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1. Introduction.

We consider the Teichmiiller spaces of the closed torus and the once punctured torus.
This is a part of a series of papers in which we investigate explicit relations between these
spaces and we will give some remarks on our obtained results. In [Al] and [A2] we gave
correspondences of subsets of these Teichmiiller spaces and constructed holomorphic map-
pings between once punctured tori and closed tori based on these correspondences. In this
paper we will show that constructions of these holomorphic mappings are closely related to
constructions of cusp forms of weight 1.

First we recall a coordinate system for the Teichmiiller space of the closed torus. We
describe a closed torus by R, = C/I7,I7; = {m + nt |m, n € Z}, then the Teichmiiller
space 7 ¢ of the closed torus is the upper half-plane H, i.e., a point in the Teichmiiller space
T ,0 of the closed torus is denoted by T € H. (See, for example, [IT].) We introduce the three
subsets of 71,0 : L1 = {r e H||r| > 1 and Re(r) =0}, L, = {r e H||r| =l and —1/2 <
Re(r) <0} and L3 = {r € H||7| > 1 and Re(r) = —1/2}. These sets are characterized by
the fact that in a fundamental domain for the modular group, T € L1 U L, U L3 if and only if
T is a closed torus associated with a real lattice, that is, uIy = {Ly | uy € Iy} = uly for
some u € C.

Next we recall a coordinate system for the Teichmiiller space of the once punctured
torus. We use the convention that an element in PSL(2, R) represents the Mobius transfor-
mation induced by it. In this paper we consider a Fuchsian group G consisting of Mobius
transformations of PSL(2, R) and having the following properties: (i) G is discontinuous in
the upper half-plane H, (ii) every real number is a limit point for G, (iii) G is finitely gener-
ated. A Fuchsian group I" = (A, B) which is a free group generated by A, B € PSL(2, R) is
called a Fricke group if X + Y> + Z? = XYZ and X, Y, Z > 2, where X =trA,Y =tr B
and Z = tr AB. We consider a once punctured torus which is uniformized by a Fricke group
I’ and take a normalized form for the representation of I" (see [Sc]), then the Teichmiiller
space 7,1 of the once punctured torus can be identified with the set of all Fricke groups (see
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[K]), that is, a point in the Teichmiiller space 7;,; of the once punctured torus is denoted by
a triple (X, ¥, Z). Associated with L, Ly and L3 we define the three subsets of Tig: M =
{(X,Y, Z) eTl,l|2 <X<Y<Z=XY/2},M; ={(X,Y,Z) 67'1,1|2< X=Y<1Z}
and M3 = {(X,Y,Z2)eTi,1|2<X <Y =1Z}.

Now we summarize the results obtained in [A1] and [A2]. We represent a point in the
upper half-plane H and a point in the complex plane C by z and u, respectively. We call H
the z-plane and C the u-plane. Then a once punctured torus (X, Y, Z) can be identified with a
fundamental domain in the z-plane and a closed torus T can be identified with a fundamental
domain in the u-plane. A holomorphic mapping from (3,3,3) € 71,1 to p3 = €*™/3 € Ty o
is given by the relation

1-J@ =p W =4pw)’ +1, (1.1)
and a holomorphic mapping from (2+/2, 24/2,4) € 71,1 toi € Ty o is given by the relations
Ji@) =p@? and ') =4pu)’ —4p W), (1.2)

where g (1) are the Weierstrass go-functions defined by the above equations, J(z) is the mod-
ular function and J4(z) is a function having similar properties to J(z) (see Proposition 3.1).
The relation (1.1) was first used in [C1]. Generalizing these relations, we obtained the follow-
ing theorems. A basic idea of our proof is abelianization of Fricke group.

THEOREM 1.1. Forany (X,Y, Z) € M\ there uniquely exists an element T € L, sat-
isfying the following conditions: if t € L then p(x) = 4x3 — 92(t)x — g3(7) has three distinct
real roots and a holomorphic mapping between (X, Y, Z) and t is given by the relation

P W) = (x2—x1)Jx,v,2)(2) +x2, (1.3)

where x| < x2 < x3 are the three real roots of p(x), g (u) is the Weierstrass g-function
defined by &’ w)? = 40 )3 — @) (u)— g3(v) and J(x,y,z)(z) is a function having similar
properties to the modular function J (z).

