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§1. Introduction.

Let P be a 2n-dimensional symplectic manifold with the symplectic structure w,
and L, L’ be two Lagrangian submanifolds of P. We assume, in this paper, that L and
L’ intersect transversally with a non-empty intersection, and a smooth map

fiIxI»P, I=[0,1]
is given with the following properties:
f(z,0)eL, f(r,)el’ for any rtel,

(1-1)
fO,n=x, fQ,)=y for any tel,

where x, ye L n L’. Under these assumptions, two homotopic invariants arise. One is
the spectral flow associated to a family of certain operators, and the other is the Maslov
index of a curve which relates with the boundary conditions imposed on the operators
in that family.

A. Floer has shown that these two are equal to relative Morse index from x to y,
which is defined as the Fredholm index of a certain elliptic operator (see [F]).

Now let us explain the problem more precisely. Let g be a Riemannian metric on
P which is adapted to the symplectic structure w, that is, if we write w(X, Y)=g(X, JY),
for any vector fields X, Y on P, then J is an almost complex structure of P. Hence
J?= —1Id and *J= —J ('J is the transpose of J with respect to the metric g). We fix such
a metric henceforth, and denote by V the Riemannian connection of the metric g. Let
2 be a path space of P consisting of smooth paths z: I— P such that z(0)e L and
z(1)e L'. Consider, at least locally, a symplectic action functional a : Q2— R defined by
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the equation

1
(da(2), &> = f (2, O)dt, (1-2)
. (o]

where £ is a smooth section of the induced bundle z*(TP) on I, or ¢ is a vector field
along the curve {z(7)}, which can be regarded also as a tangent vector at z in Q. Then
we obtain an operator field o/, on Q2 as “Hessian of the functional a”’:

A)=IVL+(VJIN), LeCFEHTP)). (1-3)

Let f: IxI- P be a map as above, and we denote oA .=, for the path f ()= f(z, ?).
We would like to associate two quantities, so-called spectral flow and Maslov index,
to the family of operators {.o/.} both of which depend only on the two points x, ye L~ L’
and the homotopy class of the map . To do so, there are three problems to be made clear:

(1) It can be verified that, if ze Q is a constant path, i.e. z(f)=x, xe L ~ L’, then
&, is formally symmetric, or if P is Kéhler and g is the Kihler metric, then <, is
symmetric for any path ze Q. But the operator &/, is not even formally symmetric in
~ general.

(2) Each operator &, acts on a different space of sections. We must make the
domains of the operators to be identical one, and give a definite meaning of the continuity
of the family {2/ } with respect to the parameter .

(3) The family {«/,} does not form a loop, if x#y. We would like to make it a
loop in a natural way.

Although A. Floer discussed on the coincidence of two quantities in his paper [F]
by interceding with a single Fredholm operator (‘desuspension’ of one parameter family
of selfadjoint Fredholm operators (see [APS])), it is not so clear for us about these
points (1), (2) and (3). So it is our aim of this paper to make clear these points together
with giving a definite description of the two homotopy invariants within the framework
given by [AS], [BW] and [V]. By making clear these points, especially by clarifying
the continuity of the family {.o/,} with respect to the parameter z, we get a direct proof
(without ‘desuspending’ the family {«/,}) of the coincidence of the two homotopy
invariants. Hence we think it is worth while to write this paper.

In §2, we review the notion “spectral flow” by following [AS] and [BW], and
note a slight generalization in the proposition 2.4, which is used to.define the spectral
flow for loops of non-selfadjoint Fredholm operators. Also we explain an example to
which our case is reduced in the final step in the proof of the main Theorem 5.1, in §5.

In §3, we shall construct two loops in Lagrangian-Grassmannian manifold
A(m)=U(n)/O(n) from the data given by the map f : I x I- P with the property (1-1)
and show that the Maslov indices of these two loops coincide. One of the two loops is
used to construct a loop of operators from the family {«,}.

In §4, we construct a continuous loop in the space of bounded selfadjoint Fredholm
operators &, (see §2) from the family {«.}, and in §5 we show our main Theorem 5.1.
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§2. Spectral flow.

In this section, we first describe the notion “spectral flow”. For more details see
[AS], [APS] and [BW].

Let H¢ be a separable complex Hilbert space of infinite dimension, &# = % (H) the
space of bounded Fredholm operators on H, and & the subspace of & consisting of
self-adjoint operators.

