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Remarks on Blowing-Up of Solutions for Some
Nonlinear Schrodinger Equations

Kazuhiro KURATA* and Takayoshi OGAWA

Gakushuin University and University of Tokyo

Abstract. We study the blowing-up conditions of solutions for nonlinear Schrédinger
equations with interaction which does not satisfy known Glassey’s condition [4]. We also
give some remarks on the blowing-up conditions on an exterior domain with a star-shaped
complement under the Dirichlet boundary condition and on a complement of a ball under

the Neumann boundary condition. Finally, we show global existence of solutions for the

ion: 2% — (.1 2>
equation: Gy =Au+ lmz*lu] u.

§1. Introduction.

In this paper we are concerned with the problem of blowing-up of
solutions to the following nonlinear Schrodinger equations:

(1.1) %=Au+f<lulz>u, t20, ze 2,
1.1 i-‘;—";’=Au+(V*IuI2)u, t=0, ze Q.

Here i=1"—1, 2 is a smooth domain in R"* (n=8) and f, V are real
valued functions. For the case 2=R" we study the blowing-up conditions
for the Cauchy problem (1.1) (or (1.1')) with initial data (1.2):

1.2) (0, x)=u,(x) , reEN.

For the case 2+« R" we study the blowing-up conditions for the mixed
problem (1.1) (or (1.1')) with the initial condition (1.2) and the Dirichlet
boundary condition (1.3) or the Neumann boundary condition (1.4):

1.3) u(t, v)=0, t=0, xeol2,

Received December 11, 1989
* This work was partially supported by Grant-in-Aid for Encouragement of Young
Scientists (No. 01740105), Ministry of Education, Science and Culture.




400 KAZUHIRO KURATA AND TAKAYOSHI OGAWA

(1.4) 9% _o, t=0, x€iQ.
on

For local interaction f(ju|>)u Glassey [4] studied the blowing-up conditions
and showed that if the nonlinear term f(Ju|*)u satisfies the following
condition (G), solutions of (1.1) and (1.2) blow up in a finite time for
suitable initial data.

(G) “f(t) is a real-valued function from R, (=[0, + «)) to R' and
there is a constant ¢>1+42/n such that cF(t)<tf(t) for all

=0, where F()= S £(s)ds.”

In particular, single power interaction f(ju|)u=|ul|*"'u with p>1+4/n
satisfies the condition (G). (For p=1+4/n, see, e.g., Cazenave and
Weisslar [1], Nawa [13], Nawa and M. Tsutsumi [14], M. Tsutsumi [18],
Weinstein [20].) However the interaction

(1.5) FluPu=ul"u+lul"u  with 1< p<1+%<q

does not satisfy Glassey’s condition (G). For nonlocal interaction (V x|ul>)u
Matsumoto and Mochizuki [9] showed that if V(x) satisfies the following
conditions:

(V.1) V(—x)=V(x) ,
(V.2) |V(ac)|§—%’lT . 0<a<n, M>0,
(V.3) 2. VV(@) = —cV(x) for some c¢=2,

for all x € R*, then the blowing-up occurs for suitable initial data. In
the case V(x)=1/lz|* the condition (V.8) means 2=<\<n. The condition
(V.8) (¢>2) corresponds to Glassey’s condition (G). However the in-
teraction

(1.6) ((-I::—V-Jrﬁ)*mw)u with 0<a<2<p<n

does not satisfiy the condition (V.3).

One of the main purposes of this paper is to show that even for
interactions (1.5) and (1.6) solutions for the Cauchy problem (1.1) (or
(1.1)) and (1.2) blow up in a finite time for suitable initial data (see
section 3).
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The second purpose of this paper is to give the blowing-up conditions
for the Dirichlet problem (1.1)-(1.3) in an exterior domain 2 with a
star-shaped complement, and for the Neumann problem (1.1), (1.2) and
(1.4) in the complement of a ball. Kavian [6] studied the blowing-up
of solutions for the problem (1.1)-(1.8) with F(u>)u=|u|""'u, p=5, on
Q2=(ball)° and considered only some examples for the Neumann boundary
condition. We shall prove the pseudo-conformal conservation law under
the Neumann boundary condition and give the blowing-up conditions for
the problem (1.1), (1.2) and (1.4).

