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0. Introduction.

When n>4 and n—1>r>2, only few indecomposable vector bundles of rank r*
on n-dimensional projective space P" are known. Some of them are very special vector
bundles. That is, they have special system of transition matrices. In this article, we study
such vector bundles which have special system of transition matrices, namely, system
of o-transition matrices,

In section 2, we give a general theory of a system of o-transition matrices and its
initial datum. Initial datum of a system of o-transition matrices furnishes us with com-
plete information about the system of o-transition matrices.

In section 3, we give a theory of standard o-matrix. Using a standard o-matrix we

can construct a system of o-transition matrices and its initial datum.

In section 4, we give an example of standard o-matrix which determines essentially
the cotangent bundle Q,. of P". And we give an example of initial datum of a system
of o-transition matrices, which determines the tangent bundle 7. of P".

In section 5, using the theory of system of o-transition matrices, we reconstruct
the Horrocks bundle of rank 3 on P3 (cf. [3]).

In section 6, we recopstruct the vector bundle of rank 2 on P35 which is given in
[10] in characteristic two. Using the theory of system of o-transition matrices, we give
an example of non-constant morphism from P> to the Grassmann variety Gr(5, 1)
which parametrizes lines contained in P°>. And we give an example of indecomposable
vector bundle of rank 4 on P> which is essentially different from null-correlation bundle
and the bundle given in [9].

In section 7, we give several remarks on vector bundles and matrices which
appeared in sections 4, 5 and 6.

Recently, H. Kaji showed that the Horrocks-Mumford bundle, which is an
indecomposable vector bundle of rank 2 on P*, has a system of o-transition matrices
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1. Notations.

Let & be a field. We denote by P" the n-dimensional projective space defined over
k. We denote by k[x,, x;, -, x,] the ring of polynomials in n+ l-variables with
coefficients in k, and we denote its quotients field by K. The field of rational functions
on P" can be naturally identified with the subfield of K. We denote this subfield of X
by K,. We denote by S,,, the symmetric group of permutations of n+ 1 objects
0,1,2, -, n Let o be a cyclic permutation of length n+ 1 and G be the cyclic subgroup
(o) of S,,, generated by o.

Throughout this article, we use the following notation.

(1) . All components of matrices and vectors are elements of K.

(2) We use the letters 4, i, j as indices running the ranges 0<h, i, j<n.

(3) Wedenote {¥;}o <<, simply by {¥;} and similarly denote {¥,;}o: ;j<n by {V3;}.

(4) We denote the affine open set {(ao, a;, - * , a,)| @, #0} of P* by U,. {U} is an
affine open covering of P".

(5) We say that matrices and vectors are regular on U, if all their components
are regular functions on U,. Similarly we say that they are regular on U, U ; if all their
components are regular functions on U;n U;.

(6) We use the letters t, , & as arbitrary elements of G.

2. System of o-transition matrices.

Let E be a vector bundle of rank r on P" such that E|,,i are trivial on U, for all i,
and let {e;;, €;, - - -, e;,} be a basis of E|y,. Then there exist relations

(ej15 €j2, " ", ep)=(ei1, €2, -, €:,) Gy @
on U;n Uy, where {G;} is a system of non-singular r x r matrices such that both G, ; and
G;; ' are regular on U;n U;. Then {G,;} is called a system of transition matrices of E

with respect to the given bases {{e;;, €;, - - *, €,}}. Suppose that G;; is regular on U,
for any pair i and j. Then, we can write

es=/f1en+ei+ - +fe,

where f1, f3, - * -, f, are regular functions on U,. This shows that any section ejs extends
to a section on U;. Thus, in this case, section e;, extends to a global section of E. This
shows that E is generated by its global sections.

Now let {&;, é;5, " - -, é,} be another basis of E|y, Let {G,;} be the system of
transition matrices of E with respect to these bases, i.e., the relations
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(éjls éjzs T éjr)=(éi19 €izs " s éir)Gij 2
hold. Since {e;, €;5, - - *, e;,} and {&;,, é;,, - - -, é,,} are both bases of E|,,, there exists a
set of matrices {C;} such that C; and C;”! are regular on U; and the relations

(€15 €2 " "5 €)=(&i1, €2, "+, €,) C; (3)
hold. By virtue of the formulae (1), (2), (3), we have
éij= ClGUCJ_ 1 . (4)

Furthermore, suppose that E” be the subbundle of E and {é; ,,, &, +2, ", é,} be a
basis of E”|,, then there exist three families of matrices {G/;}, {D;;}, {Gij} of type r' x r’,
(r—rYyxr" and (r—r’) x (r—r’) respectively, which satisfy

c‘;ij=(Gif 0) )
Dij GU

In this case, {Gj;} is a system of transition matrices of E” and {Gj;} is a system of
transition matrices of the quotient bundle E/E”.

DEFINITION. We say that a set of matrices {g;;} of rank r be a system of transition
matrices of rank r if it satisfies the following conditions:
(1) g;jis a regular matrix on U;n U; for any i and j.
(2) g;=1, for all i, where I, is the unit matrix of rank r.
() 9ngij=gn; for all h, i and j.

The following are well-known results.

LEMMA 1. Let {g,;} be a system of transition matrices of rank r. Then

(1) {gi;} is a system of transition matrices of a vector bundle of rank r on P" with
respect to some set of bases. If g,; are regular on U, for all i and j, then this vector bundle is
generated by its global sections.

(2) Suppose that {h;} be a set of r x r matrices such that h; and h;"* are regular on U,.
Then {hg;;h; '} is a system of transition matrices.

(3) Suppose that {g};}, {d;;} and {g};} be sets of matrices of type r’ xr', r" xr' and
r” x r"” respectively such that g,-j=<g'(" 0”

dy g

of transition matrices of rank r' and r" respectively. Let E, E' and E" be vector bundles on
P" which have systems of transition matrices {g;;}, {gi{;} and {gi;} respectively. Then there
exists an exact sequence of vector bundles

0 » E” » E » E' >0 .

) Sor all i and j. Then {gi;} and {gi;} are systems

Let ¢ = ¢(x, X4, * * -, X,,) be an element of K, then for any element 7 of G we denote
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P11 P12 " Py,

S P21 P22 """ Py . .
(P(xt(O)’ Xe(1)s s xt(n)) by P- Slmllarly when . A s 1S a §Xr matrix, we

Pst Ps2 °°° Py
@11 P12 " Pi1s
P21 P22 " Par

denote by .4 the s x r matrix . It is easy to verify the following facts.