# has three components #,, #_ and #, consisting of essentially positive

operators, essentially negative operators, and others respectively. It is easy to see that
4%, are contractible.
Define a map

«: F, - QF
by assigning to each 4 € #, the path

cosnt+./—1Asinnt for tel,

then we have the following theorem.

THEOREM [AS]. The map o is a homotopy equivalence, and so .977'* is a classifying
space for the functor K™ ', i.e., for any compact space X, we have an isomorphism

K 'X0)=[X, £,], e3))
where [ X, .97:'*] is the set of homotopy classes of continuous maps from X to #,.
From the Bott periodicity theorem and this theorem, we have
n(F)=Z. (2-2)

The isomorphism (2-2) implies that a loop in 377'* has just a homotopy invariant and
it can be characterized by an integer, called, “spectral flow”.

We now explain this. Let £ : I --»ﬁ'* be a continuous map, and /, and ¢; have the
same spectral set: a(/)=0(¢,). Then, roughly speaking, the spectral flow of the family
{¢,} is the difference between the number of eigenvalues which change the sign from
— to + on I and the number of eigenvalues which change the sign from + to —.

To put it more precisely, let F(co) be a subspace of .93'* such that 4 e F(o0), if and
only if,

the intersection o(A4) N (—1, 1) consists of finite isolated eigenvalues with
finite multiplicities, o.,(4)={—1, 1} and thenorm of A isequalto 1, |4]|=1,

where o .(A) is the set of essential spectra of the operator 4 (see [K] for the definitions).
PROPOSITION 2.1 (see [BW]). The space F(0) is a deformation retract of #,.

Let ¢ : I-F(c0) be a continuous loop (£/,=7,, and the topology of # (o) is of
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course the uniform topology). Then the graph of the spectrum of £ can be parametrized
through a finite monotone sequence of continuous functions

Aj i I-[—1,1], j=1,--- N,
~1ZS4(OSLOS Sy ()SAMY=1 for tel.
Then we have

PROPOSITION 2.2 [BW]. Let ¢ : I-F(0) be as above, then there exists an integer s
such that 2, , (0)= A1), for each k, where we regard A_,,;=A_|j+1="""=4Ao=—1, and
AN=Ays1="""=Ayysy=1. Moreover the number s is homotopically invariant.

From this proposition we can give the

DEeFINITION.  For a homotopy class of a loop ¢ : I—F(c0), we can define sf{¢}=s,
where s is an integer in the proposition 2.2 above, and we call it the spectral flow of
the loop 7.

Hence by this definition together with the proposition 2.1 we have

PROPOSITION 2.3([BW]). The map defined by the spectral flow gives an isomorphism
sf: n,(F,)=Z.

We will now explain some relations between real and complex cases briefly. Let
Hpg be a real Hilbert space, then #(Hpg), #(Hpg), #.(Hg) and .ﬁ'*(HR) are defined in
the same ways as for the complex cases, and .ﬁ*(HR) is, in this case, a classifying space
for the functor KR™7 (real K-group). Although %, (Hg) and #,(Hg® C) are not
homotopic, we have

7‘1(-¢*(Hn))g nl(ﬁ*(HR ®0)
through the complexification %, (Hg) = %,(Hg ® C). This can be done by defining an
isomorphism
sf : 0 (F (HR)=Z

in the same way as in the complex case.

ReMARK 1. In this paper we will work on real Hilbert spaces.

REMARK 2. Let F(Hpg) be the space of skew-adjoint Fredholm operators on a real
Hilbert space Hg. Various subspaces F""(HR) of F’(HR), for k=1, ---, 7, are defined
through the *-representations of Clifford algebras on Hpg, each of which is a classifying
space for the functor KR™*, the k-th real K-group (see [AS]). For example F(Hyp) itself
is a classifying space for KR™!. In this case the complexification

FHpcF(Ha® C)=/—1F,(Hg® C)
induces the trivial map n,(F(Hg) = Z, —vnl(.@;(H R C)=Z. As for the case k=7, the
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space F~7(Hp) is isomorphic to the space ﬁ*(H R)-
Next we give a proposition.

PROPOSITION 2.4. Let X be the space of all compact operators on H (H is real or
complex), then the inclusion

i: f* —»9%* +X
is a homotopy equivalence.