In this paper we are mainly concerned with the blowing-up conditions.
But we just mention that, recently, several articles have appeared ([1],
[10]-[14], [19], [21], [22]) in which the behaviour of the solutions of
(1.1)-(1.2) (with 2=R") near the blow-up time is studied for some in-
teractions.

Finally, we show that the global existence of solutions for the Cauchy
problem (1.1)-(1.2) with nonlocal interaction (V*|u|)u=1/|z[**|u/>)u can be
proved for small initial data. This is an analogue of Weinstein’s work
[20].

We use the following notations throughout this paper.

V=(V1’ 't Vn) ’ j="'a%.— y A= Zig (’n23) ’
f

=l @>0),
Wrup@=| Ve-yurwady,
Zo={ue H) Q) ; |zlu(x) e L*(D)},

S={ue H(Q) ; |rlulx) e L)},
H}!={ue H'(R") ; u is radially symmetric} .

§2. Preliminaries.

In this section we collect several identities which are used throughout
this paper. First, we consider the problem (1.1)-(1.3). We assume that
feCY0, +)) is a real-valued function and that 2 is a smooth domain
with compact boundary. We also assume that there is a solution
uw e C' ([0, T); L*(2))NC(0, T); H:(L2)N H*(R2)) of the problem (1.1)-(1.3) for
some T>0. We put F(t)=St f(s)ds. Then we have the following lemma.

LEMMA 2.1. Let n=3. We assume that f(t)t’, F(t>)<Ct*™ for large
t>0 where C>0 18 a constant. Let u,c HX Q) and let u(t) be a solution
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in CY[0, T); L*}(2))NC(0, T); H) ()N H*R)) of (1.1)-(1.3) for some T>0.
Then for any t<T we have

2.1) lw(@®ll.=ll%ll. ,
(2.2) Eut) =< Vu®)li—3| Flu@®)de=Ew,) .

Moreover, if u,€X,N H*R), the solution w satisfies |x|u(, x) € L*(2) for
0<t<T and the following identity holds:

(2.3) ehu®) =l zlaolli— 4(Tm| (2 Vuei(@)da )t
+4{'¢—s){21vu@lli+n| Flue, Dds
—n|_f(us, DD)luts, 2)dz
—\, @@V, Fdr}ds .

This lemma is well-known (see, e.g., Glassey [4], Ginibre and Velo
[2] for 2=R", Kavian [6], Otani [15] for general domains, and see also
the proof of Lemma 2.2.).

Next, we consider the problem (1.1), (1.2) and (1.4). We assume
that there is a solution ueC'([0, T); H(Q)NC(0, T); H*R)) of the
problem (1.1), (1.2) and (1.4) for some 7 >0. Recall that =
{ue H'(Q) ; |wlu(x) € L*(2)}.

LEMMA 2.2. Let f and F be as in Lemma 2.1 and u,€ H'(2). Let
u(t) be a solution in CX ([0, T); H(2))NC(0, T); H* D) of (1.1), (1.2) and
(1.4) for some T>0. Then the identities (2.1) and (2.2) also hold for
all 0<t<T. Moreover, if u, €3N HR), then |x|u(t, x) € L}(2) for 0<t<T
and the solution u satisfies

@0 leu®li=Ilzuli—4(Im| @ Vu@u@ds)
+4{ ¢—9) 21Vu@I+n| Flut, Ddz
—n{_f(luts, DPluts, Dido+| @ n@){ivue, o

— F(lu(s, w)|2)—1m(‘;—7:(s, x)m)}dr]ds :

PROOF. We have only to show (2.4). We prove it similarly to
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Kavian [6]. Let ¢ € C/R") be a function satisfying ¢(x)=0, ¢#0. Put

(2.5) V=1 s@lut wids .
From (1.1) we have
(2.6) V'(t)=Re§n¢(x)u"(t,"x“)@%ﬁ-dw

=Im§a¢(x)u(t, x)Au(t, x)dx
- ——ImSQVqs(w) Vu(t, 2)ul, Bda .

