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Abstract. We show that the classical Hélder inequality between means of order «,
0<a=1, can be improved on the assumption that the terms are not too often of comparable
size. As an application, we derive a general, optimal bound for the entropy of a probability
distribution.

§1. Introduction.

In two previous articles [1, 2] concerned with the Rudin-Shapiro
sequence we stated and used a lemma without reproducing its proof.
We believe that this lemma is interesting in its own accord. The object
of this paper is to give an extended and generalized version of our
lemma — thereby promoted to the status of a theorem. As a consequence
we shall obtain an inequality sharpening in some cases the classical
Holder’s inequality, and which leads to a new result concerning the
entropy of a probability distribution.

§2. An inequality.

THEOREM. Let )\ be a positive real mumber and let Siieox, be a
convergent series with non-negative terms. Suppose that

(1) M2 S 2, (0=0,1,2 --.).
k=n+1
Then, for all a, 0<a=<1, we have
(2) S a0 (Z )
k=0 k=0
with equality in the case x,={\/(L,+1)}, k=0.

COROLLARY. Let {p,: k=0} be a probability distribution with entropy
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1
Dy

H:= fi‘. D, log
k=0

Define the fumction F(x):=(z+1)log(x+1)—xlogx, >0. Then, on the
assumption that

Mo sup o3 mu<es
we have
(3) H=<FQ\) .
Furthermore, equality holds in the geometric case .=+ D)},
k=0.

Note that (1) is valid in particular for finite sums, that is,
N N «
(4) S a0+ (Em) . 0<asD),
k=0 k=0
where now

A=Ay := max ;' EN‘, Ty o
0sa<N k=n+1 .
But Holder’s inequality states that (4) holds with a factor (N+1)"™* instead
of {n+1)*—22}"%. Thus (4) is certainly sharper when r=a" t-a(N+1). In
this context it is worthwhile to bear in mind that we may always assume
that the xz, are arranged in decreasing order, whence A= N.
Finally, we show that the corollary is a straightforward consequence
of the theorem. Indeed, from (2) with z,=p,, we obtain

. _ -1 - a —_ -1 __._1—_—-
Ha.—(l a) IOg(kz;aopk)é(l a) 108'(7\'_*_1)"_7\‘,, )

The quantity H, is Rényi’s a-entropy [3]. We let a increase to 1 and
obtain the required inequality (3).
§3. Proof of the theorem.

We may plainly normalize the series such thé,t

ixk—_-l

k=0

and from now on we shall put z,=p,, £k=0,1, ---. Our assumption (1)
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may be equivalently written as
(5) 1-s,=81—s,_,), (n=0,1,2, ..-)

where we have set s, :=3<j<. Dy B:=N(\+1).
Let a satisfy 0<a=<1 and define

h=h(a) :="Z=opg .
The series converges since by (5), p,<1—s, ,=<8". Now we put
1=8 it s_,=1

wn = 1 - sn—-l
0 , if s,,=1

and observe that

h= ,E, (8,—8,_,)*= g(., 1—s8,_,—(1—s,)"
=1 —w,)*+wi(l—w,)*+wiw(1 —w) 4+« -- .

Let ¢t :=maxh, where the maximum is taken over the set of all sequences
{w,, wy, + -} in [0, B]". Since h=h(w, w,, +-+) is a continuous function on
this compact space, the maximum is actually attained, at {w¥ w¥, ---},
say. Then

t=1—ws)*+wh(w!, wf, - )SA—w)*+wdt

hence

( (:)k)a __.( )a_ a a}—1
t_omagxl5 T = ~ ={(AL+1)*—r%},

as required.

REMARK. M. Balazard found an alternative proof of this result based
on the observation that the funection x— (x+a)*—2x* is strietly decreasing
for all a>0 and a, 0<a<l. Indeed, taking a=x, we see that the hy-
pothesis (1) implies

e, +,)* —'(mn)“ = ( . g Tt xn)a— ( > lwk>a

or

{(x~+1)“—>»f"}mz§(,§‘:t w,,)a—( P x,,)“.

k=n+1
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Summing this inequality for all n=0, 1, 2, ... yields the required estimate

2).

§4. Complements.

In this section we give some further precisions to our result. The
first is a complete description of the cases of equality in (2).

COMPLEMENT 1. Suppose that for some a, 0<a<1l, we have

Lod

(6) ,‘Z=‘.opz={(x+1)"—x“}"‘ .
Then {p.: k=0} is geometric, up to a reordering of the terms. In other
words, if we further assume p,=p,=--+, we have

pk=(x+1)-l{_7ﬁ—1}", (k=0,1, ---).

This results easily from the proof in Section 8. Indeed (6) implies, in
the previous notation, that h(w, w, ---)=t. Hence, as before, we get

(7) t=h(wo, w;y, "')=(1_wo)a+wgh(wv Wy, "')
SA—we)*+wit
which in turn yields

_A=pr - (A—w)

1-8*  1—uf
Together with the initial condition w,<43, this implies that w,=3 and we

infer from (7) that h(w, w, --:)=t. The proof may hence be completed
by an obvious iteration.

We note that this result can also be derived from Balazard’s proof
of our theorem.

Next, we give a generalization of the corollary.

COMPLEMENT 2. Let {p,: k=0} be a probability distribution and (A;);e,
be a partition of N. Put P(A;)=3\c4;Pw» JEJ, and suppose that

A :=sup sup p; Z D<o
jeJ nedy keA,

The function F being defined as in Section 2, we then have

OSZ‘, . log _p:— 5_‘, P(A)log———— P(A;) =F).




ENTROPY 327

Notice that we always have 4<\. This result shows that the entropy
of a distribution cannot decrease too much by just grouping terms together:
“One cannot organize randomness”.

We now prove the complement. The left hand inequality simply
follows from the convexity of xlog(l/x). For the right hand one, we
introduce a parameter a, 0<a<1, and apply (2) to each series 3. 45 Dis
j €J, noticing that the corresponding conditions of type (1) hold with 4
in place of A. This yields

2 PEi=2, 3, p‘,’,’§{(A+1)“—A“}"1§P(A,-)“ .

k=0 jedJ IceAj
The required conclusion follows by letting a tend to 1, as before.

Finally, we mention the continuous analogue of our theorem, which
turns out to be very easy.

COMPLEMENT 3. Let y=y(x) be a function of class C' on (0, + o),
with y(0)=0, y(4+ )=1. Suppose that for some A>0

AY'=1—y=0.

Then for all a, 0<a<1,
| w@)rdesa—n—-
0
and

ry'(x)log-—-,}——dw <l+logx.
0 Y'(x)
Furthermore, both inequalities become equalities when y(x)=1—exp(—x/)\).

Proor. The hypothesis plainly implies

wrs(2)

hence

S:(y')aday = S:(y')a—ly'dw < N;-aS:‘(l gy d

— kl—agl(l — y)a—ldy J— a-—lxl—a .
0
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The same technique applies for the second case. The last remark is easy
to check and left to the reader.
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