat Ko VatF,

«

-1
~ ~ 1 0
— h(t, N2 ()
M <1+6u(t, y)> =7 au(t, ¥) -1
1
0 1
-1
. 0
A1:<t+3)k1/’dll(t’ ZI) -1
1
0 1/
— @@, Y k Rat, ¥\ (5 hyi(t, ¥) -~
e e gaty) (e n-geiae )
(.722’ 3; T % n)
0
1
D=@¢+d 0 1

-a 5xb5 pseudo differential system which has the property that
for og(E,)={(e;;), the following conditions hold:

eii(t, ¥, 7': 1) € C=([0, T1x R X R,

for any 6=, 6,, 6,, 6,), there is a positive constant C/*? inde-
pendent of g such that
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om @Y Gkl s

where (7}'>=\/i‘;77§+1 and p=1.

E, ---a 5x5 pseudo differential system which has the same property
as E,, with C{? instead of C{#g'* in (3.27).
K, ---a 5x2 pseudo differential system which has the same property
' as E, with C#?p~2 instead of C{"?p* in (3.27).
K, ---a 5x(n+2) pseudo differential system which has the same
property as E,, with C{? instead of C{"¥u'* in (3.27).
Vu=t('vt, (t+3)"v,1) .
V12=t('wy Wy, (t+5)kva Y (t+6)kwy,‘) .
F1=t(q1'(¢'f_‘1), Ele(a'fl), Qj(¢'f1), §2Q:'(¢‘f1), O) .

12 0 0 0
Pl—(o . 0)(e8(m>,

and
G,="(1+7.2)Qv—(t+0)*(1 —Z,Z)Qw
+ A+ (Z,+Z)Qw , (1+Z.Z,)Qw
—(t+0) 1 —Z,Z,)Qv+(t+0)*Z,+7,)Q:v)

___t< _____~292 + T@v+ TPv,+ TP (t+0)*v,, ,
c+1

— ~2gz +TOp+ TOv, + Té"(t+3)"v,l>
c+1

(T, T € 8w, TP, T¥, T, TP € S7(w) -

By (3.25) and the result for the pseudo differential operator with para-
meter in [2], we have

(3.28) (AU, U)=Ct+0)*U, U)

for any UeXKer P, N L*(R:™) where C is a positive constant independent
of e[y, «) and g, is a positive constant.

We explain the representation (3.26) by an example. For the first
component U, of (M,U,— A, U, —X1., B,;U,,—DQ,U), we obtain

(3.29) U,=Qu{Qw — (£ +8)*Qv + (¢t +0)*Z,Q.v)
+(+0)*Q{Qv— (t+0)*Qv+ (£ +0)*Z,Q,v}
—(t+0)*Q.{Z,(Qv + (t +0)*Q.v) + (t +0)*Q,v}
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and its principal part is

’ n o I o™
3.30 —2t+0)* 3, ks, — (@40 2.8, '
( ) Ve —2(T+0) El it ) otoy; (+0) m‘Z:'la“( Y) 0Y.0Y;

Using the method of Kumano-go [9] (p. 69, Lemma 2.4), we get
R,= (ROAQz—l)Qz +R,
Eai‘(Qz'v) —QU, = Q= (Q2Q: Qv+ Ryw

(8.31) ( %(sz) — @0, = Qv =(Q;, 00 )Qv+ Ryw

1=2,—2,)7"-(2,.—%,) +F5—1/2R4
7 =ﬂ1/2(p1/2AQ2_1)Q2+[£1/2R5
\(Ro € Sl(#) ’ er ©t %y R5 € 80(#))

where T, AT(T,AT;') is a pseudo differential operator with respect to ¥’
with the symbol o(T,aT,)=0(T,) X 6(Ty) (6(T:2aT:")=0(T,) xa(T,)™). Hence,
we have the representation (3.26).

Case (II) of first step. The equation (3.13) has a non-zero double
root in D={z€C| |z|<1} for some (¢, ¥, ¥/, 0) € ;.