By integrating by parts and using (1.4) we have, for k€ R',
2.7 V't+h)—V'(®)
= — Img DV¢ V(ut+h, x)—u(t, ))(ult+h, x)—ult, x))d

42 ImSg(u(t b, %) —ut, ©)Ve-Va@, a)de
+Im§g(u(t+h, ¥)—u(t, 2)Asut, D)ds
——ImS (wE+h, )—ult, ©)ul, D2Ldr

a0 on

Under the assumption on the regularity of the solution #, we can see
from (2.7) that V is a C%-function and satisfies

(2.8) V"(t)=2 ImS g-aLg;_x_).w Vult, D)dw

+Im§ oulh, @) A utt Dde
] ot

ou(t, *) —73— 0¢

—Im| ul®) 9% qr .

mgm 5 u(t, x) o ar
The first term of the right hand side of (2.8) is equal to
2 ImSans- VuG, o)(—idut, ©)—if (ult, ), ©)dz

——2 ReSans-Vu__—(t, DAUt, x)do— SDV¢oVF(|u(t, )| dz

=2 ReS V(Y4 ValE, D)- Vult, v)dz— S”ti VF(u(t, 2)P)dz
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=2SD(H(¢)Vu(t, )|Vt x))dac+s %’;—qu(t, v)itdl

ag

—{ asivut, r—| 22 Fuct, ar

+| AsF(ue, Dids

where
(H(g)Vu(t, x)|Vu(t, r'c))=ls,2k.S V,VisViu(t, 2)Vul, o) .

On the other hand, the second term of the right hand side of (2.8)
is equal to

Im| Aguts, B)(—ibutt, 2)—if(lutt, DPuct, D)ds
= —ReSQAW—“(t, DA, x)dz— SDA¢f(Iu(t, o)D) ult, ©)['de

= SDA¢|Vu(t, x)|2daz+—;—§aglu(t, x)|*n(x) - V(Ag)dI

— 2| utt, rarsdn—| Apf(u, Piud, Dlds -
Hence we have the following identity:
2.9) V”(t)=2SD(H(¢)Vu(t, 2)|Vu(t, z)dz
+SDA¢{F (u(t, ©)) — f(u(t, ©))|u(t, z)’}dx

__:_1_ 2 2 _@j_‘_ 2__ 2
2| Alutt, )fde+|, 22(Vult, @) F(utt, DT

9

08¢ 2 I 0p ou(t, ®) —7—
+Sw 9 Ju(t, ®)Fdl Imsanan 4 ) W mar .

We take the function {: R, — R, such that

C(—==C® , L@®)=1 for [t|=1, C@)=0 for [¢{|=2,
'(t)<0 for t=0 and {eC~.
For each integer m=1 we put ¢,(x)=%|x*{(|x|/m) and define V ,(¢) as V(¢t)
with ¢=¢,, in (2.5). Then V,(f) satisfies the assumption in the argument

above and we can apply (2.9) for this function V,(¢). Since V_(¢) is a
C*-function we have
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(2.10) V.(£)=V,(0)+ VL(O0)t+ St(t—s) V(s)ds .

By the properties of the function { and ¢,, we obtain as m— 4 o

2.11) V,,.<t>—>—}1—§g|x121u<t, x)fdz

2.12) V2(0) —»—ImSp(w-Vuo(x))mdw ,
(2.13) VI — W) |

where

we)=2| [V, o)tds+n| (Flut, 91—l DEAu, 9)ds

—l—Lg(w-n(w)){qu(t, o) — F(ut, x)|2)—1m(i’:‘_(é§t'_’£)_m)}dx :

Therefore we can conclude that identity (2.4) holds. -

Next, we consider the problem (1.1'), (1.2) and (1.3). We may assume
that the origin o belongs to 2. We assume that Ve C'Q)\ {o}) satisfies
the following conditions:

(W.1) V(—2)=V() ,
(W.2) IV(m)IgTSF—+ 15" with 0<A=<pg<min{4, n),
(W.3) V@) =S+ LD

|2|2 1 ||+

for all x€ 2\ {0}, where C and D are positive constants. We also assume
that for u,€ 3N H*N) there is a solution € C'([0, T); L*(2))NC(0, T);
3N H*)) of the problem (1.1"), (1.2) and (1.3) for some 7'>0.

LEMMA 2.8. Assume (W.1)-(W.3) and suppose in addition that
r+1<n. Let u(t) be a solution in C ([0, T); L*(Q)NC(0, T); ¥ N H*(2))
of (1.1"), (1.2) and (1.8) for some T>0. Then u(t) satisfies the following
rdentities:

(2.14) lu@ll:=1%ll: ,

2.15) E(u(t))=-§|Wu<t>||§—--§P(u(t»=E<uo> ,
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where P(u(t))z%“ Vie—y)|u(t, )*lult, y)|’dedy. Moreover, we have
2x 9

216) | lalu(t)lli=llal,li—4(Im|_(@- Vu,@)u@dz)t
+4§ (t— 8){2IIVu(s)Hz——S (- VV)*|u(s))|u(s, x)l’dx
—Sw(x-n(m))IVu(s, x)l%l’}ds .