The precise definition of J(x,y,z)(z) will be recalled in §3.2. A proof of this theorem
was shown in §5 of [A1].

THEOREM 1.2. For any (X,Y,Z) € My, k = 2,3 there uniquely exist an element
t € Ly and a number P satisfying 7 —4/3 < P < lift € Lyand P > 7+ 4/3 ift € L3
such that a holomorphic mapping between (X, Y, Z) and t is given by the relation
P 1—-P

, 1.4
Jix,v,z)(2) 3 (1.4)

P W) = Jix,y,2)(2) —

where © () is the Weierstrass gp-function defined by
' (u)?

—a (5,(“) _ g(p _ 1)) (p(u) - (1—73—P +2~/Fi)) (@(u) - (1—_3—1Z - 2«/Fi))

and Jx,v,z)(2) is a function having similar properties to the modular function J(2).
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For the precise definition of J(x,y,z)(z) and a proof of this theorem we refer the reader
to [A2].

The results described above were proved geometrically, that is, by investigating funda-
mental domains identified with once punctured and closed tori. The first aim in this paper is to
point out an analytic approach to our problem, that is, to show that the problem of construct-
ing a holomorphic mapping between a closed torus and a once punctured torus uniformized
by I'" is equivalent to the problem of constructing a cusp form of weight 1 for I". Then we
obtain the following assertion:

THEOREM 1.3. Let I" be a Fricke group associated with a once punctured torus
(X, Y, Z). A cusp form of weight 1 for I is given by (1.1) if (X, Y, Z) = (3, 3, 3), by (1.2) if
(X,Y,Z) = (2+/2,2+/2,4), by 1.3) if (X, Y, Z) € M1 and by (1.4) if (X, Y, Z) € MU M;.

It is important that such cusp forms give holomorphic quadratic differentials on once
punctured tori, because the Teichmiiller geodesic is defined by using them. Remarks on these
points will be given in §2. ’

The second aim is to show explicit representations of cusp forms mentioned above. The
Fricke groups associated with (3, 3, 3) and (24/2, 2+/2, 4) are subgroups of the moular group
SL(2, Z) and a Hecke group, respectively. For these special cases some constructions of
automorphic forms have been studied. By using them we will show the following result:

THEOREM 1.4. For the Fricke group I',, associated with (3, 3, 3) we can obtain an
explicit representation of a cusp form of weight 1 for I'y, determined by (1.1) which is a sixth
root of a cusp form of weight 6 for the modular group SL(2, Z).

THEOREM 1.5. For the Fricke group I'; associated with (2v/2,24/2, 4) the cusp form
of weight 1 for I'; determined by (1.2) is a fourth root of a cusp form of weight 4 for the Hecke

group generated by ((1) _01) and ((1) ?)

In the case of (X, Y, Z) € M we can obtain a similar result by using the extended Fricke
group [Sc] associated with (X, Y, Z).

THEOREM 1.6. For the Fricke group Iy associated with (X, Y, Z) € My and gener-
ated by

(O = ) and ( I+ o < ) for some a > 1
24/ 14+ 2 _ p] = ’
1 —a—a o LY 1 4+«

the cusp form of weight 1 for I'y determined by (1.3) is a square root of a cusp form of weight
2 for the group generated by

(0 —1) ViteZ L g (1 B
1 0 ’ —a _/1+a2 0 1

Generally, an explicit construction of a cusp form of weight 1 for a given Fuchsian group
is not easy to obtain. Our results give a construction of such a cusp form for a Fricke group I
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associated with (3, 3, 3), (2ﬁ, 242, 4) or (X, Y, Z) € M. The basic ideas are summarized
as follows: find a Fuchsian group G in which I' is a subgroup of index [ = 6, 4 or 2, construct
a cusp form of weight [ for G, for example by using the Poincaré series, and take its /-th root.

ACKNOWLEDGMENTS. The author is grateful to P. Arnoux for valuable discussions.

2. Cusp forms and quadratic differentials.

In this section by using cusp forms and quadratic differentials we will give interpretations
of our problem of constructing holomorphic mappings between closed tori and once punctured
tori.