P51 Ps2 7 P
LEMMA 2. (1) <t induces an automorphism of K.

(2) (m)‘p = ﬂ(t(p)‘

3) A =,(A) for any matrix A.

(4) [(BA)=_B.A for any two matrices A and B.
(5) (B~YH=(.B)! for any non-singular matrix B.

o (eo)(e)
A\C D) \.C.D

(7) If ¢ be an element of K, which is regular on U, then .¢ is regular on U.;,.

(8) If A be a matrix which is regular on U, then A is regular on U,

(9) If A be a non-singular matrix such that A~' is regular on U, then ([A)~" is
regular on U,

DEFINITION. Suppose that a system of transition matrices {B;;} satisfies the
condition

Bij= By for any teG and for anyiandj.

Then {B,;} is called a system of o-transition matrices or a system of G-transition matrices.
B, o) is called the initial datum of this system of o-transition matrices {B;;}.

Let {B;;} be a system of o-transition matrices of rank r and B be its initial datum.
Then for any i and j, there exist two natural numbers p and g such that

j=a?(0) and i=0%j)=07"7(0).
Therefore we have
B 400 = Baa(0)oe- 10)Bsa-1(0)a1-20)* * * Ba(oyo
= ga-1(Bs0)0)e1-2(B0)0) * * * o(B1(0)0) (Bs(0)0) = ga-1Bga-2B- - ;BB .
Thus
B;;= B s+ 4(0)s2(0) = orBsa(0yo = gr+a-1Bsp+a-2B" - * gp+ 1B pB . (6)-

This shows that a system of o-transition matrices { B;;} is determined by its initial datum
B.

Suppose that B (= B,()o) is regular on U,,. Then B,z),0)=+Bs(0)y0 is regular on
U,2(0)- Therefore B,z 0)0 = By2(0)s(0yBs(oyo 18 r€gular on U,z N Uy, Since, by definition,
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B, (o) is regular on U,z N Uy, this is regular on U,z N (Ug U Ug,). This shows that
B,2(0)0 is regular on U,z q,. Since B,s3(0)0 = s B42(0y0Bs(0y0 18 r€gUlar on Uysi0y N (Up L Uygy),
this is regular on U,s(,. In the same way as above, we can show that B, is regular on
U,. For any j, there exists an element 7€ G such that j=1(0). Since B, -, is regular on
U.-14y Bij (=.B;-140) is regular on U,. In this case, the vector bundle determined by
this system of o-transition matrices is generated by its global sections (cf. Lemma 1 (1)).

Next, suppose that B is regular on U,. In a similar way as above, we can show
that B;; is regular on U; for any pair i and j. Let E be the vector bundle determined by
{B;;}. Then it is easy to verify that {*B;;'} is a system of o-transition matrices with
initial datum ‘B, {,, which determines the dual vector bundle E. Since *B5y0="Bos(0)s
this matrix is regular on U, . Hence E is generated by its global sections. Thus, in this
case, the vector bundle determined by this system of o-transition matrices {B;;} is a
subbundle of a trivial bundle.

Let C be a non-singular matrix such that C and C~! are regular on U,. For
arbitrary element n of G let us denote ,C by C,,,. Then it is easy to see that the relations
«Ci=C, hold for all i and <. Since C, and Cq4 ! are regular on U,, C; and C;! are
regular on U, (cf. Lemma 2 (8), (9)). Therefore, we see that

C,B;,C; ! isregularon U;nU;,

CiBiiCi— = Ir ’

(CyByC Y(CiB,,C; )=C,B,;C;' and
r(CiBijCj_ 1) = tCi tBij ij_ 1= (i) B:(i):m C:an .

These imply that {C,B,;C; '} is a system of o-transition matrices and C,)B,0)0Co * i8
its initial datum.
Let m be an arbitrary integer. Then it is easy to check that

(xi/x;)"B;; is regular on U;nU;,

(xi/x)"By=1,,

((xn/%:)" By ) ((xi/ x j)mBi )= (oxn/ xj)mBh ; and

{((xi/%;)7 By;) = (Xo1y/ X o)™ Beiayeiiy -
These imply that (xi/xjj’”Bij is a system of o-transition matrices and (x,0)/X0)™By(0)0 1S
its initial datum. Suppose that B=(g ;), where B’, D and B” are matrices of type
r'xr', r” xr" and r” xr” respectively. Then formula (6) shows that there exist three

families of matrices {B;;}, {D;;} and {Bj;} such that Bij=(B;’ 0,). This and Lemma 1

ij ij
(3) and Lemma 2 (6) show that {Bj;} is a system of o-transition matrices with initial

datum B’ and {Bjj} is a system of g-transition matrices with initial datum B".
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We summarise these results as follows:

LEMMA 3. Let {B;;} be a system of a-transition matrices of rank r with initial datum
B. Then

(1) Initial datum B furnishes us with complete information about the system of
o-transition matrices {B;}.

(2) When B is regular on U,q,, the vector bundle determined by {B,;} is generated
by its global sections. .

(3) When B is regular on U,, the vector bundle determined by {B,;} is a subbundle

.of a trivial vector bundle.

(4) When C is a non-singular r x r matrix such that C and C~?! are regular on U,,
there exists a system of o-transition matrices with initial datum ,CBC !,

(5) For any integer m, there exists a system of o-transition matrices with initial
datum (x,.)/%o)™Byoy0-

(6) Suppose that B=(g ;), where B', D and B’ are matrices of type r' xr',

r’”xr’ andr” x r" respectively. Then there exist two systems of c-transition matrices with
intial datum B’ and B’.

3. Standard o-matrix.

Let s, which may depend on n, be a positive integer. We denote the K-vector space
{Wo¥1-- - ¥,)|Kay,} by K**1. Let us consider an action of G to K**! which satisfies
the following conditions

(el +ear)=c, Wy +c,%, Q)

(PP) =0 8)

W=y (&)

0 ="() (10)
where k3c¢,, ¢;, K3, K**' oy, ¥, ¥, and Gan, 7, 1 =6°.
¥ A

When A= J’:’ is an r x (s + 1) matrix, we denote 'I;z by "A. It is easy to verify

v W,

the following lemma.