The proof of Lemma 2.3 is analogous to the proof of Lemmas 2.1
and 2.2 (see also, e.g., Kavian [6], Matsumoto and Mochizuki [9]).

§3. Blowing-up condition for f(|u|)u=|u|?""u+ |u|* u.

In this section we consider the Cauchy problem (1.1) and (1.2) with
the interaction:

4

8.1) SuPu=|ul"""u+ul"" u, 1<p<1+;<q<a (n=3).

For such nonlinearity it is known that (1.1)-(1.2) has a unique local
solution in the class C'({0, T); H**(R"))NC(0, T); 3N H¥*R")) for k=1, 2
(see Ginibre and Velo [1], Kato [56]). We state the main result of this
section.

THEOREM 3.1. We assume that u,€ 3 N H*(R") satisfies either of the
Sollowing conditions (3.2) and (3.3):

(3.2) E(u,)< — a—Dn _1)

(3.3) BEu)=——% ImS (@ Vu, (@)t @de>0 and
@—n R™

2|tm(| (@ va,@)u@ds)| 2.+ @~ DnB@)| ol

where e, s a positive constant depending only on n, p, q, and ||u,,.
Then the solution w of (1.1)-(1.2) blows up in a finite time, more precisely,
there is a finite time T,>0 such that

(3.4) lim [[Va(®)],= o .

REMARK 8.1. e, is explicitly given by
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o 40
2—(a+1)1—06)} ’

where 6 is determined by p+1=20+(a+1)(1—6), C, is a positive constant
depending only on 7, p and ¢ and C,—+ >~ as ¢—1+4/n (see (3.11) and
(3.12)). We can show that condition (8.2) is satisfied for suitable initial
data at least for p<p, where p, is some constant in (1, 1+4/n). In
fact, for any v,€ 3 N H*R") we can show that there is a large constant
N>0 such that the initial data u,(x)=»v,(x) satisfies the condition (3.2)
for all A =),.

(3.5) e,=Cyllwll

REMARK 3.2. The class of solution in Theorem 3.1 is C([0, 7T);
L*R"))NC(0, T); H*(R™)). Note that for the initial data u,e 3N H*R"
we have |x|u(t, x) € L*(R*) for t>0, and hence u <€ C([0, T); 2 N H*(R")).
For a weak solution u#<C([0, T); 3), satisfying the integral equation
associated with (1.1)-(1.2), we can prove the same result by using .the
well-known pseudoconformal conservation law (see, e.g., Ginibre and Velo

[2D.

REMARK 3.8. Glassey’s condition is not satisfied for such f(ju]>)u as
given in (3.1). It seems that the blowing-up of solution more likely
occurs in the case of Theorem 8.1 than the single power nonlinearity
case f(lu|Hu=|u|*"'u with p>1-+4/n, which satisfies Glassey’s condition
(G). The condition (3.2) or (3.3) for initial data is more restricted than
that of the case f(lul)u=|ul*"'u (see, e.g., Glassey [4]), but we do not
know whether these conditions are optimal or not.

For f(u»u=w/"""u+|u|"u, 1<p<qg, we can summarize as follows:
(i) if g<1+4/n, then (1.1)-(1.2) has global solutions for all initial data;
(i1) if p=1+4/n, then Glassey’s condition holds and the finite time blowing-
up occurs;

(iii) if p<1l+4/n<qg<a, then Glassey’s condition does not hold, but
Theorem 3.1 is applicable to this case;

(iv) if p<144/n=q, we do not know whether the finite time blowing-
up occurs or not.

For f(luP)u=|ul""'u—|u|"'u, 1<p+#q, we can summarize as follows:
(v) if p<g<a or p<l+4/n, then (1.1)-(1.2) has global solutions for all
initial data;

(vi) if p=1+4/n>q or p>q=1-+4/n, then Glassey’s condition holds and
the finite time blowing-up occurs.