We set
U, Qv —({t+0)*Quv+1"1—e¥(t+0)*2,Q.v
U, Z.(Quw+(E+0)Qw) +1V'1—¢&(t+6)*Qv
3.32 = = R
@32 U=y, e(t+5) TTTE Qw
U, VvV pw

where 0<e«1,%, is a pseudo differential operator with respect to ¥’
whose symbol satisfies

&y, 7o)z, ¥, 7" a)+—;—(1—cj(t, Y, 7' 0)

- , (Rez,>Rez, or Im z=<0,Im z,2<0)
(3:83) Z(t, ¥, 7" 0)=

L, oy s Ot o, 7' a)——%—(l—c,(t, V', 7' 0))

\ (Re z,<Re 2,<0)

and
(3.34) C.=Z@ v, 7 o), =C<1
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for positive constants C, and C, independent of (¢, ¥, 7, 0)€[0, T]x
R*'xJ%,. Then, by the same method as the one in §2, the problem
(8.17) is transformed into the problem

M,U,= AU, +3, B,U,,+DQ.U
i=2

3.35) +(Ez1+?_::'_—6— 22) U+ K, Vy+KnVptF,

U@, y)=0
P, U|y1=0=G2
\ & »)e@ T)XR:

where

-1 0
— (120 9" hy(t, ¥)
M - 1 == ’I_—-— ~
i ( * a,(, y)) Va,u(t, v) —‘-—11 :f‘::
z

0

A2= (t"l'a)kl/au(t, ’_l/) 1— IEJZ
1+ 7,
1

B2j= dli (t9 y)Az

a,, v)

hy(t, )\ (5 hy(t, ¥) ~
8 k& 1 1\Yy . N 3 .
+ o (12 (R0, )~ 25 83,0, 9) ) 1
(j=29 ° % n)

>
e 0
VIR \

Vise 0 52 0
D,=(t+0)* © Vit

€ €z, _2vi=¢ Re7 0
\1/1+|%1|2 V1+[Z P 147, !
o

( 0 vi=e

0 0 0
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E, ---a 4x4 pseudo differential system with the same property as

E, ---flz x4 pseudo differential system with the same property as

E, ---aElZ X2 pseudo differential system with the same property as

E,-- -a{{l 2><(n+2) pseudo differential system with the same property
as K,,.

V21 Vll ? V22 V12 . )
=%g;(p- f1), 2.9:(p- .7‘1); 0,0).
P2=(1, Ez: 0, 0) (G SO(#)) .
ZE&, Y, 0=, Y, 7' o)z, ¥, ' 0) and (2., ¥, 7 o), =C.<1
where C, is a positive constant independently of

&y, 7,0)el0, TIXR'x X,
and

Gz = (1 +§2EL)Q0’U - (t +5)k(1 - 5251)91”
+V 1=t +6)5Z,+2,)Q.v
=— zfl + TPy + TPv, + TP +0)*,,
(T € 8(w), TP, T € 87(p)) .

By the fact that 2,(¢, ¥/, 7": 0) is independent of (¢, ') outside a compact
set in [0, T]x R*~* and the result in [2], we obtain

(3.36) Re (AU, U)=C(t+0)U, U

for any UeKer P,N L*(R*™) where C is a positive constant 1ndependent
of e[y, ) and p, is a positive constant.

Case (III) of first step. The equation (3.13) has zero double root for
some (¢, ¥', 7/, 0) € w;.

There is a sufficiently small positive constant # such that

le—1|=6

(6.37) 1b,l=<6

for any (¢, ¥, 7/, 0) € w,.
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We set
U, Quv—({t+0)Qv + Vl——_ez(t +0)*Z,Qv
_ U, _ %1(Q0v+(t+8)lev) +1/T—.-—62(t+3)"Q2’v
(8.38) U=l v |~ e(t+0) TFETQw
U, VvV pw

where %, =1/2(¢ +1), C<|z,|=(1/2) and C is a positive constant independent
of (¢, ¥)e[0, T]xR**. Then, by the same method as the one in §2, the
problem (8.17) is transformed into the problem