We begin by recalling definitions of an automorphic form and a cusp form. We can refer

the reader to [Mi] for further details. Let G be a Fuchsian group. We take T = (‘; Z) €eG

and define
ar
Cri(2) = (E;
for the Mobius transformation T (z), z € H. Recall that a point z is a cusp of G if and only if
G has a parabolic element whose fixed point is z.

DEFINITION 2.1. Let f be a function of H satisfying f(Tz) = Cr(z) f(z) for all
z€ Hand T € G. If f is holomorphic on H and is finite at each cusp of G, f is called an
automorphic form of weight k for G. And if the automorphic form f vanishes at each cusp,
we call f a cusp form of weight k for G. An automorphic form for the modular group is called
a modular form.

—k
) = (cz+ d)zk , where k is some integer

By using the Riemann-Roch theorem we obtain the following theorem which guarantees
the existence of an automorphic form and a cusp form.

THEOREM 2.1. The dimension 83 (G) of the space of automorphic forms of weight k
for G is

a,'g(G)=(2k—1)(g—1)+tk+2[k(1—i)] if k>1,
Jj

€j
if t =0,
5G) =1’ /
g+t—1 ift>0,
and the dimension 8;(G) of the space of cusp forms of weight k for G is
1
3(G)=k—1)(g—D+tk—1)+ ) [k (1 - -e—)] ifk>1 and 8(G) =y,
: J
j

where g is the genus of the Riemann surface R of G, i.e., the compactification of H/ G ob-
tained by adding parabolic points with the appropriate local coordinates, t is the number of
parabolic fixed points which are not equivalent to each other and the sum with respect to j
runs through the elliptic fixed points of G in R whose periods are e;.
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COROLLARY 2.1. LetI" = (A, B) be a Fricke group. Then 8{(I") = §{(I') = 1.

PROOF. Let R be the once punctured torus associated with I". Since the genus of R is 1
and four parabolic fixed points are equivalent to each other (see [Sc]), we obtain the assertion.
O

Now we state a relation between an automorphic form for a Fricke group I' = (A, B)
and a holomorphic mapping between elements of 779 and 77,;. Our aimed mapping is a
holomorphic function ¥ : H — C satisfying the following conditions:

(i) Y(A2) =¥(2)+ w; and Y (Bz) = ¥ (2) + w; for all z € H and some w;, wy € C.

(i1)) Each cusp of I' is mapped to a lattice point of £2(w;, w2) = {mw; + nwy | m,n €
VAR

PROPOSITION 2.1. W is the function as above if and only if the derivative of ¥ with
respect to 7 is a cusp form of weight 1 for I.

PROOF. First we show that if ¥ is the function satisfying (i) and (ii) then ¥’ is a cusp
form of weight 1 for I". Since an automorphic form of weight 1 for I" must be a cusp form by
using Corollary 2.1, we only show that ¥’ is an automorphic form of weight 1 for I". Taking
the derivative of the first equation of (i) with respect to z, we have

A@Q¥'(A2) =V'(2). 2.1)

b
d

W' (Az) = (cz + d)?>¥’(z). We can apply the same argument as above to another equation of
(i). It is easily checked by using (ii) that ¥’ is finite at each cusp of I".

The other direction is easily proved by using the fact that the constants w; and w, satis-
fying

If we set A = (z ) , then A’(z) = 1/(cz + d)?, so the relation (2.1) is transformed into

Az Bz
f(w)dw =w; and fw)dw = wy

Z <

do not depend on z, which comes from Cauchy’s theorem. O

Therefore one approach to our problem is to construct a cusp form f = ¥’ of weight
1 for I'. A construction of such a cusp form has been tried for a long time; however, unfor-
tunately an explicit result has not been found yet. From Proposition 2.1 we readily get that
the relations (1.1), (1.2), (1.3) and (1.4) give a cusp form of weight 1 for an associated Fricke
group.

Next we recall a definition of quadratic differential.