LEMMA 4. Let A be an r x (s+ 1) matrix and B be an r x r matrix. Then for any
elements n and t of G we have

(1) rankA=rank4,

(2) ™A="(A),

(3) Y(BA)=_,B°A.
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DEFINITION. Let 4 be an r x (s+ 1) matrix of rank r. If there exists an r x r matrix
B which satisfies

°4A=BA, (11)

we say that A is a o-stable, or G-stable, matrix of rank r and we say that B is the initial
datum of o-stable matrix 4. For the sake of brevity, we sometimes say: “(4; B) is a

" o-stable, or G-stable, matrix of rank r” instead of saying: “A is a o-stable matrix of

rank r with initial datum B”.

LeMMA 5. Let (A; B) be a 6-stable matrix of rank r. For every element & of G, we
denote *A by Age). Then we have
(D tAi=A:(i)-
(2) There exists uniquely a system of r x r-matrices {B,;} which satisfies
Ai = Bi ji“1j
Proor. (1) Let 5 be the element of G which satisfies #(0)=1, then we have
tAi = tA"(o) - ﬂ’A - Atﬂ(O) = A‘:(l’) (Cf. Lemma 4) .

(2) Let p and g be two positive integers such that j=0?(0) and i=c%(j)=0?*%0).
Then we have
P Y =PI O L) =" T (BA) = ypeq-1B7 T T'A  (cf. Lemma 4)
=gp+a-1Bypra-2B- - ,BA . ‘ (12)
Put

Bi.i:al""q-lBaP*‘q-ZB' : 'aPB A . (13)

Since A;=Agp+a0y=""""A and A;=°"A4, formula (13) implies 4;= =B,;4;. Since
rank A,=rank A =r=rank 4, it is easy to show the uniqueness of {B; J}

DEerFINITION.  Under the same notation as in Lemma 5, we say that {4,, B;;} is the
o-data of o-stable matrix 4.

LeMMA 6. Let (A; B) be a a-stable matrix of rank r and {A;, B;;} be the a-data
of A. Then

(1) Bu=I.

(2) BuBij=By;.

(3) B Bt(i)t(j)

@) B=B,oyn-

(5) {By;} is determined only by the initial datum B of A.

PROOF. By virtue of the uniqueness of {B;;} and the following equations

Ai=IrAi s Ah=BhiA'=BhlBleJ s Aa(0)=aA =BA =BAO 9 and

A:(i)— A t(B Aj)_tBithj=tBijAt(j) ’
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we have (1)«4). Formula (13) implies (5).
Formulae (6) and (13) show that:

PROPOSITION 1. Let (A; B) be a o-stable matrix and {4;, B;;} be the o-data of A.
If {B})) is a system of o-transition matrices with initial datum B. Then

{Bij} = {B:J} .
Let (4; B) be a o-stable matrix and {4,, B;;} be the o-data of 4. Lemma 6 shows
that {B,;} is a system of o-transition matrices if and only if B;; is regular on U,nU is
for every i and j. Suppose that for arbitrary A, B, is regular on U,NU,. Let n be an

element of G such that j=7(0). Then Bij=yB,- 140 is regular on U,, -1y U, ic., B;;
is regular on U;n U;. Thus we have

DEFINITION. Let A be a o-stable matrix with initial datum B and let {4,, B;;} be
the set of g-data of 4. We say that 4 is a g-matrix or (4; B) is a o-matrix if {B,;} is
a system of o-transition matrices.

THEOREM 1. Let A be a o-stable matrix and {A,, B;;} be the o-data of A. Then A
is a o-matrix if and only if B, is regular on U,n U, for every i.

It is a simple matter to verify that the following lemmas hold.

LEMMA 7. Let A be a o-stable matrix of rank r and let {A;, B,;} be the o-data of
A. Let C be a non-singular matrix of rank r. Then (CA; +CBC™1) is a o-stable matrix
of rank r and {CiA;, C;B;jC;" '} is the o-data of CA. Suppose that A be a 6-matrix and
C and C~! be regular on U, then CA is a o-matrix and hence {C.B,;;C;" '} is a system
of o-transition matrices.

LEMMA 8. Let (A; B) be a a-matrix of rank r and (A’ ; B) be a o-matrix of rank
r'. Let C be an r x r-matrix such that C and C~" are regular on U,. Assume that there

’

”

A . .
exists an r” x (s+ 1)-matrix A" such that CA=< ) Then there exist two matrices D

B; O
D; Bj;
exists a system of o-transition matrices which has B" as its initial datum.

and B’ of type r" xr’ and r"” x r" respectively such that ,CBC ~! =( ) Then there

LEMMA 9. Let A’ and A" be two o-matrices with the same initial datum B. Then,

under the new action of G to (A’ A”) defined by °(A’ A")=(A"°A"), (A’ A") becomes a
o-matrix with initial datum B.

In the following, let s=n and let the action of G to X"*! be the standard one, i.e.,
which is defined by

t('/’o 'l/l e '//u)=(t'//t‘1(0) t'//t“(l) e twt“(n)) . (14)
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It is a simple matter to verify that this action satisfies the conditions (7)~(10).

DEFINITION. We shall say that a g-stable matrix A4 is a standard c-stable matrix
if the action of G to A is the standard one. Similarly we shall say that a o-matrix A is
a standard o-matrix if the action of G to A is the standard one.

Pio P11 """ Pia
THEOREM 2. Let ¢f° (p:“ (p:z" be a standard o-stable matrix of rank r. As-

Pro Pr1 " P
sume that all components of A are homogeneous polynomials of degree m and there exist r
integers s, S5, * * *, S, such that

Pi1s; P1s, """ Pis,

q’?s. ‘P?sz ) ¢:2sr =xI7, . (15)
Prsy Prsy """ Prs,
Then A is a standard o-matrix with initial datum
'/’1:, '/’1:; e 'l’ltr
l/l:z" dl:z" '/’:2" where Y, = o015~ 1¢s,) - (16)

‘//;tl ‘l/;tz ‘pn,

PROOF. Let t be an arbitrary element of G. Put ¢{;=,0;,- 1, - Since A= B, )04,
we have

Q10 P11 " Pla P10 P11 """ Pin
20 P21 " Pra _ P20 P21 """ P2n

: T : - P00 : - : ’
Pro Pr1 " Ppy Qo Pr1 "' Ppm

in particular we have

’ 4 . e - = e

(p1s1 (olsz : (P;sr (pls1 (Plsz (Pls,-

(pésl (Dész T ¢£sr _ (stl (szz e (023,. — mB
: . : = Dr0)0 : .. : =X0 D00 -
4 4 PR ’ S

(prs 1 (Pr32 (prs,- (Prs 1 (prsz (Prs,-

This shows that

’ ’ e« o & ’
(plsl (plsz (pls,.