M,U,=AU,+3, B,U,+D@,U
F) =2

+( But 25 Eu) Ut Ku Vot KVt Fy

(3.39) { 0
U@, y)=0
P3U|71=0=G3
@t »e©, T)XR:
where
-1
5 _ L 0
h.(t, y)*\* h.(t, ¥)
M.= 1Ny T/ o J— 2 ~
? (1+6u(t, y)) I Vau(t, ¥) 1|z
147,
0
-1
L 0
As=(t+8)k]/du(t; Y) 1— |z,
142,
1
st — §1j(t9 'y)‘q_3
au(t, v
7':1(t y)z TR }71(t y)~
t+0) (142 2/ h; — 2 (8, .
o (12 (R 60— 3 B8 w) ) 1

(j=2’ Tty n)
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0 Vi=g S — 0
VITET \
vie 0 L 0
Dy=(t+08)* € VITRL
£ £z 211 —¢ 5
L _ ReZ, O
VITRE VITEE | 14RF
0 0 0 0}

E, ---a 4x4 pseudo differential system with the same property as E,,.

E,, ---a 4x4 pseudo differential system with the same property as E,.

K, ---a 4x2 pseudo differential system with the same property as Ki,.

K, ---a 4x(n+2) pseudo differential system with the same property
as K.

Va=Vu, Ve=Vs.

F3=t(Qj(¢'f1); Ele(Q-a'fl): 0,0).
P,=(1,7%,7%,0) (e8%w).

2.8, ¥, " 0)=2(C(t, ¥)— D, ¥, 7' 0)

~ ’ ’ 1 23 —-_2-(462_3) ’ ’.
t L 0)=— iy T @8 = o, 7
% ¥, 7' 0) 51/1+lzl|2{a+1 TVi=e z(a+1)}c’( Yy 70

and
Gs = (1 + 5251)Q0?) - (t + a)k(l - EZEI)QIIU
+{ VTt +0)*(Z,+2,) +et+0) 2V 1+ [Z.]}Q.v

2
= _?sz+ TOv+ TOv, + 1 +0)*Tv,,

(TP € 8pr), TO, TP € 87(a) .

Then, we can choose ¢, z, and 2, as

1—6.<e<1
(3.40) { bise<

lz‘j(t, y" 77’: 0')l§02 (.7=2; 3)

for any (¢, %', 7, 0) € w; where 6, and 6, are sufficiently small positive
constants. Therefore, by the results in [2], we obtain

(3.41) <4,U, U)zCt+0)X<U, U

for any UeKer P,N L*(R>") where C is a positive constant independent
of pefp, ) and y, is a positive constant.
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Second step. We shall prove the following inequality

F
+(55) ™ o o fas

where C; is a positive constant independent of 4, f; and g,, and N, is
a positive integer.

We treat the energy estimate for the Case (II) of first step because
we can obtain the one for other cases by the same method. We set

2

S CTt2N3—2k+2 S ¢ {

0

2
1—5,p,2 0,2

(3.43) o(t)=Re (e™**M,U, e *U) .

Then, we have

(3.44) %@(t) = —2ud(t) + Re (e M,U,, e~ U)

+Re (e *M,U, e U,)+Re (e-*M,, U, e-*U)
= —240(t)+Re (e"“(Az U,,+3, BUy;+DQU

+BuU+ L EuU+ Ku Vit KVt F), 6#0)

+Re (e—m U, e—pt(A2 U,1+_§';2 B,U,,+D,Q,U
pa

1
t+o

+Re (e M, U, e **U)+Re(e*U, e **HU,)
< —Cu0()+Cu{ Z0®) +-;—HF| oy

+EuU+ =B U+ K Vat K Vat F,) )

+%|l Valli.} —Re(Ae U, e U

for any pu=p, where g, C, and C, are positive constants and

0 0
0 0 0
(3.45) H= b € 8'(p) .
0 33 0

By (3.36), we obtain
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(3.46) Re (A4, U, e U)=C,(t+06){e U, e *U)
—Cy(t+0)* e "Gy, e7*Gy)

for any pu=p, where C, and C, are positive constants independent of p
and g, is a positive constant. Therefore, we have