DEFINITION 2.2. Let R be a Riemann surface with a given complex structure
{(Ui, zi)}ier- A quadratic differential ¢ = {¢;} on R is a set of meromorphic functions ¢;
on z;(U;) which satisfy ¢;(z;) = goj(zj)(dzj/dz,-)2 whenever U; N U; # 0. We write
i (zi)a,’z,-2 = @;(z j)dz§ and ¢ = @(z)dz? for simplicity. If all the ¢; are holomorphic, the
quadratic differential ¢ is called holomorphic. The function ¢; is called the representation
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of the quadratic differential ¢ in terms of the local parameter z;. The norm of a quadratic
differential ¢ = @(z)dz?, z = x + iy is defined as (|| = [/ lp(z)|dxdy.

Quadratic differentials play an important role in a construction of the Teichmiiller geo-
desic. For the Teichmiiller space of the closed torus we can summarize a construction of the
Teichmiiller geodesic as follows. A representation of a holomorphic quadratic differential in
terms of a local parameter on a closed torus R, for any t € H is a complex constant, which
comes from the fact that a doubly periodic holomorphic function in C must be a complex con-
stant. If we suppose that the value of the norm of a holomorphic quadratic differential defined
on R, is equal to one, a representation of a holomorphic quadratic differential on R; in terms
of a local parameter z is ¢(0) = (Im 1)~ 1(e/9)2dz2. An orientation preserving affine diffeo-
morphism between two tori R; and R,/ for 7, v’ € H can be considered as a Teichmiiller
mapping for a holomorphic quadratic differential ¢(@) on R, and a number corresponding
to the Teichmiiller distance between R, and R,. The Teichmiiller geodesic determined by
@(6) on R; is defined by using such Teichmiiller mappings. Therefore the task of finding
holomorphic quadratic differentials on once punctured tori is also important in our problem
of investigating explicit relations between the Teichmiiller spaces of the closed torus and the
once punctured torus.

PROPOSITION 2.2. Letfbe an automorphic form of weight 1 for a Fuchsian group I'.
Then f2dz? is a holomorphic quadratic differential on a Riemann surface H/T .

PROOF. Ifwesetw = TzforT = (? Z € I then it is easily obtained that
FA(w)dw? = f%(z)dz? since dz = (cz + d)*dw and f2(w) = f2(Tz) = (cz + d)* f*(2).

O
Therefore Theorem 1.3 can be changed into the following form:

THEOREM 2.2. Let I' be a Fricke group associated with a once punctured torus
(X,7Y, Z). A holomorphic quadratic differential on (X, Y, Z) is given by (1.1) if (X, Y, Z) =
(3,3,3), by (1.2) if (X, Y, Z) = (2+/2,24/2,4), by (1.3) if (X, Y, Z) € M; and by (1.4) if
(X,Y,Z) e My U M;.

Moreover, such a holomorphic quadratic differential spans the space of holomorphic
quadratic differentials on a once punctured torus, because it has dimension 1.

3. Explicit representations of cusp forms.

3.1. Two special cases. In this subsection we will show explicit representations of
cusp forms coming from the relation (1.1) and (1.2) by using some facts on Hecke groups
and will show another representation for the cusp form coming from (1.1) by using Eisenstein
series. We begin by recalling Hecke groups. The following arguments are due to Chapter 111
in [H].
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DEFINITION 3.1. The group I'; generated by the following matrices S and U is called
a Hecke group

0 -1 1 A T .
S_(l 0), U—(O 1) fork_2cos; with ¢ =3,4,---.

Note that if g = 3 the Hecke group I3 is equal to the modular group SL(2, Z). We take
the following domain:

* __
Fq—{zeH

i A
|z = 1and — > < |Re(2)| 50} :

By the Riemann mapping theorem there exists a mapping from F7 to H and by applying
Schwarz’ reflection principle we can construct the mapping J, satisfying the following propo-
sition: |

PROPOSITION 3.1. (i) Jy is invariant under the action of the Hecke group Iy, i.e.,
Jq(T(2)) = J4(2) forallz e Hand T € I'y, where T (z) is a Mébius transformation.

(ii) Jq maps Ly onto R where Ly = Lg1 U Ly U Lg3,

Lyi ={z € H||z| = 1andRe(z) = 0},

A
Lq2={ZEH |z|=1and —EsRe(Z)SO] ’
A
Lq3={z€H Iz| > 1andRe(z)=—§] .