! ’
B =x m P25y P2s; """ Pas,
%0)0 = X0 . S :

’ ! PR ’
PDrs, ¢rsz (prs,.
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Since this matrix is regular on Uy, Theorem 1 asserts that 4 is a g-matrix. Since the
initial datum of this matrix is B,)o, the latter half of the theorem is obvious.

The following is proven similary as above.

COROLLARY 1. Let A', A", - - - be standard c-stable matrices of rank r with the

same initial datum B. Assume that all components of A', A", --- are homogeneous
polynomials of degree m and some r x r submatrix of (A’ A" - - -) has cxg" as its determinant,
where c is a non-zero constant. Then A', A", - - - are o-matrices.

We can construct a standard o-matrix using a given system of o-transition matrices.
In the following we give a method of construction.

PROPOSITION 2. Let {B;;} be a system of o-transition marices of rank r with initial
datum B. Let us fix an integer s such that 1 <s<n and fix an integer m. For each i, let
us denote the s-th column of By; by 6. Put 3 =x"b®. Then

A(”=(dé’) &{S) d’é’) .o il',f’))
is a standard o-matrix with initial datum B, if rank A® =r.
PrOOF. Since
BOa" 1(l)_B (0)1_ 0(0)0301 BBOi s
we have
05}9 l(i)=BEi(s) .
This shows that
o823y = (X5 1D 1) = xT" abfl_l(i)=x;" Bb{=Ba{ .
Therefore, under the standard action, we have
c A("=‘(iz’(‘;‘) ﬁ{s) 3 ... a*(:))

=(a&f)1(0) a:(r-)l(l) o4 ;2'(2) e aa;sll(n))

=(Bad§ Ba® Bdy - - - Bd\)

= B(@Y aP ag - - - a)

=BA® .
When rank A® =r, this shows that A® is a standard ¢-stable matrix with initial datum
B. Then by virtue of Proposition 1 we have {Bj;}={B;;}. This means that A“ is a

standard o-matrix with initial datum B. The proof of the last half of this proposition
is similar to the proof of Theorem 2.
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4. Example 1.

Let o be the cyclic permutation (0 1 2 - - - n) and let us consider the standard action
of G. Let

A =(x¢gx, %5 x,).
Then easily we have
A'=A4".

This and Theorem 2 show that 4’ is a standard o-matrix with initial datum 1. Let us
consider the following matrix 4 which has 4’ as submatrix.

Xo X1 Xz "7 X,
0 X0 0 --- 0

A= | 0 0 x4 --- O
0 0 0 -+ x
The relation °4=(°44~')4 and Theorem 2 show that A4 is a standard o-matrix with
initial datum 44 ~!. Now let us compute the matrix 44~ 1.

Xo X1 Xz "7 Xp\ [Xo —Xy3 —Xp3 "'t —X,
0 0 x;, --- 0 0 xo 0 --- 0
TAA Y=x42] P b .l 0 0 x, --- O

0 00 X1 : : : .o

x3 00 --- 0 0 0 0 - X

x2 0 0 0 0
0 0 xox, 0 0

=xq 2| : : - : : . an

0 0 0 0 XX

XoXp —X{ —X1X3 *tt —XyXa_q —XiX,

Lemma 3 (4) shows that there exists a system of o-transition matrices which has

0 xox; 0 0 0
0 0 XoXy v 0 0
xg2 : : : e : : (18)
0 0 0 s 0 XoX,
=X} —XpXy —XyX3 =Xy Xe_; —X1X,

as its initial datum. Hence, there exists a vector bundle of rank n on P* which is
determined by this matrix (18) (cf. sect. 7 *4-1).
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Let us consider the following matrix

—x; X0 0 O 00
—x, 0 x5 O 00
a=| TP 20 %00
—Xp-1 00 0 - xo 0
-x, 0 0 0 --- 0 x
Then we have _
0 —x,x, 0 0 -~ 0
0 —x3 0 x, 0 --- 0
o g — 0 —x4 0 0 x, 0
0 —x,,é 00 X,
x; —%x 0 0 O 0
Let
—X;%x, 0 0 --- 0
—x3 0 x; O 0
po| 000

-x, 0 0 0 -+ x,
—% 0 0 0 --- O
Then it is easy to verify the following relation holds.
6AII=BIAII .

Theorem 2 shows that 4" is a standard o-matrix of rank » with initial datum B”. Let
{4} ; Bjj} be the g-data of 4”. Then {Bjj} is a system of o-transition matrices which has
B’ as its initial datum. {Bj;} determines a vector bundle of rank n on P" (cf. sect. 7 *4-2).

5. Example 2.

In this section, using the terms of system of g-transition matrices, we will reconstruct
the Horrocks bundle of rank 3 on P3 (cf. Horrocks [3]).

Let n=35, and o be the cyclic permutation (0 4 2 3 1 5), and the action of G be the
standard action. Let
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—x;1 X 0 0 0 O
—-x2 O xO O 0 0
A= —x3 0 0 xO 0 0
-x4 0 0 0 x5 O
_X5 O 0 0 O xo
Then
0 00 0 —xs5 x4
0 0 0 x4, —x5 O
A= | 0 x4, 0 0 —x, O
0 0 x, 0 —x, O
xs4 00 0 —x4 O
Let

0 0 0 —x5 x4
0 0 x4 —x3 0
X4 0 0 —x;, O
0 x4, 0 —x, O
0 0 0 —x, O

Then it is easy to verify the formula

B=x;1

°A=BA
holds. Hence, Theorem 2 shows that B s the initial datum of the standard ¢-marix 4. Let

_x4 —x5 xO xl xz

xx, 0 00 O

C=x5 0 xx< 0 0 O

0 0 0 x, 0

0 0 0 0 x

Then we have

—X3 —X4 —Xs Xo X1 X,
—X; X 0O 0 0 O
CA=| —x, 0 x, 0 0 O
-‘x4 0 0 0 xO 0
—xs O 0 0 0 .xO

and
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0 xo 0 O 0
0 0 xo O 0
Cl=x5 X0 x4 x5 —%; —X,
0 00 x, O
0 00 0 x

Note the fact that C and C ! are regular on U, and
(—X3 —X4 —Xs5 Xg X1 X2)=—(—X3 —X4 —X5 X X1 X3) .