PrROOF. Let A=S+K, Se#,, KeX, then (A+A*)[2=S+(K+K*)/2e#,. So
define a map

Jj: .92"*+.9f—>f*
by j(A)=(4+ A*)/2, then ioj is homotolziic to Id through a homotopy fi(A4)=
tA+(1—1)i-j(A). Because, if A=S+K, Se &, Ke X, then
J(A)=t(S+ K)+(1 —1)(S+(K+ K*)/2)
=S+((1+9/2)K+(1—-9/2)K*e 52'* +A
for each re L

Owing to this proposition we have an integer “spectral flow” for a loop {7,} in
#,+ 2, which can be regarded as a total number of eigenvalues of {¢,} across the
imaginary axis with directions when ¢ moves from 0 to 1. Especially we have

COROLLARY 2.5. Ifaloop? : I—».g"'* + A" has the form £,= S,+ K,, where S : I—»f*
and K : I- A" are both continuous loops, then sf{¢,} =sf{S,}.

Finally we discuss an important example to which our case will be reduced in §5.

Let
I (0 —1,,)
I, O
where 7, is the n x n unit matrix, and consider an operator

A =J—5; : CEN)® R > L, ()@ R?" .

Here function spaces C&(/) and L,(I) (square integrable functions on the interval

I=[0, 1]) are to be considered as those consisting of real valued functions. We will

denote L,(I) ® R*" by Hg and by W, the first order Sobolev space, i.e., f € W,, if and

onlyif, f € Hgand f’ € Hg (the norm of f € W, will bedefined as || f| 2= || £ 2+ || f']| ).
Let (R?", w) be the symplectic vector space with the skew symmetric form w defined

by J: w(x, y)=(x, Jy), where (-, -) is the standard Euclidean inner product on R?".
Henceforth we will use identifications:
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R*"=~C"=R"®./—1R"
and
Sp(n, R) n SO2n)>=U(n) .

We also use the decomposition R"@® ./ —1R"=1z @/ — 14, Let A(n) be the set of
all Lagrangian subspaces of R2" (n-dim subspace on which @ vanishes). Az, and 4, are
in A(n). Under these identifications the unitary group U(n) acts on A(n) transitively, and
we have A(n)= U(n)/O(n) (O(n) is the stationary subgroup of the point Ag.).
Let A be a Lagrangian subspace in R2", and define a subspace of Hy as follows:
Dl={f : fG Wl, f(O)EARe, f(l)EA} .
Then we have,

PROPOSITION 2.6. The operator A can be extended to D, as a selfadjoint operator.
We denote this operator by A,.

- Next, let u: I-U(n) be a C?-class curve with u,=1Id, and define orthogonal
operators U,: Hg— Hg by

(U N)=u (1)) .
Put 4, =u/(4g.), and 4,=4, , then we have

PROPOSITION 2.7. The domair; of the operator U,"*A U, is D,__, and

U, "1'0A4,0U,=A,+8B,, (2-3)
where B, is given by
d
(B.pX1)= (uu— Yoo E(uu))(d’(t» . (2-4)

Moreover B(W,)c W,, and B, and U, are continuous families of operators from W, to
W, with respect to the parameter t and, of course, also as operators Hg— Hpg.

PrOOF. By the definition (U, fX0)= f(0) and (U fX1)=u/f(1)). So D, =U(D,_.).
Therefore the domain of U,"'- 4,0 U, is D,__. By noting Jou,=u,-J, a direct calcu-
lation gives us the formula (2.3) and (2.4). Since B, is a matrix operator, we can easily
verify the remainder assertions.

Since the family {4.} consists of unbounded operators, we transform each A4, as
follows to obtain a continuous path in £,: let '

A=A4,-(1+4>12,

2)—1/2

where we regard that the operator (1 + 4, is defined by an integral
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f (1+A)~Y2(A—4.2)"1d],
r

on a suitably taken contour I' in C (note here that A4, is a real operator for each 7).
Then each A, is a bounded selfadjoint Fredholm operator on Hg with eigenvalues of
the form A,(t)(1+ A,(r)?)~ /2, where 4,(z) is the k-th eigenvalue of 4,. Then we have

PROPOSITION 2.8. The family {f'f,} is a continuous path in .ﬁ'*(HR).
PROOF. Put T,=A,+ B,. First recall an inequality
1Al = CUTAN+ 1.1 (2-5)

for any f e W; ® C, where the constant C does not depend on the parameter 7.
If we regard the resolvent operator (A— T,%?)~! as an operator