Especially, J,(ioo) = 00, J4(i) = 1 and J;(pg) = O where py = e(1~1/D7i,
(iii) J4 maps F, onto C where

Fq=[zeH

A
|z] = 1 and |Re(z)| < 5}
is a fundamental domain for the Hecke group I'.
(iv) The mapping J; : H — C is holomorphic on H.

Let f be a holomorphic function on the upper half-plane H and satisfying the following
conditions:

fGz+A)= f(z) and f(—%) = (—iz)*yf(z) forsome k>0 and y=1or —1.

Then we say that the function f has signature (k, y). Such functions were used by Hecke
in connection with finding correspondences between automorphic forms for Hecke groups
and Dirichlet series satisfying a functional equation. Then we can construct explicitly the
following functions by using J,:

J7 72 _ 4
foq.0(2) = (m) with (k, y) = (qu 1) ;



180 CUSP FORMS FOR FRICKE GROUPS

o JJ =z _( 2 _)
ﬁ.q(Z)—(LIq_l(Jq_l)) with (k,)’)—-(—q_z, 1),

_ I N _( %
fioo,q(z) - (qu_z(Jq — 1)q) Wlth (ka V) - (m’ 1) .

Moreover, fy, ¢, fi.q and fico,q have only one zero at points pg4, i and ioo, respectively, and
their orders are equal to 1. We easily get the relation connecting them: fio0,q = f,, » f,zq
If ¢ = 3 then we have

J3’2 J:;3 | J3I6
)= —"—0o, i3Q2) = —————, - D=
In3@ = 7 fis@ = ey fies® = i
with signatures (4, 1), (6, —1) and (12, 1), respectively. It follows from the definition of the
signature that f,, 3 and f; 3 are automorphic forms of weight 2 and 3 for I'; = SL(2, Z),
respectively, and that fi 3 is a cusp form of weight 6 for I';. Note that J3 is equal to J used
in the relation (1.1) and J3 = fp3 3/ fico,3-
We give the same argument as above for the case ¢ = 4. The following functlons are
obtained:

1 ] ]
(N (N oo (Y
Toua@) = (14(J4 - 1)) - D= (143(14 -n) 7’ fioo(@) = Jp(a = 1)*

with signatures (2, 1), (4, —1) and (8, 1), respectively. Then f;.4 is a cusp form of weight 4
for I'; and we get J4 = fg;,4/fioo,4-

Now we study the relations (1.1) and (1.2). We take a representation of (3, 3, 3) as
follows (see [C1],[A1]):

. 1 1 1 -1
Fp3 = (AP3’ Bp3) Wlth Ap3 = (l 2) and Bp3 - (_1 2 ) .

Then I',, is a subgroup of index 6 in I3 = SL.(2, Z). From Corollary 2.1 there must be a cusp
form of weight 1 for I',,. Note that J in the relation (1.1) is equal to J3 and we use J in the
following discussion for simplicity. Taking the derivative of 1 — J(z) = 4p w)3 +1in(1.1)
with respect to u, we have '

= — 3.1
du du 3.1

From (1.1) we get —J(z) = 4p3(u) and 1 — J(z) = ('(u))®. On the one hand p3 and
i are elliptic fixed points of I3 in F3 and have periods 3 and 2, respectively. On the other
hand the group I',, does not have an elliptic fixed point, that is, a fundamental domain for
I, is a 3-sheeted covering of the fundamental domain F3 for I3 around p3 and is a 2-sheeted
covering of F3 around i. (More precisely, see §4 in [A1].) We can make the same assertion
for equivalent points of p3 and i under the action of I';. Since J(p3) = 0and J(i) = 1, we
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can take a cube root of J and a square root of 1 — J. Then g (u) = (const) - J (2)!/3 and
©'(u) = £(1 — J(2))!/2. Therefore (3.1) is transformed into the following:

1 aJ
du = (const) - ———— —dz &f (const) - p3(z)dz .

730 - 1 dz

THEOREM 3.1. 3 is a cusp form of weight 1 for I',, and is a sixth root of fico 3.