(3.47) %@(as Cu;«p(t)+cm{_¢(t)+—[1F||oﬂ+ A
—Cu(t+0)e U, e U +C“(t+3)"<e““‘G2, e MG
Then, we get
(3.48) —ad?(t“"q)(t)) = —at~“HP(E) + -0 (1)
< (C— )t~ 0(8) — Copet—0(t)
+—%t‘“{llelI§,p+llszll%,y}

+ 175t +0)H — Coll UNS,u+ Cul G5}

for any p=p, where g, is a positive constant. When we choose f, and
N, as

(%)jﬁ[,=o=0 (7=0,1, -+, N,)

va[£] {25

we have t7°@(f)|,-o=0. By (3.48), we obtain

(3.49)

(3.50) £ @) + Cllﬂ§:r~“¢<r)dc +C S::f:““(r +0) (UM, AT
t
< o[ e (| Bl oo+ | Vil e
p 0
+C, | 7o+ oGN8z
for any a=a, where a, is a positive constant. Hence, we get
(3.5D) 00+ Cupt| (L) 0@z +C. [ (L) (e +01( UM e

S e (L) U+ Vil e
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t [
+Cu (L) e +01(G dr -

When {®,}-, is a partition of unity in a neighborhood of S=02, we set
Po=1—>}, ;. By the fact that @, vanishes in a neighborhood of S
and Remark 3 in §2, we have the same type inequality without the
boundary estimate and G,=0 as in (3.51) (i.e. the energy estimate for
the Cauchy problem). Using a partition of unity in a neighborhood of
2, (8.18), (3.19) and the same result for the Cauchy problem as (8.51),
we obtain

0

(3.52) IW @I 0+ Cate| (L) 1 W@ .00
t a

T
+Cal (L) @+ MW@ e

=22 (2) 156 insde
+Cu (L) e +orlae, i nsde

for any p=p, and any a=a, where W(t)="(us(t), ws(t), t+06)us, - -,
(t+0)*us,,), Cuy - -+, Coy ¢4 and a, are positive constants independent of
0,f, and g,. On the other hand, since (0/9t)'f,|;=e=0(2=0, ---, N;) and
(0/0t)?9,|4=o=0(3=0, ---, N,+1), we can represent as follows

_ 1 t _ Ny a Ng+1
£, w)——Ns! So(t 7) <_ar) fi(z, x)dt
(3.53)

1 o _a— Ng+1
0.6, 9= | 6= 0" (L) oz, aydr

Therefore, by Schwarz inequality, we have

15, ostr | [(Z)" s | ae
(3.54) n) s \wen "
llg.(t, ~)||§,s§t”““sol<-£_—) 9.(z, +) O’Sdz-
and
0 Y el e of e
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Sst ( _a_ >N3+1

- oy

Stwwg ( 0 )N
o7

Combining (3.52), (8.54) and (3.55), we obtain

2 t
dy t“S TNsti-aqr
0,0 0

2
dr .
0,w

(3.56) IW O .0+ Cute] (L) 1W @) alz
+Ca (L) C+F Il s
<Geene {2

J7;
e i

ot

Hence, we have (3.42).
Third step. We shall prove the inequality

() e Ol

(3.57) 3
S A (CONECD

#(G) o e

where m=2, C;,,, and B are positive constants independent of 4, f; and
g, and N, is a positive integer.

It suffices to show the inequality for m=2.

We treat the energy estimate for the Case (II) of first step because
we can obtain the one for other cases by the same method.