Let us compute ,CBC 1.

+CBC 1=
—X; —Xg X4 X5 X3 0 0 0 —x5x4\7/70 x5 O O 0
xq<, 0 00 O 0 0 x4, —x3 O 0 0 x, O 0
Xo2xg7 0 x4 0 0 O |[xg 0 0 —x; O || xo x4 x5 —x; —x,
0 0 0 x, 0 0 x4, 0 —x, O 0 0 x, O
0 0 0 0 x,/\0 0 0 —x, O 0 0 0 xo

/x,, Xs —Xo —X; —Xy 0 xo 0 O
0 0 0 —x5 x4 0 0 x, O 0
=x320 0 x4, —x3 O Xo X4 X5 —X, —X;
0x, 0 —x, O 0 00 x, O
\0 0 0 —x, O 0 0 0 0 xo

( —x20 0 0 0
0 0 0 bl xOxs XOX4
=Xg 2| XoX4 XZ XaXs —X3Xq—XoX3 —X;X4
0 0 xox4 — XX, 0
0O 0 O —x2 0
These and Lemma 3 (4) show that there exists a system of o-transition matrices which has
0 0 —XoXs XoX4
2
Xi X4Xs —X1X4—XoX3 — XX
xo— 2 4 4'5 144 o3 244 (19)
0 Xxox4 —XoX; 0
0 0 —x3 0

as its initial datum (cf. sect. 7 *5-1). Using the method of Proposition 2, we have the
following two standard o-matrices which have the matrix (19) as their initial datum:
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x2 0 — XX, —x%  xox, O

0 xox, —x3 — XX, 0 x?

0 Xxoxs —X3X4 Xoxz—Xx;x4 0 O

0 0 xox3—Xx3xs —X;x5 Xoxq4 O

and

0 O 0 X1Xs —XoX3—X1X4 XoXs
0 0 0 xpx3+x,%s — XXy —XoX4
0 —x¢ x4x, X4 X5 —x2 0
x3 0 —xox, x32 —X4Xs 0

Let us consider two times exterior product of the matrix (19):

0 x?xs —x3 X4x2 —x2Xs X4
0 0 0 XoX4Xs —XoXZ  XoXyX4
2
X3 03 0 . 0 0 0 , X4 32c4 20)
Xy —X3x7 0 x4(XoX3+X1X4—X3Xs) X,xi —Xx3ix,
0 —xox2 O —XoX4X5 0 — XXXy
0 0 0 —x2x, 0 0

‘ where X=xx3+x,x,+ x,x5. Let us denote this matrix by B, Since the matrix (19)
is an initial datum of a system of o-transition matrices, so is this matrix BV,
For a moment, we will assume that & is a field of characteristic not equal to two.
Let us consider the matrix

1000 O O
0100 —-10
Cc— 0010 0 O
10001 0 O
0000 O 1
| 0100 1 O
? and its inverse
1 0O 000 O
0 12 00 0 12
- 0 O 1 00 O
-1 _
¢ 0 010 O
0 —1/2 00 0 1)2
0 0 001 O

Both matrices C™ and C™"" are regular on U,. Computing ,CVBNCM™* we have
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the following matrix:

0 x2xs —x2 X4x2 X X 0
0 xox2 0 2XoX4X5 2XoX2X4 0
x5 03 0 ) 0 0 xgazc,, 0
Xy —Xxx5 0 x4(XoX3+X1X4—X3Xs) —X3X4 0
0 0 0 —X3x, 0 0
0 0 0 0 0 —x&x,
Lemma 3 (4) shows that the matrix
0 x2x5 —x3 X4x32 X %
0 xox2 0 2XoX4Xs 2X0X2X,
x5 3 0 0 0 0 xgx, 1))
x3 —x,x2 0 xu(xoX3+X1X4—X3Xs5) —X3X,
0 0 0 —x3x, 0

is an initial datum of a system of o-transition matrices. Let us denote this matrix by
B», We proved that this matrix B® is an initial datum of a system of o-transition
matrices, under the assumption that & is a field of characteristic not equal to two. But
this fact shows that, in the case when & is a field of characteristic two, B® is an initial
datum of a system of g-transition matrices. In the following, we assume that & is a field
of arbitrary characteristic. Furthermore, let

~

X§ —X4xs xZ2 —x? —X
0 x2 0 0 O
CP=x32l0 0 x2 0 O
0 0 0 x2 0
0 0 0 0 xZ

Then C® and C®™" are regular on U,. Computing ,C?B®C@®"" we have

—x8x, 0 0 0 0
0 x3x2 0 2X3x4X5 2x3x,x,
xg3 O 0 0 0 Xgx4
x3x3  —xqxx24xixs —x] xEx K —2x2x1X4%5+x3x2 —xZx2x,+x3%
0 0 0 _xéx, 0

Therefore, Lemma 3 (4) shows that there exists a system of o-transition matrix which
has the matrix
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x3x? 0 2x3x,%5 2x3x,%,
_s 0 0 0 Xgx4
Xo 2y 224 4 S 2y f D2 1 x352 2,2, 4 3¢ (22)
-xox2x4 X4x5 _X4 XOX4x— xoxl.X4x5 X4x5 _x0x2x4 X4x

as its ititial datum (cf. sect. 7 *5-2). We denote this matrix by B, Finally, let us
consider the following matrix

, 2 2
COe =2 0 x5 0 x5
0 0 x2 x2
0 0 0 x2
Then C® and C® ™" are regular on U,, and ,C¥BIC® ™" s equal to
x3x3 0 2(x3x2x5+x5x,) 0
= 5x—1 0 0 x§ 0
o 4 ~
—x§Xx3 +xixs —x§ XExIX—2x3x,xFx5+x2x2—xéx2 0
0 0 —x3 x§x3

By virtue of Lemma 3 (3) and (4), there exists a system of o-transition matrices which has

x3x3 0 2(x3x2xs+x35x,)
-6 6
X 0 0 X8 23)
—x§xy X3+ x3x5 —x§ xFxIF—2xGx,x3x5+ xEx2 — xtx?

as its initial datum. Hence there exists a vector bundle of rank 3 on P5. This vector
bundle is essentially the Horrocks bundle (cf. sect. 7 *5-3).