PROOE. LetT = (a b
c d

dJ(Tz)/d(Tz) = (cz + d)>dJ(z)/dz, it is easily obtained that g3 satisfies ¢3(Tz) = (cz +
d)?p3(z). We easily have that @3(z) is a sixth root of fioo 3. Since fioo 3 vanishes at ico,
@3(z) is a cusp form. [

) be an element of I'y,. As J is T-invariant and satisfies

Next we will give a similar discussion on the relation (1.2). We take a representation of
(24/2,24/2, 4) as follows (see [C2],[A1]):

. 0 -1 2 -1
I =(A;,B;) with A; = (1 2\/5) and B; = (:G «/2—) .

Then I7; is a subgroup of index 4 in the Hecke group I';y. From Corollary 2.1 there must be
a cusp form of weight 1 for I';. Taking the derivative of the first equation J4(z) = g (#)? in
(1.2) with respect to u, we have

dJy de

i 253% . 3.2)
On the one hand it follows from the construction of J4 in Proposition 3.1 that p4 and i are
elliptic fixed points of I'y in F4 and have periods 4 and 2, respectively. On the other hand the
group I; does not have an elliptic fixed point. By using the same argument as in the case for
J3 we can take a fourth root of J4 and a square root of J4 — 1. Then g (u) = +J4(z)!/? and
©' () = (const) - J4(2)/*(Js(z) — D2 from (1.2). Therefore (3.2) is transformed into the
following:

1 dlJ.
3 : 4 def (const) - p4(2)dz .
Ja3(Js— 1)z 42

du = (const) -

THEOREM 3.2. g4 is a cusp form of weight 1 for I'; and is a fourth root of fisc,4-

The proof of this theorem is almost the same as the proof of Theorem 3.1.

In the rest of this subsection we will introduce a more explicit representation of a cusp
form of weight 1 for the Fricke group I, associated with (3,3, 3). Let G be a Fuchsian
group. The function f in Definition 2.1 is represented by using the Fourier series

f@) = Zanq" with ¢ = €27,
neZ

which is called its g-expansion. If a, = 0 for all n < 0, f is an automorphic form of weight
k for G. And if we further have ag = 0, then f is a cusp form of weight k for G.
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We recall the normalized Eisenstein series as examples of modular forms. Fork > 1and
z € H we define ) :
E == —_—r,
x(2) 2 Z (mz + n)2k

m,neZ
(m,n)=1

where (m, n) denotes the greatest common divisor of m and n. Then Ex(z) is a modular form
of weight k. For k = 2 and 3 we obtain their g-expansions as follows:

o0 o0
Ex(z) =1+240) 03(n)q" and E3(z) =1-504) o5(m)q",

n=1 n=1

where o (n) = 3, d*. Moreover, we define

Ex(2)?
0= R - B
Then A(z) = Ea(z)® — E3(2)? is a cusp form of weight 6 for SL(2, Z) and J (z) is a modular
function of weight 0, which we have used in the arguments above. From Theorem 2.1 we have
85(I3) = 85(I3) = 1 and 8¢(I3) = 1. Therefore E;, E3 and A must be equal to fp, 3, fi3
and f;eo,3, respectively, modulo a complex constant multiple. Now we have another explicit
representation of a cusp form of weight 1 for I',,.

COROLLARY 3.1. g3 is a sixth root of A.

We will study the g-expansion of ¢3(z) in order to check directly that ¢3 vanishes at ico.
Representing the normalized Eisenstein series for k = 2 and 3 by

Ex@)=1+aiq+axq’+asg®> +--- and E3(z)=1+big+byg*+b3g>+---,

we have
1+ 3a1q + 3@@? + ax)g? + - --

J(2) =
(a1 — 2b1)q + 3(a} + a2) — (B2 + 2b2))g% + - -
1
=c—1E+Co+01q+czq2+--- :
where c.; = 1/1728 and ¢;,i = 0, 1, 2, - - - are some real constants determined by the above
equation. Moreover, we get
1 _ 1
2 - 2
Ba-nt (gl +oot+ag+)id—cag —c—cig =)
_1
— icThgb o,
and
dJ dJdg 1
=t e = 2 )i
dz — dq dz ( c 1q2 +¢1+ c2q + )( wiq)

1
= 2mi (—c_l—q— +01q+2czq2+---) .
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Therefore

. -1 1 . 1 ‘ .~ )

©3(2) = (—ic_7q6 +---) - 2mi (—0_15 +c19 + 2czq2 + - ) = 2nt(zc_fq3 +--0).
This means that @3 vanishes at infinity. Therefore we can prove that ¢3 is a cusp form of
weight 1 for I',; without using results of Hecke groups.