Differentiating all the term in (3.35) with respect to ¢{ and using
fi(0, 2)=0, we have

M(U,),= Ay U,>,1+i sz<U,>y,.+DzQ2 U,

+ EZIU + E22U +K21 V21t+K22 V22t+F2t

‘_Mzt Ut + (Azot + ?r’f—-—BAm)(t + 5)" Uv:
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(3.58) ¢ R 1
+’,2=12 B2.7t Uv; +(D,Q,). U+ E, U+ (—-—-—t T a_E'22 )‘ U

+ K¢ Voot Koot Voo
U0, )=0
P2Ut|u=o=Gzt — P, U'y,so
\ @& e, T)XR:

where

0
(3.59) Ay=178,(t, ¥) 1—|7,

T+ [z
0 1

Differentiating all the term in (3.35) with respect to y,(r=2, -+, ») and
multipling (¢+06)%, we obtain

(M(¢+0)T, )= A(E+31 T, )y, + 3 Bul t+5) T, ),
+D,Q(t+3)U, )+ Ep(t+5)* U,,>+%«t+a>kv,,>

+ Ky (8 +0)* Vauy, + Kt +0)* Vi, +(E +0)°Fy,

k
- kMz t 2 t 5 k v
(t+0)M,, U +t+3M(( +0)*U,.)

(3.60) ¢ - Ay (£ 4B Uu+,i=, B, (t+0)*U,,

+(Di@)y, (+0) U+ (t+0)* {Euy, U
+ t—iEE U+ Kuy, Vit Kusy, Vin }
(t+90)U,,)0, y)=0
P ((t+0)* U, )y,=0={t+0)*[G:y, — Psy Uly,=0]
\ (¢, e, T)XR:.

Operating the pseudoA differential operator (¢+4)*@, for (3.35), we
have



(8.61)

+
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(M((t+0)QuU) = A(t+0)QU)y, + 3, Bu(t+3)' QD)

+ D@yt +)*Q.U) + By (£ +6)Q, U)+t£_f—3-((t+5)"QzU)

+ Koy (£ +0)4Q. Vi) + Kun(£+0)*Q, Vi) + (£ +0)* Q. F,
—(t+0)*[Qs, MU, +—E_M,(t+0)*Q,U

t+o0

+ -+ MQuU+(E+0MQ, AU, —(t+0)4Q.,U
++0{2[Qy BlU,,+1Q:, DIQ.U}

++0F 3Bl @ 2= [U+ (+0{[Qu BIU

1
—5[Qu BulU+[Qs Kl V- [Quy Kl Vi

((t+0)*Q.U)(0, »)=0
Py((t+0)"Q, U)|71=0= (t +6)k[Q2G2—' [Q., P Uly1=0]
¢ ¥ e, T)XR: .

Also, by (3.35), we get

(3.62)

where

(3.63)

We set
(3.64)

(t+0)Uy, = (Awi+ Au) (MU, — 3, Bi; Uy, — DiQU

_En U—‘;::l_—BEzz U— K21 V21 - Kzz V22 —Fz
-1
L 0
— 1 0 |
Az m 142, (e 8°%w)
—Iillz
0
0 0
0 0 0
Age= a (e g—l(ﬂ)) .
0
O 2 21

ﬁ=t(Uu (t+3)k ng, T (t+3)kUy”y (t+3)kQ2U) .

)

91
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By (8.58), (3.60), (3.61) and (3.62), we obtain

~

Mzﬁg U i y,+D2Q2U+E21U
1

Ezzﬁ+K21Vz1+Kzzvzz+Fz+I?

0

+

(3.65) - i
U, »)=
Pz ﬁlvlzo = éz

t, v) e, T)xXR:

where

F,---a (4n+4)x (4n+4) pseudo differential system with the same
property as E,,.

E,---a (dn+4)x(dn+4) pseudo differential system with the same
property as E,,.

=t(Fy, (t+0)*Fy,, « -+, E+0)*Fy,,, (t+0)*Q.F)) .
(ng Py Ulyy=oy (¢+8)[Goyy— Py, Ulyy=ol
., (t+8)Gay, — Puy Uly,mol, (¢ + 3P[QG:—[Qsr PUL,=0)) -
17'21- (Vm, (t+0)* Vayy -+ (E+8)* Vi, (+06)*Q: Va)
‘722= t( Vm, (t +5)k V22y2, % (t+6)k szy,,, (t+3)kQ2 sz)
ﬁ2=t(H20; Hy, ---, H,,, H2(n+1))
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Hy, = (Am + E’%Azo)Am(Mz U,— g B,,U,,— D@, U)

- (Am +.t__";_gAm)(Am ¥ Am)< E, U+ ?}EE U

+ KoVt Ku Vet o) + DifQu— (QuaQ7)QIU

+ E21t U+ ( iE—;i26>t U+ Kth V21 + K22t V22 .