Assume that k is a field of characteristic two. Then the matrix (23) shows that
there exists a system of o-transition matrices which has

(0 x$§
xo ° 6 2..2% fz 4.2 (24
X4 XoXgX+X4X5+xgXx35

as its initial datum. Therefore, in this case, there exists a rank 2 bundle on P3 determined
by this system of transition matrices (cf. sect. 7 *5-4).

6. Example 3.

In this section, let n=5 and ¢ be the cyclic permutation (04 231 5) and the action
of G be the standard one. Throughout this section, we assume that k is a field of
characteristic two. In [10], we gave an example of indecomposable vector bundle E of
rank 2 on P®, using a non-constant morphism from P to Gr(5, 2), where Gr(5, 2) is
the Grassmann variety which parametrizes planes contained in P5. In this section we
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reconstruct this vector bundle E in terms of system of o-transition matrices and using
this we give an example of non-constant morphism from P? to Gr(5, 1), where Gr(5, 1)
is the Grassmann variety which parametrizes lines contained in P>. Using this we give
an example of rank 4 on P’ of new type.

Let us recall the method of construction of the vector bundle E. Let Q¢ be the
quadratic hypersurface of P’ defined by

XOXI +X2X3+X4X5 +X6X7=0 .
Let y be the morphism from Qg to Gr(5, 2) defined by
Y(Xo5 X1, X3, X3, X4, Xs55 Xg5 X7) =
x2 0 0 x3 X2X4+XoX7 XpXg—XoXs
0 x2 0 x,x4—Xoxq x2 X4Xg+ XoX3 ,
0 0 x2 x,X6+XoXs X4Xg—XoX3 x2

~

where

x2 0 0 x3 XX+ XoX7 X2Xg—XoXs\

0 x2 0 x,x4—XoXq x2 X4X6+ XoX3

0 0 xg xe6+xox5 X4X6— X0X3 x62
denotes the point of Gr(5, 2) which corresponds to the plane spanned by the three points
given by the three rows of this matrix. This morphism is defined over the field of arbitrary
characteristic. Under the assumption that the field k is a field of characteristic two, let
us consider the morphism ¢ from P> to Q¢ defined by

(P(xo, X1, X2, X35 X4, x5)=(x3a xg, xg’ x22a .X42, xlza X, f)
where %=x,X;+ Xx;X4+ Xx,xs5. Let us denote x2x2+x2% by g and denote .g by g o)
Hence,
Go=x2x;+x3X, Ga=x3xF+XI%, gy=xix3+xi%, gi=xix{+x3xX,
gy=x3x2+x%% and gs=xIx¢+x2%.

Then Y- ¢ is a non-constant morphism from P3 to Gr(5, 2) which is given by

~

x3 00 Xg do 9s
Yo @(Xgs X1, X3, X3, X4, X5)=| 0 x3 0 go x: 9da . (25)

0 0 x5 gs gs X2

It is a simple matter to verify that among g; the following relations hold:

LemMmA 10.
(1) g3+x3x2+x5x5=0, (2) gago+x4gs+x39,=0,
(3) gd+x§x*+x3x3=0, (4) x2gs+xig,+x3x2=x5x3,

(5) xix$+xigo+xdgs=xaxi,  (6) xigo+xixi+xig.=x5x3.
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Arranging the columns of matrix (25), let us consider the following matrix

95x30 Ongo

A= 940-"(‘)‘0903‘3t

%20 0 x5 gs ga
Then, we have

gas 0 x5 0 go x3

“A=| x§ 0 g4 x¢ g, 0

g2 X3 go 0 %> 0
Now put
0 x§ O
0 g, xt]. (26)

xi’go 0

B=xo_4

By virtue of Lemma 10 (1), (2) and (3), we can easily verify that the formula

°4=BA
holds. Theorem 2 shows that A is a standard o-matrix with initial datum B. Therefore,
B is an initial datum of a system of o-transition matrices of rank 3, which determines

a vector bundle of rank 3 on P> (cf. sect. 7 *6-1).
Let us consider the following matrix

x2 x2 x¢
A_ -2
C=xs*x2 0 O

0 x2 0

Then by virtue of Lemma 10 (4), (5) and (6), we have
xgx? x@x? xix? x§ xix? xZx2
A=| g; xg 0 0 x5 9o
9a 0 xg 0 g0 xi‘

A

Note that
2.2 .2.2 2.2 .4 2.2 .2.2y_(v2.2 4 2.2 2.2 2.2 .22
“(xox3 X5X3 X5x35 Xg XoX{ Xgx3)=(XgX3 Xg XiX5 X4Xg X4X{ X3X3)
(cf. Lemma 8). Since

0 x2 0
Cl=xy2 0 0 x2],

x2 x2 x2

€ and €~ are regular on U,. Computing ,CBC !, we have the following matrix
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xgxZ2 0 0
x% 0 0 x8 . 27
x3x3 X3 xgxi+xigs
Lemma 8 shows that there exists a system of o-transition matrices which has the following
matrix as its initial datum:

0 xs )
-6 0
Xg ( . (28)
X3 X3x3+x39,
We denote this system of o-transition matrices by {B;;} and its initial datum by B. The
vector bundle which is determined by this system of transition matrices is essentially
equal to E (cf. sect. 7 *6-2).
In order to compute the standard s-matrix which has B as its initial datum, let us
consider the following polynomials and relations. Let
h=x§x?+x2go=x$x?+x3x?+x2x2% and
f=x3xix2+x3x2x2+(xEx3 +x3x2)% .
For all element © of G we denote .4 by k,q, and denote ,f by f,) Then accordingly
Hi=h and . f;=f,, hold. By direct calculation we have the following two relations

hahy +x§x5+x8fo=0 and xS$hy+xShs+hyfy=0.