REMARK 8.4. Theorem 3.1 can be generalized as follows. We assume
that
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(f.1) FO=£®+L0) , i) e C(0, + <))

and putting F,-(t)=§:f,-(s)ds G=1,2),

(£.2) Hi@t=Ctroe q-;l F.()=f.(t),

with
1<p<1+%<€1<a ’
for sufficiently large ¢>0, where C is a constant. Note that (£.2) implies
that for sufficiently large ¢t>0 there is a constant C>0 such that
Fl(t)éct(pﬂ)/z , fz(t)tht“’“”z .

Under the assumptions (f.1) and (f.2), the solutions of (1.1)-(1.2) blow
up in a finite time for suitable initial data.

In this section, unless otherwise stated, the region of integration in
z is always understood to be R™.

Proor (OF THEOREM 3.1). For the nonlinearity of f(f) in Theorem
3.1, Lemma 2.1 implies that

(3.6) | st liz= I lalulli—4(Im | (- Vu@)u@dz )t

+4S:(t—s)W(s)ds ,

where

(3.7) W(e) =2l Vu(@)i+n {2~ 1} [u@li31:

2 _ +1
+'n{'a'+—1 1}I|u(3)”3+1-

We note that Lemma 2.1 also implies that « € C([0, T'); ¥ N H*(R")). Using
the conservation of energy we can eliminate the L‘*-norm from (8.7).
Hence we obtain

(3.8) W) ={2—4=22 v

ng—p) Pt (g
+ e Hiu@)lzi+ @~ Dn B, -
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Note that 6={2—(¢—1)n/2} is negative by the assumption 1+4/n<q. By
Gagliardo and Nirenberg’s inequality, we have

(3.9) () |[2:52 < M || ()| Vau(s) |0 6= |

where M is a constant depending only on » and p, and 6€(0,1) is de-
termined by p+1=20+(a+1)1—6). The assumption p<l+4/n implies
that

(3.10) n=(a+1)(1—-6)<2.
Here we consider the function A(s):
3.11) h(s)=0s*+YM||u,||*s” ,

where Y=(@—p)n/(p+1)>0 and M is a constant in (3.9). By (38.10) h(s)
achieves its maximum v

(8.12) e,=C,||u,||3" 7

on s€(0, +), where C, is a positive constant depending only on 7, p
and q. From (3.8) and the conservation of L*-norm of u, we obtain

(3.13) W(s)<e,+(@—1)nE(u,) ,
for all s<T. (8.6) and (8.18) yield the following inequality:

(8.14) I zlu@ 3 | ot i —4(Tm| @ Vu @)@ )t
+2(e, + (q—1)nE(u,))t: .

Therefore, under the assumptions in Theorem 3.1 there is a finite time
T*>0 such that

(8.15) lim || |&|u(?)||2=0 .
t—T*
By the conservation of L*-norm and the following inequality:
(8.16) lu@li=M'|| lzlu@®)|]|| Vu@®)l., wueX,
we can conclude that there is a finite time 0<T** (X T*) such that

(3.17) lim |[Vu@)|li=+ <o . [

Next, we consider the nonlocal version of Theorem 8.1. We consider
the problem (1.1')-(1.2) with the following nonlocal interaction:
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(3.18) Vs ulyu= (Vo lulyu+ (Vo lulu
V@)=—r and V,m=-1
a al”

with 0<A<2<p<min(4,n) and #+1<n. We note that for any
u, € H*(R"), there is a solution u € C'([0, T); L*(R™))NC(0, T); H*(R"™) for
the problem (1.1')-(1.2) and if u#,€2X, then u(t)eX for all t>0 (see
Ginibre and Velo [3]).

THEOREM 3.2. We assume that u, € 3N H*(R") and satisfies either of
the following conditions (3.19) and (3.20): for some ¢,>0

e,
(3.19) Eu,)< — 2
(3.20) Eu)= — 26;1 , ImS(w-Vu,(x))u,(m)dw>0 and

2|tm| (- Va@u@dz| 20+ 2uE@) 2wl

where e, 1s a positive constant depending only on n, A\, t, and ||u,l,.
Then the solution w of (1.1')-(1.2) blows up in a finite time.