Hi, =(t+8)" Auy, Awe MU~ 3, By U,;— DQ:U)

- (t -+ 8)"744207,.(44-201 + Azoz) <E21 U+ —t'%En U

A A F) + D{Qu, ~ (@, 5QTIQNE+)}T

(¢4 0| By, U+ 5By, U+ Ky, Vs K, Vi
(/,:__2’ .o .,’ ) .
H,, 11y =0 +0)"Mf{ Qe — (0 Q7 )R} U
+1Qy Al Am(MZ U,— g B, U,,—D,Q, U)
— (t+0)* Ay{Qey, — (Qey, QT N} U

- [Q2, 2](A201 + Azoz) {Ezl U + E22 U+ K21 V21

5
+ Ky, Voot Fz} + (¢ +0) JZ=2 B;; {[Qz» 32;‘]

J

[Qz, ] V@ U+ ¢+91Qs BalU

510 BulU+[Qu Kul Vit [Qu, Kl Ve
and
(3.66) ReA, T, hzCt+0)<T, T)

for any UeKer B,n L¥(R"™ and any p#=p, where C and p, are positive
constants. '
We set

(3.67) d(t)=Re(e M, U, e T) .
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By the same method as the one to obtain (3.51), we have

3.68) &(t)+ Csygo(%) F@)dr+ 0328:(—:-)“ (c +0)( W e
<o [ (L) U 1| Pull b 1Bl
+Cul (L) +0(G e

for any pg=y, and any a=a, where C, -, C,, #, and a, are positive
constants. By (3.56), (3.62) and (3.68), we obtain

(3.69) [|(E+0)Ty,[13.u+ Csyst(%) Iz +6)*U, I3 .dz
+Ca | (L) +0M(e+01 Ui e
S | (L) URI ot | Pl ot | L e
+Cu (L) c+or(Gs e

o )1\73+1f1

+ C e+ttt S { o

L)

+Cul Bl Catt | (L) I Full iz +C{ (L) + 4P it -

A

Hence, by the same method of the second step, (3.56), (3.68) and (3.69),
we have

~ t t a ~
(3.70) NW®30+ Cm;zso(?) | W(D)[3,,0dT

+Cal (L) + O @itz
( 1\74+,sf1

+|(55) " 0

for any p=p, and any a=a, where

(3'71) W(t)=t(u8h (t+5)ku831) ) (t+5)kuéz”; Wsee »
(t+5)kuuzy ) (t+6)kuatz,,’ (t+5)2ku31131’ |
(4 0)*Usz,2,)

< C' s/2t2N4S
- 01

I,S}dr
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to 0y 8 and Cr,, are positive constants independent of §, f. and g,, and
N, is a positive integer. So, we obtain (3.57). Therefore, we have
Lemma 3.2. Q.E.D.

DEFINITION. 2 has the ordinary cone property if there is a cone C
such that for each point x €, there is a cone C,cQ with vertex z
congruent to C. £ has the restricted cone property if 42 has a locally
finite open covering {O,} and corresponding cones {C;} with vertices at
the origin and the property that x+C,c @2 for relNO0,.

LEMMA 3.4. Let 2 be a bounded domain having the restricted cone
property. Then, every bounded sequence in H, (2) has a subsequence
which converges in Hi(Q) if j<m.

ProOF. See [1].