3.2. Thecase (X,Y, Z) in M;. We will show explicit representations of cusp forms
coming from the relation (1.3). We begin by recalling some facts (see §5 in [A1]). A repre-
sentation of (X, Y, Z) € M, is given by

; 0 —1 V1+a? —a
Fa = (Aa, Ba) Wlth Aa == (1 @) and Ba - ( —a m) ’

where a > 1 is a parameter. A fundamental domain identified with the once punctured torus
(X, Y, Z) can be represented as follows:

¢4

34/1 2 1 24/1 2
D(Fa)=[zeH PRTEA kg B PO Al P
o o o
M1+ a2 1 4 + 3¢2 ‘ o
2+ ———| > —, |z] 21, ————= < Re(2) £ ———
o o av1+a? V1 + a?

(the part shaded by lines downward to the right in Fig. 3.1). Moreover, we used the following
notations:

V1+a? 1 V1+a?
F;=[ZGH o+ T z;,lzlzl,——at—a—sRe(z)SO],
(04

__(__«/l+a2 _l_) ond C_(— o 1 )
= @ a T\ Vi+a?2 V1+a2/)°

The region F; (shown in broken line in Fig. 3.1) is a quadrangle with angles 0, 7 /2, /2, /2.
We introduce the following transformations:

S=<0 —1) S=(m e ) U=(1 2/14a? }j"z)
0 ’ o ’ 24 .

1 —a  —/1+a? 0 1
Relations among Ay, By, S, S, and U, are summarized in:
Ay = SU,, By=S,U;!, (3.3)
U2 =B;'A;'ByA, . (3.4)

PROPOSITION 3.2. [y is a subgroup of index?2 in Iy = (S, Sq, Uy).

PROOF. Since Uy ¢ Iy and Iy N Uyl = @, we will prove [y = Iy U UpTy.
It immediately follows from (3.3) that I';, D I'y U U,I,. Then we only show that I, C
I’y UUyT,. Let g be an element of I',,. We can represent g by using Ay, By and U, for we
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get S = AUy ! and S, = B, U, from (3.3). Generally, Ay, B, and U, satisfy the following
relations:
AqUy = Uy AZ'B1A By Ay, AQUS! = UnALl,
B,U, =U;'B;', BU;'=U;'B;'A7'B;'ALB,.
By using these relations and (3.4), the element g can be changed into either the form not
including Uy and U, 1 or the form having Uy or Uy 1 at the left end. The former case means
g € Iy and the latter case means g € Uy [. O

Note that f‘a is an extended Fricke group of I, defined in §3.2 of [Sc].
Using this we can introduce a fundamental domain for Fa:

V1+a2 1 2 +a?
[0

z+ Z;;'lelw - <Re(Z)5

o
avl+a? «/l+a2]
(the part shaded by lines upward to the right in Fig. 3.1). Note that D(Iy) is a 2-sheeted
covering of D(f},) and that n, ¢ and i are elliptic fixed points of f‘a in D(ﬁa) and their
periods are equal to 2. Moreover, we obtain that the genus of the Riemann surface of Iy is
equal to 0 and the number of cusps of I is equal tol. Then it follows from Theorem 2.1 that
84(Iy) = 85(I'y) = 0and 85(1) = 1. '

Next we recall the function J(x,y,z) used in the relation (1.3). In the following discussion
J(x,v,z) is written in the form J,, since the representation of (X, Y, Z) is described by using
the parameter . By the Riemann mapping theorem we get a holomorphic mapping from Fy

D(Fy) = [z cH
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to H and by applying Schwartz’ reflection principle with respect to the reflections in the four
circles:

1 V14 a?
=2’ X4:Re(z) = ———,

V14 o?
ZiiRe@=0, Dpild=1, Z3:|zk—— .

we can construct the mapping J, satisfying the following proposition:

PROPOSITION 3.3. (i) Jy is invariant under the actz"on of fa, ie., Jo(T(2) = Ju(2)
forallz e Hand T € Iy, where T (2) is a Mobius transformation.
(ii) Jy maps Ly onto R where Ly, = Lo1 U Log2 U Lg3 U Log and