This theorem can be proved in the same way as the proof of
Theorem 3.1 by using Lemma 2.3, therefore we omit the details. We
only note that we use the following inequalities to prove Theorem 3.2.
Put

(3.21) P(“)=—§‘§,,< Valul)uld ,

for any uw € HXQ), where 2 is a smooth domain in R" and V(z)=1/|z|?
with 0<A <min(4, ). Then the Hardy-Littlewood-Sobolev inequality
implies

(8.22) P)<C|luls | Vull?

for some positive constant C. (8.22) is used instead of (3.9). We also
remark that the fact w(f)e Y for all ¢{>0 and the assumption p¢+1<n
yield the following identity:

@28 (o VVpu@Puerd= 2@ vV )ruenueids ,

for j=1, 2.
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The positive constant e, is obtained as the maximum of the following
function

(8.24) k) =2~ @'+ (= 0Cllults?
~where C is a positive constant appearing in the estimate

(3.25) |V o) uto) rdo C a1 Vo)

S4. Blowing-up conditions for general domains.

In this section we study the blowing-up conditions for solutions of
(1.1)-(1.8) on an exterior domain 2 with a star-shaped complement £°.
We also study the blowing-up conditions for the solutions of the Neumann
problem (1.1), (1.2) and (1.4) on a complement of a ball. For the problem
(1.1)-(1.8) with 2°=ball Kavian [6] proved that if S(uP)u=|ul>"'u with
5=p then solutions of (1.1)-(1.8) blow up in a finite time for suitable
initial data. '

We assume that

(D) “R2 is an exterior domain in R" (n=3) with a bounded complement
£2° which is star-shaped with respect to some point x, € 2° and
the boundary 62 is smooth.” '

Define D, d>0 and p, as follows:
(4.1) D=inf{r>0; B(z,, r)D2°},

d=sup{r>0; B(x,, r)C2°},

p,— n+4n—1)(Djd) +4)}
n

We assume that there is a solution u ¢ C\([0, T); L*())NC(0, T); HX(2)N
H*( Q)N L**(2)) of (1.1)-(1.83) with local interaction Su))u=ul>""u.

THEOREM 4.1. Let (D) be satisfied. We assume that P=p,, U, €3,N
H*(2) and u, satisfies either of the following conditions (4.2) and (4.8):

e E<u0>=—;-nw.,n:—Zi—luuon:mo,

4.3)  Em)=0, ImSO(Vq)(x)-Vu,,(x))E—(_x—)dw>0 and

l ImS D(V(D(x) <Vu,(x)u,(x)dx

2;4{(n—1)(—§-)"+1}E(u,,)§9¢gu,,fﬂdx ,
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where

1
|x—"xo|‘n—2

(4.4) q)(m)=—;-|x—m,,|2+(n12 )D"

Then the solution u(t, x) of (1.1)-(1.83) blows up in a finite time.

Theorem 4.1 can be stated in a somewhat generalized form. Let 2,
and 9, be domains which are star-shaped with respect to some point
x, € 2,, with 2,00, and let 2, be bounded (£, is not necessarily bounded).
We also assume that there is an 7,>0 such that 2,DB(z,, r,)D2,. Define
D and d>0 as follows:

D=inf{'r>0; ngB(xo’ T)D'Qz} ’

(4.5) d=sup{r>0; B(z,, r)C 2} .

Define p, as in Theorem 4.1 by using (4.5).

THEOREM 4.1'. Let Q be a smooth domain such that 2=2,\ 2,
with 2, and 2, as above. Then the same statement as in Theorem 4.1

holds.

REMARK 4.1. Our proof of Theorem 4.1 is a modification of the
argument of Kavian [6]. We note that when 2= (ball)° we have p,=5.
The function @ is introduced by Kavian [6], and this function is a key
of our proof of Theorem 4.1. @ also plays an important role when we
later consider the Neumann problem on the complement of a ball.

PrROOF (OF THEOREM 4.1 AND THEOREM 4.1'). We shall give the
proof of Theorem 4.1 with some comments on the proof of Theorem
4.1’. Without losing generality we may assume that z,=o. Put

(4.6) V(t)=-%—§n¢(w)lu(t, o) ['dz .

As can be seen by an approximation argument as in [6], we have only
to obtain the upper bound for the following function W(t):

4.7) W(t)=2§a 3 V.V0@ Y, o)V,ul, dda
2 p+1
+n{?+—1——1}salu(t, x)|* 'dx

——SMWu(t, )+ n(x)[*VP(x) - n(@)da .
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Here n(x) is an outward unit normal at z¢coQ. (Here we have used
V@=mn in Q.) By the assumption on the domain £ and the definition
of D, we have z-n(x)<0 and D/[z|=1 for all xcsQ. Since V,0(x)=
{1—(D/|x|)"}x;, we have