PROOF OF THEOREM 38.1. By the fact that the domain (0, T) X 2 has
the restricted cone property, Lemma 8.2 and Lemma 3.4, we have a
solution u(t, ) of the problem (3.1) which satisfies

am (&) we o, =0 L2 5
NEACT

Let g+|v|=m+2. Then, we can write

2

m+2,2

faz .

m+2,8

(3.73) DDyt x)— DEDIuy(t', x)= S:Dé’“Dzu,(z', o)t

for almost all x €2 since DfDJu,(t, x) and Df+*Diu,(t, x) € Li((0, T) x Q).
Using Schwarz inequality, we obtain

(3.74) | 1D2Dzu(t, )~ DEDRUE, )
< [t——t’ISTSQIDf“D;u,,(z-, ) [fdzdr <Clt—t'|
0

for g+|7|=m+2 by Lemma 3.2 where C is a positive constant. As d—
0, we get

(3.75) | Déut, ) — Diut’, )|l mrop, o < C'|t — /|2

for the solution u(¢, #) of the problem (8.1) where C’ is a positive
constant. Let us define Dfu(T, x) by
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(8.76) D?fu(T, x)=1iTm0Dfu(t, x) in H™T Q).
t—T —

Then, the mapping t— Dfu(t, x) e H™*#(Q) is strongly continuous on
[0, T], which proves u(t, ®) € NJ= &i(H™*¥(2)). By the the same method
used to obtain (3.4), we can get the similar estimate of the solution
u(t, ) of the problem (3.1). Therefore, the uniqueness of the solution
holds. Hence, we have Theorem 3.1. Q.E.D.

§4. The existence of the solution.

In this section, we shall prove the Main Theorem.
For any fixed non-negative integer m, we take as N in Theorem 3.1.
Let u,.,(x) (#=0,1, ---, N) be defined by (1.9) and put

(4.1) wt, %) =1§—;—’;-u,-(x) .

Then, we have

) [, =1t 2)— Liw] & &7 (H(®)
’ 9.(t, 8)=9(, 8)— Blwl|s € £F(H=(S))
and
(L) Flem=0 =0, -+, N)
at H ?
(4.3)

(—6?7) Gilmo=0 (4=0, -+, N+1)

by (1.9) and (1.11). Therefore, by Theorem 3.1, there exists a unique
solution (¢, x) € N2 Li(H™*"(2)) of the problem

(LIv]=/.
2(0, £)=0, v,(0, x)=0
4.4
@ Blulls=0,
(t,x)e@, T)x2.
If we set
(4.5) u(t, x)=v{, x)+w(, ) ,

this is the unique solution of the problem (1.1). Hence, we have the
Main Theorem. Q.E.D.
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ARK 4. By our method, we can treat the following problem

Liul =2k 21" 3\ hy(t, =) a‘za“ —t* 31 ault, ) ia

+a, (¢, x) +t" 1Z‘,a,,(t w) +d(t, 2)u=f(, x)

.7

(0, x) =wu.(x), ut(O, x) =u, ()
Blulls=wuls=9(t, 8)
(t,2)e, T)x2.

REMARK 5. By our method, we can treat the following problem

(4.7) <

where

(4.8)

instead
(3.24) as

4.9)

where

(4.10)

’L[u]—"—’i 2t 3\ hytt, @) TU__p+ 3, a,t, o)

dtow, | 5= o iax
+adt, x) +t"“2a,(t z) 2L ou % d(t, Du =1, 2

u(0, o) =wu,(x) , ug(O, x) =u, ()
By[u]ls=0
(t,2)e 0, TYx R

= 1 ~ 0 5
By= et fef2.t, 0, )2+ 50,00, 0, 4052 |
VL@, o, y’){ ol y)6y1+f2ﬂ A y)aw

> n 0 ~ ’
Rt 0, 9) 2} 70, 1)

of B in (1.8). Then, we have =1 for (8.16) and choose U in

Qv —(t+0)Quuw+(t+0)" Qv
Quv + (£ +0)*Quw + (£ +0)* Q.
= Qv —(t+0)*Quw—(t+0)" Qv
—Qw—(t+8)Q w+ (t+0)"Qu
v

S
il
SRS 8 R

{Quw =@- Qlw

w=’\//‘27/5 o
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REMARK 6. By the similar systemization in § 2 and §3 and the theory
of the pseudo differential operator, we can treat the L?-well-posed mixed
problem for regularly hyperbolic equations of second order with variable
coefficients.
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