(A—T2)7': HR® C->W,®C,
then by the inequality (2-5) we obtain the following estimate:
IA=T2) Haroc.w e c=0(141713), (2-6)

which is valid uniformly with respect to the parameter = on the line arg A=const #0.
For 7,1’el, the differences 7,>2— 7,2 are first order differential operators with
C'-coefficients and the operator norms as operators from W, to Hpy satisfy

172 =T 2w, wa=0(7—7')). 27
These properties (2-6) and (2-7) together with a resolvent equation
A=T) ' -(A-TA) ' =(A-T) (T2 -T2 NA—-T. )"
give us an estimate of the operator norm from Hyg to W;:
Idd+ 7.2~ Y2 —(1d + T.%) " 2|y, = Ol 1—7'|) - (2-8)

From this estimate (2-8) and the fact that {7} is a continuous family of operators from
W, to Hg, we have the continuity of the family {70 (Id + 7,%)~'/?} in &, with respect
to the parameter 7, and also that of the family {4}, since 4,=U,o T,o(Id+ T,%)~ /2,
U, !. This completes the proof.
Especially take a path s: I-U(n),
eikm
0
s(t)=

0
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for a fixed integer k. Then the path {4,} corresponding to the curve s forms a loop in
F . and by an explicit calculation of the eigenvalues of this operator A4, for each t, we
have

PROPOSITION 2.9. The spectral flow of this family is k: sf{4,}=k.

REMARK 3. Let take a C2-map u: I x I- U(n) such that 10, s)=1d for any se/,
instead of the path u in the propositions 2.7 and 2.8, and denote by {4, ,} the selfadjoint
extension of the operator A =Jd/dt to the domain

Dt,s= {fE Wl . f(O)G )‘Re’ f(l)eut,s(lke)} .

Then by the same method as in the proof of the proposition 2.8, the family {4},
A, =A,,o(Id+A4,,%) ' can be shown to be a continuous family of the parameters t
and s. We will use this fact in §5.

§3. Lagrangian intersection and Maslov index.

Let 7 : E— X be a symplectic vector bundle on a topological space X. The structure
group of this bundle is Sp(n, R), the symplectic group, where 2n is the fiber dimension
of E, and is reduced to its maximal compact subgroup U(n). This means that E can be
regarded as a complex vector bundle on X. We denote by A(E) the Lagrangian-
Grassmannian bundle on X associated to E with the fiber A(n)= U(n)/O(n).

Put G(n)={Ue U(n) : det?U=1}, then the structure group of E can be reduced to
the group G(n), if and only if, 2¢,(E)=0, where c¢,(E) is the first Chern class of E as a
complex vector bundle. If this condition is satisfied, then there is a map a: A(E)— U(1),
which depends on the way of a reduction of the structure group of E from U(n) to
G(n). Let Det?: A(n)— U(1) be the map induced from the map det?: U(n)- U(1), and
denote by [d6] the generator of H*(U(1), Z), then the class (Det?)*([df]) is, so called,
Keller-Maslov-Arnold characteristic class. If we restrict the class a*([df]) to each fiber
of A(E), then it is identified with (Det?)*([d0]).

Also let B: A(E)—U(1) be defined by another reduction of the structure group
from U(n) to G(n) of the symplectic vector bundle E. We have the difference

oa*([d0]) — B*([d6]) =7 *(c)

with a certain ce H'(X, Z) (see the appendices of [V]).

In particular, if both H'(X, Z) and H?*(X, Z) vanish, then we have a unique class
me H(A(E), Z), »m=0a*([df]), through a map a: A(E)—-U(1).

Based on these facts, we now proceed to our problem. Let (P, w) be a symplectic
manifold of 2n-dimension. Let L and L’ be two Lagrangian submanifolds of P, which
intersect transversally with a non empty intersection. Then the intersection L n L' con-
sists of a discrete set of points in P. Let points x and y be in L L’ and a smooth
map f : I x I- P satisfy f(t,0)e L, f(z, 1)eL’, f(0, )=x and f(1, )=y for all 7, el
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We take a Riemannian metric g on P which is adapted to the symplectic form w,
and denote by J the almost complex structure defined by g and w as in the introduction.
Since T(L) and J(T (L)) are orthogonal, we will use the following identification:

TL)®JT(L)=R"®./—1R" (3-1)

and by taking a suitable orthonormal basis in T,(L), we have

Jx=(0 “I").
I, 0

When two subspaces A and p in R?” are transversal, we will write as follows: A fp.
Let P, be the parallel displacement along the path { (s, 1)} (0=<s=1) for each fixed
tel

P, : T,P>T,,,P
is an isometry, and put
J’!,t=P‘t,t—1 °Jf(t,t)°Pr,t .
Then we have a smooth map g : Ix I-SO(2n) such that
g‘l’,t— ! °© Jt,t °© gr,t= Jx *
Put
P 50 1(Tf(r,O)(L)) = /To('f) s
P 1(Tf(:,l)(L')) = z‘1("")
and
gt,O(IO(I)) =20(7) ,
Gea(h (D) =2(7) .
We have the trivialization of f*(TP) by using the parallel displacement {P, }:
S¥(TP)=IxIxT(P)=IxIxR*. (3-2)
Then Ay(r) and A,(t) are Lagrangian subspaces in T,(P)=R?", i.e. {40(7)} and {A,(7)}
are two curves in A(n). Notice that '
20) A A4,10), A1) BDAL1). (3-3)

There are two ways of constructing loops in A(r) from these two curves {40} and {4,},
that have the same Maslov index.

We will now explain these ways: Since 44,(0) BA,(0) and A,(1) R A,(1), there is a
symplectic transformation o € Sp(n, R) such that

o(20(0)=4o(1) and o(4,(0)=4,(1). (3-4)
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Take a path C(7) (0=<t=<1) in A(n) with
C0)=40(0), C(1)=4,(0). (3-3)
Then four curves
(1), o(C(r)), A(1—1) and C(1—7) 0O=t=1)

form a loop in A(n). We denote this loop by b(s) (0<s=4). Since the Maslov class
me HY(A(n), Z) is invariant under the action of the group Sp(n, R) on A(n), the integer
{2 is independent of the choice of the path C.

For constructing another loop, take a curve U : I-U(n) such that

UdAo(0))=2¢(r) and U,=Id, (3-6)
where we used the identification (3-1). Put
U @) =40, (3-7)
then we have
A2(0) B 40(0) and  25(1) B 40(0) . (3-8)
So we join 4,(0) and A,(1) by a curve C(z) (0=1<1) with the property
C(z) & A0(0) (3-9)

for any € 1. Notice that two such curves with the property (3-9) are homotopic to each
other. As before, the curves C(t) and 1,(1 — 1) (0Z t < 1) define the loop {5(s)} (0<s=<2).

Then we have
J m= j . (3-10)
b 5

PrOOF. Let H: [0, 1] x [0, 41— A(n) be a continuous map such that

PROPOSITION 3.1.

U,.” 1(Ao(7) 0<t<1, 0=s<l1,

b g | ECE=) 15752, 0Sssl,
’ Us(s—z)_l(lll(3“f)) 25t=3, 0=s=1,
C@-1) 3514, 0=5s=<1.

Then H is a homotopy between the loop {&(t)} and the loop {H(l, 1)}, where
U: [0, 1]>U(n) is the map given in (3-6).

Next, owing to the fact that the group Sp(n, R) acts transitively on the space of
pairs consisting of transversally intersecting Lagrangian subspaces in R?", we have a
map V : I-Sp(n, R) with the properties:
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Vo=1d, (-11)
VA46(0)) = 44(0) for any rtel, (3-12)
V(A 0)=Ai,(z) forany zel, | (3-13)
V,=U, ‘oo. (3-14)

Note here that, if the map V, o U, o0 restricted to the subspace 44(0) has deter-
minant — 1, then ¢ should be replaced by another e Sp(n, R) such that

G (40(0)=40(1), 6(2,(0))=1,(1),
and
det(&—~10'|;_0(0))= —1 )

for the sake that the map V satisfies the property (3-11).
Let G:[0,1]x[0, 1]>A(n) be a continuous map defined by: G(s, 7)= V(C(1)).