Acting all elements of G to these polynomials and relations, we have the following
relations:

RELATIONS.

ho=x3x?+x3x2+x2x2%, fo=x3xix24+x3x2x2+(x2x?+x3xD)x=f,,

hy=xix2+x§x2+xZx2%, fo=x@xix}+xixix?+(2Ixi+xiIxDHE=f,,

hy=x3x¢+xix2+x2x2%, fo=x3xix2+x3x2x2+(x2x2+x2xDR=f5,

hy=x3$x2+x3x}+x2x2%, hi=xtx2+x$x2+x3x2%,
hs=x3x}+xtxZ+xix3%,

hohy+x§x8+x5fo=0, xShy+xShs+hs3fy=0,
hohy+xSxS+xSf,=0, xPfh,+xSho+h,f,=0,
hshy +x$x8+x$f,=0, xShy+xSh,+hsf,=0,
hihs+x3xS+x3f3=0, x5hy+xShy+hof3=0,
hsho+x$x§+x8f1=0, xShs+x5hs+hsf,=0,
hohy +x8x8+x8fs=0, xSho+xSh +h,fs=0.

Using these relations, matrix (28) and relation (1), we can calculate {B;;}. Hence
by virtue of the method of Proposition 2, we have the following standard o-matrix 4



VECTOR BUNDLES 21

which has B as its initial datum:

(xg x$ f3 hs hy 0). (29)

0 hy hy fi x§ x§
Actually since

aA=<O hO h2 fl x46 xg)’

x$ fs x5 hy »0 ha
we can easily verify that the formula
A=BA

holds.
Let {4, B;;} be the o-data of 4, and let us compute {4;}.

A=A=(xgng3 hs hg 0)
° 0 ho hy fi x§ x§)°

(0 ho hy fi xf xg

By the relation

we can easily compute {B,;}. For example,

(ho 0 hy x? fr xg)—B (hz hy 0 x§ x3 fo)
x§ xS f3 hs hy O > fo xf x3 0 hy hs

shows that

S h
B53=X3_6(zl 1) .
5 f3

Collecting all different rows of {4,}, we have the following matrix of rank 2:
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x5 xS fs hs hy O

Y
]
o
o

30
£ (30)
Ja x16 x:? 0 hy hs
ho 0 hy xf )2 x?

In general, when D is an s x (n+ 1) matrix such that rank D=r and all components of
D are homogeneous polynomials (D has no null rows), for general point (x4 x; - * - x,),
we denote by D~ the points of Gr(n, r— 1) which corresponds to the linear (n— 1)-space
of P" spanned by s-points given by s-rows of D.

Under this notation, we have

A=A~ =A;=A; =A; =A3; =A7 = A5 .

This shows that the rational map ¥ from P> to Gr(5, 1) which is defined by
Y(xoxy - x,)=A"

is a morphism. Thus we have

THEOREM 3. There exists a non-constant morphism ¥ from P3 to Gr(5, 1) which is
defined by
lF(xo Xyt xn)=A~ H
where A is the matrix given in (29) and the defining field is a field of characteristic two
(cf. sect. 7 *6-3).

Theorem 3 suggests that there exists a system of o-transition matrices of rank 4.
In order to seek such matrices, let us consider the following matrix 4’ of rank 6 which
has A as its submatrix, and its inverse 4’ ~!. Let

x5 x$ f3 hs hy O

0 ho hy fi x3 x§

, 0 xS 0 0 0 O
=19 0 o x$ 0 0 G

0 0 x5 0 0 O

0 0 0 0 x§ O

Since
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xg x5 fs hs hy O x§ 0 x$ hs f3 hy
0 hy hy fi x$ x§|[ 0 0 x§ 0 0 O
12 0 xS0 0 0 O 0 0 0 0 x§ O _7
0 0 0 0 x5 0 O0J[][0o 0 0 x§ 00 6>
0 0 x$8 0 0 O 0 0 0 0 0 x§
0 0 0 0 x§ O 0 x§ hy fi hy x$
we have
x§ 0 x££ hs f3 ha
0 0 x50 0 O
0 0 0 0 x5 O
A/-—-1= -2 1]
10 0 0 x50 0
0 0 0 0 0 x§
0 x5 ho f1 he x$

The relation
d'A’=(d'AIAI —'1)A1

shows that 4’ is a standard o-stable matrix with initial datum °4’4’ ~*. Corollary 1 of
Theorem 2 shows that A’ is a o-matrix. Let us compute its initial datum “4'4’ ~*:

0 hy hy fi x§ x§ x§ 0 x5 hs f3 hs

x8 fs x§ hy O hy|[ O O x5 O 0 O
x_1200000x20000x30
° 0 x$0 0 0 0J][0 0 0 x5 0 O
0 0 0 x$0 0J{o 0 0 0 0 x¢§
0 0 x$ 0 0 0/\N0 x§ hy f1 hy x§

0 x2 0 0 0 0

xSx$ x§h, O 0 0 0

_12| © x$x§ x$ho x§fi x3h; xa? (32)

—%o 0 0 x$x§ 0 0 0

0 0 0 x$x§ 0 O
0 0 0 0 x$x§ 0

Lemma 3 (3) and (4) show that there exists a system of o-transition matrices which
has the following matrix B” as its initial datum:

ho f1 h, xf
6
' -6 Xo 0 0 0
B'=x"| o x8 0 0

0 0 x$ 0



24

HIROSHI TANGO

Therefore, there exists a vector bundle of rank 4 on PS5 (cf. sect. 7 *6-4). Using the
method of Proposition 2, we have the following three standard o-matrices which have

B’ as their initial datum:

A"(l)=

A/r(2) —_

An(3) -

'xgofzhs

oo

x$5 0 0 0 h
hy 0 x§ 0 x§
x$ x$ hy 0 0]
0 A, x$ x8 O
hy 0 0 x¢ f3
fr 0 b, 0 0
0 hy fu O x5/’
$fo 0 hy 0
fi x$ 0 0 h,
fi x{ 0
0 o
0 fi x$

S o o O

=
(=1}

©C O OO
*
[

(33)

Finally let us consider the following matrix 4 which has 4 as a submatrix:

Computing °44 ~1, we have

ga
X2

-8 92

0

gsx{)‘O Oxggo

ga 0 x5 0 go x
a=| % 0 0 x3 g5 g,
x3 0 0 0 0 0
0 0 0 0 x* 0
0 0 0 0 0 xt
0 x§ 0 go x:\ /0 0 0O
0 g4 x: g 0 xg 0 0
x$ go 0 %2 0 0 x3 0
0 0 0 xf O 0 0 x¢
0 x*0 0 oflo o o
0 0 0 0 0 0 o
0 x8 0 0
X394 Xox¢ 0 0
_g| *¥3x3 xdgo O 0 0
0 0 0 xix$
x3xg 0 x39s x3do
0 0 x¢ix3 O

(34)
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Lemma 3 (3) and (4) show that there exists a system of o-transition matrices which
has the following matrix B as its initial datum (cf. sect. 7 *6-5):

0 x§ O
E=xo_4 da Yo xf
xg 0 O
It is remarkable that
9o x;f gda
‘B™l=x,4 0 0 x¢
xg 0 O
and
010 0 0 1 do Xi da
0 0 1]|Bl1 0 O |=x* 0 0 x¢
1 0 O 010 xy 0 0

(cf. sect. 7 *6-6).