(4.8) Vo) () = {1 — (-ﬁ)} (@-n(z)) =0

for all x€o2. (In the proof of Theorem 4.1’ we note that for X €082,
we can argue as above and for x€df2, we also have (4.8) because of
z-n(x)=0 and D/x|=<1.)
Since
— — £ " n x,'xk
V,Vi0@)=d,{1—( % )} +ap 2

and [z|=d for all x€ 2, we obtain
—_— D n .
49 S VV0@Vult, VG 9= {n-1)(-L2) +1}1Vuct, o),
15 Fsn d »

for all z€ 2. Consequently we have

D \" 2
(4.10) W sz{m—1(2-) +1}ivucis

2 +1
A OT A

Using the conservation of energy we obtain the following estimate: -

(4.11) W(t)§4{(n——1)<-—g—)"+1}E(uo)

+[n{p_2ﬁ—1}+p—j_—1{<n—1)(-51)"+1}]Hu<t>nz¢: :

Under the assumption p=<p, the coefficient of the second term of the

right hand side of (4.11) is non-positive. Therefore we have the following
upper bound:

(4.12) W(t)g4{(n—-1)(_g_)"+ 1}E(u,) .
From (4.12) we can assert that

(4.13) 0< V(&)< V(0)+V"(0)t +2{(n—1)(_g-)"+ 1}E(u,,)t2 :
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Therefore under the assumption (4.2) or (4.8) there is a finite time
T*>0 such that

(4.14) lim V(t)=0 .

t-T*

We now recall the following inequalities:

(4.15) Nuli=C|l |zlu|l,l|Vul, for uneZ,,

(4.16) I el S VeEr

where C is a constant depending only on n. (4.15) and (4.16) yield
(4.17) lwoll3= CCVE) || Ve,

Therefore by (4.14) and (4.17) we conclude that there is a finite time
(0<)T** (= T*) such that ||Vu(t)|l,—+ as t— T**. O

Next, we consider the Neumann problem 1.1, (1.2) and (1.4) with
local interaction f(lu[)u=|ul*"*u with p=5 on 2=2B(o, r). We assume
that for an initial data u, € H*®) there is a solution u € C*([0, t); H'(2))N
C([0, T); H*2)). Then we have the following theorem.

THEOREM 4.2. We assume that u,€ H(2)NX and that u, satisfies
either of the following conditions (4.18) and (4.19).

(4.18) E(u,)<0,
(4.19) Eu)=0, ImSD(V¢(x)-Vuo(m))mdw>0 and

|1m{ (Vo) Vu @ "> anEw,)| ol ,

where

1 1 —n—
. 7] —_ e — °2+ nlop (n 2).
(4.20) (0)=Flo—al+- =l

Then the solution w of (1.1), (1.2) and (1.4) blows up in a finite time.

ProoOF. Applying the argument used in the proof of Lemma 2.2 we
have

(4.21) V<t>=-§-n¢u.,u:—(ImSD(vaxx)-Vuo(w»mdx)t

+ §:<t—s> Wis)ds ,
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where V(t)=%§aq)(w)[u(t, 2)['dz and

W(e)=2|Va(s) i+ {2 —1}nfu(s)31!

(p+1)
+ Sa,,ﬁ%@-{lws, ) — (p_?;l) lu(s, w)l”“}d[‘
—Im| 20®) 0w 9) 5 gar .
Here we note that V,0(x)=(x—ux,);,d1—(r/lx—2,/)n) (1=j=n) implies
(4.22) _agg(Tx) o

for all x€02. Conservation of energy, (4.22) and the assumption p=5
yield

(4.28) W(o) = {5 — 1l + dm B

<4nEu,) .

Hence we obtain

(4.24) V(ﬂé—é—l@mllﬁ

—-(ImSD(V@(x)-Vu,,(x))u—oZa_:—)dx)t+2nE(u,)t2 :

By assumption (4.18) or (4.19) we can conclude that there is a finite
time 7*>0 such that V(t)—0 as t— T*, and hence ||u(t)|/ g1 (g —+ ~ a8
t— T** (S T™). L]

We close this section by giving several remarks on some related
results on blowing-up conditions for local or nonlocal interactions.