Then
f m=0,
oG

j,,z:f m_j m_f .
b Uj~ loa(c) A2 Cc
fm=jm.
b b

REMARK 4. Let b be the above loop. If there exists another Lagrangian subspace
u satisfying u 4,(z) for every Tel, then the integer (z» equals the Hormander index
a(A0(0), 1 ; 4,(0), 4,(1)) (see [H]), because of the very definition of it.

which implies

Hence we have

REMARK 5. The following example satisfies the situation in Remark 4: Let ¢ be
a Morse function on a smooth manifold M, the symplectic manifold P be T*(M) in
this case, L= M, i.e., M is seen as zero sections in T*(M), and L' =d¢(M). Let x and
y be in LN L', that is, dp,=0 and d¢,=0. Since the vertical foliation of T*(M) is
transversal to d¢(M), we can take T, (T*(M)) as the Lagrangian subspace u satisfying
the above condition in Remark 4. Now let f : Ix I— T*(M) be a smooth map satisfying
conditions (1-1). Then we have a formula:

f m=sign H,(y)—sign Hy(x), (3-15)
b
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where H,(+) denotes the Hessian of ¢ at critical points. Note that the right hand side
of this formula is independent of the map f.

§4. Lagrangian intersections and spectral flow.

Let (P, w), L and L' be as in §3. Let Q be the path space of P consisting of smooth
paths z : I— P such that z(0)e L and z(1)e L’. We consider a smooth path {f.} in Q:

fiIxI->P, f(H=f(z, 9.
Along the path {f.}, we define a family of operators {.«.} as follows:

A (XD =J 1.V N+ VT NSO, EeCFHTP)).

In the sequel we will construct a loop of operators in &, starting from the family {7 }.
Let ||*|lo and |- ||, be the norms on C®(f¥(TP)) defined by

1

1Elo*=| 9r.0(&(@), E()dt
(o]

o

and
r1

€12 =| 9r.0(Viwl(®, Vinc@)dt+11Ello” ,
o

o

respectively. We denote the closure of C*(f¥(TP)) with respect to the norms ||},
and |+||; by H, and W, respectively. Also let denote by D, a subspace of W, such
that

D.={eW,: L0)e Ty, ofL), &(1)€ Ty, 1)(L')} .

Then we can extend the operator <7, to a closed operator in H, with the domain D,,
denoting it by 4..

Henceforth, we first transform operators A4, without changing the spectral set o(4,)
in several steps corresponding to the deformations of the paths in §3. Consequently we

get a family of operators with the same principal part.
Let P, be the isomorphism from H, to H, defined by

PNHO=P (@), [feH,,

where P,, is the parallel displacement cited in §3. Put A"=P,"'oA4,oP and
DM =P, ~Y(D,), then DV is the domain of 4. By recalling

_ -1
Jeu=Pri " oJpen° Pry

we get

av=y, % 1w,
T T, dt T
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DV ={Ee W, : &0)e Ao(r), E(1) € A4(0)} ,

where B! is a matrix operator with smooth coefficients with respect to t and ¢.
Next, let g, be the orthogonal transformations on H,, defined by

@NN)=g(C, Nf(O), [feH,,
where g : I x I-SO(2n) is satisfying

-1 _
gt,t ° Jt,t ° gt,t - ‘Ix .

Put A?=g," 1o AWM og, and DP =g, {(DV), then DP is the domain of the operator
A® and also we have
DP={le W, : &0)€ A7), &(1) € 14(7)} ,
d
A2=J, 2 4 @
.

where B is a matrix operator with smooth coefficients with respect to 7 and ¢.

Let U:I-U(n)=Spn, R)nSO2n) be a smooth curve such that U,=Id,
U/40(0))=A4(7) as in §3. Put AP=U, 10 4P U, and DP® =U,” Y (D?), where U, is
regarded as an orthogonal transformation on H, defined as usual. Then D{¥ is the
domain of 4 and since U, and J, commute with each other, we get

d
A®=J. % 4 B®
' dt

DI ={Le W, : £0)€o(0), £(1) € Ax(2)}

where B is a matrix operator with smooth coefficients with respect to = and ¢.
- Let D™ be a subspace of W, such that

DP®={EeW, : &0)e 14(0), ) C(v)},

where €(1) is the (smooth) curve defined in §3, and denote by 4 a closed extension
of the formal differential operator

(Ptog‘roUt)_loM‘tOP‘togtoUt

to the domain D{®. Then, at this stage, we have a loop of unbounded closed operators -
(not necessarily selfadjoint) corresponding to the loop {5(7)} in A(n) (see §3). Let denote
this loop of operators by {¢,}:

A® 0=l
’_{Agg 1<t<2.