7. Remarks.

In this section we give some remarks without proofs. We use the following notation.
When E is a vector bundle of rank r on P", and c; is the degree of the i-th Chern
class of E, we denote the polynomial

l+cit+cpt2+-- -+t

by c(E) and call it the total Chern class of E.
Let E be a vector bundle of rank 4 on P", where 3<n, and let

c(E)=14c t+cyt2 +cst3+cyt*.
When 8¢, — 3¢ #0 we denote

(8cz—4c ey +c)?3
8¢, —3c?

by P 3(E). V$(E) is an invariant of E which has the following properties.

(1) V3(E)=V$(E) where E is the dual vector bundle of E.

(2) V3(E(m))=V3(E) for an arbitrary integer m.

(3) V3W*E)=V$(E) for an arbitrary non-constant morphism y from P" to P".
These properties show that if E and E’ be two vector bundles of rank 4 on P" and
V3(E)#V 3(E’), then E differs essentially from E’.

We denote by L, the line in P35 defined by
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X1=X;=X3=x5=0,
by L, the line in P defined by
X =X3=Xx,=x5=0,
and by L, the line in P* defined by
| X =X,=X,=Xx5=0.
If L is a line in P35, we denote by E| L the restriction of E to L.

(*4-1) This bundle is Qp.. This initial datum shows that Q,.(2) is generated by
its global sections. Matrix (17) shows that there exists the following exact sequence of
vector bundles

6
0— Qp.—> DO(—-1)— 0 —0.
(*4-2) This bundle is the tangent bundle Tpn(—2).

(*5-1) This bundle is S(— 1), where S is the null-correlation bundle on P3. This
bundle has the following properties:

c(S)=1+2+1*=0—t+1})(1+1+1?),
V3($)=0,
S|L,=01)®0DdO0PO(—1),

Sl,,=0®000®0.
(Hence S is indecomposable.)

(*5-2) Let us denote by E, the vector bundle of rank 4 on P* which is defined
by the initial datum (22). Then we have

c(E)=1-9t+33:2—593+42t*=(1-30)(1-20)(1 —4t+7t?),
V3E)=3/9/21,
(E)|L,=0(-1)@O0(-1)® O(-2)® O(-5) .

(*5-3) Let us denote this bundle by E,. Then

c(E,)=1—-91+30t2—361>=(1—3)(1—61+121) .
There exists the following exact sequence of vector bundles
0— O0(-3) » E, » E5(1) »0.
(*5-4) (characteristic of k is two). Let us denote this bundle by E;. Then
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c(E3)=1—61+1212,

(E3)|L,=0®0(—6),

(E3)|L,=O0(=2) @ O(—9) .

There exists the following exact sequence of vector bundles
0——>E,——E,——>0(—3)—0.
(*6-1) (characteristic of k is fwo). Let us denote this bundle by E,. Then

c(E)=1—81+24t%>—-2413,
C(Ey(4)=1+4r+8t2+8¢3.

E,(4) is generated by its global sections, and using these global sections we can construct
a non-constant morphism from P> to Gr(5, 2).

(E)|,=0@0(—HD0(—9),
(Ex)|,=0(—=2)@ O0(-2)® O(—4),
(Ey)|L,=0(—2)® O(—3)® O(—3) .

Hence E, is indecomposable.

(*6-2) (characteristic of k is two). This bundle is E;. E;(6) is generated by its
global sections. Using these global sections we obtained the morphism ¥ from P> to
Gr(S, 1), which appeared in Theorem 3. Matrix (27) shows that there exists the following
exact sequence of vector bundles

0'—’E3"_—’E4""“—’0(—'2)—"0.

(*6-3) (characteristic of kis two). By virtue of this theorem, the following holds:
When n>2d>0 and 10 > 4, there exists non-constant morphism form P" to Gr(n, d)
if and only if '

(n,d)=(@3, 1) or (5, 1) or (5, 2)
(cf. [8], [10] and [11]). |
(*6-4) (characteristic of k is two). Let us denote this bundle by E;. Matrix (32)
shows that there exists the following exact sequence of vector bundles
6
0— Es(—6)— @O(—6)— E; — 0.

Matrix (33) shows that there exists the following exact sequence of vector bundles

18

PDO(—6)—> Es——0.
E has the properties
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C(Es)=1—61+24:2—T721+1441*=(1—6t+ 1213 (1 + 1212,
V3(Es)=3/7.
The dual vector bundle E; of E; is generated by its global sections and
c(E§)=(1 +6t+12t3)(1+12¢2) .

Since there exists no vector bundle which is generated by its global sections and which
has Chern polynomial 1+ 12¢2 (cf. [8]), E5 is indecomposable.

(*6-5) (characteristic of k is two). Let us denote by E, the vector bundle determined
by this matrix B. Matrix (34) shows that there exists the following exact sequence of
vector bundles

6
0—— Ey(—4) —— DO(—4) —— E,—— 0.

(*6-6) (characteristic of k is two). That equation shows that £, = E}(4). Thus if
we put E= E,(4), we have the following type of exact sequence of vector bundles

6
0— F— PO—E—0.

(* - ) In [9], we gave an example of indecomposable vector bundle of rank 4
on P>. Let us denote this bundle by E. Then

c(Eg)=1+41t+9t>+ 1413+ 1414,

ViEe)=3/2/3.

Thus, four vector bundles S, E,, Es and E, are essentially different from each other.
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