[0 4
Loi = L1, L2={zeH z=1and—————_<_Re(z)§O},
o [+ |l m
A1 2 1 A1 2
La3=[z€H z+—-—i-i =—and——ﬂ—§Re(2)5——L],
o o o V1 + a2
/1 2 1 21 2
La4=[Z€H z+—%— ZaandRe(z)=——%}-

Especially, J,(io0) = 00, Jy(i) = P for some P > 1, Jo(¢) =0and Jo(n) = —-1.
(iii) Jo maps F, onto C where

V14 a? 1 V1 + a2 1
Fop=3{zeH||z+———|=>2—, lzl=z], |z2——— | = —,
o o o a
1+ a? V1+a?
—————5Re(z)_<_——a— .
a

(iv) The mapping J, : H — C is holomorphic on H.
For the proof of this proposition we refer the reader to the proof of Proposition 5.1 in
[A1]. We note that the assertion (i) comes from the following relations:
S=X1Z =323, Se=2X3%4=23423, Uy=2X124.

Now we recall relations used in Theorem 1.1. Let 7 be an element in L; corresponding
to (X, Y, Z) in M;. If T € L the polynomial p(x) = 4x3 — g(1)x — ¢g3(7) has three distinct
real roots. Let x; < x» < x3 be these roots. Then we have

P’ ()* = 4(p ) — x1)( () — x2) (9 () — x3) . 3.5)
The relation giving a holomorphic mapping between (X, Y, Z) and 7 is
o W) = (x2 — x1)Ja(2) + x2. (3.6)

We study the relations (3.5) and (3.6). Taking the derivative of (3.6) with respect to u,

we have
dJ, 1 dep

= . 3.7
du xy —x1 du 3.7
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By using (3.6) and the relation (x3 — x3)/(x2 — x1) = — P (see Lemma 5.3 [A1]) we get the
following equation:

(o () — x1) (9 () — x2) (P (W) — x3) = (x2 — x3)>(Jy + 1) Ju(Jo — P).

On the one hand 7, ¢ and i are elliptic fixed points of fa in D(fa) and their periods are
equal to 2, but on the other hand the group I, does not have an elliptic fixed point, that is,
the fundamental domain D([7) is a 2-sheeted covering of the fundamental domain D(ﬁ o)
around 7, ¢ and i. We can make the same assertion for equivalent points of n, { and i under
the action of ﬁa. Since Jo(n) = —1, Jo(¢) = 0 and J, (i) = P, we can take square roots of
Jo + 1, Jo and J, — P. Then the equation (3.5) is changed into the following:

de 3 11 1
oy = T2 = x1)2(Je + 1D2Ja2(Ja — P)2 . (3.8)

Comparing (3.7) and (3.8), we obtain
1 dl,
(Ja + D2 Ja2(Jy — P)? 92

du = (const) - dz & (const) - g (2)dz .

THEOREM 3.3. ¢, is a cusp form of weight 1 for I'y and (pg is a cusp form of weight
2 for L.

PROOF. We have already known the existence of these cusp forms. We show the latter
a b

assertion. Let 7 = (c d
(i), we get J,(Tz) = (cz+d)?J.,(z). Then it is easily checked that 92 (T'z) = (cz+d)*p2(z).

Next we will show that g2 vanishes at infinity. We introduce local coordinates around
z = ioo defined by w = €27i2/* with A = 24/1 + a2/a. Then an expansion of J, around
ioo is represented by Jo(z) =a—_j1/w +ap+ajw + - - - and its derivative with respect to z is
Jy(2) =b_1/w+by+bjw+---, wherea; and b; fori = —1,0, 1, - - - are some constants.
We substitute these expansions in (pg (2):

) be an element of fa. As Jy(Tz) = Ju(2) from Proposition 3.3

10’,2 _ (consty(1/w)? + - - -
(Jo + DJIy(Jo — P) ~ (const)(1/w)3 + - - -

(03(2) = = (consHw + - - - .
This means (pg (ioo) = 0. Therefore qog is a cusp form of weight 2 for f‘a.
By using the same argument as above the first assertion is also proved. O
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