Since the domain of the adjoint operator £* is the same with it of £,, the oper-
ator Z,+¢* has the domain of definition: D, 0<t<1, and DY, 1 £7<2, and is self-
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adjoint. Put S,=1/2(¢,+¢7¥). Then S, has the form
S.=T.+R,,

where T,=J,d/dt with the domain D for 0<1<1, D$, for 1<t<2. The zeroth
order term R, is a selfadjoint matrix operator with smooth coefficients and forms a
continuous family with respect to t. Finally we have a proposition whose proof can be
reduced to the proposition 2.8.

PROPOSITION 4.1. Put §,=S,o(Id+S,2)~ '/, then the family {S.} is a continuous
loop in ﬁ*. Moreover {R.} is itself a continuous loop of bounded selfadjoint operators.

By means of this proposition and the proposition 2.4, we define the number sf{S}
as the spectral flow for the family {.«7.}. It should be noted that the definition of sf{.2/,}
does not depend on the choice of the curve {C(r)} owing to the remark 3 in §2.

REMARK 6. The Riemannian metric g on P was taken so that it adapts to the
symplectic form w. If we take a Riemannian metric g which satisfies moreover that the
spaces T,L and T,L’' (p=x, y) are orthogonal, then the curve {1,(7)} is already a loop,
and so is the family {4.,}.

§5. Coincidence of spectral flow and Maslov index.

At this stage the coincidence of the two quantities is easily shown:

THEOREM 5.1. Let {S.} be as above. Then
sf{of } =sf{S} = f ”.
b

In particular stf{.} is independent of the choice of Riemannian metrics adapted to the
sympletic form w and is a homotopy invariant of the smooth map f : I x I—P with the
properties (1-1).

Proor. Let h,,=(T,+sR)o(Id+(T,+sR)*) " '* (0<s=1, 0=7t<2), then we see
the map

h: [0, 1]1x[0,2] » £,
(s,7)  h,

is continuous according to the proposition 2.8. Note here that the continuity of the
map A can be proved separately on [0, 1] x [0, 1] and [0, 1] x [1, 2]. Hence we have a
homotopy between the loop {S;} and {T.}, where T.=T,-(Id+T,%)~ /2, and T, is as
follows:
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T,=Jx% on D@ 0=t=)),

d
T,=sz on DY), (1=512).

Since the spectral flow is homotopically invariant, it is enough to show that the spectral
flow of {T} equals
j m.
5

o in/ 2kt 0
d(t)= Lo ., 0st=2,
0 T
where k= ( ;2. Then there exist C*-maps f* and f®
SO IxI-Un) (i=0,1)

Take a path d: I- U(n) such that

such that for 071
SO0, 1)=d(), fUN0,)=d(1+7),
fOL9=Ck), fO1,1)=2,(1-1),
and for any s (0<s=<1)
S s, 0)=f s, 0)=1d ,

SOUs, A(0) = fs, 1)(44(0)) -

Again, owing to the proposition 2.8 and the remark 3 (§2), we have the loops {T.} and
{A4.} (in §2) are homotopic in &,. So we have

st{T,}=sf{A}=k=sf{s,}.

REMARK 7. Let T be a densely defined closed symmetric operator on a Hilbert
space with the same defect indices: dim Im(7 — {)* =dim Im(7 + i)* = N < + 0. If we fix
orthonormal basis of Im(7—i)* and Im(T+ i)', then selfadjoint extensions of T are
parametrized (via Cayley transformation) by N x N unitary matrices. We denote by T,
the selfadjoint extension corresponding to a matrix 6 e U(N).

Now we assume that an extension T, has a compact resolvent (equivalently, all
resolvents of any extension are compact), and let Ty= T, (Id + T,2)~ /2. Then we have
a map
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¢: UN)-%, {0)="T,.

In this paper, we have shown, for the case T=Jd/dt (here, N=2n and we regard
that it is complexified), that some curves in U(2n) with a suitable differentiability
condition are mapped by ¢ to continuous curves in 52'*.

Whereas the spectrum of T, changes ‘continuously’, when # moves continuously
(see [K]) and also the image of the map ¢ is contained in a component of #, it seems
that the map ¢ itself will not be continuous in general. We are interested in what case
the map ¢ is continuous and how the map &, : 7,(U(N) —7,(#) is characterized.
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