REMARK 4.2. Kavian [6] studied the blowing-up condition for solu-
tions of the problem (1.1)-(1.8) in a star-shaped domain only for single
power interaction. It can be immediately extended to general local
interactions which satisfy Glassey’s condition. For local interaction such
as f(luPu=|ul"""u+u|"'u with 1<p<l+4/n<q, which does not satisfy
Glassey’s condition, we can obtain the blowing-up result similar to
Theorem 3.1. Moreover, for a domain as in Theorem 4.1 (or Theorem
4.1') and for the interaction f(lul)u=|u|*""u+|u/"'u with 1<p<p,<gq,
we can obtain the result analogous to Theorem 4.1.
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The following remark is a nonlocal version of Kavian [6] (see also
Matsumoto and Mochizuki [9]).

REMARK 4.3. Let 2 be a domain in R* (»=8) which is star-shaped
with respect to some point z,€ 2. We consider the problem (1.1"), (1.2)
and (1.83) with V(z)=1/|z*, 2<A»<min(4, n), »+1<n. Assume that an
initial data u, satisfies the following condition (4.25) or (4.26):

@25)  B@)=Vu 1| @eluude<o,
2 4)o

(4.26) E(u,)=0, ImSa(a:—m,,)-Vu,(w)Vuo(w)dm>0 and
IImsn(x—wo)-Vuo(w)'dTw)dw]22E(uo)sglx—woﬂuo(w)lgdx .

Then the solution u € C'([0, T); L*(2))NC(0, T); ,N H*(2)) blows-up in a
finite time.

The following remark is a nonlocal version of Theorem 3.1 and
Remark 4.2.

REMARK 4.4. We consider the problem (1.1'), (1.2) and (1.3) for
nonlocal interaction (Vx|u|)u=(V*xlu|H)u+ (Vy*x|lu|)u, where V,(x)=1/|x|?
and V,(x)=1/|z|* with 0<Aa<2<p<min(4, ») and An+1<n. Let 2 be a
domain in R" (n=8) which is star-shaped with respect to some point
2,€ 2. Then there is a positive constant e, such that if the following
condition

(4.27) E(uo)=.;_||Vuo||g—711-S (Vixlul)lulde
Q
1 2 2 _
— 3 (Ve luplurdz< —e,

is satisfied, the solution € C*([0, T'); L*(2))NC([0, T); ¥,Nn H*(2)) blows-up
in a finite time.

§5. Remark on global solution for nonlocal interaction.

In this section we briefly state the global existence of solutions for
the following Cauchy problem:

(5.1) i%‘:AuHV*w)u , =0, zecR",
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5.2) u(o, x)=u,(x) , reER",

where V(x)=1/|z>. Matsumoto and Mochizuki [9] proved that solutions of
(6.1)-(5.2) blow-up in a finite time for suitable initial data. For small
initial data, we can prove the global existence of the weak solution for
6.1), (6.2).

First, we consider the following minimizing problem:

(5.8) @=inf{Q(u)EM—|§%zi”—g : we H(RM, u:&O}

where P(u)=§ (V*ul*)|ul*de. We note that © is also represented as
Rn

(5.4) @=inf{—%—|lu|l§; B(u)=0, w e H'R"} ,

where E(u)=3||Vul|i—%1P(w). For the minimizing problem (5.8) we can
prove the existence of a minimizer U(x) by using Schwarz’s symmetriza-
tion and Strauss’ compactness lemma (see, e.g., Lieb [7], Strauss [17]).
The fact that Q(u) is invariant under the transformation

(6.5) u(x) — v(x) =au(bx) , a, b>0,

also plays an important role in the proof.
We have the following theorem.

THEOREM 5.1. (1) There is a minimizer R for © which satisfies
the monlinear elliptic equation:

(5.6) - (1-A)R=(V=*RMR, R>0, in R".

Moreover, 6 is given by 3||R|:.
(2) If u,€ H(R") (m=8) and ||u.|,<||Rl|l,, then there is a unique
solution u € C([0, + «); H'(R™) of (5.1)-(5.2).

REMARK 5.1. The existence of a positive solution of (5.6) was
proved by Lions [8], but his proof depends on the critical point theory
and the relation to the minimizing problem (5.3) is not stated in the
paper [8].

Local existence of Hi!-solution can be proved by the contraction
mapping principle (see Ginibre and Velo [3]). Hence we have only to
obtain the uniform H'-estimate. By Theorem 5.1 (1) and the conser-
vation of L*-norm and energy we obtain the following estimate:
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,;_{1_<_|||I@I'%_o|||l:_)z}||Vu(t)||§§E(u.,) :

Hence we have Theorem 5.1 (2).
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